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1. INTRODUCTION

The stability problems for functional equations was raised by Ulam [24] in 1940
concerning the stability of group homomorphisms. This question has been affirma-
tively answered for Banach spaces by Hyers [14]. Later, Aoki [5] and Bourgin [6]
considered the stability problem for the case of an additive mapping between Banach
spaces subject to an unbounded Cauchy difference. In 1978, Th. M. Rassias [18]was
the first to prove the stability of the linear mapping between Banach spaces subject
to a continuity assumption on the mapping. In 1994, Gavruta [13]provided a further
generalization of Th. M. Rassias result in which he replaced the bound e(||z||" + ||ly||")
by a general function ¢(z,y) for the existence of unique linear mapping.

In 1996, Isac and Rassias [16] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applica-
tions. By fixed point methods of several functional equations have been extensively
investigated by a number of authors (see [8, 17]). The notion of multi-normed space
was introduced by Dales and Polyakov (see [11, 10]). This concept is some what
similar two operator sequence space and has some connections with operator spaces
and Banach lattices. Motivations for the study of multi-normed spaces and many
examples were given in [11].

363



364 M.R. VELAYATI AND N. SALEHI

Agbeko has studied the stability of maximum preserving functional equations mo-
tivated by the optimal average (see [1, 2, 4, 3]). He has replaced addition operation
with the maximum operation on a given Banach lattice.

The most famous functional equation by Cauchy and known as linear functional
equation reads: f(z+y) = f(z) + f(y).

In 2003, Radu proved the Hyers-Ulam-Rassias stability of the additive Cauchy
equation by using the fixed point method (see [7]).

In [20, 21], we have used the technique of [3] and obtained following results about
quadratic functional equations. In this paper, we generalized Aghbeko’s theorem for
Cauchy functional equation in multi-Banach lattice by fixed point method.

Definition 1.1. Let X be a set. A function d : X2 — [0, 0] is called a generalized
metric on X if and only if d satisfies

(M1) d(z,y) = 0 if and only if z = y;

(M2) d(z,y) = d(y,x), for all z,y € X;

(M3) d(z,2) < d(x,y) +d(y, 2) for all z,y,z € X.

We remark that the only difference between the generalized metric and the usual
metric is that the range of the former is permitted to include the infinity. We now
introduce one of the fundamental results of the fixed point theory.

Theorem 1.2. Let (X,d) be a generalized complete metric space. Assume that A :
X — X is a strictly contractive operator with the Lipschitz constant L < 1. If there
exists a nonnegative integer ng such that d(A™+1z, A"oz) < oo for some x € X, then
the following statements are true:

(i) The sequence {A™x} converges to a fized point x* of A;

(ii) x* is the unique fized point of A in X* = {y € X|d(A™x,y) < co};

(i) If y € X*, then

1
* < -
d(y,2") < 7= d(Ay,y)

Now, recalling the notion of a multi-normed space from [11, 10]. In this paper,
(E,|| - |) denotes a complex normed space and let k& € N. We denote by E* the
linear space E @ --- @ E cousisting of k-tuples (z1,...,xx), where x1,...,25 € E
the linear operations E* are defined coordinatewise. The zero element of either E or
E* is denoted by 0. We denote by Nj, the set {1,2,...,k} and by &}, the group of
permutations on k£ symbols.

Definition 1.3. A multi-norm on {E* : k € N} is a sequence (||-[[x) = (||-]|) : k € N)
such that || - || is a norm on E* for each k € N, such that ||z||; = ||z|| for each z € E,
and such that the following axioms are satisfied for each & € N with & > 2:

N1: ||($a(1)7~--7$cr(k))”k = ||m1,...,xk)Hk (G‘ € Gp;x1,...,2 € E);

N2: (o121, .. opxg)||re < (?é%x|ai|)\\(x1,...,xk)||k
k
(a1,...,ap € Cixq,...2 € E);
N3: ||(1‘1,...,$k_1,0)“k = ||(1'1,---,~Tk—1)”k—1 (xl,...,xk_l S E);
N4: ||(a:1,...,xk_1,:z:k_1)Hk = ||(:L‘1,...,.Tk_1)||k_1 (331,...,£L'k_1 S E)

In this case, we say that ((E*,||- ) : k € N) is a multi-normed space.
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The motivation for the study of multi-normed spaces (and multi-normed algebras)
and many examples are detailed in the earlier investigation [11].

