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Abstract. In this paper, we study and consider the positive solution of fractional differential
equation with nonlocal multi-point conditions of the from:

RLDngu(t) + g(t)f(t, u(t)) =0,t€ (07 1)

m
u™(©0)=0, w(l)=> B8 reDEiu(n)

i=1
wheren—1<g<n, n>2, n—1<p;<n,¢g>pimnéeN k=0,1,--- . n—2,0<n <n <
<K, 3; <0, k€ (0,1], RLDg+7 RLDgf;_ are the Riemann-Liouville fractional derivative of order
q, pi, f:10,1] x C([0,1], E) — E, E be Banach space and g : (0,1) — R* are continuous functions.
The main tools for finding positive solutions of the above problem are the fixed point theorems of
Guo-Krasnoselskii and of Boyd and Wong. An example is included to illustrate the applicability of
our results.
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1. INTRODUCTION

Fractional differential equations show that a variety of interesting and important
results concerning existence and uniqueness of solutions. The concerned area has
been recently proved to be valuable tools in the modeling of many phenomena in
biology, chemistry, physics, networking, dynamics, fluid mechanics, electromagnetic
theory, electro-chemistry, control theory movement through porous media etc, see
[10, 9, 8, 2, 5] for more details.

In [7], the authors obtained the existence of fractional boundary value problem:

{RLDgw(t) Fa®)f(tult) =0, 0<t<1,

u(0) =0, rr Dy, u(l) =0, (L.1)

where ¢ € (1,2],p € [0,1], reDls, rrDj, are the Riemann-Liouville fractional
derivative of order ¢,p, f : [0,1] x [0,00) — [0,00) is continuous function and
a:[0,1] — [0,00) is an integrable function on [0, 1].

In [11], the authors investigated the existence of positive solutions for the following
singular fractional differential equations with infinite-point boundary value conditions:

ReD8ult) + (1) f(tu(t) =0, 0 <1 < 1,

u(0) = u/(0) = -+ =u"=2(0) =0, prDE,u(l) = Zﬂiu(m), (1.2)

where ¢ > 2, n—1< g <n,p€[l,g—1]is a fixed number, 8; > 0,(i = 1,2,...),

o0
r —1
O<m <mp <~ <mimg < <--- <1, F(q@p) — > Bin{™" > 0and gLDY,, rLDE,
=1
are the Riemann-Liouvill fractional derivative of order ¢, p.
Inspired by the above paper in previous works, [7, 11, 4], the objective of this paper
is to derive the existence and uniqueness of positive solution of nonlinear fractional

differential equation and nonlocal multi point condition:

rrDgu(t) + g(t)f(t,u(t)) =0, t € (0,1),

- . 1.3
u®(0) =0, u(t) =" B muDiiulni), (13)
i=1
wheren —1<g<nn>2 mneN k=01, ,n—-2,0<n <n < <K,

Bi <0, k€ (0,1], reDgy, reDf: are the Riemann-Liouville fractional derivative
of order ¢, p;, f :[0,1] x C(]0,1], E) — E, E be Banach space and g : (0,1) —
R* are continuous functions. The structure of the paper is as follows. Section 2,
contains some fundamental concepts of fractional derivative. In section 3, we present
our main result by applying Guo-Krasnoselskii and Boyd-Wong fixed point theorems
respectively. We will also present an example, illustrating the main results.

2. PRELIMINARIES

In this section, we recall some basic notations, definitions, lemmas and theorem
use to prove the main result.
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Definition 2.1. [12] The Riemann-Liouville fractional integral of order ¢ > 0 with
the lower limit zero for a function f : (0,00) — R is defined by

I, f(t) = ﬁ / (t — )7 f(s)ds,

oo

where I'(-) denotes the Gamma function defined by I'(q) = [~ e 557" !ds.

