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Abstract. The purpose of this paper is to study an inclusion problem which involves the sum of
two monotone operators in a real reflexive Banach space. Using the technique of Bregman distance,
we study the operator Resé o Af which is the composition of the resolvent of a maximal monotone
operator T and the antiresolvent of a Bregman inverse strongly monotone operator A and prove that
0 € Tx+ Az if and only if z is a fixed point of the composite operator Resé 0 Af. Consequently, weak
and strong convergence results are given for the inclusion problem under study in a real reflexive
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1. INTRODUCTION

Let E be a real reflexive Banach space with norm ||.|] and E* its topological dual
space. We denote the value of z* € E* at © € E by (z*,x). Throughout this paper,
f:+ E — (—o0,+00] is a proper, lower semi-continuous, and convex function, and
the Fenchel conjugate of f (see, e.g., [38, 50]) is the function f* : E* — (—o00,400]
defined by

fH(@") = sup{(z®, z) — f(z) : x € B}
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We denote by domf the domain of f, that is, the set {x € E : f(z) < +o0}. For any
z € intdomf and y € E, the right-hand derivative of f at x in the direction of y is
defined by

(1.1)

The function f is said to be Gateaux differentiable at z if the limit as ¢t — 0" in (1.1)
exists for any y € E. In this case, f°(x,y) coincides with (V f(z),y) the value of the
gradient V f at . The function f is said to be Gateaux differentiable if it is Gateaux
differentiable for any =z € intdomf. The function f is Fréchet differentiable at x if
the limit in (1.1) is attained with ||y|| = 1 and uniformly Fréchet differentiable on a
subset C of E if the limit is attained uniformly for € C and ||y|| = 1.

The function f is said to be Legendre if it satisfies the following two conditions:

(L1) intdomf # () and the subdifferential 0f is single-valued in its domain;
(L2) intdomjf* # () and Jf* is single-valued on its domain;

where the subdifferential of f is the mapping 8f : E — 2F defined by
Of(x) ={z" € E*: f(z) — f(u) < {x —u,x™), Vu e E}.

The class of Legendre functions in infinite dimensional Banach spaces was first intro-
duced and studied by Bauschke, Borwein and Combettes in [5]. Their definition is
equivalent to conditions (L1) and (L2) because the space E is assumed to be reflexive
(see [5], Theorems 5.4 and 5.6, page 634). It is well known that in reflexive spaces
Vf = (Vf*)~! (see [6], page 83). When this fact is combined with conditions (L1)
and (L2), we obtain

ranV f = domV f* =int(domf*) and ranV f* = domV f = int(domf).

It also follows that f is Legendre if and only if f* is Legendre (see [5], Corollary 5.5,
page 634) and that the functions f and f* are Gateaux differentiable and strictly
convex in the interior of their respective domains. Several interesting examples of
the Legendre functions are presented in [3, 5]. Especially, the functions 1|.||* with
s € (1,00) are Legendre, where the Banach space E is smooth and strictly convex,
and in particular, a Hilbert space.

Definition 1.1. Let f : E — (—o00,+00] be a convex and Géateaux differentiable
function, the function Dy : domfx intdomf — [0, 00) which is defined by

Di(y,z) := fy) = f(2) = (V[f(z),y — ), (1.2)
is called the Bregman distance ([11, 16]).

The Bregman distance has the following important property, which is called the three
point identity: for any z € domf and y, z € intdomf,

Dy(z,y) + Df(y,2) — Dy(x,2) = (Vf(2) = V(y),z = y). (1.3)

Let T : C — C (C, a non-empty subset of int(domf)) be a mapping, a point € C
is called a fixed point of T if Tx = x. The set of fixed points of T" is denoted by
F(T). Also, a point Z € C is said to be an asymptotic fixed point of T if C' contains
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a sequence {x,} which converges weakly to  and lim ||z, — Tz,|| = 0. The set of
n—0o0

asymptotic fixed points of T is denoted by ﬁ(T)
Definition 1.2. ([4, 7, 36]) Let C be a nonempty, closed and convex subset of E. A
mapping T : C' — int(dom f) is called
(i) Bregman Firmly Nonexpansive (BFNE) if
(Vf(Tx) - Vf(Ty), Te—Ty) < (Vf(x) = Vf(y), Tz —Ty) Ve,y € C.

(ii) Bregman Strongly Nonexpansive (BSNE) with respect to a nonempty F (T)
if
Dy(p,Tx) < D¢ (p, )

for all p € F(T) and z € C and if whenever {z,,} C C is bounded, p € F(T)
and
nhHH;O (Df(p, zn) — D¢ (p, Tmn)) =0,

it follows that
lim D¢(Txzy,x,) =0.

n—oo

Now, let T : E — 27" be a set-valued mapping. Recall that the domain of the mapping
T is defined by domT = {z € E : Tx # (}. Let G(T) be the graph of T, that is,
G(T) :={(z,z*) € EXE* : * € Ta}. A set-valued mapping T is said to be monotone
if (u—v,x—y) > 0 whenever (z,u), (y,v) € G(T). It is said to be mazimal monotone
if its graph is not contained in the graph of any other monotone operator on E. It is
known that if 7" is maximal monotone, then the set T-1(0%) := {2 € E: 0* € Tz} is
closed and convex. We know that the resolvent of a maximal monotone operator T,
denoted by Res). : E — 2P is defined as follows (see, e.g., [4]):

Res), .= (Vf+T) toVF.

Remark 1.3. It is known that Res% is a BFNE operator, single-valued and
F(Res%i) = T7Y0*) (see, e.g., [4]). Also, if f : E — R is a Legendre function
which is bounded, uniformly Fréchet differentiable on bounded subsets of E, then
Resgw is BSNE and ﬁ(Res?) = F(Resgw) (see, e.g., [47]).

Assume that the Legendre function f satisfies the following range condition:
ran(Vf — A) CranV{.