Suppose that ((E*, || - ||x) : k¥ € N) is a multi-normed space, and take k € N. The
following properties are almost immediate consequences of the axioms.

(@) [z, @)l = (]| (wGE)k;

b) max ||z;|| < ||(z1,...,x < z;|| <k ma T1,...,0 € F).
) sl < ol <3 loll SF guas - @ von € B)

It follows from the item (b) above that, if (E, ||-||) is a Banach space, then (E¥, ||-||x)
is a Banach space for each k € N; in this case, ((E*,| - ||x) : k¥ € N) is a multi-Banach
space.

Example 1.4. Let (E, || - ||) be Banach lattice and define
[, ai)lle = [ Ve Vil (o) € B

Then ((E*, |- ||%) : k € N) is a multi-Banach space(see [11]). We say it multi-Banach
lattice.

2. MAIN RESULTS

Throughout this section, let (E¥,|| - ||x) : & € N) be a multi-Banach lattice and
p:[0,00) — [0,00) be continuous function and 7,7 € R*. For convenience we use the
following abbreviation for a given mapping f : E1 — E»

D) = f(rla| v yly]) — T2 UzD Vapm) f(y)

p(1) Vp(n)
Let us recall some necessary definitions.
If B is a Banach lattice, then BT stands for its positive cone, i.e.
Bt ={ze€B:x>0}={|z|:2 € B}.
Given two Banach lattices X and Y we say that a functional f : X — Y is cone-related
if f(XT)={f(|z|):2 € B} CY"(see [3]).
Let X and Y be two Banach lattices and f : X — Y be a cone-related functional,
with following properties:
I) Maximum Preserving Functional Equation: f(|z|V |y|) = f(|z]) V f(Jy|) for
all members z,y € X (see [3]).
IT) Semi-homogeneity: f(a|z|) = af(|z]) for all z € X and every number o €
[0, 00).
We shall use the technics in [3] to prove the following two theorems.

Theorem 2.1. Let Ey and Ey be two Banach lattices and ((EY,| - ||x) : k € N) be a
multi-Banach lattice. Suppose ¢ : E?* — [0,00) is a given function and there exists a
constant L, 0 < L < 1, such that

o(txe, tyr, ..., tag, tyg) < tLo(x1,y1,. -, Tk, Yk) (2.1)

for all x1,...,xk,y1,...,yx € E1, t € [0,00). Furthermore, let f : Ey — FE3 be a
cone-related function with f(0) = 0 which satisfies

||Df<331,y1)7 ERE) Df(xkrayk)nk S ¢(7'5U1a7791» ey T$k77]yk) (22>
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forallzq,...,zk,91,...,yx € E1. If ¢ satisfies
lim ¢t "p(t"x1,t"y1,. .., "2k, t"yr) = 0 (2.3)

n—oo

for any x1,..., Tk, Y1,---,Yx € E1, then there is a unique cone-related mapping T :
FEy — E5 which satisfies properties I, I and the inequality.

L
IT(21l) = flzal),- - Tllzal) = flaaDlle < ;=7 dlzn, 21,z ) (24)
Proof. If we define
and introduce a generalized metric on X as follows:
d(g,h) = inf{c € [0,00] : ||g(x1) — h(x1),...,g9(xk) — h(zk)||k
<cod(r1,21,-.., Tk, x), forall zq,... zx € E1}

then (X, d) is complete. We define an operator A : X — X by
g(tz)
(Ag) () = 21

for all z € Ey. First, we assert that A is strictly contractive on X. Given g,h € X,
let ¢ € [0,00) be an arbitrary constant with d(g,h) <c¢, i.e.,

llg(z1) — h(z1), ..., 9(xk) — Map) |k < co(xr, 21, ..., T8, Tk),

for all 1,...,2, € Eq. If we replace z in the last inequality with ¢z and make use of
(2.1), then we have

[Ag(z1) = Ah(z1), ..., Ag(ay) — Ah(zr)]lk

=~ llg(tzr) = hltz1), ..., g(ter) — h(ter)|x

el B

< : ch(tay, txy, ... tog, try) < Leg(xy, 21, ..., T, T)

for every z1,...,x, € Eq, i.e., d(Ag,Ah) < Le.
Hence, we conclude that d(Ag, Ah) < Ld(g, h) for any g,h € X. Next, we assert that
d(Af, f) < oo. If we substitute x for y in (2.2) and 7 = n = ¢, then (2.1) establishes

