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Abstract. In this study, we aim to present some new versions of classical Schauder and Banach
fixed point theorems under weak topology in general Banach spaces. We have also another main
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1. INTRODUCTION

Recently many authors have been working on the solution of the neutral func-
tional differential equations, hereditary systems, stationary linear (nonlinear) model
and retarded functional differential equations. Especially using the combination of
Schauder and Banach fixed theorems, they have been intensely interested in finding
the solutions of these linear (nonlinear) differential equations [1, 3-5, 7- 12].

Krasnoselskii [8] combined the Schauder theorem and Banach fixed point theorem
into a new result in which Krasnoselskii fixed point theorem requires an operator
Tu = Su+ Ku on a convex set U such that K is a compact and continuous operator,
the operator S is contraction and for each u,v € U, Su + Kv € U, then there exists
a fixed point of operator T' in U. After then Burton [4] improved this theorem and
gave that if for each v € U, u = Su 4+ Kwv, then w € U. This condition provides
significant convenience in the applications of functional differential equation, integral
equation and stability theory. Hale et al. [7] tackled the hereditary system that
determine present state by its past history. This system contains neutral functional
differential equation, retarded functional differential equation and Volterra integral
equation. Melvin [11] and Barroso [3] gave some results on the modifications and
generalizations of Krasnoselskii fixed point theorem. These extensions create to be
useful in the action of continuous dependence for difference equation and integral
equation. Rotenberg [12] and Latrach [9] dealt with transport theory for the partial
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differential equation of the growing cell populations and improved a algorithm for the
solution of transport equation. Latrach and Jeribi [10] gave a modified stationary
model of Rotenberg to indicate the existence of solutions of this model. Arino et al.
[2] introduced some results of sequentially continuous mappings on general Banach
spaces.

Rotenberg [12], Latrach [9] and Latrach and Jeribi [10] have been interested in the
solution of the transport equation

du

ot

1
s— (t,8) + o (t,s,u(t,s)) + \u(t,s) = /p (t,s,s" u(t,s"))ds, (1.1)

where t € (0,00), s € [-1,1], A is a complex. The scattering kernel p and the collision
frequency o are nonlinear functions of u. Here w (¢,s) is a unknown function that
means the number density of gas molecules. These gas molecules have the position ¢
and the direction cosine of spread s. This equation defines the transport of particles
(the growing cell population, neutrons, photons, gas molecules, etc.). This equation
is given with the following boundary conditions

u|Q1 = FU‘Q2 (12)

where €25 is the incoming of the boundary and €5 is the outgoing of the boundary,
u)o, (resp. wujq, ) is the restriction of u to €y (resp. €2) and the operator F' of a
function space on {25 into a function space on €2 is linear.

Let (A, Q, 1) be a measure space and k € L™ (A x A,Q x Q, u x ). Suppose that
an operator S : L' (u) — L' (u) is given by

(Su) () = / k() u (s) dpu (s) -

Then the operator S of the space L! (1) into itself is weakly compact.

Specifically Krasnoselskii [8], Hale et al. [7], Melvin [11], Barroso [3] and Burton
[4] have been concerned with the solution of sum of two linear difference equations in
Banach spaces.

It is well known that a linear boundary value problem in the transport equation
(or the growing cell population) may not be solved by the combination of the classic
Schauder theorem and contraction mapping principle on general Banach spaces. For
example, the transport equation (1.1) with boundary (1.2) may not has a solution in
the space L' (1) with the sum of a compact operator and a contraction operator on
Banach spaces. The thing that has led us to this study is under which conditions such
equation has a fixed point on general Banach spaces. To solve such linear equations
under the weak topology on general Banach spaces, Krasnoselskii’s theorem is required
for general Banach spaces with respect to weak topology case. For this, we need to
the new version of the classic Schauder theorem and Banach fixed point theorem for
weak topology.

