Fized Point Theory, 21(2020), No. 1, 319-338
DOI: 10.24193/fpt-r0.2020.1.23
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

ON y-CONTRACTIONS AND COMMON FIXED POINT
RESULTS IN PROBABILISTIC METRIC SPACES

JINGFENG TIAN*, XIMEI HU** AND DONAL O’REGAN***

*Department of Mathematics and Physics, North China Electric Power University,
Baoding, Hebei Province, 071003, China
E-mail: tianjf@ncepu.edu.cn

**China Mobile Group Hebei Co., Ltd., Baoding, Hebei Province, 071051, China
E-mail: huxm_bd@163.com

***School of Mathematics, Statistics and Applied Mathematics,
National University of Ireland, Galway, Ireland
E-mail: donal.oregan@nuigalway.ie

Abstract. In this paper, by weakening the conditions on the gauge function v, some new fixed point
and common fixed point (common coupled fixed point, common tripled fixed point) theorems for
nonlinear mappings with a gauge function 1 in Menger probabilistic metric spaces are established.
An example is given to illustrate our theory.

Key Words and Phrases: Coupled fixed point, fixed point, metric space, probabilistic -
contractions, gauge function.

2010 Mathematics Subject Classification: 54E70, 54H25, 47H10.

1. INTRODUCTION

Probabilistic metric spaces were initiated by Menger [19] in 1942 and fixed point
theory in these space was presented by Sehgal and Bharucha-Reid [25] in 1972. A
mapping £ : X — X is called a probabilistic 1-contraction if it satisfies

Pracy(P(E)) > Puy(§)

for all z,y € X and £ > 0, where ¥ : RT — RT is a gauge function satisfying certain
conditions.

Fixed point results for probabilistic ¥-contractions in Menger probabilistic metric
space were investigated by many researchers (for example, see [2], [3], [13], [15], [18]
and [21]). However, some of these results are obtained under the assumption that

o0
the function v is non-decreasing and Zw"(f) < oo for any £ > 0 (see [7], [9],
n=1

[10], [20], [27]). Ciri¢ pointed out that the condition “the gauge function 1) is non-

decreasing and Z Y™ (€) < oo for any € > 07 can be strong and difficult to check in
n=1
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practice. A natural question is whether the conditions can be improved. Jachymski
[14] established the following.
Theorem of Jachymski. Assume that

(i) (X, F,T) is a complete Menger probabilistic metric space such that T is a con-
tinuous t-norm of H-type;

(ii) Y: RT — RT is a gauge function satisfying ¥(€) < &, »=1({0}) = {0} and
nl;n;o Y™(€) =0 for all £ > 0;

(i) L: X — X is a mapping with the property that:

ch,ay(w(ﬁ)) > (I)wu(f)

forallx,y € X.

Then there is a unique u € X such that v = Lu.

In [27], using the properties of the pseudo-metric and the triangular norm, Xiao,
Zhu and Cao gave the following common coupled fixed point theorem for probabilistic
1p-contractions in Menger probabilistic metric space.

Theorem of XZC. Assume that

(i) (X, F,T) is a complete Menger probabilistic metric space, where T is a Hadzié
type t-norm;

(ii) : RT — RT is a gauge function satisfying () > &, v~1({0}) = {0} and
nhﬁrr;o Y™ (&) = +oo for all £ > 0;

(i) L: X x X = X and g : X — X are two mappings with the property that

QL (2,y),L(p,q) V() = min{ P Az 4p(E), Pay,q(8)}

for all z,y,p,q € X, where L(X x X) C A(X);

(iv) A is continuous and commutative with L.

Then there is a unique u € X such that u = Au = L(u,u).

In 2014, Luo, Zhu and Wu [17] gave a generalization of the above theorem.
Theorem of LZW. Assume that

(i) (X, F,T) is a complete generalized Menger probabilistic metric space, where T’
is a HadZzié type t-norm;

(ii) ¥: RT — RT is a gauge function satisfying () > &, »~1({0}) = {0} and
nh—>120 Y™ (&) = +oo for all £ > 0;

(i) L: X x X xX = X and g : X — X are two mappings with the property that:

(I)L(x,y,z),ﬁ(p,q,'r) (1/)(5)) > min{@Am,Ap (5)7 (I)Ay,Aq (5)7 (pAz,Ar (5)}

for all z,y,z,p,q, 7 € X, where L(X x X x X) C A(X);

(iv) A is continuous and commutative with L.

Then there is a unique u € X such that u = Au = L(u,u,u).
Remark 1.1 There are many gauge functions ¢ that do not satisfy the conditions
in the above theorems. For example, if the gauge function ¢ : [0, +00) — [0, +00) is

defined by
) = 17
v(6) = { ‘

, €0, 1)U (1, 400),

Wl Nt
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then lim 9™(§) = 0 for any & > 0. However, for £ = 1, ¥(§) = % > 1 contrary to

n—-4o0o

P(E) <&
If the gauge function 1) : [0, +00) — [0, +00) is defined by

()_ %7 5217
i) = 26, €€10,1)U (1, +00),

then lim ¢"(§) = +oo for any £ > 0.

n——400

However, for £ =1, ¢(§) = & <1 = £ contrary to ¥(£) > &.
A natural question is whether the conditions “ ILm P™(€) = 0 and (&) < & for

any £ > 07 and “¥(&) > £ and li_>m Y™ (&) = 4oo for any £ > 0”7 can be weakened?
n (oo}

We give an affirmative answer to this question.

