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Abstract. In this paper, we modify the definition of some generalized proximal contractions and
enumerate a list of equivalent conditions for various versions of generalized proximal contractions of
non-self set-valued mappings on (ordered) metric spaces. By using the fixed point means, we establish
the existence of best proximity points for mappings involving such contractions which extend and
improve many existing related results, as well as, reveal that most of existing best proximity point
theorems on metric spaces are in fact equivalent and immediate consequences of well-known fixed
point theorems. Finally, some examples are given to support our results.
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1. INTRODUCTION

Let (X,d) be a metric space and A, B C X be nonempty. A set-valued mapping
T : A — 2B (or a single-valued mapping T : A — B) is called non-self if A ¢ B. In
this situation, T' may have no fixed point since T(A) N A may be empty. Thus, to
investigate the existence of best proximity points, that is, to establish a point x such
that d(z,Tz) = d(A, B) = inf{d(z,y) : © € A and y € B}, has received much atten-
tion in the last decades with a rapidly increasing number of related results on various
contractive or nonexpansive mappings. For instance, see [1, 18] and many others.
To survey the idea of the references, authors often follows the line of constructing
fixed point theorems to establish the existence of best proximity points since a best
proximity point is essentially a fixed point if the underlying mapping is a selfmapping.
However, in [2] the author showed that some best proximity point theorems can be
obtained from related fixed point theorems if the pair (A4, B) has the P-property; in
[27] the authors observed that the most best proximity point results on a metric space
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endowed with a partial order (under the P-property) can be deduced from existing
fixed point theorems in the literature; in [25] the authors noticed that some existing
fixed point results and recently announced best proximity point results are equivalent.
In this paper, motivated by the above mentioned work, we will reveal the universality
of the method in [2, 27, 25]. To wit, without the P-property, we can convert the
existence of best proximity points for contractive mappings into the counterpart of
fixed points for other mappings and then the desired results can be deduced from the
corresponding fixed point theorems. In other words, most of existing best proximity
point theorems are in fact immediate consequences of well-known fixed point theorems
in the existing literature.

On the other hand, a number of authors generalize Banach’s [7] and Nadler’s
[30] result and introduce the new concepts of (set-valued) contractions of Banach
or Nadler type. Moreover, they study the problem concerning the existence of best
proximity points for so-called proximal contractions. The existing various versions of
generalized proximal contractions for non-self mappings seem to be based on the global
sense, that is, the contractive conditions are required to hold for all uy,us, 1,22 € A
with d(uy,Tz1) = d(A,B) and d(us,Tz2) = d(A,B). In this paper, we weaken
such conditions, i.e., we want contractive conditions to hold for partial points in A for
which satisfy the above equations. This is where the main novelty of the present work
lies, since such contraction condition is easier to satisfy and more convenient to be
applied than those in the above mentioned literature. The importance of the present
work also consists in establishing the existence of best proximity points for mappings
involving such contractions, which extend and improve many existing relative results
and our argumentation process is also simpler and clearer by using the fixed point
means. As well as, we enumerate a list of equivalent conditions for various versions of
such contractions for non-self set-valued mappings on (ordered) metric spaces, which
further reveal that most of existing best proximity point theorems on metric spaces
are equivalent indeed.

2. PRELIMINARIES

For the metric space (X, d) and nonempty subsets A, B C X, we adopt the following
notations:

d(xz,B) = inf{d(z,b) : b € B}, d(A, B) = inf{d(a,b) : a € A,b € B},

H(A, B) = max {sup d(x, B), sup d(y, A)} )
T€EA yeB

Ao ={a € A:d(a,b) = d(A, B) for some b € B} and
By ={be B:d(a,b) =d(A,B) for some a € A}.

Definition 2.1. Let X be a metric space. A subset C' C X is said to be approximative
if the set-valued mapping

Pe(z) ={y e C:d(z,y) =d(z,C)},Vx € X

has nonempty values.
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A set-valued mapping T : C' — 2€ is said to have approximative values on C' if Tx
is approximative for each z € C'

Definition 2.2. Let T : A — 27 be a set-valued mapping. An element = € A is called
a generalized best proximity point of T if d(gx,Tz) = d(A, B), where, g: A — A is
an isometry, i.e., d(gx, gy) = d(x,y) for all ,y € A. In particular, x is called a best
proximity point if g = I, where, I defined by Iz = x for z € A is an identity.

x € A is called a Picard iterated (generalized) best proximity point if x is a (gen-
eralized) best proximity point and, for any zy € Ay, there exists an iterated sequence
{zn} C A such that d(gx,,Tz) = d(A, B)) and nhHH;O Tp = X.

To harmonize relations between some contractions, we need the following functional
families:
e & consists of all nondecreasing functions ¢ from R, the set of all nonnegative
reals, into itself and ¢(t) =0 iff t = 0;
e O consists of all continuous functions ¢ € ®;
e & consists of all functions ¢ € ® with tlim o(t) = oo;
— 00
e U consists of all lower semicontinuous functions ¢ from R, into itself and
Y(t) =0iff ¢t = 0;
U consists of all functions ¢ € ¥ with litm inf 4 (t) > 0;
— 00

e I' consists of all functions v from Ry into itself such that (0) = 0 and
~(t,) — 0 implies ¢,, — 0 for any positive sequence {t,} C R;

e T consists of all functions 7 from R, into [0,1) such that 7(¢,) — 1 implies
t, — 0 for any bounded positive sequence {t,} C R;

e () consists of all right continuous and nondecreasing functions w from R into
itself such that w(t) < t for ¢t > 0;

e ) consists of all continuous and nondecreasing functions @ from R into itself
such that &(t) < t for t > 0.

By virtue of Lemma 1 in [24], we enumerate a series of contractions which are each
other equivalent.