In this paper, we aim to give some results of classical Schauder theorem and Banach
fixed point theorem for weak topology. Then we also show that a new version of
Krasnoselskii theorem ensure in general Banach spaces using these results of Schauder
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and Banach fixed point theorems. At the same time, we support the study with an
application.

2. PRELIMINARIES

Recall that an operator S of Banach space A into itself is said to be weakly compact
if the closure of S (U) is weakly compact for each bounded subset U C A. And an
operator S of Banach space A into itself is said to be sequentially weakly continuous
if for every weakly convergent sequence (u,) in A, defined by u, — u, there exists
S (un) 3 S (u).

Let U be a bounded closed convex subset of Banach space A. The closure of S (U)
is defined by clS (U) and the closed convex hull of ¢lS (U) is defined by ¢o (clS (U)).

Let A be a locally convex space. Suppose A* denote the space of continuous linear
functionals on space A. The weak topology on the space A, defined with o (A, A*), is
a topology for the class of seminorms {ps : f € A*} such that ps (u) = |f (u)].

Let L (A) denote the space of linear operators from the Banach space A into itself.
If S € L(A) is weakly continuous operator and ||S|| < 1, then (I —S)™" € L(A).
Hence the operator (I —S)™" is weakly continuous on A.

3. SCHAUDER AND BANACH FIXED POINT THEOREMS FOR WEAK TOPOLOGY

In this section we aim to present new versions of the classic Schauder theorem and
Banach fixed point theorem in Banach spaces relative to weak topology.

As the some main results of our work we give the following theorems.
Theorem 3.1. Suppose A is a Banach space and assume the set U C A is closed
bounded convex. If S from the set U into itself is weakly compact operator and also
if the operator S is sequentially weakly continuous, then there is a fixed point of the
operator S in U.
Proof. Since S is a weakly compact operator, clS (U) is a weakly compact set for
every bounded convex subset U of A. Therefore if c1S (U) is a weakly compact subset
of A, then ¥ = ¢o(clS (U)) is weakly compact by the Krein-Smulian Theorem [5,
13.4]. Because

S(U)CecS(U) CV,

it turns out that S (V) C ¥. Hence we obtain that S(U) C ¥ C U. Therefore U
has a weakly compact subset ¥ that contains S (U). Since S is a sequentially weakly
continuous operator, S is a weakly continuous operator by [2, Theorem 1]. Because
U is a weakly compact set and operator S is weakly continuous, S (¥) is relatively
weakly compact. Hence there is a fixed point of operator S in U.

Theorem 3.2. Suppose A is a Banach space and assume the set U C A is weakly
compact convex. If operator S : U — U is a sequentially weakly continuous satisfying
S| < 1, then there is a fized point of S in U.

Proof. Note that S is a sequentially weakly continuous and contraction. Hence
operator (I — S )_1 exists such that this operator of the set U into itself is defined by

y—(I-8) " u=w. (3.1)
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By the Eberlein-Smulian Theorem [5, 13.1], operator (I — S)f1 is weakly continuous
on A. Since U is a weakly compact set which has a convergent subsequence (uy, )
such that w,, > w in U and the operator (I — S)f1 is weakly continuous, then
(I — 8)"" (U) is relatively weakly compact. Now also put

Up,, = SlUn, + Un, (3.2)
for all (vy,, ) C U. If the equality (3.2) is applied in the equality (3.1), then we obtain
Un, = (I—8) " vn, B u

by the weak compactness of (I —S) ' (U) and U. At the same time, if we use
the Krein-Smulian Theorem [5, 13.4] in the weak compact set (I —S)~ " (U), then

co (cl (I-8) " U )) is a weakly compact set. And then we have inclusion

(I-9)" (@ (cl (I-5)" (U))) c dd-S)7HU)
- E(cl(IfS)*l(U)»

Consequently, the operator (I — S)_l has a fixed point in U by Theorem 3.1. Thus
the proof is complete.