In Section 2, we recall some concepts and results in Menger probabilistic metric
spaces. In Section 3, by using methods similar to that in [26] we prove some fixed point
and common fixed point (common coupled fixed point, common tripled fixed point)
theorems for nonlinear mappings with a gauge function 1 in Menger probabilistic
metric spaces. Our results improve and generalize the corresponding ones from [14,
17, 27]. Moreover, we use an example to illustrate the theory.

2. PRELIMINARIES

Suppose that R denotes the real, Rt = [0, 4+00), and Z* is the set of all positive
integers. A function ® : R — [0,1] is called a distribution function if it is left-
continuous and nondecreasing with ®(—oo) = 0, ®(+00) = 1. Let Do be the set of
all distribution functions. Write D = {® € D : infycr ®(t) = 0,sup,cp () = 1},
Dt = {® € Dy : B(0) = 0}, and D+ = DN DL
Definition 2.1. ([23]) If a mapping I' : [0,1] x [0,1] — [0, 1] satisfies the following
conditions:

(I-1) I'(,1) =&

(I'-2) T'(&,m) = T(n,&);

(1-8) T(E,m) > D(p,v), for € > iy > vs

(T-4) T(T(&,n),pn) =TT (n,pn), then T is called a triangular norm (for short, a
t-norm), where &, 1, u,v € [0, 1].

By the definition of T', it is easy to see that min{&,n} > I'(¢,n) for all £, 7 € [0, 1].

Two typical examples of continuous t-norm are I'p/(€,n7) = min{{,n} and
Tp(&m) = &n for all §,n € [0,1].

Definition 2.2. ([12]) A t-norm T is called a Hadzié¢ type t-norm if the family
{Im(€)},12 of its iterates defined for each & € [0,1] by

L) =T(£,€),I%() =TT (), .I"(€) =T(,T" 7€), -

is equi-continuous at £ = 1. Obviously, I'"(£) < ¢ for any n € Z1 and € € [0, 1], and
Tps is a Hadzié type t-norm [11].
Definition 2.3. A function % : R™ — RT is said to be a gauge function (a G-
function) if 4(0) = 0.

In the paper, we assume that ™ (¢) denotes the nth iteration of 1)(¢), where £ € Rt.
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Definition 2.4. ([19]) A Menger probabilistic metric space (shortly, Menger PM-
space) is a triple (X, F,T'), where X is a nonempty set, F is a mapping of X x X — DX,
and I is a t-norm which satisfies the following conditions (we denote the distribution
function F(x,y) by ®4,):

(PM-1) @, (&) =1 for all £ > 0 if and only if z = y;

(PM_Q) (I)r,y(g) = (I)y@(f)» V:L',y € Xa 5 > 07

(PM-3) @, (1 + €2) = D(Puy (€1), Dy2(€2)), Yy, 2 € X, &4 > 0, & > 0.
Remark 2.5. Schweizer et al. [23] have pointed out that if the t-norm I" of a Menger
probabilistic metric space satisfies the condition supy_,.; I'(a,a) = 1, then (X, F,T")
is a first countable Hausdorff topological space in the (g, A)-topology 7, that is, the
family

{Up(e,\) : e >0,A € (0,1],p € X}
is a base of neighborhoods of point p for 7, where
Up(e,N) ={z e X :®,,(e) >1— A}

Definition 2.6. ([23]) Assume that (X, F,T") is a Menger probabilistic metric space.
(a) A sequence {z,} C X is convergent to z (we write x,, = x or lim xz, = x) if

n—oo
lim ®,, ,(§)=1forall &>0.

n—oo

(b) A sequence {z,,} C X is a Cauchy sequence if for any given ¢ > 0 and A € (0, 1],
there is N = N(g,\) € Z* such that ®,, ., (¢) >1— X\ whenever n,m > N.

(¢) A Menger probabilistic metric space (X, F,T") is complete if every Cauchy
sequence in X converges to an element in X.

In this paper, we shall always suppose that (X, F,T") is a Menger space with the
(e, A)-topology.
Definition 2.7. ([4]) An element (z,y) € X x X is said to be a coupled coincidence
point of the mappings £: X x X - X and A: X — X if

L(xz,y) = Az, L(y,z) = Ay.

Definition 2.8. ([24]) A mapping A : X — X is said to be commutative with a
mapping £ : X x X — X if AL(z,y) = L(Ax, Ay) for all z,y € X.

Definition 2.9. ([1]) The mappings £: X x X — X and A: X — X are called
weakly compatible (or w-compatible) if L(x,y) = Az and L(y,z) = Ay, then

AL(z,y) = L(Az, Ay)
and
AL(y, ) = L(Ay, Az)
for all z,y € X.
Definition 2.10. ([16]) An element x € X is said to be a common fixed point of the
mappings L: X x X - X and A: X — X if
L(x,z) = Az = x.

Definition 2.11. ([5]) An element (z,y,2) € X x X x X is said to be a tripled fixed
point of L: X x X x X = X if L(z,y,2) ==, L(y,z,y) =y, and L(z,y,z) = 2.
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Definition 2.12. ([6]) An element (z,y,z) € X x X x X is said to be a tripled
coincidence point of the mappings £L: X x X x X - X and A: X — X if

L(z,y,z) = Az, L(y,z,y) = Ay, L(z,y,z) = Az.

Moreover, (x,y, z) is said to be a tripled common fixed point of £ and A if L(x,y, z) =
Az =z, L(y,x,y) = Ay =y, and L(z,y,z) = Az = z.

Definition 2.13. ([22]) A mapping A : X — X is said to be commutative with a
mapping £: X X X x X = X if AL(z,y,z2) = L(Ax, Ay, Az) for all z,y,z € X.
Definition 2.14. ([22]) The mappings £ : X x X x X - X and 4 : X —» X
are called w-compatible if AL(x,y,2) = L(Ax, Ay, Az) whenever Az = L(z,y, 2),
Ay = L(y,z,y), and Az = L(z,y,z).

