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Abstract. Let E be a uniformly smooth and strictly convex real Banach space with dual space,
E*. In this paper, we present a Krasnoselkii-type inertial algorithm and prove a strong convergence
theorem for approximating a common fixed point for a countable family of generalized nonexpansive
maps. Furthermore, we apply our theorem and prove a strong convergence theorem for approximating
a common fixed point for a countable family of generalized-.J-nonexpansive maps. Our theorem is
an improvement of the results of Klin-earn et al. (Taiwanese J. of Maths. Vol. 16, No. 6, pp.
1971-1989, Dec. 2012), Chidume et al. (Advances in Fixed Point Theory, Vol. 7, No. 3 (2017),
413-431) and Dong et al. (Optimization Letters, 2017, DOI: 10.1007/s11590-016-1102-9). Finally,
we give a numerical experiment to illustrate the efficiency and advantage of the inertial algorithm
over an algorithm without inertial term.
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1. INTRODUCTION

Let E be a real normed space with dual space, E*. Let K be a nonempty closed and
convex subset of E. An inertial algorithm was first introduced by Polyak [15], as a
speeding up process in solving a smooth convex minimization problem. An inertial-
type algorithm is a two-step iterative process in which the next iterate is defined by
making use of the previous two iterates. It is well known that incorporating an inertial
term in an algorithm speeds up the rate of convergence of the sequence generated by
the algorithm. Therefore, a lot of research interest is now devoted to inertial-type
algorithm (see e.g., Bot and Csetnek [3], Dong et al. [11] and the references contained
in them). In 2008, Takahashi et al. [16] studied the following iteration method for
approximating a common fixed point for a family of nonexpansive maps {T,,} in a

441



442 C.E. CHIDUME AND M.O. NNAKWE

Hilbert space, H:

r1=x € C,
Up = nZp + (1 — ap)Thn,
Cpn={z€C:|lz—u| < ||z = zull}, (1.1)

Qn=1{2€C:{x,—z,2—x,) <0},
Tpy1 = Pe,nQ, @, V=1,

where {a,,} C [0, 1]. They proved a strong convergence theorem of the sequence {z,}
generated by (1.1) under the assumption that the sequence {T,,} satisfies the so-called
NST-condition.

In 2012, Klin-earn et al. [13] improved this result of Takahashi et al. [16] by study-
ing the following CQ algorithm for a family of generalized nonexpansive maps in a
uniformly smooth and uniformly convex real Banach space:

rn=x€C, Chy=Qy=C,

Up = @@y + (1 — o) Ty,

Cpn={2€Ch1NQn_1:d(un,2) < d(xn,2)}, (1.2)
Qn=1{2€Ch1NQpn_1:{(x—2xn,Ja, — Jz) <0},

ZTn+1 = Re,ng,x, Vn>1,

where J is the normalized duality map on E, {T},} satisfies NST-condition and {c, } C
[0,1] with liminf o, (1 — cv;) > 0. They proved the following theorem:

Theorem 1.1. (Klin-earn et al. [13] Let E be a uniformly smooth and uniformly
convex Banach space and let C be a nonempty closed subset of E such that JC' is closed
and convex. Let {T,} be a countable family of generalized nonexpansive mappings
from C into E and let T be a family of closed generalized nonexpansive mappings
from C into E such that N2 F(T,) = F(T') # 0. Suppose that {T,} satisfies the
NST-condition with T'. Then, the sequence {x,} generated by equation (1.2) converges
strongly to Rp(ryx, where Rp(ry denote the sunny generalized nonexpansive retraction
from E onto F(T).