An operator A : E — 27 is called Bregman Inverse Strongly Monotone (BISM) if
(dom A)N (dom f) # () and for any z,y € intdom f and each u € Az and v € Ay, we
have
(u—v, VI (Vf(z) —u) =V (VF(y) —v)) 2 0. (1.4)
Observe that if A is single-valued in a real Hilbert space H, then (1.4) is equivalent
to
(Ax — Ay, z —y) > || Az — Ay||?, Vr,y € H.
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Therefore, the class of BISM mappings in (1.4) is a generalization of the class of
single-valued firmly nonexpansive mappings in real Hilbert spaces. For any operator
A: E — 25" the anti-resolvent operator Af : E — 2F of A is defined by

Al =V f o (Vf - A).
Observe that
domA’ C (domA) N (intdomf) and ranA’ C intdomf.

It is also known that the operator A is BISM if and only if the anti-resolvent A7 is
a single-valued BFNE (see, e.g., [14], Lemma 3.2(c) and (d), p. 2109) and F(A7) =
A~Y(0*). For examples and further information on BISM, see [14].

Suppose T is a maximal monotone operator in a real Hilbert space H. A basic
problem that arises in several branches of applied mathematics (see, for instance,
[19, 28, 32, 48, 49, 57, 62] and the references therein) is to

find x € H such that 0¢€ Tx. (1.5)

One of the methods for solving this problem is the well-known Proximal Point Algo-
rithm (PPA) introduced by Martinet [37]. The PPA generates for any starting point
x1 =x € H, a sequence {z,} in H such that

Tn+1 = (I + Anjﬂ’)_l'rnv n= 172a (16)

where {A,} is a given sequence of positive real numbers. This algorithm was further
developed by Rockafellar (see, [49]), who proved that the sequence generated by (1.6)
converges weakly to an element of T~1(0) (where T-1(0) := {z € H : 0 € Tz}) when
T-1(0) is nonempty and linrr_1>i£f An > 0.

Furthermore in [49], Rockafellar asked if the sequence generated by (1.6) converges
strongly in general. This question was answered in the negative by Giiler [24] who
presented an example of a subdifferential for which the sequence generated by (1.6)
converges weakly but not strongly. For more recent results on PPA, please see [8, 9,
10, 22, 39, 53] and the references contained therein.

In the synthetic formulation, the operator T in Problem (1.5) can be decomposed as
sum of two monotone operators which leads to the problem of the form:

find x € H such that 0¢€ Tz + Ax, (1.7)

where A, T : H — 2 are nonlinear monotone operators. Problem (1.7) is a very gen-
eral format for certain concrete problems in machine learning, linear inverse problem
and many nonlinear problems such as convex programming, variational inequalities
and split feasibility problem.
Example 1.4. A stationary solution to the initial value problem of the evolution
equation

Ju

0e §+KU’ u(0) = uy,

can be rewritten as (1.7) where the governing monotone operator K is of the form
K=T+ A.
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Example 1.5. Let ¢, ¢ : H — (—00,+00] be two proper, lower semi-continuous and
convex functions and B : H — H be a bounded linear operator. The minimization
problem

min{¢(z) + ¢(Bz)} (1.8)

can be written in the form of (1.7), where ¢ and ¢ o B have a common point of
continuity with 7' := d¢ and A := B* o Jp o B. Here B* is the adjoint of B. It is
well-known (see, e.g., [12, 20, 54, 55]) that the minimization problem (1.8) is widely
used in image recovery, signal processing and machine learning.

Example 1.6. Let ¢ : H — (—00, +00] be a proper convex and lower semi-continuous
function and 9¢ be the subdifferential of ¢. If T = 9¢, then problem (1.7) is equivalent
to the following mixed variational inequality problem: find € H such that

(Az,y —2") + ¢(y) — ¢(x) >0, VyecH. (1.9)

In particular, if C' is a nonempty, closed and convex subset of H and ¢ is the indicator
function, that is

0, ifxzed,
(b(.%‘) = (1.10)
+oo, ifx¢C,

then problem (1.9) is equivalent to the classical variational inequality problem: find
x € C such that

(Az,y—z) >0, VyeC. (1.11)
It is easy to see that (1.11) is equivalent to finding a point = € C such that
0€Tx+ Ax,

where T is the subdifferential of the indicator function of C.

However, there is little work in the existing literature on the approximation of zeroes
of sum of monotone operators in Banach spaces, though there are some works on
finding zero of sum of accretive operators in Banach space (see [17, 18, 34, 52, 63, 60]
and references contained therein). The main difficulties are due to the fact that the
inner product structure of a Hilbert space fails to be true in a Banach space and that
unlike the accretive operators the definition of monotone operators in Banach spaces
does not involve the duality mapping.

In this paper, we shall use the technique of Bregman distance to carry out certain
investigations on the approximation of zero of the sum of a maximal monotone oper-
ator T" and a Bregman inverse strongly monotone operator A using the composition
of the resolvent operator on T' and the antiresolvent operator on A in a real reflexive
Banach space. Our results complement and extend many corresponding results (in
particular, [26, 27, 30, 33, 49, 61]) from both Hilbert spaces and uniformly smooth
and uniformly convex Banach spaces to more general reflexive Banach spaces.
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2. PRELIMINARIES

In this section, we will give some basic definitions and results that are needed in
the sequel. We denote the strong convergence of {x,} to a point € E by z,, — «
and the weak convergence of {z,} to = by z,, — =.

The Bregman projection (see [11]) of z € int(domf) onto the nonempty, closed and
convex subset C C int(domf) is defined as the necessarily unique vector Projé(x) eC
satisfying

Dy(Projl(z),z) = inf{Ds(y,z) : y € C}. (2.1)

Note that if E is a Hilbert space and f(z) = 3||z||?, then the Bregman projection of
x onto C' is the metric projection Pg.