Definition 2.2. [3] The Riemann-Liouville fractional derivative of order ¢ > 0 of a
function f : (0,00) — R, is defined by

1 d., [*
Di.f) :7771/ t— 5)"0 1 f(s)ds,
(reDfS) 0 = = ()" [ (=9 )
where 7 is the smallest integer greater than or equal to q.

Definition 2.3. [6] The Caputo fractional derivative of order ¢ > 0 of a function
f:(0,00) = R is defined by

(CD?Hf) () = ﬁ /Ot<t —5)" 7 ) (s)ds,

n—q
where n is the smallest integer greater than or equal to q.
Lemma 2.4. [14] Let b,q > 0 and z € C(0,b) N L*(0,b). Then
rLIG R DY 2(t) = 2(t) + Attt p ettt

where ¢; € R, 1 =1,2,...,n, n is the smallest integer greater than or equal to q.
Proposition 2.5. [8]Ifp,q > 0 then

(1) f(t) =k #0, k is a constant, then Dl k =0 and rLDZ, k = %.

(2) reD{.t971 =0.

(3) Forp>1, we have pr I, tP = Fl“(177+1)tq+p'

(q+p+1)r .
(4) Forp> —1+ q, we have RLDng = 11(1(_’;72;_)(1)75”_‘1.
(5) Forp >0, we have “D{, tP = %ﬁ”*q.

Proposition 2.6. [15] If 0 < r < q then for f € LP([a,b],R), (1 < p < o0), the
relation rp D7, (relly f(t)) =re I5" f(t) hold almost every on [a,b].
Definition 2.7. [13] Let E be a Banach space and let A : E — E be a mapping. A is

said to be a nonlinear contraction if there exists a continuous nondecreasing function
U :RT — RT such that ¥(0) = 0 and ¥(e) < € for all € > 0 with the property:

[Az — Ay|[< ¥(||lz - y[l), Yo,y € E.

Theorem 2.8. [13] (Boyd and Wong fized point theorem)
Let E be a Banach space and let A : E — E be a nonlinear contraction. Then A has
a unique fixed point in E.

Theorem 2.9. [1] (Guo-Grasnoselskii fired point theorem)

Let E be a Banach space, and let P C E be a cone. Assume that Q1, Qo are open
subsets of E with 0 € Q1, Q1 C Qo and let A: PN (Qy\ Q1) — P be a completely
comtinuous operator such that:
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(1) [J[Au||> ||u||, w € PN OQ, and ||Au||< ||ul|, u € P N ON; or
(2) |Au||< ||ull, w e PNOQy, and ||Aul|> ||lul|, w € P N OQy.

Then A has a fived point in PN (Qa \ Q).

3. MAIN RESULTS

In this section we consider the positive solutions of nonlinear fractional differential
equation (1.3).

Definition 3.1. A function u € C([0,1], E) is said to be a solution of (1.3), if u
satisfies the boundary value problem.

RLDg+u(t) + g(t)f(tvu(t)) =0,t¢ (07 1)7

u™(0) =0, u(l)= Zﬁi rRLDG ;).
i=1
We prove now the following lemma, which establish the existence of solution to prob-
lem (1.3).

Lemma 3.2. Let the function h € C([0,1], FE). Suppose that the function u €
C([0,1], E) is a solution of the following boundary value problem (BVP):

RLDg+u(t) = _h(t)v te (Oa 1)7

u®(0) =0, w(l)=>_ B reDyiu(n),
i=1
wheren —1<qg<nn>2 mneN k=01--- n—-20<n <nn <- <k,
B: <0, k€ (0,1], RLD§+, RLDgi are the Riemann-Liouville fractional derivative of
order q, p;. Then the solution of the above BVP is unique and it is given by

u(t) = /0 G(t, 5)h(s)ds,

where
1 -1 -1 -1
Fasor | —o0)(t=8) " Fo(s)tH (1 —5)T7, 0<s<t<l
G(t,s) = { "7 (3.1)
m O'(S)tq_l(l—s)q_l}, 0<t<s<l1.
Proof. From Lemma 2.4, we get for certain constant vector cg,cy,--- ,c,—1 belong

to B/
u(t) = *RL[g_F h(t) + Cltq71 + Cth72 e A
From the first condition in BVP, we choose
Co= C3=, **+, Cp—1 :0’

and so,
’Lb(t) = _RLIg+ h(t) + Cltqil.
The substitution ¢ = 1 yields,

u(l) = _RLIg+h(1) +c1,
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and applying the operator RLDgiu(t) results and using Proposition 2.6, ¢ > p; we
get