With the emergence of a new notion of fixed points called J-fized points defined for
maps from a normed space E to its dual E*, (see e.g., Zegeye [17], Liu [14], Chidume
and Idu, [5], Chidume et al. [9] and the references contained in them), Chidume
et al. [7] in 2017, motivated by the result of Klin-earn et al. [13], proposed the
following CQ algorithm for an infinite family of generalized-J-nonexpansive maps in
a uniformly smooth and uniformly convex real Banach space:

r1=x€C, Co=Qpg=0C,

Uy = J*l(aann +(1- an)J(J*oTn)xn),
Crn={ueCpy:d(uu,) < du,z,)}, (1.3)
Qn={ueCr_1NQn-1:{x—x,, Jo, — Ju) <0},

Tn+1 = Reyngaz, YV >1,
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where {T,,} satisfies NST-condition and {a,} C (0,1) with liminf a, (1 — «,) > 0.
They proved the following theorem:

Theorem 1.2. (Chidume et al. [7] Let C be a nonempty closed and convex subset
of a uniformly smooth and uniformly convex real Banach space E with dual space E*
such that JC' is closed and convex. LetT, : C'— E*,n=1,2,--- be an infinite family
of generalized J.-nonexpansive maps and I' be a family of J.-closed and generalized
Je-nonexpansive maps from C to E such that N2 F;(T,) = F;(T) # 0. Assume
that {T,,} satisfies the NST-condition with T'. Then, the sequence generated by equa-
tion (1.8) converges strongly to Rp,ry, where Ry, ) denote the sunny generalized
nonexpansive retraction from E onto Fj(T).

Recently, Dong et al. [11] studied the following CQ algorithm for a nonexpansive
map in a real Hilbert space:

o, r1 € H,

Wy, = Ty + (T — Tp—1),

Yn = (1 = Bn)wn + BnTwn,

Cn={2€ H:|lyn — 2|| < [Jwn — 2|},
Qn={z€H:(x,— 2,2, —x9) <0},
Tnt1 = Po,nQ, o, V0 2>0,

where {a,} C [aq,az],a1 € (—00,0],a2 € [0,00),{B,} C [8,1] and B € (0,1]. They
proved the following theorem:

Theorem 1.3. (Dong et al. [11] Let T : H — H be a nonexpansive map such
that F(T) # 0. Let {an} C [a1,a2],a1 € (—00,0],c2 € [0,00),{Bn} C [B,1] and
B € (0,1]. Set xg, x1 € H arbitrarily. Then, the sequence {x,} generated by equation
(1.4) convergence in norm to Pp(ry.

Remark 1. Algorithm (1.2) of Klin-earn et al. [13] is defined on a uniformly smooth
and uniformly convex real Banach space. However, it does not include Algorithm (1.4)
of Dong et al. [11] which is defined on a real Hilbert space because Algorithm (1.4)
contains an inertial term, wy, which is introduced to improve speed of convergence.

Motivated by the results of Klin-earn et al. [13], Dong et al. [11] and Chidume
et al. [7], it is our purpose in this paper to present a Krasnoselskii-type algorithm
with an inertial term, in a uniformly smooth and strictly convex real Banach space
and prove a strong convergence theorem for approximating a common fized point for
a countable family of generalized monexpansive maps. Furthermore, we apply our
theorem to prove a strong convergence theorem for approximating a common J-fixed
point for a countable family of generalized-J-nonexpansive maps. For more on the
important concept of J-fixed points for a map from a real normed space F to its dual
space E*, and their applications, recently introduced, the reader is referred to Zegeye
[17], Liu [14], Chidume and Idu, [5], Chidume et al. [9], Chidume et. al [8], and the
references contained in them. Our theorem includes the results of Klin-earn et al.,
[13], Dong et al. [11] and Chidume et al. [7], as special cases.
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Finally, we give a numerical experiment to illustrate the efficiency and advantage
of our inertial algorithm over the algorithm of Klin-earn et al., [13] without inertial
term.

2. PRELIMINARIES

Let E be a real normed space with dual space E*. We shall denote z;, — x* and
xp — x* to indicate that the sequence {xj} converges weakly to z* and converges
strongly to x*, respectively. A map J : E — 25" defined by

J(x) = {a" € E* : (w,2") = ||al|* = [|="|]"}

is called the normalized duality map on E. The following properties of the normalized
duality map will be needed in the sequel (see e.g., Cioranescu [10] and the references
contained in them).

(1) If E is a reflexive, strictly convex and smooth real Banach space, then, J is
surjective, injective and single-valued.

(2) If E is uniformly smooth, then, J is uniformly continuous on bounded subset
of E.

(3) If E = H, a real Hilbert space, then, J is the identity map on H.