Lemma 2.15. ([14]) Let ® € DT, and let ®,, : R — [0,1] be nondecreasing for each
n € Z*. Suppose gp, : (0,+00) — (0,+00) satisfies nh—>Holo gn(§) =0 for any £ > 0. If

Pn(gn(£)) = 2(8)
for any & > 0, then 7}1—>120 D,(&) =1 for any £ > 0.

3. COMMON FIXED POINT RESULTS FOR NONLINEAR CONTRACTIVE MAPPINGS
IN MENGER PROBABILISTIC METRIC SPACES

Theorem 3.1. Assume that
(i) (X, F,T) is a Menger PM-space, where T is a HadZié type t-norm;
(ii) ¥ : RT — RY is a G-function satisfying v~ ({0}) = {0} and lim ¢"(£) = +o00
n—oo
for any £ > 0;
(iii) The mappings L: X x X — X and A: X — X satisfy the property:

DL ey) L) () = Min{Paz ap(V(€)), Pay,aq(¢¥(€))} (3.1)
Va,y,p,q € X, where L(X x X) C A(X);
(iv) L(X x X) is complete;
(v) A and L are w-compatible.
Then there is a unique uw € X such that u = Au = L(u,u).

Proof. Assume that zg,yo are two arbitrary points of X. Since £L(X x X) C A(X),
we can choose z1,y1 € X such that Az; = L(zo,y0) and Ayr = L(yo, o). Again
from £(X x X) C A(X), we can choose x2,y2 € X such that Axy = L(z1,y1) and
Ays = L(y1,z1). Continue this process and we can construct sequences {z,} and
{yn} in X such that

Axpyg = ﬁ(:ﬂn, yn)
and

Ay71,+1 = ‘C(ynazn)
for all n € N.

Using condition (3.1) we get (for & > 0)

DAz, Az i1 (§) = PrLien_ 1 yn_1),Ll@n.yn) (§)

> min{®ap, , an, (), Pay, s an (B} D)
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and
Py Ay 1 (€) = Pryn 1 n 1) Llynen) (€)
Z min{(bAynfl yAYn (w(§>)7 (bA;p"71 VAT, (w(&))}'
Let D, (¢) = min{®az, ,,42,(&), Pay, 1 4y, (§)}. Using inequalities (3.2) and (3.3),
we find that D,,11(§) > D, (¥(£)). This implies that

(3.3)

Dpi1(€) = Dn((€)) 2 D1 (93(€)) > -+ > D1(4™(9)). (3.4)
Since

521}_100 Dq (f) = EBTOO min{q)Axo,Aam (E)a (I)Ayo,Azn (f)} =1
and

lim ¢"(§) =400

n—-+o0o

for each £ > 0, we have 11)1;1_1 Dy (yv™(€)) = 1.
n o0
Also using (3.2)-(3.4), we get

P Az, Azp1(§) 2 Dny1(§) = Dn((§)) = ... = D1(¥"(€))
and
P Ay, Ay, 41 (§) = Dny1(§) = Dn((§)) = ... = Di(¥"™(§)).

Hence, we have
lim CI)A;E,,L,Ax,,LJA (g) =1

n—-+oo
and
ngr-&r-loo (I)AymAynJrl (5) =1
These imply that
lim D,(§)=1 forall&>0. (3.5)

n——+00

Since lim 9™(§) = +oo, for any fixed £ > 0, there is a ng = ng(§) € N such that

n——+00
ProtL(E) > pmo(€) > €.
Similarly, since ll)rf P (ot (€) — o (€)) = +oo, there exists a mg = mg(£) € N

such that
PO (PrOTHE) — ™ (€)) > PoTH(E) — Ym0 (€).
From (3.4), we get

Doty ey e o2 GFHE) = 979(E)) 2 Daany (™) — 0™ (0)))

> 2 DM@ E) = 9™ (€))) = Da(THE) — v (€)).  (3.6)
Similarly, we find that

(@"THE) =™ () 2 Du(y™FHE) — 9™ (). (3.7)
Next we prove that for any k € Z* U {0},
DAt g At g 1 (W70 TH(E)) 2 TH(Dy (™€) — 9™ (€))) (3.8)

P
Ayn+m0 ’Ayn+m0+l

and
Dy, s g Ay (0T (€)) = TH(Dy (™0 (€) — 9™ (€))). (3.9)
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We use mathematical induction. It is obvious that (3.8) and (3.9) hold for k£ = 0 since

(I)A$7L+mo A$n+m0+k (¢n0+1 (E)) (DA%Lero ’Ay"+m0+k (¢n0+1 (g)) =1

Now, assume that inequalities (3.8) and (3.9) are valid for some fixed k € Z* U {0}.
From (PM-3), (3.1), (3.8), (3.9), (3.6), (3.7) and the monotonicity of I', we have

@Amn+m0 VAT pmg+k+1 W"OH (f))

= Pausg Arnimgires (0T — (E) + 1" (€))

> F<<I>Azn+m0Awwoﬂ(W‘J“(f) "0(€))s PAvssmg i1 AT gy (V0 (€)))

= T(PAwysmg Arnsmgr ("0 THE) =" (8)),
‘I’L(mnmo,yn+m0>,z:(wn+m0+k7yn+mo+k>W’“ (€))

> T(Pawy g Aznime i (W0 FHE) = 9™ (€)),
W@ Az, 0 Az g (0" T E))s P Ay Ay g ox (P THE)D)