; —pi I'(q) —1—p;
Dpl U ) — I‘I pzh( . + c q p1.
RL i RL i 1 ;
o+l or ) I'(g —pi)
By employing the second boundary value condition, we get
- : - - ﬂz -
E BirLDgiu(n) = — E Bir Ay P h(n:) + 1 E i Pt
i=1 i=1

rrAg h(1) ZﬂzRLIO+ (n)

?

m
ﬂz‘F(Q) —pi—1
1— q—pi
Sy
Hence, the result

rrIg h(1) Z@RLIW (1)

. 674 (Q) —pi—1
L= v
i=1

u(t) = —RLIg+h(t) + tq_l

(g — i)
¢ 1 a1 a1 1 et
_/0 <_F(q)(t_s) +1 " BT (g) q_,ﬁ,l._l{F(cﬁ(1 )
_;F(q—pi)m
" Bi(n; — s)a Pl
_; (77F(q )pz—) })h(s)ds

! a1 Lo et
! /f (1 - Em: Bil(9)  gepi—t { I'(q) e
=1 (g —pi) ’

N Bl syt \ds
Z (g —pi) })h( )d

i=1
We get:
1
u(t):/ G(t,s)h(s)ds,
0
where
N BL@O =) (1= )
ols) =1 S; (g —pi) ,
ya—pi= 1
7(0) = 25’ S

I'(q — pi)
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W[*U(O)(t**ﬂ“ fo()t i (1—s)T !,  0<s<t<l.
G(t,s) =
@0 {U(S)tqfl(l =), 0<t<s<l.

O

Lemma 3.3. Suppose that 0(0) > 0 and B; < 0 then the function o(s) > 0, s € [0,1]
and o is non-decreasing on [0,1].

Proof. By simple computation, we get that

o(s) = 1-— Z BiT(q)(m; — 8)7TPi—1(1 — 5)1711.

s<n; (g —pi)
o'(s) —Z f;r_(qp)i)(u ST g = 1)(1 - 5)

This implies that o is non-decreasing on [0, 1] and o(s) > ¢(0) > 0, s € [0, 1]. O

Lemma 3.4. The function G(t, s), defined by (3.1) admits the following properties
(1) G(t,s) >0, £G(t,s) >0,

(@) max, G 5) = 55709

(3) G(t,s) > LGl

where 0 < s <1,0<t <k and Kk = ——.
1—(1—s)a—2

o(0) (ks = 8)" + o(s)rt 1 (1 — )71

Proof. (1) For 0 < s <t < 1, noticing that

qul

)=1- Z’Bz > 0.

. Ta- pz)

In view of Lemma 3.3, gives

Gt.s) 2 th()ESO)) =2t a-sr] >0

So, for 0 < t < s < 1, we have G(t, s) > 0.
By direct computation, we obtain
, rasmr |~ o0 = Dt - 5)12
5,0(t3) =  +a(s)g — 1 (1—3)4—1} O<s<t<l
W[(s)(q_mq 2(1 — g)1- 1} O<t<s<l.
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Obviously, %G(t, s) is continuous on [0, 1] x [0,1]. Let k = —=——+
) 1—(1—s)a-2

and 0 < s <t <k <1, we get that

0 a(s)(g—1)t1—2 S\ g9 1

RS TONS SAG/AN B U AT 1— ) ]>0. 3.2

5iG(ts) = T [ =Sy =] (32)
Hence, G(t,s) is non-decreasing in the interval 0 < s < ¢t < k. In is clear that for
0<t<s<1, 2903 >,
(2) By (3.2), we know that G(t,s) is increasing with respect to ¢ where 0 < ¢ < &.
Hence