Theorem 3.3. Suppose A is a Banach space and assume the set U C A is weakly
compact convex. If the operator S : U — A is sequentially weakly continuous satisfying
[IS™]] < 1 for some positive integer m, then there is a fized point of S in U.

Proof. Suppose that K = S™. Note that S is a sequentially weakly continuous
operator and ||K|| = [|S™]|| < 1, then (I — K)™" is a sequentially weakly continuous
operator. Therefore the operator (I — K )_1 is weakly continuous on U by [2, Theorem
1]. Hence Theorem 3.2 implies that K has a fixed point such that Ku = u for some
u € U. Thus for n = 0,1,2, ..., put u,y1 = K" lug = K (K"up) = K (u,) and for

each weakly convergent sequence (u,,) in weak compact set U with u,, 2 u, then
K" g = K (up) S Ku=u

by the weak continuity of K. Because S is a sequentially weakly continuous operator,
the operator S is weakly continuous. And therefore if K has a fixed point and T is
weakly continuous, then for each weakly convergent sequence (x,) in weak compact
set U

K" 82y =S (Kx,) % S (Kz) = Sx.

Hence for a weakly compact convex subset U of A, S (U) is a relatively weakly compact
set. Thus S has a fixed point in U by Theorem 3.1.

4. KRASNOSELSKII FIXED POINT THEOREM FOR WEAK TOPOLOGY

In this section our main goal is to prove Krasnoselskii’s theorem for weak topology
by using these new results of Schauder theorem and Banach fixed point theorem.
As the other fundamental result of our work we give the following theorems.
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Theorem 4.1. Let U be a weakly compact conver subset of Banach space A. If
the operator S : U — A is a sequentially weakly continuous satisfying ||S|| < 1, the
operator K : U — A is sequentially weakly continuous and weakly compact such that

SU)+K{U):={2: z=8Su+ Kv, w,veU} CU.
Then S + K has a fized point in U.

Proof. Since S is sequentially weakly continuous and contraction, for every v € U
there is an u = u(v) € A such that u = Su + Kv by Theorem 3.2. Besides
{v:u=5Su+Kv, wveU}CU

and hence u € U. For every y € K (U), n =0,1,2,... and any ug € U, let define the
sequence of iterates by u,y1 = Su, +y. Because of S (U) + K (U) C U, we obtain
u, € U for n = 0,1,2,.... By the weakly sequential continuity and contraction of
operator S, for every y € U, Upy1 = Sun +y — u = Su +y. Therefore u — Su +y
defines a contraction operator of set U into itself. Hence u = Su + y has a solution
u € U. This shows that (u,) converges weakly to u € U. Thus u provides (I — S)u =
y. Therefore, K (U) C (I — S)U. To find the fixed point of operator S + K, it is
enough to show that the operator (I — S)f1 K has a fixed point in U. Let operator
(I — S)™' K of space U into itself is defined by

y—= I -8 ""Ky=u.

And then the operator (I — S)f1 K is weakly continuous on U by [2, Theorem 1] and
the Eberlein-Smulian Theorem [5, 13.1]. Since the operator K from subset U to itself
is weakly compact and also K is sequentially weakly continuous, K (U) is relatively
weakly compact by Theorem 3.1. Hence (I —S) ' K (U) is also relatively weakly
compact. ¥ = ¢o (cl I-9""K (U)) is a weakly compact set by the Krein-Smulian
Theorem [5, 13.4]. And then we have inclusion
I-9) "KW cd(I-S) "KU)cU,
in this way we get,
Ad(I-8)'KU)cvcU
and U has a weakly compact subset ¥ that contains (I — S)~" K (U). Therefore we
take
I-9) "KW cw

and hence Theorem 3.1 implies that the operator (I — S)f1 K has a fixed point in
U C U. Thus S + K has a fixed point in U.