Let E be a smooth real normed space and let ¢ : E x E — R be a map defined by
d(z,y) = ||z||*> — 2(x, Jy) + ||y||?, for all z,y € E. This map was introduced by
Alber [1] and has been extensively studied by a host of other authors.

It is easy to see from the definition of ¢ that, if F = H, a real Hilbert space, then,
é(x,y) = ||z — y||?, for all z,y € H. Furthermore, for any z,y,z € E and 3 € (0,1),
we have the following properties.

2

() (||x|—||y||)2§¢(x,y)s (tell +11lt) - vy € B

(P2) ¢(x,2) = d(z,y) + by, 2) +2(y — 2, Jz — Jy),

(Bs) ¢(x,y) < |[[[[|Jz = Jyl[ + [lylll|lz -yl

Definition 2.1. Let K be a nonempty closed and convex subset of a real Banach
space FE.

(1) A map T from K to F is called generalized nonexpansive if the fixed points set of
T denoted by F(T') # 0 and ¢(Tx,p) < ¢(z,p), for all z € K, p € F(T).

(i7) A map R from E onto K is called a retraction if R> = R. Furthermore, R is called
sunny if R(Rx + t(x — Rz)) = Rz, for all z € F and t < 0.

(7i7) A nonempty closed subset K of a smooth real Banach space E is called a sunny
generalized nonexpansive retract of E if there exists a sunny generalized nonexpansive
retraction R from E onto K.

(iv) A map T is called closed if for any {z,,} C E such that x,, — z* and Tz,, — v,
then, y = T'x*.
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Lemma 2.2. (Alber, [1]) Let C be a nonempty closed and convex subset of a smooth,
strictly convex and reflexive Banach space E. Then, the following are equivalent.

(i) C is a sunny generalized nonexpansive retract of E

(ii) C is a generalized nonexpansive retract of E; and

(iii) JC' is closed and convex.

Lemma 2.3. (Alber, [1]) Let C be a nonempty closed and convex subset of a smooth
and strictly conver Banach space E such that there exists a sunny generalized nonex-
pansive retraction R from E onto K. Then, the following hold:

(1) z=Rx iff (y—2z,Jz— Jx) >0, for ally € C,

(i) ¢(x, Rx) + ¢(Rx, 2) < ¢(x, 2), for all z € C.

Lemma 2.4. (Chang et al., [4]) Let E be a uniformly smooth and strictly convex
real Banach space with Kadec-Klee property and C be a closed conver subset of E.
Let {x,} and {yn} be two sequences in E such that x, — p and nli_)rr;o¢(xn,yn) =0.

Then, y, — p.

Remark 2. Using (P3), it is easy to see that the converse of Lemma 2.4 is also true
whenever {z,} and {y,} converge to the same limit point.

Lemma 2.6. A real normed space E is said to have the Kadec-Klee property, if for
any sequence {x,} C E such that z, — x € E and ||z, || — ||z||, then, ||z, —z|| — 0.

Lemma 2.7. (Ibaraki and Takahashi, [12]) Let C be a nonempty closed sunny gener-
alized nonexpansive retract of a smooth and strictly convexr Banach space E. Then, the
sunny generalized nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.8. (Klin-earn et al. [13]) Let E be a smooth, strictly convex and reflexive
Banach space and let C' be a closed subset of E such that JC 1is closed and convex.
Let T be a generalized nonexpansive mapping from C into E. Then, F(T) is closed
and J(F(T)) is closed and convez.

Lemma 2.9. (Klin-earn et al. [13]) Let E be a smooth, strictly convex and reflexive
Banach space and let C' be a closed subset of E such that JC' 1is closed and convex.
Let T be a generalized nonexpansive map from C into E. Then, F(T) is a sunny

generalized nonexpansive retract of E.

NST-Condition. (Klin-earn et al. [13]) Let {T,} and T be two families of general-
ized nonexpansive maps from C into E such that NS, F(T,) = F(T') # 0, where
F(T,) is the set of fixed points of T,, and F(T') is the set of fixed points of T
Then, {71} is said to satisfy the NST-condition with I if for each bounded sequence

{zn} C C,

lim ||z, — Tha,|| =0 = lim ||z, — Ta,||=0, VT €T.