Lemma 2.3. Let (X,d) be a metric space, T : X — 2% a set-valued mapping. Then
the following definitions of generalized contractions are equivalent:

(gl) T is called g1-contractive if there exist &5 € ® such that, for any x,y € X,
O(H(Tz,Ty)) < $(M(x,y)) — 6(M(x.y)), (1)
d(z,Ty)+d(y, Tz .
U)h€7"€, M(.’E, y) = max {d((E, y)7 d(l’7 T$)7 d(y7 Ty)v % }’
(g2) T is called g2-contractive if there exist ¢ € ® and b€ T such that (1) holds
for any x,y € X; R
(g3) T is called g3-contractive if there exist ¢ € ® and ¢ € ® such that (1) holds
for any x,y € X;

(g4) T is called g4-contractive if there exist a €d and ¢ €T such that (1) holds
for any x,y € X;
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(g5) T is called g5-contractive if there exist q/b\ € ® and ¢ € U such that (1) holds
for any x,y € X; R
(g6) T is called g6-contractive if there exists w € Q such that for any x,y € X,

H(Tz,Ty) < w(M(z,y));

(g7) T is called g7-contractive if there exist ¢ € ® and w € Q such that for any
z,y € X,

¢(H(Tz,Ty)) < w(d(M(z,y)));
(g8) T is called g8-contractive if there exists v € T such that for any x,y € X,
H(Tw, Ty) <~y(M(z,y))M(z,y).

Proof. Tt follows directly from Lemma 1 in [24] applied to the set
D :={(M(z,y), HTz,Ty)) : z,y € X}.

Recently, in order to establish the existence of best proximity points, the proximal
contractions are employed in the non-self mappings. For instance, in [14] authors
assumed that T satisfies the following contractive condition:

d(ur,uz) < ad(x1,x2) + fd(x1,u1) + vd(22, u2) + §[d(21, Uz) + d(22,U1)]

with o+ 84+ 7+ 20 < 1, d(u1,Tz1) = d(A, B) and d(uz,Tzs) = d(A, B) for all
u1, U2, 21,22 € A. This is the globality requirement. We introduce the following
equivalent proximal contractions which relax the above ”globality”. To this end, we
define the set-valued mapping T* : A9 — 24° as follows

TH(z) = {u € A: d(gu, Tz) = d(A, B)}
for T' and isometry g given as in Definition 2.2.
Definition 2.4. The set-valued mapping T : A — 2% is said to have proximal
approximative values if 7% has approximative values.

For the sake of convenience, let us define the set-valued mapping P : A9 — 24° by

PB(z) = Prey(x) = {u € Tz : d(z,u) = d(z, T*z)} for = € Ay.

Lemma 2.5. Let (X,d) be a metric space and T : A — 2B have prozimal approzi-
mative values. Then, for all x € A, P(x) is nonempty and P(x) C Py (a)(x) which
shows that B has approrimative values.

Lemma 2.6. Let (X,d) be a metric space and T : A — 28 have prozimal approwi-
mative values. Then the following definitions of generalized proximal contractions are
equivalent:
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(gpl) T is called gp1-contractive if there exist gg,a € ® such that, for any x,y € A
and u € P(x), one possesses at least an element v € P(y) satisfying

9(d(u,0)) < SN (,y,u,v)) = G(N (2, y,u,v)), (2)
where, N (z,y,u,v) = max {d(z,), d(z,u),d(y,v), L7400},

(gp2) T is called gp2-contractive if (2) holds for € ® and ¢ € U instead of
b, b€ d. o

(gp3) T is called gp3-contractive if (2) holds for ¢ € ® and ¢ € D instead of
b, e

(gp4) T is called gp4-contractive if (2) holds for a €d and ¢ € T instead oquS,a €.

(gp5) T is called gp5-contractive if (2) holds for ¢ € ®and d € U instead of
b, b€

(gp6) T is called gp6-contractive if there exists w € Q such that, for any x,y € A
and u € P(x), one possesses at least an element v € P(y) satisfying

d(u,v) < w(N(x,y,u,v)).

(gp7) T is called gp7-contractive if there exist ¢ € ® and w € Q such that, for any
z,y € A and u € B(x), one possesses at least an element v € P(y) satisfying

¢(d(u,v)) < w(o(N(z,y,u,v))).

(gp8) T is called gp8-contractive if there exists v € T such that, for any z,y € A
and u € P(x), one possesses at least an element v € P(y) satisfying

H(Txz,Ty) < v(N(z,y,u,v))N(z,y,u,v).

Proof. Tt follows directly from Lemma 1 in [24] applied to the set
D :={(M(z,y,u,v),d(u,v)) : 2,y € A,u € P(z),v € P(y)}-

Remark 2.7. Under hypotheses of Lemma 2.3, if the inequality (2) holds for all
u,v € A with d(gu, Ty) = d(A, B) and d(gv, Ty) = d(A, B), then T is called proximal
gl-contractive. Similarly, we can define the proximal gi-contraction for ¢ =2,3,...,8.
Clearly, each proximal gi-contraction implies gpi-contraction for ¢ = 1,2,...,8 but
the converse is not true. Moreover, the proximal gi-contractions reduces the common
corresponding proximal contractions when g = I.

In addition, if T is a single-valued mapping and set pair (A, B) satisfies P-property,
namely, for any z1, 22 € Aand y1,y2 € B, d(z1,y1) = d(A, B) = d(x2,y2) implies that
d(z1,29) = d(y1,y2) (and it is called weak P-property if d(z1,z2) < d(y1,y2)), then
each gi-contraction implies proximal gi-contraction for i = 1,2,...,8, as well as, each
proximal gi-contraction of S implies gi-contraction for ¢ = 1,2,...,8 if T(Ay) C By,
where, S is the restriction on Ay of T.

It is clear that one can convert seeking the best proximity point of 7" into estab-
lishing the fixed point of T%, that is,

Lemma 2.8. An element x € A is a generalized best proximity point of T if and only
if it is a fizved point of T®. Moreover, a fized point of B is the fixed point of T*.
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The set-valued mapping T* possesses the following properties.