If Theorem 3.3 and Theorem 4.1 are combined, the following result is obtained for
the weak topology in general Banach spaces.
Corollary 4.2. Let U be a weakly compact conver subset of Banach space A. If
the operator S : U — A is a weakly sequentially continuous satisfying ||S™|| < 1 for

some positive integer m, K : U — A is a sequentially weakly continuous and weakly
compact operator such that

SU)+K{U):={2z: z=Su+ Kv, w,veU} CU.
Then S + K has a fized point in U.
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Example 4.3. We are going to show that the following equation has at least one
solution in Banach space for weak topology.
b

t,s) +o(t,s,u(t,s)) + u(t,s) = /p(t,s,s’m (t,s"))ds (4.1)

a

iy
“ot

with boundary u|q, = Fujq,, where t € (0,00), s € [a,b], 0 < a <b < o0, A € C,
0y = {0} x [a,b], Q2 = {1} x [a,b] and F from space €25 into space €; is a bounded
linear operator.
Assume for A = [0,1] x [a,b], W := L' (A, dtds). Let
Wt = L' (Qy,dtds) and W? := L' (Qy, dtds)

be boundary spaces. Let ¥ be a space defined by

Ju
U= W:s—eWs,.
{u S s@t S }
Define the operator T by
Tp:D(Tp) CW - W

u(t,s) = Trul(t,s) = —s% (t,s)

D(Tp) ={u€ ¥ :uq, =Fupg,}.

The map o : A x C — C is a weakly Carathéodory function if o is measurable and
sequentially weakly continuous. Then operator L, can be defined by

(Lou) (t,s) = o (t,s,u(t,s))
for each (t,s) € A. Noting that a continuous linear operator P is defined by
P:-W-WwW

b
u— Pul(t,s) = /k(t, s, u(t,s)ds'

and

b
dt @ ds —  ess-sup /|k(t,s,s’)|ds' =||P| < oo,
(t,s)€[0,1] x[a,b] J
where the mapping & (¢, s, s") is measurable of A X [a, b] into RT. Then the operator
P is called regular if the set {k(¢,.,5") : (t,s') € A} is relatively weakly compact in
L' ([a,b] ,dt), Hence it is clear that for all t € [0,1] and any u € L' ([a, b]),
b
Pu(t) = /k(t7s7s’)u (s')ds,
a
then the operator P of the space L' ([a,b]) into itself is weakly compact. Thus P

holds in [a,b]. Let’s think that for » > 0, U, := {u € W : ||lu|| , < r} is a weakly
compact convex set.
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Under the following conditions the equation (4.1) with boundary wjo, = Fuq,
has at least one solution for weak topology:

(i) Set R = {A € C: ReX > max{0,blog (||F||)}} is included in the resolvent set of
Tr. And also given the following inequality

H(/\_TF)_lu = Rle)\ <1+ 1_ ||Fli|lg—’*§*>

(ii) Suppose that F € L (W2, W) |

lo (t, s,u1) — o (t, 8,u2)| < |H (t,8)] |ur — usl,

where H € W.
(iii) o is a weak Carathéodory function such that

o (t,s,u(t,s))| < K (t5) g (|u(ts)]),

where K € W and g € L™ (R").
(iv) Let h be a measurable function and S : L' (A) — L* (A) be a continuous
linear operator such that

p(t,s, s u(t,s)) =k(tss)h(ts, Su(t,s)),

where k (t, s, s") holds the relatively weak compactness of set{k (t,.,s") : (t,s') € A}.

(v) Ly, is a operator from U, into itself and LS : W — W is weakly compact and
sequentially weakly continuous.

The following theorem is proved using some results and techniques in study [10].
Theorem 4.4. Let the conditions (i)-(v) be provide and assume that P is a regular
operator on space W. Then there is a Ao such that for all A with Re\ > Ao, the Eq.
(4.1) has a solution in U,.