1 q—1 qg—1 q—1
tren[g)é]G(t,s) =G(k,s) = @00 [—O’(O)(K—S) +o(s)kI7(1—5) }, 0<s<l.
(3) For 0 < s <t <k <1, we get that

Glts) = m [ o)t~ )" +o(s)e (1 — )]
s T
1!
= FG(KJ,S).
For 0 <t < s <1, we have that
Glt,s) = m ()10~ 5]
qg—1
> Sl T D o1 - s
!
= G(k,s).

Hence, we consider G(t,s) where 0 < ¢ < &, it follows that G(t, s) is non-decreasing
in that interval. (]

Let E = C(]|0,1],R), so that E is a Banach space with norm |u|= m[ax]\u(t)|.
tefo,1

Set P = {u € E : u(t) > ;i—:llHuH, t € [0,k]}. Then P is cone in E. Denote
O(d) = {u € P : |u|< d} and 92(d) = {u € P : ||u|= d}. Define the operator
A:P\{0} > E by

(Au) (1) = / TGt 9)9(1) (s, u(s))ds, t € [0, 4], (3.3)

then the problem (1.3) has solution if and only if the operator A has fixed point. In
the next theorem, we present the existence and uniqueness of solutions for problem
(1.3) via the Guo-Krasnoselskii fixed point theorem and Boyd and Wong fixed point
theorem.

Lemma 3.5. Suppose that
(H1) f € C([0,k] x RT,R™") is continuous.
(H2) g € C((0,k),[0,+00)) and g does not vanish identically on any subinterval
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of (0, k).

(H3) For any positive number di < dg there exists a continuous function Pg, q,(t) :
(0,k) = [0,+00) such that

q—1

dlSuSan

" t
/ 9(0) Paya, (1) < +00, [(t,0) < Paya(t), 0< 1 <5, —y
0

hold and 0 < dy < dz. Thus A : Q(d2) \ Q(dy) — P is completely continuous.

Proof. For any u € Q(dz) \ ©(dy) it follow from (3.3) and Lemma 3.4
() = [ Gles)alo) s u)ds
® 1

< [ Fem Lo — 9 ) (1= ) ) s, )
t €10, K].

So,

o < [ " Gk, 9)9(5) (5, u(s))ds, (3.4)
and

(Au) () = / "Gt 8)9(5) f (5, u(s))ds

o(0)k?
t €10, k)
So,
K 1g—1
(Ao = [ Gl s)al) (s, uls))ds, (35)
0
which (3.4) and (3.5) we know that
(Au)(t) > * [ Aull, 1 € [0,5],

which mean that A : Q(d2) \ Q(d1) — P. Noticing the continuity of G(t,s) and
(H1) — (H2), it is easy to see that A is continuous in (dz) \ 2(dy). Next, we show
A is completely continuous. For any u € Q(dz) \ ©(dy), we have

0] = | [ G900 (s,

< / G5, 5)9(5) Pay ay ()ds 1= M,

for t € [0, k], which implies that A(Q(d2
[

\ Q(d;)) is uniformly bounded. Because
G(t, s) is uniformly continuous on [0, k] x [0, 1

)
0,1]. Thus, for any € > 0, there exists § > 0
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such that |7, —71|< ¢ implies |G (72, s) —G(71, s)|< € for all (11, s), (12, s) € [0, K] x[0, 1].
Then, for any u € Q(dz) \ Q2(dy) and 71, 72 € [0, k] such that |r2 — 7 |< J, we have