Lemma 2.9. Let (X,d) be a metric space, Ag, By C X be nonempty subsets. Suppose
that g : A — A is an isometry with Ay C g(Ag) and T : A — 28 satisfies T(Ag) C By.
We obtain

(al) For each x € Ay, T*x is nonempty. Moreover, T* has closed values when A
1s closed.

(a2) T is gpi-contractive with N(z,y,u,v) = d(z,y) if and only if P is gi-
contractive with M (x,y) = d(x,y) fori=1,2,...,8.

(a3) If T is proximal gi-contractive with N(xz,y,u,v) = d(x,y) fori=1,2,...,8,
then T% is a single-valued mapping.

Proof. (al). It is clear that Tx C By for any x € Ag. Hence, for any w € Tz, there
exists © € A such that d(u,w) = d(4, B) and this evidently implies @ € Ay. Note
that d(u,w) > d(u,Tx) by w € Tz, we have d(A, B) > d(u,Tx) which yields that
d(w,Tz) = d(A, B). By virtue of Ay C g(Ap), there exists u € Ay such that uw = gu
and hence d(gu, Tx) = d(A, B). This shows that u € T*z, i.e., T*z is nonempty.

To prove that Tz is closed, it suffices to show the implication of u € T*z for the
limit point u of the sequence {u,} with u, € T#x. We observe that u € Ay since
Uy € Ag and Ag is closed. Moreover, by the continuity of g and the distance function,
we have

d(gu,Tx) = li_>m d(gun,Tx) = d(A, B).

Therefore, u € T!z.

(a2). By Lemma 2.3 and Lemma 2.4 it is sufficient to check that T is gp6-
contractive with N(z,y,u,v) = d(z,y) if and only if P is gb6-contractive with
M(z,y) = d(z,y). If P is gb-contractive with M(z,y) = d(z,y), there exists w € O
such that H(Pz,Py) < w(d(z,y)). For any u € Pz, there exists v € Py such that
d(u,v) = d(u,Py) and hence

d(u,v) = d(u,By) < sup d(u*,Py) < H(Pz, Py) < w(d(z,y)).

u*ePx

This yields that T is gp6-contractive. For the proof of ”only if” it will be able to refer
to the following Lemma 3.1.

(a3). Let » € X and uy,us € T¥x, then d(gui,Txz) = d(A,B) = d(gus, T7).
Without the lost of generality, suppose that T is a proximal gl-contraction with
N(z,y,u,v) = d(z,y). There exist $,$ € & such that

(d(ur,u2)) < $ld(, 7)) — G(d(w, ).

This implies u1 = ug and hence T* is single-valued.

Example 2.10. Let X = R? be a metric space with the usual distance. Consider

T T A MR
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and
B=A{(z,y):z—y=-1, -1 <2 <0}
and the set-valued mapping T : A — 28 defined as

-z, _y)7 (-'L',y) eAandx;él7
T(x,y) = { ( 2
P9 = (5 A 2N B () = ().
Then T has proximal approximative values and is a gp6-contraction but not a proximal

gb-contraction.

Proof. 1t is easy to see that A = Ag, B = By, T(Ag) C By and d(A, B) = v/2. Let

g = I. Next, for any (z,y) € A, either (z,y) = (%, —%), we have

() -{6-9)- G 6D}

or (z,y) # (3,—3), we have T#(z,y) = (1 — x, —x). It reduces that T' has proximal

approximative values. In addition,

1 1 1 1
#((z-2)) ~{(z-2)}
and ;B(('rvy)) = (1 -, —I) with (IZ?,y) 7£ (%a _%)
In order to check that T is a gp6-contraction, we put w(t) = %t for t > 0. To avoid
elementary computation, we omit the verification process.
To check that T is not a proximal g6-contraction, we take

(21, 22) = (;—;) , (22,92) = (;—;) = (u1, v1)

on = (1-2),

Then d((u1,v1), (ug,v2)) = g and N = %. Hence, d((u1,v1), (uz,v2)) > w(N).

and

3. RESULTS FOR CONTRACTIVE MAPPINGS

In the sequel, we always assume that (X, d) is a metric space and Ag, By C X are
nonempty subsets unless otherwise specified. We first need the following auxiliary
results.

Lemma 3.1. Suppose that g : A — A is an isometry and T : A — 28 has prozimal
approrimative values.

Then B is a gi-contraction if T is gpi-contractive for i =1,2,...,8.

Proof. Let x,y € Ay be any given. For any € > 0, the definition of supremum
guarantees that there exists u € PB(x) such that

d(“vmy) > sup d(U*af‘py) —¢&. (3)

u*EPx
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In virtue of Lemma 2.4 it is sufficient to prove that 3 is gb-contractive under the
hypothesis that T is gp6-contractive. Thus there exists w € ) such that one possesses
an element v € P(y) with

d(u,v) < w(N(z,y,u,v)). (4)
Therefore, by (3) and the monotonicity of w we have
sup d(u*,Py) < d(u,Py) + ¢ < d(u,v) +e <w(N(z,y,u,v)) +e. (5)

u*EPx
Note that v € Ty and d(y,v) = d(y,T*y), we have d(z,v) < d(x,y) + d(y, T*y).
Similarly, d(y,u) < d(z,y) + d(x, T*z). This yields that N(x,y,u,v) < M(x,y).
By means of this, together with (5) and letting £ — 0, we have
sup d(u”, By) < w(N(z,y,u,v)) < w(M(z,y)).
We can similarly infer
sup d(v*,Px) <w(M(x,y)).
v*EPy
Hence
H(Bz, Py) < w(M(z,y)).
This yields that B is g6-contractive.
The following fixed point theorem for the proof is analogue to Lemma 3.1 of [23].