1 (tlaa]) = tf(|2al), .o Floel) = tf(lzelle < Gtz tan, . oy, ta)

= Hf(ttﬂh) —f(|x1|),...7M — f(lzx])]| < % o(txy, txy, ... tog, tay)

t E

< Lo(x1,x1,. .., Xk, Tk)
= [Af(z1]) = f(1z]), - Af(m]) = F(lzeDI] < Loy, @1, 2n, 2
for any x1,...,z € F4, ie.,
d(Af, f) <L <0 (2.5)

Now, it follows from Theorem 1.2 (i) that there exists a function T : E; — FEy with
T(0) = 0, which is a fixed point of A, such that A™f — T i.e.,

T(z) = lim f(#"z)

n—o00 tn
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for all x € E;. Since the integer ng of Theorem 1.2 is 0 then f € X* which
X ={yeX: dA™f,y) < oo}

By Theorem 1.2 (iii) and (2.5) we obtain

L

1
A(f,T) € 77 dM D) < 725

—1-L
i.e., the inequality (2.4) is true for all x € Ej.
Clearly, T is a cone-related operator. Let us show that T is maximum preserving.
Let 7 =n=1t" in (2.3) we have

If @ (2] V yal)) =t (f () V (D) -0 FE (el V wel)
—t"(f(lzel) V fye)lle < Sz, "Y1, o 8 @, " k).
Substituting « with t”z and y with ¢y in the last inequality:
LFE" (21l v 1ya) = ¢ (FE ) V FE D) - - FE (] V ye])
- tn(f(tn|'rk|) v f(tn|yk|))||k < ¢(t2nx17 t2ny1’ s 7t2nxk7 t2nyk)'
Thus
[ f (2| V [wal) =t a]) V FE i), -
AT (|2l VIgkl) — T (FE |2nl) v FE ) 1k
SOy, 0y, 4, ).
with use of (2.1)
£ f (" (Ja ]V wa]) =t (FE a]) V FE |ya),s -
AT (Jawl VIgwl)) — T (FE |zl V£ yg])
< tinLnd)(tnIh tnyh s 7tnxk7 tnyk)

By letting n — oo and considering (2.2), replace z1, ...,z with z and y1, . ..,y with
y in the last inequality conclude

=2 F @ (2l v Jy])) =t (F (" 2]) v FE )] =0
we get for all z,y € X the equality
1T(|z v [yl) = T (=) v T(ly)l = 0

lim
n—oo

or equivalently
Tz v lyl) = T(lz)) v T(lyl),
because,
: —2n 2n . . —m m o

Jim 472 F(E0]) = Tim 7 f(E]]) = T(e]), € X
Now, we must show T'(r|z|) = rT(|z|) for all z € X and r € [0,00). Using the
inequality (2.2) with n =7, y1,...,yr = 0 and substituting 7 with ¢"7:

1f (" 7(|21])) = "7 (f(l2a]))s - fE T (n]) — "7 (F (lze )]k

< o(t"721,0,...,t" T2, 0).
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If we replace x1,...,x, with t"xq,...,t"x, respectively, then:
IF@ 7 (1)) = T (F(E 1)), oo FE T (]) = (" k])) ]
< Gt 12,0, .. 2 T2y, 0).
Divide by #2" both side of above inequality and use the inequality (2.1) :
[0 FE r(|2a))) — €77 (F(E" |2a])), -t 720 F(E T (|2])
—t T (f (" |zk) |k < 2Ot 2,0, . . 2" Ty, 0)
<t T"L"o(t"Tx1,0,. .., t"TaR,0).