> TRy g Arnmg i1 (U"0TH(E) = 9™ (€)), TH(DW (901 (€) — 4™ (€))))

> F(min{‘PAxn+m0,Axn+mo+1(¢"°+1(f) = 9" (§)),

D Ay g Ayt g 11 (W7 THE) = 9 ()) 1, TH (D (0™ (E) — 9™ (6))))
= T(Da(@m(€) — 9™ (), TH(Du (™ +(€) — 9™ (€))))
= TFHDL(™F(E) — ™ (€))).
Similarly we obtain
q)Ayn+7novAyn+mo+k+1 (wnngl(g)) > FkJrl(Dn (¢n0+1(€) —yme (E)))

Thus by mathematical induction, we find that (3.8) and (3.9) hold for all k € Z+U{0}.
Assume that £ > 0 and € > 0 is given. By hypothesis, {T'" : n € N} is equi-continuous
at 1 and T'(1) = 1, so there is a § > 0 such that, for any p € (1 — 4, 1],

I(p)>1-c¢ (3.10)
for all n € N. By (3.5), we have Er_irrl Dy, (ot () —ymo(€)) = 1. Then there is a

No € N such that D, (yp™0+1 (&) —ymo(€)) € (1 —6,1] for all n > Ny. Hence, by (3.8),
(3.9) and (3.10) we have

D Ay g Az g (WOTHE)) > 1 — ¢
and
(I)Ayn+m0,Ayn,+7n0+k(wno—i_l(g)) >1—e.
Thus, for any k € NU {0} and all n > Ny we have
min{@Amn+mo,A:cn+mo+k (¢n0+1(£))7 ©Ayn+m07Ayn+m0+k (¢n0+1(§))} >1-—e
Noting (3.2), (3.3) and (3.4), we get

(I)Awn+m0+no+l 7A$n+m0 +ng+1l+k (g)

Z min{®AIn+m0 >AI7L+m0+k (/(/}n0+1 (f))7 ¢Ay"+m0 ’Ay”+m0+k (¢n0+1 (g))

>1—¢
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and

(I)Ayn+m0 +ng+1 ,Ayn+m0 +ng+1+k (f)

> min{¢Awn+nL0 VAT mg+k ('(/)n0+1 (5))’ ¢Ayn+7n0 VAYntmo+k ("/}nO—H (5))

>1—e.
These imply that for all £ € N,

(I)AfﬂvaImwc (5) >1-—¢
and

(DAy'nwAmerk (g) > 1- g,
where m > Ng + ng + mo + 1. Thus {Az,} and {Ay,}, that is, {L(zn,yn)} and
{L(yn,xn)} are Cauchy sequences. Since L(X x X)) is complete and L(X xX) C A(X),
there exists (Z,y) € X x X such that

lim L(zn,yn) = AT

n—4oo

and
lm  L(yn, zn) = AY.

n—-+4oo
Next we shall prove that Az = £(Z,y) and Ay = L(y,Z). Using condition (3.1), we
obtain that

L@9).L(@nyn) (&) Z MIn{Paz Az, (V(E)), Pag,ay, ((E))} (3.11)
for any £ > 0.
Taking the limit as n — +oo in (3.11), since lilf Az, = AZ and lilf Ay, = Ay,
n—-+oo n—-+oo

we get
im  L(zn,yn) = L(T,7),

n—-+oo
from which it follows that
L(z,7) = Az.
Similarly, we have
L(y,T) = Ay.
Let u = AZ and v = Ay. Since A and L are w-compatible, we obtain
Au = A(AZ) = A(L(Z,7)) = L(AZ, Ay) = L(u,v) (3.12)
and
Av = A(Ay) = A(L(y, 7)) = L(AY, AZ) = L(v, u). (3.13)
These imply that the mappings A and £ have a coupled coincidence point (u,v).
The next step is to show that Au = AZ and Av = Ay. Using condition (3.1), we have

cI)Au,Ao:n (5) = q)ﬁ(u,v),[l(zn,l,ynfl) (5)

> min{@ auar,, (0(E)), Dav g, (H(E))) (3.14)

and
(PA’U,Ayn (g) = (bﬁ(v,u),ﬁ(yn,l,a:nfl) (5)

> min{@ 4y, (), Bt o (H(E)). (3.15)
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Let us define E,,(§) := min{®ay, 4z, (§), Pav,ay, (§)}. Then, from (3.14) and (3.15)
we obtain that E,,(§) > E,—1(1(£)). This implies that

En(§) 2 Ena(¥(§)) 2 -+ = Eo(¢"(§))

Since lim ¢™(§) = +oo, we have
n—-+oo

Eo(¢"(8)) = min{® 4y, 4z (V" (€)), P au,ay, (V" (§))} = 1
as n — +o00. This shows that E,(§) — 1 as n — 400, and so we have Au = AZ and
Av = Ay. Therefore, we obtain that Au = v and Av = v. From (3.12) and (3.13) we
have u = Au = L(u,v) and v = Av = L(v, u).
Now, we show that u = v. In fact, using condition (3.1) we get, for any £ > 0,

(I)u,v(f) = (I)E(u,v),ﬁ(v,u) &) > min{q)Au,Av (¢(§))7 (I)Av’Au(@/’(f))} = (I)u,v(w(f))
By induction we obtain that @, ,(§) > @, (¢¥"(§)). Passing to the limit when n —
+oo and since " (§) — +oo as n — +o0, we have @, ,(§) = 1 for any £ > 0, that is,
u = v. Hence, u is a common fixed point of A and L.
Finally, we show that « is a unique common fixed point of A and £. Let u € X be
another common fixed point of A and £. Using condition (3.1) we have

q)u,ﬂ(g) = ‘I)L(u,u)7£(ﬁ,ﬁ) (5) > min{(I)Au,Aﬁ(w(g))v (I)Au,Aﬁ(w(g))} = (bu,ﬂ(’(/)(f))a
and then we have

Applying Lemma 2.15 it follows that u = w, i.e. the mappings A and £ have a unique
common fixed point. The proof of Theorem 3.1 is complete. U

With A = I (I is the identity mapping) in Theorem 3.1, we obtain the following
corollary.