/Om (G(TQ, s) — G(71, S))Q(s)f(S,U(S))ds
| o G.utspas

0

[(Au)(72) = (Au)(n)| =

< €

We can see that the function in A(2(ds) \ ©(d1)) and equicontinuous.
So, A(£2(d2) \ 2(dy)) is relative compact in C[0, &].
Thus A : Q(ds) \ Q2(dy) — P is completely continuous. d

Existence Result Via Guo-Krasnoselskii Fixed Point Theorem.
We introduce the following height functions to control the growth of the non-linear
term f(¢,u). Let
q—1

¢(t,d) = max{f(t,u) : iqfldgugd}, O<t<k, d>0

q—1

p(t,d) = min{f(t,u) : ©

Hq_ldgugd}, 0<t<k, d>0.

Theorem 3.6. Suppose the (H1)-(H3) hold and there exists two positive number
a < b such that one of the following condition is satisfied:

(H4) a < [ G(k,8)g(s)¢(s,a)ds < +o00 and [ G(k,s)g(s)d(s,b)ds < b,

(H5) [ G(r,5)g(s)p(s,a)ds < a and b < [ G(k,s)g(s)p(s,b)ds < +oo.

Then the boundary value problem (1.3) has at least one non-decreasing positive solu-
tion u* € P such that a < ||u*||< b.

Proof. Now, we prove (H4),
o If u € 9Q(a), then |ju||= a and f:;—:lla < u(t) <a, 0 <t <k By then definition
of o(t,a), we know that
ft,u(t)) > p(t,a), 0 <t <k, (3.6)
by (3.6) and Lemma 3.4, we have

l(Aw)| = max /OHG@,s)g(s)f(s,u(s))ds

t€(0,x]

171G (K, 8)
> max /0 =) o(s) £ (s, uls))ds

te[0,x] ka1
> / G, )g(s)p(s, a)ds = a = [ul].
0

So, [|Aul|> ||u|| for w € P N 0Q(a).
o If u € 9Q(b), then |ju||= b and ﬁ;—__llb < u(t) <b, 0<t<k. By then definition
of ¢(t,b), we get that

ftu(t) < ot,b), 0 <t <k, (3.7)
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by (3.7) and Lemma 3.4, we have

Il = max [ 6896 us)s

tel0,x] Jo

IA

Aﬁ%m@m$ﬂaM@Ms
< /%ﬂm@M$M&®@§b:HW-

0
So, ||Aul|< ||u|| for u € P N OQ(b). Next, we prove (H5):
o If u € 90(a), then |ju||= a and ;q:lla < u(t) <a, 0 <t < k. By then definition
of ¢(t,a), we get

ftu®) < oé(t,a), 0<t <k, (3.8)
by (3.8) and Lemma 3.4, we have

Il = s [ 68906 . u(s)ds

tel0,xk] 0

< Aﬁam@m@ﬁwm@»@
< /%ﬂm$M$M&®%§a:HW-

0
So, || Aul|< ||u|| for w € PN oQ(a).

o If u € AQ(b), then |jul=
of ¢(t,b), we get

(t) <b, 0 <t < k. By then definition

flt,u(t) > o(t,b), 0 <t <k, (3.9)

and in view of (3.9) and Lemma 3.4, we have

I(Aw)|| = max/ G(t,s)g ,u(s))ds

te[0,x]

a-1 K, 8
> max/ wy(s)f(s,u(s))ds

te[0,x] KI—1

Y

/ G(k,5)9(8)p(s,b)ds > b= ||u].

So, || Au||> ||u|| for u € P N 9N(b). By Guo-Krasnoselskii fixed point theorem A has
a fixed point u* € Q(b) \ Q(a). Since u* is a solution of (1.3) and a < |ju*||< b. It is

not difficult to see that, u* > = Hu*||> —ra > 0,0 <t <k, which implies that
u* is a positive solution for (1. 3) From Lemma 3.4 we have

()" = (Au*)'( )
/ —G t,s)g(s)f(s,u*(s))ds >0, t € [0, x],

which shows that u* is a non-decreasing positive solution on [0, £]. U
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Existence and Uniqueness Result Via Boyd and Wong Fixed Point
Theorem.