Let f : E — RU{+0o0} be a convex and Gateaux differentiable function. The function
f is said to be totally convex at = € int dom f if its modulus of totally convexity at
x, that is, the function vy : int(domf) x [0, +00) — [0, +o0] defined by

vy (,t) = mf{Dy(y,2) : y € domf, |ly — al| = } (2.2)

is positive for any ¢ > 0. The function f is said to be totally convex when it is totally
convex at every point z € int(dom f). In addition, the function f is said to be totally
convex on bounded sets if v;(B,t) is positive for any nonempty bounded subset B,
where the modulus of total convexity of the function f on the set B is the function
vy @ int(dom f) x [0,400) — [0, +00] which is defined by

v§(B,t) ;== inf{vs(z,t) : 2 € BNdomf}. (2.3)
For further details and examples on totally convex functions see [7, 13, 15].
Lemma 2.1. ([15]) Let f be totally convex on int(domf). Let C be a nonempty,

closed and convex subset of int(domf) and x €int(domf), if w € C, then the following
conditions are equivalent:

i. the vector w is the Bregman projection of x onto C, with respect to f,
ii. the vector w is the unique solution of the variational inequality

(Vf(x)=Vf(z),z—y) >0 Yy € C,
iii. the vector w is the unique solution of the inequality

Df(y,z)-i-Df(Z,l‘)SDf(y,.’L‘) VyEC

Recall that a function f is said to be sequentially consisted (see [15]) if for any two
sequences {z,} and {y,} in E such that the first one is bounded,

nlglgﬁ Dy (yn,zy) =0= nh_)néo llyn — xn|| = 0.
The following lemma follows from [46].

Lemma 2.2. If domf contains at least two points, then the function f is totally
convex on bounded sets if and only if it is sequentially consistent.

One powerful tool for deriving weak or strong convergence of iterative sequence is
due to Opial [41]. A Banach space FE is said to satisfy Opial property [41] if for any
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weakly convergent sequence {z,} in F with weak limit x, we have
limsup ||z, — z|| < limsup ||z, — ||
n— 00 n—00

for all y in E with y # x. It is well know that all Hilbert spaces, all finite dimensional
Banach spaces and the Banach space [P (1 < p < o0) satisfy the Opial property.
However, it is well known that not every Banach space satisfies the Opial property,
see, for example, [21, 23]. But, the following Bregman Opial-like inequality for every
Banach space E has been proved in [25].

Lemma 2.3. ([25, 42]) Let E be a Banach space and let f : E — (—00, 00| be a proper
strictly convex function and Gateaux differentiable such that V f is weakly sequentially
continuous and {x,} is a sequence in E such that x, — u for some u € E. Then

limsup Dy (u, z,,) < limsup D¢ (v, x,,),
n—oo

n—oo

for all v in the interior of domf with u # v.

The following lemmas will be used in the convergence analysis in the sequel.
Lemma 2.4. ([29]) Let f : E — (—o00,+0c0] be a Legendre function and let A : E —
28" be a BISM operator such that A=*(0*) # 0. Then the following statements hold:
(i) A7H(0") = F(A)).
(ii) For any w € A=1(0*) and x € dom Af, we have

Df(w,Af(Jc)) + Df(Af(z),x) < Dy(w, x).

Remark 2.5. If the Legendre function f is uniformly Fréchet differentiable and
bounded on bounded subsets of F, _then the anti-resolvent A is a single-valued BSNE
operator which satisfies F(A') = F(Af) (cf. [47)).

Lemma 2.6. ([44]) If f : E — R is uniformly Fréchet differentiable and bounded on
bounded subsets of E, then V f is uniformly continuous on bounded subsets of E from
the strong topology of E to the strong topology of E*.

Lemma 2.7. ([46]) Let f : E — R be a Gateauz differentiable and totally convex
function. If 1 € E and the sequence {D¢(xpn,x1)} is bounded, then the sequence
{zn} is also bounded.

Lemma 2.8. ([29]) Assume that f : E — R is a Legendre function which is uniformly
Fréchet differentiable and bounded on bounded subsets of . Let C be a nonempty
closed and convex subset of E. Let {T; : 1 <1i < N} be BSNE operators which satisfy

F(T;) = F(T}) for each 1 <i < N and let T := TnTy—_1...Ty. If
N{F(T) : 1<i< N}
and F(T) are nonempty, then T is also BSNE with F(T) = F(T).
Lemma 2.9. ([46]) Let f : E — R be a Gateaux differentiable and totally convex

function, x1 € E and let C' be a nonempty, closed and convex subset of E. Suppose
that the sequence {x,} is bounded and any weak sequential limit of {x,} belongs to
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C. If Dy(xn,21) < Df(Projé(:cl),xl) for any n € N, then {x,} converges strongly
to Projé(xl).

Lemma 2.10. ([58]) Assume that {a,} is a sequence of nonnegative real numbers
such that
an+1 < (1 —ap)ay + by, Yn > 1,

where {an} is a sequence in (0,1) and {b,} is a sequence such that
oo

(a) Z ay, = 00,
n=1

o0
(b) limsupg—" <0 or an < 00.
n—oo 1

Then lim a, = 0.
n— o0

Lemma 2.11. ([35]) Let {z,} be a sequence of real numbers such that there exists

a subsequence {xy;} of {xn} such that x,, < x,,41 for all j € N. Then there

exists a nondecreasing sequence {my} of N such that klim my, = oo and the following
—00

properties are satisfied by all (sufficiently large) numbers k € N :

Ty < Tmp+1 and T < Tyt

In fact, my, is the largest number n in the set {1,2,--- ,k} such that the condition
Ty < Tpy1 holds.

Let f: E — R be a convex, Legendre and Gateaux differentiable function and let
Vi E X E* —[0,00) (see [1, 16]) be defined by
Vi(z,z*) = f(z) — (=", ) + f*(z"), Ve € E,z* € E*. (2.4)
Then Vy is nonnegative and Vy(x,z*) = Ds(z, Vf*(z*)), Vo € E, z* € E*.
Furthermore, by the subdifferential inequality, we have (see [31])
Vi(o,a®) + (', V' (a7) = 2) < Vy(o,a" +y7) Vo€ Boayy* € B, (25)

In addition, if f : E — (—o0;+00] is a proper lower semi-continuous function, then
f*: E* = (—o00,+00] is a proper weak* lower semi-continuous and convex function
(see [43]). Hence V; is convex in the second variable. Thus, for all z € E,