Proof. Because of the linearity of operator F', T is a linear operator. Since A € R as
in assumption (i), there exists a linear operator (A — Tp)~'. Therefore the equation
(4.1) can be written in the form

wu=(\=Tp) " Lou+ (A\—=Tp)"' PL,Su,
for u € D (TF). For uy, us € W,

| = 7)™ Lo () = 0 = 7)™ L ()| < | 8 = 7)™ M (02) = L )]

Since as in assumption (i)

[ =707 < s (1 T ”) (4.2

and by assumption (ii), we have

1o (u1) = Lo (u2)l| < |[H (¢, 8)] lur — wall,
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then we take

H()\ T Ly () — (A —Tr) " Ly (u2)H

[H (¢, 5)]] [l
: ! - . 4.3
- Re) T 1— ||F|| e_RTe/\ HU1 ’U,Q” ( )

The right side of this inequality is a strictly decreasing continuous function and iden-
tically zero on (0,00). Hence there exists a A\g € (max (0,blog (|| F])),o0) with
Re) > g such that for Ao, the right side of inequality (4.3) is less then 1. Then
for all A with ReX > A, the operator (A — Tr) ™" L, is contraction.

Suppose that for ¢,y € U,

| = 0) 7 Lo () = (3= )7 PLS ()
(A\—=Tr)"' PL,S Wz)H + H(/\ ~Tp)"' L, Wl)”

<|
< | =Te) | APHILLS @)l + 1o (B0 - (4.4)

Here L, has a upper bound C on U,. And also by assumption (iii) we can write

[1LnS ()|l < K (E,5) g (IS (2)]) - (4.5)
Then using inequalities (4.2) and (4.5) the inequality (4.4) can be given in the form

H(/\ —Tp) ™" Lo (Y1) — (A= Tp) ™" PL,S (%)H

< — (P IIK|lgll . + |IC 1+—= |- 4.6

And also the right side of this inequality is a strictly decreasing continuous function
and identically zero. Therefore we obtain a A; € (max (0,blog (||F||)),00) with ReA >
A1 such that for Aq, the right side of inequality (4.6) is less then r. Thus for all A
with Re\ > Ay and 1,19 € U,., we have

A =Tr) " Ly (Y1) — (A= Tp) " PLyS (¢2) € Uy
If the conditions (iii), (iv) and (v) are taken into account, then the operator
-1
(I — (A= Tp) ! La) (A —Tp) ' PL,S
is sequentially weakly continuous on W. To do end, it is sufficient to show that

(I — (A= Tp) ! L,,)f1 (A= Tp) " PL,LS (U,)

is relatively weakly compact. Because the operator P is regular and LS is weakly
compact and sequentially weakly continuous by assumption (v), then the operator

(1 — A —Tp) L,,)il (A —Tr)"" PL,S
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is weakly continuous by [2, Theorem 1]. So, if the Krein-Smulian Theorem [5, Theorem
13.4] is applied this operator as in Theorem 4.1, then the set

(I (AT Lg) = TR PLLS (U))

is relatively weakly compact. Thus the Eq. (4.1) has a solution in U,..
Remark 4.5. For every A with Red > Xy (A2 = max (Ao, A\1)), the operators
(A—=Tr) " Ly and (A — Tp) " PLy,S provide the conditions of Theorem 4.1.

5. CONCLUSIONS

It is clear that the transport equation (1.1) with boundary (1.2) has not a solution
in the space L' () with the sum of compact operators and contraction operators
on Banach spaces. In particular, a linear boundary value problem in the transport
equation (in the growing cell population or the hereditary systems) may not be solved
in the weak topology on Banach spaces. Therefore, Krasnoselskii’s fixed point theorem
may not provide for the weak topology on general Banach spaces. Because of this
reason, we introduced some results of Schauder fixed point theorem and Banach fixed
point theorem for weak topology to ensure Krasnoselskii fixed point theorem in general
Banach spaces. And also to solve such equations on Banach spaces with respect to
weak topology, we gave a suitable type of Krasnoselskii fixed point theorem for weak
topology. Finally, an illustrative example has been given to show the existence of
solutions of these type equations.
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