By letting n — oo and considering (2.3), replace x1, .. .,z with x in the last inequality
conclude

im0 f (2" (rla])) — (£ )| = 0
we get for all z € X the equality
lim ¢~ 2" f(t*"r|z|) = 7 hm t"f (" x]) = 7T(|x]),

n— oo
by taking z = 7|x|, we have
PT(Jel) = Tim 2 f(20r]a]) = Tim £ F(E20]2]) = T(|2]) = T(r]a).
n—oo n—oo
For uniqueness of T: Assume that the inequality (2.4) is also satisfied with another

homogenous function of degree two S : E3 — F5 besides T. (As S is a homogeneous
function of degree two, S satisfies that

for all x € Ey. That is, S is a fixed point of A.) In view of (2.4) and the definition of
d, we know that

d(f,s )§i<oo

L
ie,S € X*. (In view of (2.5), the integer ng of Theorem 1.2 is 0.) Thus, Theorem
1.2 (ii) implies that S = T. This proves the uniqueness of 7. O

Theorem 2.2. Let E; and Ey be two Banach lattices and ((EY,| - ||x) : k € N) be
a multi-Banach lattice and f : E1 — FEs be a cone-related functional for which there
are numbers 0 > 0 and 0 < r < 1 such that

k
IDf(1,91), - Df (i yi) i < 0 (Ilal|” + lwal") (2.6)
i=1
for all x1,... 2k, y1,...,yr € E1; then there is a unique cone-related mapping T :

E1 — Es such that

1T (a]) = f(aal), - T(ak]) = fzrD e <

= (2.7)

and satisfies properties I, II.
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Proof. If we define
X ={g: E1— Es| ¢(0) =0}
and introduce a generalized metric on X as follows:

d(g,h) = nf{c € [0,00] : [[g(x1)=h(21), ..., g(ex) — hzp)|lk

k
< CZ llz:||", for all zq,...,2, € Eq}.
i=1
then (X, d) is complete. We define an operator A : X — X by
9(2|z])
(Ag)(x) = 2D

for all z € Ey. First, we assert that A is strictly contractive on X. Given g,h € X,
let ¢ € [0,00) be an arbitrary constant with d(g,h) < ¢, i.e.,

k
lg(z1) = h(1),., g(ar) = hiaw)llx < ey il
i=1

for all x € F;. If we replace z in the last inequality with 2z, then we have
[Ag(21) — Ah(z1), ..., Ag(@r) — Ah(ze) ||k

= Lllg(2r) — h(21), . g(2m) — h(2es)

k k
Cc —
<3 ; 2" <27 1c; [ll[",

for every x1,...,xx € Ey, ie., d(Ag,Ah) < 2" lc. Hence, we conclude that
d(Ag, Ah) < 27" Yd(g, h),

for any g,h € X, and so A is strictly contortive with constant L =2""! < 1 on X.
Next, we assert that d(Af, f) < co. If we substitute = for y in (2.6) and 7 =95 =2
divide both sides by 2, then (2.6) establishes

k
1 2laa]) = 2 (21]), - flaxl) = 2f (2 e <20 [l

i=1

1 1 k
= N5 £ @) = faal)s - 5 F@lael) = FlzeDll < EA
1=1

k
= [Af(21]) = (@], Af(arl) = FOzeD) e <0 llll”
i=1

for any x1,...,z € Fq, ie.,

d(Af, ) <0 < o (2.8)
Now, it follows from Theorem 1.2 (i) that there exists a function T : Ey — FE5 with
T(0) = 0, which is a fixed point of A, such that A"f — T i.e.,

T(lal) = lim 27" f(2"|z]) (2.9)
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for all x € E;. Since the integer ng of Theorem 1.2 is 0 then f € X* which
X ={yeX: dA"™f,y) < oo}
By Theorem 1.2 (iii) and (2.8) we obtain
1 20
T) < ——d(A <
i.e., the inequality (2.7) is true for all z1,...,z, € Ej.

Clearly, T is a cone-related operator. Let us show that 7T is maximum preserving.
Let 7 =n = 2" in (2.6). We have

12" (ar [V [91)) = 2 (f () V F(n ), - oo SR (] V lwe]))

k

=2 (f () vV f(ye D)l < 0 Ul + llyall”)

=1

Substituting x1, ..., x; with 2"z, ...,2"z; and y1, ..., Yy, with 2%y1, ..., 2"y,
respectively in the last inequality:

£ (22| Vgnl)) = 2" (F @ )V F(12%92D), - F @ (k] V [yal))

k

=2 (F(2"[r]) v L2 D)k <2770 (sl + llwall”)

i=1
Thus

[47" f @ (la [ VIga])) = 27" (F (2% ) V S @ n])), - A7 F A" (] V Tye])
k

=27 (2" |al) vV £ I e < 270720 (lll” + llyall”)

i=1
By letting n — oo, replace x1, ...,z with x and y1, . . ., yx with y in the last inequality
conclude
Jim [[47 (4" (2] V y[)) = 27" (@ =) v F 20y = 0,
because r < 1, by considering (2.9) we get for all z,y € X the equality
1T(|z v [yl) = T (=) v T(ly)l = 0
or equivalently
Tz v lyl) = T(lz)) v T(|yl),
because,
lim 47" f(4"|z]) = lim 27" f(2™|z]), z€ X
n—oo m— 00
Now, we must show T'(r|z|) = rT(|z]) for all z € X and r € [0,00). Using the
inequality (2.3) with n =7, y1,...,y, = 0 and substituting 7 with 2"7:

k

LF @ rlesl) = 207 f (el F@Tlanl) = 207 f (Jarl)lle < 6 [l

i=1
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If we replace x1,...,x, with 2"%zq,...,2"x; respectively then:
k
If (4" rla]) = 2" (2 | ), - FA Tlaa]) = 207 F (12 k)l < 2770 ) [l

i=1

Divide by 4™ both side of above inequality and use inequality (2.1):
[47" f(4" 7|z ]) = 277 f (2" |2 ]), - ..
k
A7 fArTla]) — 27 f (12 )l < 270720 ||
i=1

By letting n — oo, replace x1, . .., x; with x and y1, . . ., yx with y in the last inequality
conclude

i [[47 f( ) — 277 f@ )] = 0,
by (2.9) we get for all x,y € X the equality
lim 47" f(4"r|z|) =7 lim 27" f(2"|z|) = 7T(|z]),
n— oo n— o0
by taking z = 7|z|, we have
T(je]) = lim 4~ f(4"7a]) = lim 47" f(4"|2]) = T(|2]) = T(rla)).
For uniqueness of T: Assume that the inequality (2.7) is also satisfied with another

homogeneous function of degree two S : F1 — E5 besides T. (As S is a homogeneous
function of degree two, S satisfies that

for all x € Ey. That is, S is a fixed point of A.) In view of (2.7) and the definition of
d, we know that

d(f, )§%<oo

ie, S e X*. (In view of (2.8), the integer ng of Theorem 1.2 is 0.) Thus, Theorem
1.2 (ii) implies that S = T. This proves the uniqueness of T'. O

Corollary 2.3. Let Ey and Ey be two Banach lattices and ((E¥,||-||z) : k € N) be a
multi-Banach lattice and p : [0,00) — [0,00) be a continuous function f : Ex — Eo be
a cone-related functional for which there are numbers 6 >0 and 0 <1 < 1 such that

L (rleal vV nlyl) = 7 (lea]) Vo f(lyal), - -
k

(el Vonlyel) = 7 (zel) VS (ueDlle < 92 il + llyall™)
=1

for all x1,..., %k, y1,---,yx € B1 and 7,m € RT ; then there is a unique cone-related
mapping T : E1 — E5 such that

1T (aa]) = Fllaal)s - Tllzwl) = f2rDlle < 5= Z [Ji]|”
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and satisfies properties I, II.

Proof. Enough, we put p(t) = 1 in above theorem for ¢ € [0, 00). In this case, the sense
of stability in multi-Banach lattice is similarity with stability of additive functional
equation in Banach space. O

Corollary 2.4. Let Ey and Eo be two Banach lattices and ((EY,| - ||x) : k € N) be a
multi-Banach lattice and p : [0,00) — [0,00) be a continuous function f : Ey — Fy be
a cone-related functional for which there are numbers 6 >0 and 0 <1 < 1 such that

T2 f (1)) vV n? (1))

f(rlea| vV nlyi]) -

g e

TVnN
72 (rl) V 02 f (i) :
S (lek] Vonlyrl) — <0 (lzill” + lwal™).
TVn k =
forall xi,...,2k,y1,...,yx € E1 and 7,m € RT ; then there is a unique cone-related

mapping T : E1 — Fo such that

0 k
1T (al) = flzal)s o Tlakl) = FlarDlle < 5 3 5 D llill”
i=1

and satisfies properties I, II.
Proof. Enough, we put P(t) =t in above theorem. O
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