Corollary 3.2. Let (X, F,T') be a Menger PM-space such that T' is a HadZié type

t-norm. Suppose ¥ : Rt — RT is a G-function satisfying ¥~1({0}) = {0} and
lir_r: Y™"(€) =400 forany £ > 0. If L: X x X — X is a mapping with

n——+0o0

(bﬁ(w,y)ﬁ(znq) &) > min{‘bx,p(d)(f)), (I)y,q(dj(g))}v

Va,y,p,q € X, £ >0, and if L(X x X) is complete, then there is a unique u € X
such that w = L(u, u).

Theorem 3.3. Assume that
(i) (X, F,T) is a Menger PM-space, where I' is a Hadzié type t-norm;
(ii) ¥: RT — RT is a G-function satisfying 1~1({0}) = {0} and liT ™€) =0
n—-+0oo
for any € > 0;
(#ii) The mappings L: X x X — X and A : X — X satisfy the property:

(I)E(z,y),ﬁ(p,q) (1/’(5)) Z min{q)Am,Ap(g)v (pAy,Aq(f)}a (316)

Va,y,p,q € X, where L(X x X) C A(X);
(iv) L(X x X) is complete;
(v) A and L are w-compatible.
Then there is a unique v € X such that u = Au = L(u,u).
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Proof. As in the proof of Theorem 3.1, we can construct two sequences {x, }22; and
{yn}52; in X such that Az, 1 = L(xy,yn) and Ayp+1 = L(Yn, 2,). Using condition
(3.16), we get

CDAl’mAl’n+1 (1/1(5)) = (I)L(acnfhynfﬁ,[,(a:n,yn)(w(g)) (3 17)
> min{q)AIn—hAIn (f)’ (I)Ayn—l,Ayn (f)} .
and
‘I)Ayn,714yn,+1 (w(g)) = (I)ﬁ(yn71,wnf1),ﬁ(yn,wn)(w(g)) (3 18)
> min{®ay, , .4y, (£), Pas, ,,42,(8)} '
for any £ > 0.

To simplify let P, () = min{® 4z, Az, (§), Py, ay,.. (&)} It follows from (3.17)
and (3.18) that P,,11(1(€)) > P,(§). Thus

Py(¢"(€)) 2 Paca (9" 71(€)) = -+ > Po(€)
for n > 1. Since PO(E) = min{q)AIoAm (£>’ (I)Ayo,Ayl (E)} € D* and ngrfoo an(g) =0
for any £ > 0, by Lemma 2.15 we get

np Pl =1
Noting that ® s, Az, (§) = Pn(§), we get for any £ > 0 that
ngr—ﬁr-loo q)AmmAwnJrl (f) =1. (319)
Similarly, we have
TLETOO ®Ayn7Ayn+1 (5) = 1' (320)

Since Erf Y™ (&) = 0, for any fixed £ > 0, there is a ng = ng(§) € N such that

Pprotl(€) < Ymo(€) < €. Next, by mathematical induction we prove that for any
k e NU {0},

D g, Awn s (W) = TH(PL (170 (€) — ™01 (€))) (3.21)

and

Dy, Ayasn (U7 (€)) 2 TP (970 (€) — 9™ FH(Q)))- (3.22)
It is obvious that (3.21) and (3.22) hold for k& = 0 since
(I)Azn,Azn+k (1/}”0 (5)) = (I)Ayn,Ayn-Hc ('l/}no (5)) =1
Now assume that inequalities (3.21) and (3.22) are valid for some fixed &k € NU {0}.
Noting that 1™ (£) — ¢mT1(¢) > 0, by (PM-3) and the monotonicity of I' we get
D Aw, Azp i (V"0(E))

= Pz, Avgpnsa (W70 (E) = U0THE) + Um0 TH(E))

> D(Raz, dwyer (U"() = V" THE)), Pz, Awnine (B"0TH(E)))

> T(min{®az, az,,, (V™€) — "0 (€)),

Dy, Ay (0€) = V" THEN L Pavyir v (0"THE))

D(P (9™ (&) = ™ HE))s P w1, Avasnss (WTH(E))). (3.23)
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Using inequalities (3.16), (3.21) and (3.22), we get

(I)A:I?n+1,z4rn+k+1 (1/]7L0+1(€)) = (I)E(mn,yn),/l(mn+k7yn+k)(wno—i_l(g))
> min{(I)AIn,AIn+k (¢77/0 (5))7 (I)Ayn,Ayn+k (Wm (6))}
> TH(Pu(™ (€) — 9™ tH(€))): (3.24)

Therefore, combining (3.23) and (3.24), and using the monotonicity of I", we obtain
that

Dz, Avyins (V"0 (€)) 2 TP ("0 (€) — " TH€)), TH(Pu(w" () — ™ T1(€))))
= IM(P (9" (€) — w0t (€))).

Similarly, we have @ ay, Ay, .y, (V™ (§)) = TEFH(P (070 () — 9m0F1(6))).