Lemma 3.2. Let X be complete and C C X be a closed subset. If the set-valued
mapping S : C — 2¢ is a g6-contraction and has approzimative values on C, then S
has a Picard iterated fized point x, namely, x is a fived point of S and, for any xy € C,
there exists an iterated sequence {x,} with x,, € Sx,_1 such that nhHH;O T, = X.
Theorem 3.3. Let X be complete, Ay be closed and g be an isometry with Ag C
g(Ag). Let T : A — 28 satisfy the following conditions:

(a) T(4o) = |J Tz C By.
xEAQ

(b) T is one of gpi-contractions for i=1,2,...,8.

(¢) Either Ag is compact or T has prozimal approzimative values.
Then T has a Picard iterated generalized best proximity point x € A.
Proof. By means of Lemma 2.8, it suffices to prove the existence of fixed points of 3.
By virtue of Lemma 2.4 it is sufficient to assume that T is gp6-contractive. Lemma
3.1 guarantees that 8 is a g6-contraction. Thus (c) and Lemma 3.2 show that 3 has
at least a Picard iterated fixed point € Ag. This completes the proof.

Theorem 3.3 subsumes the main results in [25]. In the case that T is a single-valued
mapping and the pair (A, B) satisfies P-property, by Remark 2.7 the g8-contraction
of T implies its proximal g8-contraction and hence Theorem 3.3 generalizes the main
results in [5, 16, 29, 39).

Corollary 3.4. Let X be complete, Ay be closed and g be an isometry with Ag C
g(Ag). LetT : A — 28 be proximal gi-contractive fori =1,2,....8 and the conditions
(a), (c) be valid. Then T has a Picard iterated generalized best proximity point x € A.
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We remark that the ”P-property” is unnecessary in Corollary 3.4. Therefore, it
essentially extends and improves the main results of [3, 19, 36] in the sense that they
deal with the proximal contractions of the first kind. Moreover, it shows the above
mentioned results are equivalent.

Corollary 3.5. Let X be complete, Ay closed and g an isometry with Ag C g(Ao).
Suppose that T : A — 2B has prozimal approzimative values such that T(Ag) C By
and one of the following conditions holds

(1) there exist non-negative numbers «, 3,7, with a + 8+ v+ 26 < 1 such that
u € Px and v € Py for any x,y € Ay imply
d(u,v) < ad(z,y) + Bd(z,uw) + vd(y,v) + §[d(z,v) + d(y, u)].
(2) For any z,y,u,v € A with d(u,Tx) = d(A, B) = d(y,Ty) one has
d(u,v) < d(z,y) — ¢(d(z,y))
for ¢ € .

(3) there exists a mapping ¥ € T such that, for all x,y € Ay and u € P(x), one
possesses v € P(y) satisfying

P(d(u,v)) < y(d(z, y))¢(d(z,y)),
where, ¥ : [0,00) — [0,00) is an increasing continuous functions such that
t < 4(t) for each t > 0 and ¥(0) = 0.
Then T has a Picard iterated generalized best proximity point x € A.
Proof. Under the hypothesis (1) the result is immediate by Theorem 3.3 since T is
gp6-contractive with w(t) = (a+ B8 + v + 2d)t.
The hypothesis (2) implies the gp3-contraction by taking ¢(t) =t and ¢ € ®.
To prove (3), we observe that the inverse of 1, =1, exists and ¢y~ (t) < t for t > 0.
Therefore, we have
d(u,v) < 7 (y(d(z, y))P(d(z,y))).

As an analogous of the proof of Lemma 3.1, we deduce that 8 satisfies

H(P(x), B(y)) < v~ (v(d(z,y))e(d(@,y))).

It is sufficient to check that 3 has a fixed point. Let zo € Ay. If zyp € P(xp), our
desire to achieve. Otherwise, by Lemma 2.6 there exists 1 € B(xg) with 21 # x¢ such
that d(xg,z1) = d(x0,B(z)). Continuing this process, we can define a sequence {z,, }
in Ag by z, € P(x,—1) such that, for all n € N, either z,, = x,,_1; which completes
our proof, or x,, # x,_1 and

d(zy, Tpy1) = d(zn, B(zn)).
It is easy to see
d(l‘na xn—l) S H(m(xn—2)7 f‘p(x’ﬂ—l)) S w_l(rY(d(xn—Q’ xn—l))w(d(xn—% xn—l)))

for all n € N. Now following the line of arguments in Theorem 3.1 of [6], we get that
{zy} is a Cauchy sequence. Since X is complete and Ay is closed, then there exists

x € Ag such that lim z, = x.
n—oo
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We finally verify that x is a fixed point of . Note that

d(2,B(2)) < H(P(@n-1),PB()) < ¢~ (4(d(2n-1,2))¢(d(@n-1,2))) < d(@n-1,2)
for all n € N, we obtain that d(z,B(x)) = 0 by letting n — oo on two sides of the above
inequality. By Lemma 2.6, there exists u € P(z) such that d(z,u) = d(x,B(z)) =0
which reduces x = u € B(x). This proof is complete.

Remark 3.6. Corollary 3.5 extends and improves a lot of existing results. For
example, (1) is an improvement of the main results in [14] which include Theorem 3.1
and its corollaries in [8, 9, 14, 17, 37|, as well as, Theorem 3.3 and its corollaries in
[10]; (2) generalizes Theorems 3.1 and 3.6 in [11], as well as, relaxes the hypothesis of
P-property in [18]; (3) is an extension and improvement of main results in [6].

Example 3.7. Let the space X, the subsets A, B and the set-valued mapping 7" be
given as Example 2.10. Then T has a Picard iterated generalized best proximity point

(%7 _%) € A by Theorem 3.3.

Example 3.8. Consider X = R with the usual metric,
A={-10,10} and B ={-2,2}.
Then T : A — 25 given by
T(-10) ={-2,2} and T(10) ={-2}
has a Picard iterated best proximity point —10 € A.