N N
Df(Z,Vf* <thv'f($z)> < Ztin(Z7.'L‘i). (2.6)

where {z;}¥, C F and {t;} C (0,1) with Zi\; t; =1

Let E be a Banach space and let B, := {z € E : ||z|| < r} for all » > 0. Then
a function f : E — R is said to be uniformly convex on bounded subsets of E if
pr(t) > 0 for all r,t > 0, where p, : [0,00) — [0, 00] is defined by
af () + (1= a)f(y) — floz+ (1 - a)y)

@Y€ By, |lz—y||=t,a€(0,1) a(l —a)

pr(t) =

for all t > 0. p, is called the gauge of uniform convexity of f (see, [59], pp. 203, 221).
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Lemma 2.12. ([40]) Let Let E be a Banach space, let v > 0 be a constant and
let f: E — R be a convex function which is uniformly convex function on bounded
subsets of E. Then

flaz+ (1 -a)y) < af(z)+ (1 -a)g(y) —a(l —a)p.(||lz —yl]) (2.7)

for all x,y € B, and o € (0,1), where p, is the guage of uniform convexity of f.

For the rest of this paper, we define
(T+A)H0):={r e E:0€Tx+ Az},

where T : E — 28" A : E — E*. Thus, (T + A)~1(0) is the set of solutions to the
inclusion problem

0eTx+ Azx,x € E. (2.8)

3. MAIN RESULTS

We start our contributions in this paper with the following important proposition.
Proposition 3.1. Assume that f : E — R is a Legendre function which is uniformly
Fréchet differentiable and bounded on bounded subsets of E. Let T : E — 2F" be a
maximal monotone operator and let A : E — E* be a single valued BISM operator
such that (T + A)~10 # (. Then,

(a) F(Res} o ATy = (T + A)~10,

(b) F(Res} o Af) = F(Resk) N F(A7),

(¢) (T + A)710 is closed and conver,

(d) Resé o Af is a BSNE operator and F(Resé o Af) = ﬁ(Resgﬂ o Af).

Proof. (a) Let z € (Res§ o AT), we have that

r=(Resf o A)(x) & w=((VI+T) " oV)o (VS o (Vf~A))

& = (Vf+T)" o (Vf—A) ()

s (Vf-Aze(Vf+T)(x)

& 0e€(TH+ A)(z).
Thus, F(Resg; o AN = (T + A)~1o.
(b) Since F(Res%) NF(AT) C F(Resé o Af), it suffices to show that F(Resgq 0 Af) C
F(Res%) NF(A?). Let x € F(Resfp oAf)and y € F(Resl}) N F(A7). Then

Dyly,@) = Dyly, Res 0 Al (2)
< Dj(y, A (z)). (3.1)

By Lemma 2.4, we obtain

Dy(y, A (x)) + D(Af (x),2) < Ds(y, x),
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then from (3.1), we have

Dy(A'(2),2) Dy(y,x) = Dy(y, A’ ()
Dy(y, A (2)) — Dy (y, AT (2))

0.

ININ

This implies that A/ (z) = z, and thus = € F(A/).
Moreover, = € F(Res% o Af) and = € F(A7) implies that

x = Res% o Af(z) = Res%(w),

thus = € F(Res}). Hence z € F(Res}) N F(A7).
Therefore, F(Resé o Af) C F(Resé) N F(A') and the conclusion follows.
(c). From (a) and (b), we know that

(T + A)~'0 = F(Res). o AT) = F(Res],) n F(AT)

and since F(Resé) and F(A') are both closed and convex, we have that (7' + A)~10
is closed and convex.
(d). Since Resgﬂ and A/ are BSNE operators (see Remarks 1.3 and 2.5) and

F(Resh) N F(Af) = (T + A)~'0 # 0,
it then follows from Lemma 2.8 that Resé o A’ is BSNE and
F(Res§OAf):ﬁ(Res§«OAf). O

Remark 3.2. As a passing remark, it should be noted that Proposition 3.1 also holds
in a reflexive Banach space E with f : E — R a strongly coercive Bregman function

which is locally bounded, locally uniformly convex, and locally uniformly smooth on
E.

We now present a weak convergence theorem for approximating solutions of inclusion
problem (2.8) in a real reflexive Banach space.

Theorem 3.3. Let E be a real reflerive Banach space and f : E — R be a strongly
coercive Bregman function which is locally bounded, locally uniformly convex, and
locally uniformly smooth on E. Let T : E — 2" be a mazimal monotone operator
and A : E — E* be a single valued BISM operator. Suppose I' = (T + A)~10 # 0.
Define a sequence {x,,} in E as follows:

Tni1 = VIV f(2n) + (1 = an)VF(Resh o Al (x,))), ¥n>1, (3.2)
where {ay} is an arbitrary sequence in (0,1) and Zan(l — ay) = 0o. Then the

n=1
sequence {x,} converges weakly to a point in T.
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Proof. Let p € T', then we have

Di(p.anr1) = Di(p,Vf*(anV(xn) + (1= an)Vf(Rest 0 A (a1)))
anDy(p,xn) + (1 = ) Dy (p, Res)y o Al (zy,))
anDy(p,2n) + (1 — o) Dy(p, 5)
Dy (p,xn). (3.3)
This implies that {Ds(p,z,)} is bounded and nonincreasing, thus nh—)IIolo Dy (p, zn)

IAIA

exist and
Jim (Df(p,xn) = Dy (p, @ns1)) = 0. (3.4)

Moreover, since {Df(p,z,)} is bounded, it follows from Lemma 2.7 that {z, } is also
bounded. Furthermore, since f is bounded on bounded subsets of F, then V f is also
bounded on bounded subsets of E*. This implies that the sequence {V f(z,)} and
{Vf(Res} o Af(x,))} are bounded in E*.