Remark 3. In particular, if I' = {T'}, i.e., I consists of one map T, then, {7} is
said to satisfy the NST-condition with T It is obvious that {1}, } with T}, = T, for all
n € N satisfies NST-condition with I' = {T'}. For more examples of sequences with
NTS-condition, see e.g., Klin-earn et al. [13].
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The analytical representations of the duality map in these spaces where p~! 4+ ¢! =1,
(see e.g., Theorem 3.1, Alber and Ryazantseva [2]; page 36) are:

Jo = |lelli Py €ly, y={le1[P2w, |22l Pan, -}, @ = {wr 20,0,
T = 2|y € by y = {Jea|" P, |22l P, Y @ = {2 @, ),
Jr = |zl|7 a(s)|"(s) € Ly(G), s € G,
T e =l a(s)|"2a(s) € Ly(G), s € G and
Jr = ||x\|3;7§ Z (—D)IIDY(|D%x(s)[P~2D%x(s)) € W,,(G), m >0, s € G.
la]<m

3. MAIN RESULTS

Theorem 3.1. Let E be a uniformly smooth and strictly convex real Banach space
with Kadec-Klee-property and dual space E*. Let K be a nonempty closed and convex
subset of E such that JK is closed and conver. Let Ty, : E — E, k= 1,2,--- be
a countable family of generalized-nonexpansive maps and I' be a family of closed and
generalized-nonexpansive maps from E to E such that N2, F(Ty) = F(T') # 0. Let
{vr} be generated by:

vy, v1 € E, K1 =FE,

wy, = vk + Br(vk — vp—1),

Y = QWi + (1 — a)Tkwk, (31)
K1 = {v € Ky : ¢(y,v) < ¢(wp,v)},

Vg1 = R, v0, V2> 1

Assume that {Ty} satisfies the NST-condition with T, {8t} C (0,1) and « € (0,1).
Then, {vx} converges strongly to Rpryve, where Rpry is the sunny generalized-
nonexpansive retraction of E onto F(T).

Proof. We divide our proof into five steps.

Step 1: The sequence {vy} is well defined and F(T') C Ky, V k > 1.

First, we show that JK} is closed and convex. Clearly, K; = F is closed and convex.
Assume that K}, is closed and convex for some k > 1, utilizing the definition of K1,
it is clear that Kjy1 = {2(wg — yk, Jv) < ||wi]|? — ||yk||?}. Thus, Kj41 is closed and
convex. Hence, we conclude that JKj is closed and convex. Furthermore, by Lemma
2.2, K}, is a sunny generalized-nonexpansive retract of F. Hence, {vy} is well defined.

Next, we prove that F(T') C K, Vk > 1. Clearly, F(T') is a subset of K;. Assume
that F(T') C Ky for some k > 1. Let p € F(T'). Then, we have that

O(yr.p) = |lowy + (1 — &) Trwgl|]* — 2{awy, + (1 — a)Tywy, Jp) + [|p]|?
< ag(wg,p) + (1 — @)o(Thws, p)
< ag(wg,p) + (1 — a)p(wg, p)p(wg, p), (3.2)

which implies that p € Kj41. Hence, F(T') C K, V k > 1.
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Step 2: klim o(vg, vg) exists and {vy} converges.
— 00

First, we prove that {vi} is bounded. From the definition of {v;} and Lemma 2.3,
we have that

(v, v0) = ¢(Ri, v0,v0) < d(p,v0) — ¢(p, Ric,v0) < ¢(p,vo), ¥V pe F(T) C K.

This implies that {¢(vg, vo)} is bounded. Furthermore, {vy} is bounded.
Since vg41 € Ki41 C Kj and v, = Rk, vg, we have that ¢(vk,v9) < ¢(vk41,v0), and
this implies that {¢(vg,vo)} is nondecreasing. Hence, lim ¢(vg,vg) exists.

n—oo

Since E is reflexive and {vy} is bounded, then, there exists a subsequence {vy,} of
{v} such that vy, — 2* € K. In view of v, = R ;v and Lemma 3.3, we get that
é(vr,,v0) < d(p,vo), ¥V j > 1. Applying the weak lower semi-continuity of norm || - ||,
we obtain that