It is worth noting that the pair (A, B) in Example 3.8 does not have the (weak)
P-property.

4. RESULTS FOR a-ADMISSIBLE MAPPINGS

The notion of the a-admissible has recently been applied to establish the existence
of fixed points and best proximity points. We refer to references [4, 28, 35]. For a
set-valued mapping 7', we first modify the concept of a-admissible.

Definition 4.1. Let T : X — 2% and a,7: X x X — [0, +00) be two functions. T is
called a-admissible with respect to g on X if z,y € X, a(z,y) > n(z,y) implies that,
for any u € Tz, there exists v € Pry(y) such that a(u,v) > n(u,v).

Let T: A — 28 and a: Ax A — [0,00). T is called a-proximal admissible with
respect to n on A if, for z1,20 € A and u; € TPz, there exists us € PB(z2) with
a(x1,x9) > n(x1,x2) such that a(uy,us) > n(ug,usz).

Note that Definition 4.1 subsumes the a-proximal admissible notion given as [4,
28, 26] even if we take n(x,y) = 1, further, reduces to the a-admissible notion given
as [35] if T is a single-valued mapping. Also, according to [35], T is said to be an
n-subadmissible mapping if we take a(x,y) = 1.

Definition 4.2. The set-valued mapping T : X — 2% is called a-n-gi-contractive if
the hypothesis of (gi) for i = 1,2,...,8 is satisfied for any z,y € X with a(x,y) >
n(z,y).
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The set-valued mapping T : A — 28 is called a-1-gpi-contractive if the hypothesis
of (gpi) for : =1,2,...,8 is satisfied for any z,y € X with a(z,y) > n(z,y).

We remark that a-n-gi-contractions (a-n-gpi-contractions) for i = 1,2,...,8 are
equivalent.

Lemma 4.3. Let the hypotheses of Lemma 3.1 hold. Then T is a-proximal admissible
with respect to n on A if and only if T* is a-admissible with respect to n on Ag.
Moreover, B is a-n- gi-contractive if T is a-n-gpi-contractive for i =1,2,...,8.

We need the following fixed point theorem which is a generalization of [35].

Lemma 4.4. Let X be complete, the set-valued mapping S : X — 2% be a-admissible
with respect to n on X and one of a-n-gi-contractions for i =1,2,...,8. Suppose that
S has approzimative values and the following assertions hold:

(i) there exist zg € X and x1 € Psy,(x0) such that a(zo,x1) > n(zo, x1);

(i) for any sequence {x,} C X converging to x € X and
a(n; Tnt1) Z 1(Tn; Tnyr) for all n € N, we have a(zn, ©) = n((2n, x) for all
n € N.

Then S has a fixed point x.

Further, there exists a sequence {x,}, defined by 11 € Sz, for n > 1, that converges
to the element x.

Proof. 1t is sufficient to assume that S is a-n-g6-contractive by virtue of the equiva-
lence of contractions. Let xg,z1 € X be given in (i). Then a(xo,x1) > n(xg,x1) and
d(zo, 1) = d(zo,Szo). By the contractive condition, there exists w € € such that
H(Szo,Sz1) < w(M(xg,21)). Note that S is a-admissible with respect to n on X, for
x1 € Sxg, there exists xo € Pgy, (1) such that a(zq,z2) > n(x1,z2). Applying the
contractive condition again, we have H(Sz1,Sx2) < w(M(x1,z2)). Continuing this
process, we can define a sequence {x,} in X by z, € Pg,,_,(z,—1) satisfying, for all
n €N,

H(Szp, Stpi1) < w(M(2p, Tpi1))- (6)
(Tn; Tns1) 2 N(Tn, Tnt1)- (7)
d(Tn, Tny1) = d(Tn, STp). (8)

If 41 = x, for some n € N, then z = z,, is a fixed point of S and the result is
proved. Hence, we suppose that x,1 # @y, i.e, z, € Sz, for all n € N. From (8)
and definition of H it follows that

d(wn; mn+1) < H(S-’L‘nfly S-Tn)
for all n € N. By means of (6) we have

d(xp, Tpt1) S wW(M(xp—1,2,)) foralln e N. (9)
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On the other hand, by (8) we get
M(xn—la zn)

max {d(xn—la xn)7 d(xn—h an—l)v d(xna an)a d(xn_l’ Swn) i d(xn, Smn_l) }

2
= max{d(tp_1,Tn), d(Tn, Tnt1)}.
By (9), this implies that
d(xp, Tnt1) < w (max {d(xn_1,2,),d(Tn, Tni1)})
for all n € N. We claim that
d(xp—1,2zn) > d(xn,xpy1) forallm e N. (10)

Suppose the contrary, then M(x,_1,2,) = d(x,,Zns+1). By virtue of the properties
of w, for all n € N, we get

d(fﬁn, xn+1) S H(an—lv an) S w (d(xn; zn+1)) < d(fﬂn, xn+1)7
a contradiction. Hence (10) is valid. Moreover, in view of the monotonicity of w one
has
d(xnfh xn) < (.d(d(l’n,Q, xnfl)) < d(xnf% xnfl)
for all n € N. Repeating this procedure, we have
d(Tp, Tpi1) S w(d(@n-1,20)) < -+ < w"(d(z0,71))

for all n € N, where w™ denotes the n-time-repeated composition of w with itself. We
observe that lim w”(¢) = 0 uniformly for ¢ > 0 if and only if w(t) < t for w €  (see,
n—oo

e.g., [38]) which implies that d(z,,—1,2,) — 0 when n — co. Now, analogous to the
proof of lemma 3.1 in [23], we can verify that {z,} is a Cauchy sequence. Since X is

complete, there exists x € X such that lim z, = x.
n—oo

In what follows, we check that z is a fixed point of S. By means of (ii) and (7),
we have a(xy,,x) > n((x,, z) for all n € N. From the contractive condition it follows
that H(Szy, Sx) < w(M(xy,z)). In addition, evidently, d(xy+1,S%) < H(Sz,, Sx)
for n € N. Consequently, one has

d(xpt1,57) < w(M(xp,x)).
Note that

M(wn, 2) < max {d(wn, 2), d@n, 0 11), d(w, Sv), Loasl bl ppllsam) 5o |

By the continuity of the distance and w, letting n go to infinity, we obtain
d(z,Sz) <w(d(z, Sx)).