Let s = sup{||Vf(z,)||, ||Vf(Res; o Af(z,))||} and pf : E* — R be the gauge of
uniform convexity of the conjugate function f*. Using Lemma 2.12, (2.4), (3.2), we
have

Dy(p,wni1) = Ds(p, VI (anV f(wn) + (1 — an)VF(Resh o Af (2,))))
= Vi(p,anV f(wn) + (1 — an)V f(Resh 0 A (x,)))
= f(p) = (P anV f(wn) + (1 = an)V f(Resf 0 Af (z,)))
+ [ (anV f(xn) + (1 — )V f(Resh o A (2,)))
< anf(p) + (1 —an)f(p) — anlp, VI(zn))
+ (1= o) (p, Vf(Resh 0 Al (z,)))
+anf (V) + (1= an) f*(Vf(Resh o A (z,)))
— an(1— an)pt([[Vf(zn) — Vf(Resh o AT (x,))]])
= a,D¢(p,xn) + (1 — an)Dy(p, Resl} o Al (z,))
— o (1 — an)ps(|V f (wn) — V.f (Res} 0 A (w,))]])
< anDs(p,n) + (1 — an)Ds(p, xp)
— an(1 = an)pi(|[Vf(xn) = VF(Resh o AT (,))]))
= Ds(p,xn) — an(1 — an)pi ||V (wn) — Vf(Res) 0 Al (z,))]]). (3.5)
Thus
an(l = a)ps(|IV f(@n) = Vf(Rest 0 A (,))]]) < Dy(p, ) = Dy(p, 2nsa).

Therefore,

Y an(l = an)pi(IVf(xn) = Vf(Rest o Af (z))]]) < Dy (p, 1) < oc.
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By the control condition on {«,}, we have
timinf o ||V f(x,) — Vf(Resh 0 A (z,)[]) = 0.
Hence, by the property of p%, we have that
lim inf ||V f () - Vf(Resh o AT (x,))]] = 0. (3.6)

Since V f* is uniformly norm-to-norm continuous on bounded subsets of E*, we deduce
that

lim inf ||z, — Res) o A (z,)]] = 0.
Moreover, since E is reflexive, there exists a subsequence {z,,} of {z,} such that
Tp, =~ T € F as 1 — oo. Since Res§ o A/ is BSNE, we have that 7 € F(Resé o Af).
Next, we show that Z is unique. Suppose there exists a subsequence {z,,} of {z,}
such that {,,} converges weakly to some z € C with T # z. This implies that

T € F(Resé o Af). Since lim Dy(z,x,) exists for all # € F(Res% o AT). Tt follows
n—oo
from the Bregman Opial-like property of E that (more precisely Lemma 2.3)

lim D¢(z = lim D¢(Z,xy,, lim D .
Jim Dy (Z, 2n) lim Dy (@, zq,) < lim Dy (z,zn,)
= nlgrgon(x,xn) :jll)Igon(x’x”f)
< jli>nolo Dy (Z,2n,) = nlLH;O Dy (z,zy), (3.7

which is a contradiction. Thus we have that £ = x and the desired result follows.
This completes the proof of Theorem 3.3. (|

Remark 3.4. Our Theorem 3.3 extends Theorem 3.2 of [26] from uniformly smooth
Banach space which is also uniformly convex to a more general reflexive Banach
space. Consequently, Theorem 3.3 extends the results in [27, 49] from Hilbert spaces
to reflexive Banach spaces.

Next, we state and prove the following strong convergence theorems for approximating
solution of inclusion problem (2.8) in a real reflexive Banach space. The first strong
convergence result involves an additional projection onto the intersection of two half-
spaces.

Theorem 3.5. Let E be a real reflexive Banach space and f : E — R a Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let T : E — 2E" be a mazimal monotone operator and A : E — E* be
a single valued BISM operator. Suppose T = (T + A)~10 # 0. Define a sequence {x,,}
in E as follows:

T € F,
Yn = Resgw o Af(zy,),
Cn={ue€E:Ds(u,yn) < Ds(u,z,)}, (3.8)

Qn={ueE:(Vf(x1)—Vf(zy),u—x,) <0},
Tpt1 = Projéann (z1), Vn>1

Then the sequence {x,} converges strongly to a point p = Projlf(xl).
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Proof. First, we show that (3.8) is well defined and T' C C,, N @, for every n > 1.
It is obvious that C,, and @,, are closed and convex for every n > 1. Now let w € T.
Then we have

Dy(w,yn) = Dy(w, Reshy o Af (x,)) < Dy(w, z,),

which implies that w € C,, for n > 1. So, we have I' C C,, for all n > 1.

For n = 1, we have Q; = E and thus, we have I' C C7 N Q1. Suppose that zj is
given and I' C C N Qy for some k > 1. There exists zp4+1 € Cr N Q) such that
Tht1 = Projékak(xl). From Lemma 2.1(ii), we have

(Vf(z1) = Vf(xrt1), Tpr1 —u) 20,

for any u € C,xNQy. Since I' C CxNQy, we get I' C Q1. Therefore I' C Cr11NQpy1-
Thus {,} is well defined.
We now show that {z,,} is bounded.

By the definition of @,,, we have that x,, = Projcfgnxl. Therefore,

Dy(@n,1) = Dy(Projl, (z1),21)
< Dy(w,z1) — Dy(w, Proj}, (1))
< Dy(w, ). (3.9)

Hence, the sequence {Df(xy,z1)} is bounded by D¢ (w, z1) for any w € T'. Therefore,
by Lemma 2.7, we have that {z,} is bounded. Since f is bounded on bounded subsets
of E, therefore, Vf is also bounded on bounded subsets of E (see [13], Proposition
1.1.11). This implies that the sequence {V f(z,)} and {Vf(Res%: o Af(z,))} are
bounded in E.