¢(x*a UO) < hm inf¢(vkjaU0) < lim Sup¢(vkjav()) < ¢($*,Uo), (33)
j—roo ' j—oo '
which implies that lim ¢(vk,,v0) = ¢(2*,vo). Furthermore, lim ||vg,|| = ||=*]].
Jj—o0 Jj—o0
By Lemma 2.5, we obtain that limwv,, = x*. Since klim o(vk,v9) exists and
Jj—o0 —00

lim ¢(vg;,v0) = ¢(x*,v0), then, lim ¢(vy,vo) = (z*, vp).
j—o0 k—o0

Next we show that klim v = x*. Suppose for contraction that there exists a subse-
— 00
quence {vg,} of {v;} such that lim vy, = x with 2* # z, then, by Lemma 2.3, we
71— 00
have that

¢(x*,x) = lim @(vg,,vp,) = lim ¢(Ukj7RKkiU0)
i,]—00 i,j—00
S . hm (d)(?)kj,vo) - (]S(Uk,i,l)o))
i,j—00

= ¢(x",v) — ¢(x",v0) = 0.

This implies that * = x, which is a contraction. Hence, klim v =¥,
— 00
Step 3: lim ||wy — vi|| = lim ||vg — yx|| = lim |Jwg — yi|] = 0.
k—o0 k—oo k—oo

Using the definition of wy, in equation (3.1) and convergence of {v} in step 2, we
obtain that

lim ||wg — vg|| = 0.

k—o0
By Lemma 2.4 and Remark 2, we obtain that klim o(wi,vg) = 0. Since vy € Ky,

—00

and by inequality (3.2), we have that ¢(yx,vr) < ¢(wg,vr), and this implies that
klim &(yk,vx) = 0. Hence, by Lemma 2.4, we obtain that klim [lyx — vg]| = 0. By
—00 — 00

triangle inequality, we obtain that ||yx —wi|| < [|yx —vi|[+||vx —wi|| = 0 as k — oo.
This completes the proof of Step 3.

Step 4: klim [|lwg — Twg|| =0 and z* € F(T).
— 00
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From equation (3.1) and step 3, we obtain that
o —yell = |lve — owr — (1 — @) Trw]|
11 — o) (vp — Trwy) — a(wy — v

(1 = a)||vr, — Thwg|| — al|lwg — vgl|,

v

which implies that
1
[lvg — Trwg|| < 1—0¢(|Uk — yil|| + al|lw, — vk|) — 0 as k — oo. (3.4)

From inequality (3.4) and step 3, we obtain that
[|lwe — Trwg|| < |Jwi — vi|| + ||k — Thws|] = 0 as k — oo. (3.5)
Since Ty, satisfies the NST-condition with ', we obtain from inequality (3.5) that
klirrgo||wk —Twg|| =0, VT €T.

Furthermore, since klim wr = x* in step 3 and T is closed by assumption, then,
—00
x* € F(T).

Step 5: lim vy = Rprvo.
k—o0

From Lemma 2.3, we obtain that

d(Rpryvo, vo) < ¢(x", vp). (3.6)
For z* € F(I') C Ky, v, = Rk, vo and by Lemma 2.3, we have that

d(vk,v0) < d(Rpryvo,vo). Taking limit of both sides of this inequality, we obtain
that

#(z*,v0) < G(Rpryvo, vo)- (3.7)
Combining inequality (3.6) and (3.7), we obtain that ¢(z*,vo) = ¢(Rp(r)v,s Vo)

By uniqueness of Rpryvg, we conclude that z* = Rpr)vo.

Remark 4. Theorem 3.1 extends the result of Klin-earn et al. [13] from a uniformly
smooth and uniformly convex real Banach space to a uniformly smooth and strictly
conver real Banach space. Furthermore, an inertial term is incorporated in the algo-
rithm of Theorem 3.1, whereas the algorithm of Klin-earn et al. [13] does not involve
this term. Moreover, the computation at each iteration process of two subsets C,,
and Q, of C, their intersection C, N Q,, and the retraction of the initial vector onto
the intersection which is required in the theorem of Klin-earn et al. [13] has been
dispensed with and replaced with a single retraction onto the subset K11 of E.