This reduces that d(z, Sz) = 0. Finally, by virtue of the fact that .S is approximative,
there exists u € Pgy(x) such that d(z,u) = 0, i.e., w = z and hence u is a fixed point
of S.

Theorem 4.5. Let X be complete, Ay be closed, T : A — 2B have prozimal ap-
proxzimative values and g be isometry with Ay C g(Ao). If T(Ao) C By, (i) and the
following conditions hold
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(I) there exist xg € Ag and x1 € P(xo) such that a(xg, 1) > (o, x1);

(I1) T is a-prozimal admissible with respect to n on A;

(ITI) T is one of a-n-gpi-contractions fori=1,2,...,8;
then T has a generalized best proximity point x € A. Further, there exists the sequence
{zn}, defined by d(gxn41,Txy) = d(A, B) forn > 1, that converges to the element x.
Proof. In the light of Lemma 2.8, it suffices to verify that B has a fixed point. Lemma
4.3 guarantees that B satisfies the contractive condition of Lemma 4.4. Moreover,
(I) implies the validity of (i). Therefore, 8 meets all conditions of Lemma 4.4 which
guarantees that 3 has a fixed point in Ag. This proof is complete.

Example 4.6. Let X = [0, +00) x [0, 00) be endowed with the usual metric. Suppose
that A = {(1/2,2) : 0 < x < 400} and B = {(0,2) : 0 < x < +00}. Then T : A — 25
defined by
. {(0,2):0<z<a}, ac[0,1]/{L:neN},
T(Q,a>: (O,Q—l2 ae{%:neN},
{(0,22): 0<x <a?®}, a>1,

~—

has a best proximity point in A.
Proof. Define av: A x A — [0,00) as follows

1, z,ye{(t,a):0<a<1},
0‘(1779):{ {(za) J and n(z,y) =

N | =

0, otherwise
Notice that d(A, B) = £, Ao = A, By = B and T(Ag) C By. Also,
{(Fw):0<u<g}, ac(0,1]/{L :neN}

(% %), aE{%:nGN},

a

=
/N
N —
Q
N
Il

(tw)0<usa), az1,
{(3.8)}, a€l0,1/{} :neN}

‘J3<;,a) = (l,a%), 6{% n € N},
{(z:a)}, ax1

It is easy to check that T is a-proximal admissable with respect to n and (I) is valid
with xg = (%, %) and x1 = (;, 8) Moreover, it is easy to see that T is an a-n-gp6-
contraction with w(t) = % for t > 0. Now all conditions of Theorem 4.5 are satisfied
with g = I and hence T satisfies the result of Theorem 4.5.

It is worth noting that T" given in Example 4.6 is not a-proximal admissible in the
sense of [4, 28, 26]. Consequently, Theorem 4.5 generalizes and improves the main
results in [4, 28, 26]. In addition, if n(z,y) =1 (resp. a(x,y) = 1), then the condition
(ii) is changed into

(IV) for any sequence {z,} C X converging to € X and «(xy,,x,11) > 1 (resp.

N(Xp, Tnt1) < 1) for all n € N, we have a(xy,,z) > 1 (resp. n(zy,z) < 1) for
all n € N.
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Corollary 4.7. If n(z,y) = 1 (resp. a(z,y) = 1), then, under Theorem 4.5 with
(IV) instead of (ii), we obtain the result of Theorem 4.5.

Corollary 4.7 extends and improves the main results in [22, 26] and implies the fol-
lowing results.

Corollary 4.8. Let X be complete, Ay be closed, T : A — 28 have prozimal approz-
imative values and g be isometry with Ay C g(Ao). If T(Ao) C Bo, (1), (IV) and the
following conditions hold
(I') T is a-proximal admissible;
(IIT’) there exists w € Q such that, for any z,y € A and u € PB(z), one possesses at
least an element v € P(y) such that

a(z,y)d(u,v) < w(N(z,y,u,v));
then the result of Theorem 4.5 holds.

We observe that Corollary 4.8 is an extension and improvement in the contractive
sense of main results in [3, 31]. In addition, it is interesting to deduce the following
especial corollaries.

Corollary 4.9. Let X be complete, Ay be closed, T : A — 28 have prozimal approz-
imative values and g be isometry with Ay C g(Ao). If T(Ao) C Bo, (I), (II), (IV)
and the following condition hold: for any x,y € A and u € P(x), one possesses at
least an element v € P(y) such that

(0fay) + ) < (14 V)
with w € Q and the constant ¢ > 0, then there exists an element x € A such that
d(gz,Tx) = d(A, B).
Proof. Let a(x,y) > 1. Then our hypothesis implies that
(146" < (afa,y) + )1 < (14 )40,

This yields that d(u,v) < w(N(x,y,u,v)) and hence T is a-1-gp6-contractive. Now
the conditions of Corollary 4.7 hold and hence T has a generalized best proximity
point.

Corollary 4.10. Let X be complete, Ay be closed, T : A — 28 have prozimal
approzimative values and g be isometry with Ay C g(Ap). If T(Ay) C By, (I), (II'),
(IV) and the following condition hold: for any z,y € A and u € P(x), one possesses
at least an element v € P(y) such that

(d(u,v) + ¢)*@Y) < (N (x,y,u,v)) + ¢
with w € Q and the constant ¢ > 0, then T has a generalized best prozimity point in

Aop.