Thus if (3.21) and (3.22) hold for some fixed k € N U {0}, then (3.21) and (3.22)
hold for k + 1. Then by mathematical induction we conclude that (3.21) and (3.22)
hold for all £k € NU {0}.

Now we prove that {Axz,} and {Ay,}, that is, {L(zn,yn)} and {L(yn,z,)} are
Cauchy sequences. Suppose that £ > 0 and € > 0 is given. Since nEIEoo P (€) =0,

there is a ny = n1(£) € N such that ™ F1(&) < ™ (€) < €.
By hypothesis, {T"™ : n € N} is equi-continuous at 1 and I'(1) = 1, so there exists a
d > 0 such that, for any pu € (1 —6,1],

IMu)>1-—c¢ (3.25)
for all n € N. Tt follows from (3.19) and (3.20) that

P ote, an,s (V) =6 7€) = T @y, ay (7€) = 9" () = 1.

n—-+4oo

Then, there is a N € N such that
(I)Arn,AInJrl (W” (5) - ¢n1+1<§)) >1-90

and
q)Ayn,AynJrl (wnl (5) - ¢n1+1(€)) >1-4¢
for all n > N.
Hence, from (3.21) and (3.22) (replacing ny with n1) and (3.25), we have

P Az, Av, i, (W) > 1—¢
and
P Ay, Ay (" (E)) > 1 —¢
for any k € NU {0}.
Noting that & > 1™ (), and using the monotonicity of ®, we have for any k € NU{0},

P Az, 40014 () = Paw,, Az, (V1 (E)) > 1 —€
and

Dy, Ay, (§) = Pay, Ay, (¥ () > 1 —e.
Thus {Axz,} and {Ay,}, that is, {L(2n,yn)} and {L(yn,, z,)} are Cauchy sequences.
Since £(X x X) is complete and £(X x X) C A(X), there are Z,y € X such that

lim L(x,,yn) = AT

n—-+oo
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and
lim L(yn,z,) = Ay.

n—-+oo
Next we show that AT = L(Z,y) and Ay = L(7, Z).
Suppose that £ > 0. Since 1irJrrl Y™ (&) = 0, there exists a n; = ny(§) € N such that
n—r+00

Pt () < mi(€) < €. Using condition (3.16) and (PM-3), we have
QL z,9),42(&) = g4z (€))
> T(PL(3,5),L@nsny min) P THE) @y, i), az (@) — 0™ H(E)))
> P(min{ P az 4z, ., (V" (€)): Pag ay, ., " (E)}

(I),C(zﬂ,+n1 Yntng ),Ai(wnl (6) - ¢7L1+1 (6)))
(3.26)

Since ngr—ir-loo Ax, = Az, nll}rfoo Ay, = Ay and nEToo L(Tpiny, Ynin,) = AZ, taking

the limit as n — 400 in (3.26), we obtain

Przg),42(8) > T(1,1) = 1.

Hence L(Z,y) = AZ. Similarly, we have L(y,7T) = Ay.
Now we show that if (z*,y*) € X x X is another coupled coincidence point of A
and £, then AT = Az* and Ay = Ay*.
Since lirf Y™ (&) = 0, there is a ny = n2(§) € N such that Y™ (¢¥(§)) < ¥(§).
n—-—+0o0
Using condition (3.16) we have
D a5 a0 (V1)) = Pra g0 4 (V" THE)) (3.27)
> min{® 4z tp- (U7 (€)), ®agay- (67(€)}

and
D 45,4y~ (W"1(E)) = DLz o) ciye o) (W T(E))
> min{® g, 4y~ (V" (£)), Paz,az- (¥ (£)) }-
It follows from (3.27) and (3.28) that
min{® az 4z« (Y(¥" (£))), P ag,ay- (Y ("™ (£)))}
= min{® Az 4o+ (V"> (E)), Pag ay- (V"2 11(€)}
> min{® 4z, 42+ (¥ (€)), Pag,ay- (¥ (€))}-

(3.28)

By induction we get
min{® 4z, 4o+ (" ("2 (£))), Pag,ay- (" (¥"(£)))}
> min{® 4z aq+ (V"2 (S)), Lag,ay- (¥"(£))}

Applying Lemma 2.15 and from (3.29) we have AZ = Az* and Ay = Ay*. These
show that A and £ have a unique coupled coincidence point.
Now we prove that AZ = Ay. In fact, using condition (3.16) we get

DAz Ay, (V(E)) = Przg),L0ym1,n1)(W(E))
> min{(bAiyAyn—l (5)7 @Aﬂ,Azn71 (5)}

(3.29)

(3.30)
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and
D ag,az, (V(€) = PrG.2),L0xn1yn1) (W)

> min{® a5 4z, (§), Paz,ay, (€}
Let us define @, (§) = min{®ag 4z, (&), Paz ay,(§)}. From inequalities (3.30) and
(3.31), we find that
Qn(®"(€) 2 Quaa(¥"7HE)) = -+ = Qo (8).

From Lemma 2.15 we have lir_P Qn (&) = 1, which implies that
n—-+0oo

(3.31)

ng:{loo (I)A@Am" (5) = nll)I-‘yl:lOO (I)AEVAyn (5) =1L

Since {Ax,} converges to AT and {Ay,} converges to Ay, we see that Ay = AZ.
Suppose now that u = AZ. Then we get u = Ay (because AT = Ay). In view of
condition (v), we obtain

Au = A(AT) = A(L(Z,7)) = L(AT, A) = L(u,w),

and then we obtain that the mappings A and £ have a coupled coincidence point (u, u).
Since A and £ have a unique coupled coincidence point, we obtain that Au = AZ,
that is, Au = u. Hence, we get u = Au = L(u,u). The uniqueness of the common
fixed point of A and L is similar to that in the proof of Theorem 3.1, and then the
proof is complete. U

With A =TI in Theorem 3.3, we obtain the following corollary.