In Theorem 1.3 of Dong et al. [11], the authors proved a strong convergence theorem
in a real Hilbert space for a nonexpansive map. Our Theorem 3.1 extends this result to
a uniformly smooth and strictly conver real Banach space and to a countable family of
generalized nonexpansive maps that satisfy the NST-condition. We observe that the
NST-condition imposed in our Theorem 3.1 is trivially satisfied for a single operator
T as in Theorem 1.3 of Dong et al. [11]. Furthermore, the control parameter in
our algorithm is one arbitrarily fixed constant o € (0,1) which is to be computed
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once and then used at each step of the iteration process, whereas the parameter in
the algorithm studied by Dong et al. [11] is 8, € (0,1) which is to be computed at
each step of the iteration process. Consequently, the sequence of equation (3.1) is of
Krasnoselskii-type and the sequence defined by equations (1.2), (1.3) and (1.4) are of
Mann-type.

Example 1. Let E=1,, 1 <p < o0, %—l—%zlandKzE(OJ).

Let T : 1, — l, be defined by T'(x1, 22,23, ) = (0,21,22,---). Let T} : I, — I, be
defined by Tpx = oz + (1 — )Tz, Yk >1, x €1, and o € (0,1). Let ' =1T.
Clearly, £, K, T and I' satisfy all the conditions of Theorem 3.1 Hence, the

sequence {vi} generated by equation (3.1) converges to 0, the unique element of
ﬁ;é’il(Tk) = F(I).

Corollary 3.2. Let K be a nonempty closed and convex subset of
Ly, 1, or W;)”(Q) spaces, 1 < p < oo, such that JK is closed and conver. Let
T, : E — E, k=1,2,--- be a countable family of generalized nonexpansive maps

and I' be a family of closed and generalized nonexpansive maps from E to E such that
N2 F(Ty) = F(T) # 0. Let {vg} be generated by:

vo,v1 =v €K, K1 =F,

wy, = Vg + Br(vr — vr-1),

yr = oawy + (1 — a)Tpwy, (3.8)
Ky = {U € Ky : ¢(yx,v) < d)(wk,v)},

V41 = RKkJrl’Uo, vV k Z 1.

Assume that {T},} satisfies the NST-condition with T', {8} C (0,1) and o € (0,1).
Then, {v;} converges strongly to Rpryve, where Rpry is the sunny generalized-
nonexpansive retraction of E onto F(T').

Proof. Since these spaces are uniformly smooth and strictly convex, the result follows
from Theorem 3.1.

4. APPLICATIONS

In section 3, we considered a countable family of self maps on E. For application,
we consider a countable family of maps from a space E to its dual space E*. In this
case, the usual notion of fixed points obviously does not make sense. However, a new
notion of fixed points called J-fized points has been defined for maps from a normed
space E to its dual E*, (see e.g., Chidume and Idu, [5]) for motivation and definition.
This notion turns out to be very useful in proving convergence theorems for several
important classes of nonlinear maps (see e.g., Chidume and Idu, [5]). We shall employ
this concept here.

Let E be a uniformly smooth and strictly convex real Banach space with dual space
E*. Obviously, J~! = J, exists under this setting.
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Definition 4.1. (Chidume et al., [5]) Let T : E — E* be any map. A point p € E
is called a J-fized point of T' if Tp = Jp, where J : E — E* is the normalized duality
map. The set of J-fixed points of T will be denoted by F;(T).

Definition 4.2. (Chidume et al., [6]) A map T : E — E* is called J-nonezpansive if
for each z,y € FE, the following inequality holds:

ITe = Tyll||lz — yll < {(Jz = Jy,x —y).

Definition 4.3. (Chidume et al., [7]) A map T : K — E* is called generalized-J-
nonexpansive if F;(T) # (§ and ¢((J.oT)p,z) < ¢(p,z),V z € K, p € F;(T).