Lemma 4.11. Suppose that g : A — A is an isometry, a,n : X x X — [0,+00),
T : A — 2B satisfies T(Ag) C By and
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(V) there exist w € Q and 8 € [0,00) such that for all z,y € A and u € P(z), one
possesses an element v € P(y) such that
n(z, Tx) =: injf n(z,u) < a(z,y) implies d(u,v) < w(d(z,y))+B[d(Tz, gy)—d(A, B)].
uel'z
(11)
Then B satisfies the following conclusion
(iil) for any z,y € A and a(z,y) > n(x, Tx) implies
H(B(x), B(y)) < wld(z,y)) + Bld(Tz, gy) — d(A, B)]
with B > 0 and w € Q
and vice versa if T~ has approzimative values on Ag.
Proof. Let x,y € Ag be any given. For any € > 0, there exists u € B(z) such that (3)
is valid. By means of (V) for w € Q and 3 > 0, one possesses an element v € B(y)
such that (11) holds. Therefore, by (3) and the nondecreasing of w we have

w ( s )d(u*,wy») < w(d(w,By)) +) < wldwv) +o). (1)

Note that the continuity of w, we can put w(d(u,v) +¢) = w(d(u,v)) + o(e), where
o(e) stands for the infinitesimal of . substituting this for (12), we have

w( sup d(u*,%(y))) < w(d(z,y)) +o(e)

u*€P(x)
< w(d(z,y)) + Bld(Tz, gy) — d(A, B)] + o(e).
Let ¢ — 0, we have

u* €P(x)

We can similarly infer

w ( sup d(u*v‘ﬁ(y))> Sw(d(z,y)) + Bld(Tz, gy) — d(A, B)].
) <w(d(z,y)) + pld(Tz, gy) — d(A, B)].

w( sup d(v*,B(z))
v E€P(y)

Hence
o(H(B(x), B(y))) < wld(z,y)) + Bld(Tz, gy) — d(A, B)].
This yields that 3 satisfies (iii).
Conversely, if T* has approximative values and is gl-contractive, then ¢ has
approximative values and, for any u € 9B(x), there exists v € T*y such that
d(u,v) = d(u,B(y)). On the other hand, one has

w(d(u,P(y))) <w ( Sup )d(u*,‘ﬁ(y))> < w(d(z,y)) + Bld(Tx, gy) — d(A, B)].

Therefore,
w(d(u,v)) < wld(z,y)) + pld(Tz, gy) — d(A, B)].
This implies that T meets (V).
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Lemma 4.12. Let X be complete, Ag be closed, g and T satisfy hypotheses of Lemma
4.11 with a,n: X x X — [0,+00) such that the following assertions hold:
(") there exist xg € Ag and x1 € P(xo) such that oo, x1) > n(xo, Txo);
(i") for any sequence {x,} C Ay with x,, € P(xp_1), lim x, = x € Ay and
n— oo
o ZTpy Tpy1) > N(Tn, Tay) for alln € N, we have afxn, x) > n((z, Tx) for all
n € N;
(iv) if alz,y) > n(x,Tx) for x,y € Ao, then, for any u € P(z), there exists
v € P(y) such that a(u,v) > n(u, Ty).
Then B has a fized point x. Moreover, there exists a sequence {x,} which satisfies
d(gzpy1,Tx,) = d(A, B) and li_>m Tp = X.
Proof. Let xg,x1 € Ap be given in ('), i.e., z1 € P(xo), a(xo, 1) > n(x0, Txo) and
d(xg,x1) = d(x0,B(z0)). By Lemma 4.11, P satisfies the contractive condition (iii)
and hence there exists w € ) such that

H(B(x0), B(21)) < w(d(wo, 1)) + Bld(gx1, Txo) — d(A, B)] = w(d(xo,21))-
By (iv), there exists xo € PB(x1) such that a(z1,z2) > n(xi,Tx1). Applying again
(iii), we have

HOB(1), B(r2)) < (d(ar, 22)) + BTy, g2) — d(A, B)] = w(d(zs, 72)).

Proceeding this manner, we can construct a sequence {xz,} in Ay with z,, € B(z,—_1)

satisfying H(P(xn), B(rnt1)) < w(d(@n,nt1)), (@n, Tng1) > n(zn, Tx,) and
d(p, Tnt1) = d(z,,Tx,). Note that Ag is complete, as an analogy of the proof
of Lemma 4.4, we have verified that there exists z € Ag such that li_>m T, = x. In
n oo

view of oy, Tpt1) > n(xn, Tx,) and (ii’) we have

a(Tp,x) > n(x,Tx), n=1,2,.... (13)
In order to check that x is a fixed point of 3, By means of (13) and the contractive
condition (iii) it follows that
H(B(2n), B(2)) < wld(@y, )+ Bld(gzn, Tx) — d(A, B)] < w(d(zn, )+ Bd(Tn+1,2).

In addition, evidently, d(zp4+1,B(z)) < H(B(zn), P(x)) for n € N. Consequently,
one has

d(%ﬂﬁﬁ(m)) < w(d(xnv 33)) + Bd(anrh 33)
By the continuity of the distance and w, letting n go to infinity, we obtain
d(z,B(z)) = 0.
Finally, by virtue of the fact that 93 is approximative, there exists u € (x) such that
d(z,u) =0, i.e., u = z and hence x is a fixed point of .
Now Lemma 2.8 immediately infers the following result.
Theorem 4.13. Under the hypotheses of Lemma 4.12, T has a generalized best
proximity point x. Moreover, there exists a sequence {x,} which satisfies

d(gzpy1,Tx,) =d(A,B) and lim z, = .
n—oo
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Corollary 4.14. Let X be complete, g : A — A be an isometry with Ag C g(Ap) and
Ao bounded closed. If T : A — 2B satisfies that, for all x,y € A and u € P(x), one
possesses an element v € P(y) such that

m[d(x,Tm)—d(A, B)] < d(z,y) implies d(u,v) < ad(z,y)+B[d(Tz, gy)—d(A, B)]

with a € (0,1) and f € (0,00), then T has a generalized best proximity point x.
Moreover, for any element £ € Ay, there exists a sequence {x,} that satisfies