Moreover, since z,11 € C, N Q,, C @, and z,, = ijé;n (z1), we have

Dy (zp+1, Projén (1)) + Df(Projgn (z1),21) < Dy(xny1,21).
Thus
D¢(zni1,2n) + Dy(Tn, 1) < Df(Tnt1,21). (3.10)
Therefore the sequence {Dj(zy,x1)} is increasing and since it is also bounded,
lim Dy (zp,z1) exists. Thus, it follows from (3.10) that lim Dy(xp41,2,) = 0,
n—00 n—00
and by Lemma 2.2, we have
nl;n;o [|Tn+1 — xnl|| = 0. (3.11)
Since z,,41 € C,, we have
D¢(xnt1,Yn) = Df(@ni1, Res%ﬂ o Af(;vn)) < D¢(znt1,2n) =0, n — 00,
and by Lemma 2.2, we have lim ||a,4+1 — Resé o Af(z,)|| = 0.
n—oo
It follows from (3.11) that
\|Res§OAf(xn)—an < |‘R68510Af($n)—$n+1||+||xn+1—ZEnH — 0, n = o0o. (3.12)

Now, since {z,} is bounded and E is a reflexive Banach space, there is a subsequence
{zn,} of {z,} which converges weakly to ¢ € E. Therefore by (3.12), we have that
q € F(Res}. o ATy =T.
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We now prove that {x,} converges strongly to Projf: (z1). Let p = Proj{:(xl), then
since Tp41 = Projéanxl and I' € C), N Q,, we have

Dy(zny1,71) < Dy(p,v1).

Therefore by Lemma 2.9, we have that {x,} converges strongly to Proj{: (21). This
completes the proof of Theorem 3.5. O

In the next result, we give strong convergence theorem for the inclusion problem (2.8)
based on the shrinking projection method.

Theorem 3.6. Let E be a real reflexive Banach space and f : E — R a Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let T : E — 2F" be a mazimal monotone operator and A : E — E* be
a single valued BISM operator. Suppose T' = (T + A)~10 # 0. Define a sequence {z,,}
i E as follows:

1 €Cy = E,

Yn = Res{; o Af(zy,),

Cpy1={2€Cy: Di(z,yn) < Dy(z, )},
Tpt1 = Projénﬂ(xl), Yn > 1.

(3.13)

Then the sequence {xz,} converges strongly to a point q¢ = Projf:(xl).

Proof. We first show that (3.13) is well defined. By Proposition 3.1,
F(Res}, o A7) = F(Res},) n F(A')

is nonempty, closed and convex and also C; = F is closed and convex. Suppose C}, is
closed and convex for some k € N. For each z € C}, we see that D¢(z,yr) < Dy(z, xk)
is equivalent to

(Vf(zr) = Vfye), 2) < flyx) — f(@n) + (f (@), 26) — (V(Yx), Yx)-

By the construction of the set Cjy1, we see that Ck41 is also closed and convex.
Therefore {x,,} is well defined.
We now show that {z,,} is bounded. Let w € T', then from Lemma 2.1, we have

D¢(xn,z1) = Df(Projén (1), 1)
< Dy(w,z1) — Df(w,Proj(];” (1))
< Dy(w,z1). (3.14)

Hence, the sequence {Dy(x,,21)} is bounded by Djy(w,xz1). Therefore, by Lemma
2.7, the sequence {x,} is bounded too.
Moreover, since 2,11 € Cpy1 C Cy, it follows from Lemma 2.1(iii) that
Dy(@nt1, Projl, (w1)) + Dy(Projl, (x1),21) < Dy(wni1,21)
and hence
D¢ (xni1,2n) + Dy(xpn,x1) < Dp(2pi1,21). (3.15)
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Therefore, the sequence {Dj(x,,z1)} is increasing and since it is bounded,
lim Dy (zp,z1) exists. Thus, it follows from (3.15) that

n—00
li_>m Dy(zpt1,2n) =0. (3.16)
By Lemma 2.2 and (3.16), we have that

lim ||zp41 — || =0. (3.17)
n—oo
Also, since x,41 = Projénﬂacl e C,, we have

D¢ (Tnt1,Yn) = Df(@ni1, Resgw o Af(xn)) < Dy(@nt1,2n) =0, n — oco.
Thus, by Lemma 2.2, we have
lim [|#,41 — Resh o A/ (x,)]] = 0. (3.18)

n—oo

Therefore, we have
||Resh. 0 Af (2,) — 2| < ||Resh 0 A (2) — 2|

+ [|Znt1 — x| = 0, n — o0. (3.19)

Next, we show that {x,,} is Cauchy. Since x,, = Projémxl eC, CcCpform>n>1,
by Lemma 2.1, we have that

Df(.’l?m,.'lfn) = Df(mm,P’l"Ojén.’E1>
< Dy(zm, 21) — Df(P’"Ojé,LUChUCl)
= Df(xmvxl)_Df(fEnaxl)~ (320)

Letting m,n — oo in (3.20), we have D¢(zp,,x,) — 0. Since f is totally convex on
bounded subsets on F, by Lemma 2.2, f is sequentially consistent.

Thus ||Zm — n|| = 0 as m,n — oo. Therefore, {z,,} is a Cauchy sequence. By the
completeness of the space E, we can assume that x,, — ¢ € E as n — oo. Clearly, it

follows from (3.19) that ¢ € F(Res}h o Af) =T.

We now show that g = Projf:(xl). From z,, = Projénzrl, we have

(Vf(z1) = Vf(zn),z, —2) >0, VzeCC,.
Since I C C,,, we also have
(Vf(x1) = Vf(zpn),xn—2) >0, Vzel.
Taking the limit of the above inequality as n — oo, we obtain
(Vf(x1) = Vf(g9),qg—2) >0, Vzel.
Hence, we have ¢ = Projf:(xl). This completes the proof. O

Remark 3.7. We emphasize here that there is a distinction between Theorems 3.5,
3.6 above and the results of [45, 51]. Here in Theorems 3.5 and 3.6, we focus on finding
zero of sum of two monotone operators (in which one of them is a maximal monotone
operator) using an auxiliary composite operator, while in [45, 51], the focus was on
finding common zero of maximal monotone operators. Similarly, our algorithms in
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both (3.8) and (3.13) are different from the algorithms (3.1) and (3.11) studied in
[45].

Finally, we give a strong convergence analysis for solving (2.8) where the proposed
method is Halpern-type method.

Theorem 3.8. Let E be a real reflexive Banach space and f : E — R be a Le-
gendre function which is bounded, uniformly Fréchet differentiable and totally convex
on bounded subsets of E. Let T : E — 2F" be a mazimal monotone operator and
A : E — E* be a single valued BISM operator. Suppose T := (T + A)~1(0) # 0.
Suppose that u € E and define the sequence x.,, as follows: x1 € E and

Tny1 = VI (o, Vflu)+ (1 - an)Vf(Re:# o A (z,))),Vn > 1, (3.21)
where oy, C (0,1) satisfying lim o, = 0 and Zan = oo0. Then {x,} converges
n— oo

n=1

strongly to Projf:(u).