Theorem 3.7. Let f : [0,x] x Rt — RT be a continuous function satisfying the
assumption:
0(t)|lu—v
(H6) |f(t,u) — f(t,v)|< @(i)llu—v:’ fort € [0,], u,v >0,
where O(t) : [0, 5] — RT is continuous and © the constant defined by

0= /Gts 0(s)ds # 0.

Then the problem (1.3) has a unique solution on [0, k].

Proof. Consider a non-decreasing function ¥ : Rt — R™ define by
Oe¢
v , Ve >0,
=51 ¥
such that ¥(0) = 0 and ¥(e) < €, Ve > 0. For any u,v € E and for each ¢ € [0, x],
yields:

Au(t) — Av(t)] < ) (s, u(s)) = F(s,0()) ds
< /HG<t7s>g<s>st
BT P~
< Sl

This implies that ||[Au — Av||< ¥(||lu — v||). There for A is a non-linear contraction.
Hence, by theorem (Boyd and Wong). The operator A has a unique fixed point, which
is the unique solution of the problem (1.3). O

Example 3.8. Consider the following fractional boundary value problems
8
D () + 75 (2 225+ VE) =0, te (0,1),
u(0) =/ (0) = 0 (3.10)
u(l) = QRLD0+U( ) 3RLD03+ ( ) 4RLD0+U( )

By comparing problem (1.3) and (3.10), we obtain the following parameters:

8 5 7 9 2 1
= — = — = — = =2 - — o m—
q 37p1 27p2 37p3 4 f(t U) +1+\/ g() 1_t7
1 1 1 3 2
ﬁl - _§a 62 7 63 7 m = 5a 2 = ﬁ7 N3 = 5a

we choose k = 1, obvious f € C’((O,l) R*,R*) and g € C((0,1),R"). For and
positive number d; < da, we can see that (H1) — (H3) hold for Py, 4,(t) =3 — -2

2
d+1’

do+1°

2 5
qS(t,d):max{2—m+\/f:t§d<u<d}§3—
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2
t3d+1

2 5
= min{2 — —— 1 t3 >3 -
o(t,d) = min{ u+1+\/i tsd<u<d} >3

It follow that fol G(1,5)g(s)¢(s,b)ds < b.
So,

! 1 ! 5 5
/0 G(1,8)g(s)p(s,1)ds < F<§)0<0)/0 [70(0)(1%)3 +J(s)(175)3] ~—ds
2 ! 2
< om0
< 03572<1,
and it follows that fol G(1,8)g9(s)p(s,a)ds > a. Thus,
1 1 1 5
/0 G(1,5)g(s)p(s,0.1)ds > r(g)a(o)/o [70(0)(%5)3
1 2
+o(s)(1—s)3 3— — ds
(5)(1 = )F] T,7
> e L e s - s
3
1 ! 2
> I1(3)0(0)/0 (=o(1)+0(0))(1 —s)3ds

> 0.2208 > 0.1.

According to Theorem 3.6, we get that (3.10), has at least one non-decreasing positive
solution u* and $5 < [lu*||< 1. Hence, if we choose 6(t) = 2. We find

1
o= / G(t,$)g(s)0(s) ~ 0.3572.
0
Clealy,
2 2
tou) — f(t = |- =
)= fE0)] = |- =5 -
2|u — |
11+ u+ v+ uv
2|u — |
= 03572+ lu—v|
Hence, by Theorem 3.7, problem (3.10) has a unique solution on (0, 1).

4. CONCLUSIONS

In this paper, we proved the existences and uniqueness of positive solution of
fractional differential equation with nonlocal multi-point condition by the fixed point
theorems of Guo-Krasnoselskii, Boyd and Wong non-linear contraction in the interval
such that the Green’s function is non-decreasing. Finally some example are provided
to illustrate our result.
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