To = Ea d(gxna Txn—l) = d(A, B)
form=1,2,... and li_>m T, = T.
Proof. Note that g(Ap) is bounded closed, too. For z,y € X, define

(s y) = m[d(az,y) —d(A,B)], z¢€ A7y € B,
7 d(z,y), otherwise,
| max{d(z,gy):z,y € Ao}, z,y € Ao,
o(z,y) = { d(z,gy), otherwise

and w(t) = at with a € (0,1) and ¢t > 0. For =,y € Ay, it is easy to see that

for each 2 € Ay and each y € T*z which can infer that o and 7 satisfy (i) and
(iv). To check (ii’), taking the sequence {z,} and z given in (ii’), we have to check
n(z, Tx) < a(ry,z). In fact, we have Tx C By, which deduces that there exists
u € Ag such that d(u,Tz) = d(A, B). Since Ay C g(Ap), there exists z € Ay such
that u = gz. We obtain

d(vax) - d(AvB) < d(x,u) + d(u,TﬁL‘) - d(AﬂB) = d(:c,gz) < O‘(xnax)'

This guarantees that n(z,Tz) < a(z,,z). In addition, our assumptions guarantee
that T satisfies (V) for a given 8 € (0,00). Consequently, all conditions of Theorem
4.13 are satisfied. Thus, x is a best proximity point of 7" by Theorem 4.13. This
completes the proof.

Corollary 4.14 includes Theorem 3.1 of [20, 21].

Example 4.15. Let X = R with the usual metric and g = I. Suppose A = {0,1,4}
and B = {-1,2,3} U [5,+00). Then, A and B are nonempty and A is bounded
closed subsets of X, Ag = A and By = {—1,2,3,5}. We note that, d(A, B) = 1. Let
T : A — 25 be a set-valued mapping defined by

| B,+0), z=0,
T = { {-1,2}, z=14.

Then T%(0) = B(0) = {4}, T*(1) = T*(4) = {0,1} and P(1) = P(4)
If (z,y) = (0,1) and (u,v) = (4,1), then, we have d(u,Tz) = d(v
Now, if a = %,ﬂ = 2, then
1
1+a+p

.
»Ty) = d(A7 B)

ld(z, Ta) — d(A, B)] = ; < 4> 1=d(z,y),
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i.e., T satisfies the proximal contraction in Corollary 4.14. Thus, T" has a best prox-
imity point z = 1.

It is interesting to note that the non-self set-valued mapping 7T is not a proximal
gi-contraction since T* is not single-valued by Lemma 2.9(a3).

5. APPLICATIONS

In this section, as an application of our results, we will discuss the existence of best
proximity points in a partially ordered complete metric space (X,d, <). To wit, we
first recall the following notions:

Definition 5.1. For two subsets X7, X5 of X, we write X; < X5 if for each z € X
and each y € X5 it follows that z < y.

A multivalued mapping 7 : X — 2% is said to be nondecreasing (nonincreasing) if
2 <y implies that Ta < Ty (Ty < Tx) for all z,y € X.

T is said to be monotone if T' is nondecreasing or nonincreasing.

Definition 5.2. A mapping 7' : A — 2B is said to be proximally nondecreasing
(nonincreasing) if

d(y1, Txy1) = d(A,B) » = y1 < yaly1 > y2),
d(yg,T$2) = d(A7B)

where x1,T2,y1,y2 € A.
T is said to be proximally monotone if T" is proximally nondecreasing or proximally
nonincreasing.

It is obvious that proximally monotone property deduces the monotone property
when A = B.

Lemma 5.3. Suppose that g : A — A is an surjective isometry and its inverse
nondecreasing, as well as, Ay C g(Ao) and T : A — 28 satisfies T(Ag) C Bo.
If T is prozimally nondecreasing (resp. mnomincreasing), T* is nondecreasing (resp.
nonincreasing). Vice versa if g is an identity.

The following theorem extends and improves the results in [12, 32, 33].

Theorem 5.4. Let (X,d, <) be a partially ordered complete metric space. Let A, B C
X be nonempty, Ay nonempty closed and g : A — A an isometry with Ay C g(Aop).
Let T : A — 28 with T(Ay) C By have prozimal approzvimative values and satisfy the
following conditions.

(ol) T is prozimally nondecreasing.

(02) One of the hypotheses (gpi) fori=1,2,...,8 holds when z,y € A withx <y
instead of any x,y € A.

(03) There exist elements xg € Ag and x1 € P(xo) such that z¢ < z7.

(04) If {zn} is a nondecreasing sequence in A such that x, — x, then x, < x.
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Then T has a generalized best proximity point © € A. Further, the sequence {x,},
defined by d(gxp+1,Tx,) = d(A, B) for n > 1, converges to the element x.
Proof. Let functions a,n: A x A — [0,400) be defined by, respectively,

1, x<y,

0, otherwise and n(z,y) = 1.

a(z,y) = {

Then we clearly obtain the following equivalences:

1. (I) in Theorem 4.5 and (03);
2

. (IT) in Theorem 4.5 and (ol);

3. (III) in Theorem 4.5 and (02);

4. (ii) in Lemma 4.4 and (04).
Now Theorem 4.5 guarantees that the desired result holds which completes the proof.
Remark 5.5. As mentioned in Remark 2.7, if T' is a single-valued mapping and set
pair (A, B) satisfies (weak) P-property, then each gi-contraction implies proximal gi-
contraction for ¢ = 1,2,...,8. In this sense, Theorem 5.4 includes the main results in

[15,

27]. Moreover, some existence theorems, as follows, Theorem 18 in [27], Theorem

2.1 and Theorem 2.2 in [15] are equivalent in the sense that deal with the same class
of mappings.
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