Proof. First we note that I' = F(Resé o Af) is closed and convex. Let
p = Proji(u) € F(Res} o AT) = ﬁ(Resg o AT).
From (2.6), we have

< anDy(p,u) + (1 — an)Dy(p, Resgw o Al (z,,))
< Oanf(p, U) + (1 _an)Df(pa xn)
< max{Dg(p,u), Ds(p,xn)}

Df (pa $n+1)

Thus by induction, we have that the sequence D¢ (p,z,) is bounded and by Lemma
2.7, we have that {z,} is also bounded. Furthermore, since f is bounded on bounded
subsets of E,Vf is also bounded on bounded subsets of E (see [13], Proposition
1.1.11). Therefore Vf(Res% o Af(x,)) is bounded.

We next show that if there exists a subsequence z,, of x, such that

lim (Df(pa xnk-l-l) - Df(pv xnk)) =0,

k—o0
then
lim (Dy(p, Rest, 0 A (20,)) = Dy (p,70,)) = 0.
—00
Since Vf(Res{F o Af(x,,)) is bounded and a,,, — 0, we obtain
Jim [V f (2n,41) = VI (Rest 0 Af (20,
= lim ay,,[|V(u) - Vf(Resh o A (z,,))]] = 0. (3.22)
— 00

Since f is strongly coercive and uniformly convex on bounded subsets of E, f* is
uniformly Fréchet differentiable on bounded subsets of F (see [59]). Moreover, f* is
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bounded on bounded sets (see [5, 59]). Since f is Legendre, applying Lemma 2.6, we
have

lim ||‘T77fk,+1 - R€S§1 o Af(‘rnk)”
k—o0

= i [V (Vf(zn11)) — VI (Vf(Rest o Af (xa,)))]| = 0. (3.23)

On the other hand, if f is uniformly Fréchet differentiable on bounded subsets of F,
then f is uniformly continuous on bounded subsets of E (see [2]). It follows that

T || (e, 1) — f(Resh o A7 (an,))]| = 0. (3.24)
We now consider the following equality.

Dy(p, Resy o Al (2,)) = Dy (p,wn,) = f(p) — f(Resh o AV (xy,))
- <Vf(Res§ o Af(xnk)),p - Resé o Af(asnk» — D¢ (p,zn,)

= f(p) = F@ner1) + F(@n,11) — f(Resh 0 Af (2n,))
—(Vf(@ny11),0 = Togs1) + (VI (@ny41)s P — Tngt1)
— (Vf(Res} o Al (z,,,)),p — Res}. o A (zy,)) — Dy(p, xn,)
= Dy(p Tny+1) + (f(@ns1) — f(Resh 0 A (20,)) + (VF (@0 41),P — Ty 1)
— (Vf(Resh 0 Af (2,,)),p — Res} 0 Af (wy,)) = Dy(p, xn,)
= (D(p, Tny11) = Dy (p,2n,)) + (f(@n41) — f(Resh 0 Af (x,,)))
+ (Vf(2nt1) — VF(Resh o A (2,)),p = Ty 41)
— (Vf(Resh o AT (2,)), Tn, 11 — Resh. o A (z,,)).
It follows from (3.22),(3.23) and (3.24) that
(Ds(p, Resf 0 Al (2,,,)) = Dy(p, an,)) = 0.

lim
k—oc0
We divide the remaining proof of the theorem into two cases.
Case 1. Suppose Dy(p,zn11) < Dj(p,x,) for all sufficiently large n. Hence the
sequence D¢(p, z,) is bounded and non-increasing. Thus, we have that lim Dy (p, z,)
n—oo
exists. Therefore,

lim (Df(p, anrl) - Df(p7 xn)) =0

n—oo
and hence
lim (Dy(p, Resé o Af(xn)) — Ds(p,z,)) =0.

n—oQ

Since Res% o A7 is a Bregman strongly nonexpansive mapping, we have that
nh_)rrgo D¢ (zp, Res§ o Af(z,)) = 0.

Moreover, since f is totally convex on bounded subsets of E, it follows from Lemma
2.2 that
lim ||z, — Resé o AT (z,)]] = 0.

n—oo
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Since E is reflexive and {z,} is bounded, there exists a subsequence {x,, } of {x,}
such that z,, — ¢ € E and

thUp<Vf(’LL) - vf(p)vfn - p> = <Vf(u) - vf(p)vq _p>'

n—o0

Again, since ||z, — Rest o Af(z,,)|| = 0 as k — oo, we have that
q € F(Res), o AT) = F(Res). o AT).

From Lemma 2.1, we obtain that

limsup(Vf(u) = Vf(p),zn —p) = (Vf(u) =V f(p),q—p) <O0.

n—oQ

Finally, we show that x,, — p. From (2.5), we obtain

Dy(p.wns1) = Vi(p,anV f (1) + (1 — 0V f(Resh o A (z,,)))
< Vi(p, an V() + (1 = )V f(Resh 0 Al (2)) = an(V f(u) = V£(p)))
+ {0 (VF(u) = V(D)) g1 — )
= Vi(p, an VI (p) + (1 — a)Vf(Res 0 Al (z,,)))
+ Ozn<Vf(U) - Vf(p), Tni41 — p>
< anVi(p, V(D) + (1 = an) Vi (p, Vf(Res] 0 Al (2,)))
+ an(Vf(u) = Vf(p), ny1 —p)
= (1= an)Dy(p, Resh o A (z)) + an(VF () = V£ (D), Znt1 — p)
< (1= 0n)Dy(p,2n) + an(V f(u) = Vf(p), Tni1 — ).

By Lemma 2.10, we can conclude that lim Dy (p,z,) = 0. Therefore, by Lemma 2.2,
n—oo

T, — p since f is totally convex on bounded subsets of E.