NST-Condition. (Chidume et al. [7]) Let {T},} and T be two families of generalized-
J-nonexpansive maps from K into E* such that N3, F(T}) = F(I') # 0, where F(T},)
is the set of J-fixed points of T}, and F(T") is the set of J-fixed points of I". Then, {7} }
is said to satisfy the NST-condition with T" if for each bounded sequence {v;} C K,

lim ||Jvg — Tkl =0 = lim |[Jup, — Twi|| =0, VT €T.
k— o0 n—o00

Theorem 4.4. Let E be a uniformly smooth and strictly convex real Banach space
with Kadec-Klee-property and dual space E*. Let K be a nonempty closed and convex
subset of E such that JK is closed and convexr. Let Sy, : E — E*, k=1,2,--- be a
countable family of generalized-J-nonexpansive maps and I' be a family of closed and
generalized-J-nonexpansive maps from E to E* such that Ng, Fy(Sk) = F;(T) # 0.
Let {vi} be generated by:

vo,v1 € E, K1 =F,

wy = vk + Br(vp — vr_1),

Yn = awy + (1 — a)(J,0Sk)w, (4.1)
K1 = {v € Ky : ¢(y,v) < q[)(wk,v)},

k41 = RK, Vo0, Vk>1.

Assume that {Si} satisfies the NST-condition with T', {8r} C (0,1) and « € (0,1).
Then, {vy} converges strongly to R, ryvo, where Ry, ry is the sunny generalized-J -
nonezpansive retraction of E onto Fj(T').

Proof. Define Ty := J,0S;. Then, T, : E — E, k = 1,2,---. Furthermore, T} is
a generalised nonexpansive map and N2, F(Ty) = N2, Fy(Sk) = F(T'). Hence, by
Theorem 3.1, {vy} converges strongly to some x* € Rp, ().

Remark 5. Theorem 4.4 extends Theorem 1.3 of Chidume et al. [7] from a uniformly
smooth and uniformly convex real Banach space to a uniformly smooth and strictly
convex real Banach space. Furthermore, an inertial term is incorporated in the algo-
rithm of Theorem 4.4, whereas the algorithm of Theorem 1.3 of Chidume et al. [7]
does not involve this term. Moreover, the computation at each iteration process of
two subsets C,, and Q,, of C, their intersection C, N Q,, and the retraction of the
initial vector onto the intersection in Theorem 1.3 of Chidume et al. [7] has been
dispensed with and replaced with a single retraction onto the subset Ky41 of E. In
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addition, the condition that T be J,-closed in Theorem 1.3 of Chidume et al. [7] has
also been dispensed with in our Theorem 4.4.
5. NUMERICAL EXPERIMENT

Here, we present a numerical example to compare the speed of convergence of
inertial algorithm and the algorithm without inertial term.

Example. Let E =R, K = [v,7], 7,17 € R. Clearly, v € R,

v, if v<n,
Pxviwv, if veK, (5.1)
n, if v>mn.
Now, set Tv = sinv, K = [—1,1] in Theorem 3.1. Clearly, S is generalized nonex-

pansive with 0 as its unique fixed point. Set By = ﬁ, y=n=4, vg=v1 = %
Then, by Theorem 3.1, the sequence generated by algorithm (3.1) converges to zero.
The numerical results are sketched in the figure below, where the y-azis represents

the value of v, — 0| while the z-azis represents the number of iterations (k).

0.5 1 — with inertial term
----- without inertial term
04 4
0.3 4
= .
0.2 4 -
01 4
0.0 +
0 25 50 75 W0 125 1s0 175 200
k

All computations and graph were done using spyder 3.2.6 on Hp Intel CORE DUO
2gb Ram. We observe from the figure above that the algorithm with inertial term
converges much faster than algorithm without inertial term.

Conclusion: In this paper, we considered a Krasnoselskii-type inertial algorithm for
approximating a common fixed point for a countable family of generalized nonex-
pansive maps in a uniformly smooth and strictly convex real Banach space. Strong
convergence of the sequence generated by our algorithm is proved. Furthermore, we
applied our theorem and proved a strong convergence theorem for approximating
a common J-fixed point for a countable family of generalized-J-nonexpansive maps.
Consequently, our theorem is applicable in L,, (I, or WZZ”(Q) spaces, 1 < p < oo, where
W;”(Q) denotes the usual Sobolev space. It is well known that a Krasnoselskii-type
sequence converges as fast as a geometric progression which is slightly faster than
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the convergence rate obtained from any Mann-type sequence. Finally, a numerical
example is presented which illustrates that the algorithm with inertial term converges
much faster than that without inertial term.
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