Corollary 3.4. Let (X, F,I') be a Menger PM-space such that I is a HadZi¢ type
t-norm. Suppose ¥: Rt — RY is a G-function satisfying ¥~1({0}) = {0} and
lim ¢™(&) = 0 for any & > 0. If the mapping L: X x X — X satisfies the

n—4oo

property:

DL (a,y),L(pq) (V(§)) 2 min{ Py p(£), Dy q(E)}
Va,y,p,q € X, £ >0, and if L(X x X) is complete. Then there is a unique u € X
such that w = L(u,u).

By a similar argument to the above we can prove the following results.

Theorem 3.5. Assume that
(i) (X, F,T) is a Menger PM-space, where T is a HadZié¢ type t-norm;
(ii) : RY — R is a G-function satisfying 1~*({0}) = {0} and
lim " (€) = +o

n—-+oo

for any £ > 0;
(#ii) The mappings L: X — X and g : X — X satisfy the property:
Pray(§) 2 Pav,ay(P(§)),
Ve,y € X, where L(X) C A(X);
(iv) L(X) is complete;
(v) A and L are w-compatible.
Then there is a unique v € X such that Au = Lu = u.
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Theorem 3.6. Assume that

(i) (X, F,T) is a Menger PM-space, where T" is a HadZié type t-norm;

(ii) ¥: RTY — RT is a G-function satisfying v~1({0}) = {0} and Br_irrl P"(€) =0
for any £ > 0;

(iii) The mappings L : X — X and g : X — X satisfy the property:

DrLa.ry(¥(€)) = Paz ay(E),
Va,y € X, where L(X) C A(X);
(iv) L(X) is complete;
(v) A and L are w-compatible.
Then there is a unique u € X such that Au = Lu = u.

In Theorem 3.6 and Theorem 3.5, if we let A = I, then the following corollaries
can be obtained.

Corollary 3.7. Let (X, F,T') be a Menger PM-space such that T' is a HadZié type
t-norm. Suppose : Rt — Rt is a G-function satisfying ¥»~1({0}) = {0} and
ET Y™ (&) =400 forany £ > 0. If L: X — X is a mapping with

Dracy(§) 2 oy (P(8)),
Va,y € X, and if L(X) is complete, then there is a unique u € X such that u = Lu.

Corollary 3.8. Let (X, F,T') be a Menger PM-space such that T' is a HadZié type

t-norm. Suppose 1: Rt — RT is a G-function satisfying ¥~1({0}) = {0} and
liIE Y™(&) =0 for any £ > 0. If L: X — X is a mapping with

n—-+oo

(I)Ex,lly(w(f)) > (I)a:,y(g),
Va,y € X, and if L(X) is complete, then there is a unique u € X such that u = Lu.

Using the same methods as in Theorem 3.1 and Theorem 3.3, we can obtain the
following common tripled fixed point theorems in generalized Menger probabilistic
metric spaces proposed by Luo, Zhu and Wu [17].

Theorem 3.9. Assume that
(i) (X, F,T) is a generalized Menger probabilistic metric space, where ' is a HadZié
type t-norm;
(ii) ¥ : RT — RT is a G-function satisfying v~1({0}) = {0} and
lim 7€) = +oo

n—-+oo

for any € > 0;
(iii) The mappings L: X x X x X — X and A : X — X satisfy the property:

(I)L(z,y,z),ﬁ(p,q,r) (5) > min{(I)AmﬁAp(lb(g))v ‘I’Ay,Aq(TP(f))v (DAZ’AT (1/)(5))}

Va,y,z,p,q,7 € X, where L(X x X x X) C A(X);
(iv) L(X x X x X) is complete;
(v) A and L are w-compatible.
Then there is a unique u € X such that u = Au = L(u,u,u).
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Theorem 3.10. Assume that

(i) (X, F,T) is a generalized Menger probabilistic metric space, where I' is a HadZié¢
type t-norm;

(ii) ¢: RT — R is a G-function satisfying ¥~1({0}) = {0} and

lim ¢"(&) =0

n—-+o00
for any € > 0;
(i4i) The mappings L: X X X x X = X and A: X — X satisfy the property:
q)ﬁ(z,y,z),[l(p,q,r) (¢(§)) > min{@Aw,Aﬁ(&% q)A%AtZ(f)’ CI)AZ7AT(€)}7

Va,y,z,p,q,7 € X, where L(X x X x X) C A(X);
(iv) L(X x X x X) is complete;
(v) A and L are w-compatible.
Then there is a unique u € X such that u = Au = L(u,u,u).

In Theorem 3.9 and Theorem 3.10, if we let A = I, then the following results can
be obtained.

Corollary 3.11. Let (X, F,T') be a generalized Menger probabilistic metric space

such that T is a Had#ié type t-norm. Suppose ¢ : RT — RT is a G-function satisfying

»~1({0}) = {0} and Er_irrl P"(€) =400 forany £ >0. IfL: X XX xX > X isa
n oo

mapping with

Dol (€) 2 Min{ s (H(), Py ($(E), o (WIEN,
Va,y,z,p,q,7 € X, £ >0, and if L(X x X x X)) is complete, then there is a unique
u € X such that uw = L(u,u,u).