Case 2. Suppose there exists a subsequence Dy (p,xy;) of Ds(p,z,) such that
Dy(p,xn;) < Dy(p,2n,;+1) for all j € N. Then by Lemma 2.11, there exists a strictly
increasing sequence my of positive integers such that the following properties are
satisfied by all numbers k € N :

Df(p7 xmk) < Df(p7 xkarl) and Df(p7 .'17]9) < Df(l% mkarl)-
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So, we have

0 < lim (Df(pax"wc-‘rl) _Df(pvxmk))

k—o0

< limsup(Dy(p, ¥pt1) — Df(p, 0))
n—oo

< limsup (aan(p, u) + (1 — an)Dy(p, Res§ o Af(x,)) — D¢ (p, mn))
n—oo

= timsup (an(Dy(p,w) — Dy(p, Res} 0 A (z,))

n—oo
+(Dy(p, Resh o AY () = Dy(p,20))
< limsup o, (Dyf(p,u) — D¢ (p, Resé o Al (x,))) = 0.

n—oo

This implies that
M (D (p, @my+1) = Dy (P 2, )) = 0. (3.25)
Following the the same line of argument as in Case 1, we can have
lim sup(V f(u) = V£ (p), &mi. =) <0,
and

Dy(p, 2my+1) < (1 = ) Dy (p, my,) + oy (Vf(0) = V (), Zye1 — P)-
Therefore,
amkDf(pv xmk) < Df(pa xmk) - Df(p7 xmk+1)
+ iy (Vf (1) = VI(P), Tmy+1 — p)
< @ (Vf(u) = VD), Tmps1 — ),
that is
D(p;xm,) < (Vf(u) = VIP), Tme+1 — D).
Hence lim sup D¢ (p, &y, ) = 0. Using this and (3.25) together, we conclude that
k— o0
limsup Dy (p, ) < lUm Dy(p, Tmy+1) = 0.
k—00 k—o0

This completes the proof. O

Corollary 3.9. ([56], Thm 5.1) Let E be a real reflexive Banach space and f : E — R
a Legendre function which is bounded, uniformly Fréchet differentiable and totally
convex on bounded subsets of E. Let T : E — 25" be a mazimal monotone operator.
Suppose T := (T)~1(0) # 0. Suppose that u € E and define the sequence x,, as follows:
1 € F and

Tpt1 = VI (@, Vf(u)+ (1 - ozn)Vf(Resgzn)),Vn >1, (3.26)

oo
where oy, C (0,1) satisfying lim o, = 0 and Zan = oo. Then {x,} converges
n— o0
n=1

strongly to Projf:(u).
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Remark 3.10. Our Theorem 3.8 extends the results of Kamimura and Takahashi
[27] from inclusion problem involving a maximal monotone operator in Hilbert spaces
to inclusion problem (2.8) reflexive Banach spaces. Furthermore, our Theorem 3.8
extends the results of [30] and [61] from uniformly convex Banach space which is also
uniformly smooth to reflexive Banach space.

4. APPLICATIONS

4.1. Application to convex minimization problem. Let E be a real reflexive
Banach space and ¢ : E — R U {+o0} a proper, convex and lower semi-continuous
functional. We consider the following Convex Minimization Problem (CMP): find
z* € E such that
z* = argmin ¢(x). (4.1)
ISy
We know that the subdifferential 0¢ is maximal monotone and

0 € 0¢z(z = Resg¢(x))

if and only if z solves CMP (4.1). Here, the resolvent operator Resg o = Proxy where

. 1
prox, = argmin{(y) + 5 Dr(y. 2)},
yeE

for each = € E (see [46] for more details). Thus, if A =0 and T" = J¢ in Theorems
3.3, 3.5, 3.6 and 3.8, we obtain convergence results for approximating solutions of
CMP (4.1).

4.2. Application to mixed variational inequality problem. Here, we consider
the following mix variational inequality problem:

Find z € intdomf such that 3z € Az : [(z,y — ) > p(z) — ¢(y) Yy € domf], (4.2)

where ¢ : F — R is a proper convex and lower semi-continuous function and A : £ —
E* be an operator which satisfy the condition:

) # domA Nintdomf and ran(Vf — A) C intdomf*. (4.3)

Lemma 4.1. ([14]) Suppose ¢ : E — R is a proper convex and lower semi-continuous
function. For any z € intdomf* there exists a unique global minimizer, denoted
Prom{, (2) of the function ¢(.)+V;(.,z). The vector Proxé(z) is contained in domdpN
intdomf and we have Proxzf(z) = (0o + Vf)~!(z).

Observe that since the proximal mapping prozf, = (9p + Vf)~' o Vf (see [4]), then
prox;’é = Proxé oVf.

Lemma 4.2. ([14]) Suppose ¢ : E — R is a proper convex and lower semi-continuous
function and z € intdomf*. If T € domdy Nintdomf then the following conditions
are equivalent:

(a) T = Proa:f;(z);

(b) T is a solution of the variational inequality

(z=Vf(@),y— ) <py) — ¢(z), Yy € domp N domf;
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(c) T is a solution of the variational inequality
Vi(z,2) + Vi(Vf(2),y) = Vi(2,y) < @(y) — ¢(z), Yy € domp Ndomf.

Theorem 4.3. Let ¢ : E — R be a proper convex and lower semi-continuous function
with & € domdp Nintdomf and suppose A : E — E* is a Bregman inverse strongly
monotone operator. The T is a solution of the variational inequality (4.2) if and only
if 0 € (0p + A)Z.

Proof. Clearly, Z is a solution of (4.2) if and only if there exists z € E* such that
z = A7 and

(V@) = 2) = V(@),y—2) < p(y) — ¢(Z), Yy € domyp Ndomf. (4.4)
Thus from Lemma 4.2, we have that

T = Prozl(Vf@

= pro:vf; o AN(z)
= Res), o Al(3). (4.5)

That is z € F (Resgw o Af). Therefore it follows from the maximal monotonicity of
9y and Proposition 3.1 (a) that 0 € (9p + A)Z. O

Theorem 4.3 shows that we can apply our results in Theorems 3.3, 3.5, 3.6 and 3.8
to approximate solutions of (4.2).
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