Corollary 3.12. Let (X, F,T') be a generalized Menger probabilistic metric space

such that T is a HadZié type t-norm. Suppose ¢: RT — RT is a G-function satisfying

»~1({0}) = {0} and EIE P& =0 forany £ >0. If L: X XX XX = X isa
n [ee]

mapping with
Prry.2).Liar) (¥(€)) = min{@; ,(£), Py,q(£), P2 (§)}

Va,y,z,p,q,m € X, £ >0, and if L(X x X x X) is complete, then there is a unique
u € X such that u= L(u,u,u).

Finally, we provide an example to illustrate our theory.
Example 3.13. Let X = [0, ) U {1} and define ® : X x X — D7 as follows:

@(x,y)(f) = (I)ac,y(g) = §—|—|i—y|

for all £ > 0. Then (X, F,T'ys) is a Menger PM-space, but it is not complete. Let
A: X — X be defined by

if z €0, 1],

if v € (4,1,

ifx=1,

A(z) =

Bl IR OR(R
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and £: X x X — X be defined by

Z ifrelo,d),
E(x7y):{ 116 . [ 2)
64 ifz=1.

Clearly, £(X x X) C A(X) and £L(X x X) is complete.
Noting that A(L(1,1)) # L£(A(1), A(1)), we immediately obtain that A and £ do not
commute.

Let ¢ : Rt — RT be defined by

1 .
. 3 lfé‘ = ].7
vie) = { 26 if € #£ 1.
Then nEToo Y™ (&) = 400 for any £ > 0.

Now, we prove that the mappings A and L satisfy condition (3.1) of Theorem 3.1.
We consider the case £ # 1 and & = 1 separately.

(I). Let & # 1. We consider four cases.
CASE 1. When = # 1 and p # 1.
Case 1.1. If 0 <z < L and 0 < p < 1, then for any y,q € X, we have

13 4¢ < 2¢
E+ 115 — &l 4§+|*—*|_2§+|%—§
= D 4(2),40p)(W(§)) > Min{ P 4(z), a(p) (Y (£)), Pa(y), acq) (W(E))}-

Case 1.2. f 0 <z < % and % <p< %, then for any y,q € X we have

DL (y),Lp.0)(E) =

¢ s¢ s¢
DL (a).c0.0)(€) = N A 45 +(2-12) = 46+ (-2
2
> B i (B(O) > min{® A e (D(E)), By 4@ (V).
2L 1

Case 1.3. If i <z< % and 0 <p < %. This case is similar to Case 1.2.

Case 1.4. If i <z< % and i <p< %7 then for any y,q € X we have

4 2
Pey.cwalé) = g7 |€ X T f T |E .y
2
> 75 —57 = Pag), a0 (¥(€) = min{P4(2), a00) (V(£)), Pay),a) (¥()}
26+ 12 - B

CASE 2. If x =1 and p = 1, then for any y,q € X we get

§
T TE - &

=1 > min{®aq),a01)(¥(£)), Pagy),a@ (¥(£)}-
CASE 3. When . =1 and p # 1.

DL (2,),£0,0) () = Pr(iy),c0,9)(§) =
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Case 3.1. Suppose that 0 < p < 2. Then for any y,q € X we obtain

& B ETIh-]

> min{® A1), 4(p) (V(£)), Pagy),a) (¥ (€))}-

1
i

DL (2,).L0,0) () = Pr(iy),£p,q) (§)

2€ 2€
> T = "
20+g— 81~ 26417 — &

Case 3.2. If i <p< %, then for any y, ¢ € X we have

&%
E+lg —f6l 26415 — &l

> min{® 41y, 4(p) (Y (€)), Pagy),aq) (V(£))}-

D L(2,),£0,0) (§) = Pr1,),2p,a) (§)

2§
22 1_»p
§+15 — 3l

CASE 4. When z # 1 and p = 1. This case is similar to Case 3.
(IT). Let £ = 1. From Cases 1-4 above, we get

PL(wy),L(pg) (1) 2 min{® 4z 4,(¥(1)), Pay aq(1(1))}

for all z,y,p,q € X.

Moreover, it can be seen that mappings A and £ have a coupled coincidence point.
Here (0,0) is a coupled coincidence point of A and £ in X. Also, the mappings A and
L are weakly compatible at (0,0). Thus all the required hypotheses of Theorem 3.1
hold. Therefore, we deduce the existence of a unique common fixed point of A and
L. Indeed, a point 0 is the unique common fixed point of A and L.

Note that A(z) is not continuous at = 1 and (X, F,T) is not complete, and
therefore the unique common fixed point of A and £ cannot be obtained from Theorem
of XZC.

Remark 3.14. (a) Note in Corollary 3.8, the function v is only required to satisfy

the condition ¥~1({0}) = {0} and 11111 Y™ (&) = 0 for any £ > 0. Note, 9 in
n—-+0o0

Jachymski’s result is required to satisfy the condition ¢»—1({0}) = {0}, ¥(£) < £ and
Erf Y™ (§) =0 for any £ > 0.

(b) Note in some of our results, the function 1 is only required to satisfy the
condition ¥~1({0}) = {0} and ll}r_ir_l Y™ (&) = 4oo for any £ > 0. Note, 1 in the
n (oo}

results of Luo et al. [17] and Xiao et al. [27] are required to satisfy the conditions
Y {0}) = {0}, ¥(€) > Cand Tim ¢ (&) = +oo for any £ > 0;

(c) Note in our results, the Menger PM-space (X, F,I") is not required to be com-
plete.

(d) Note in our results, the operator A is not necessarily continuous, while the
operator A in the results of Luo et al. [17] and Xiao et al. [27] is required to be
continuous;

(e) Note in our results, the function £ and A are only required to be weakly
compatible, but in the results of Xiao et al. [27] and Luo et al. [17] they are required
to be commutable.
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