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1. Introduction

Banach’s fixed point theorem is the most celebrated result in Nonlinear analysis. It
shows that in a complete metric space, each contractive mapping has a unique fixed
point. This principle is used as a main tool for the existence of solution of many
non-linear problems. A great number of generalizations of this famous result appear
in the literature. On the one side, the usual contractive condition is replaced by a
weakly contractive condition, while, on the other side, the action space is replaced by
some generalization of standard metric space (b-metric space, partial metric space,
G-metric space, etc.).

A fundamental role in the foundations of the constructions is played by the fixed
point theorems in metric spaces. They have been intensively studied for quite some
time. The Banach fixed point theorem provides a technique for solving variety prob-
lems in mathematical science and engineering.

It is worth notice that S. Banach proved his famous result in 1922 (see [8]). Other
important year for fixed point theory is probably 1926 (see [12], [39]). The classical
Denjoy-Wolff theorem asserts that all orbits of a fixed point of holomorphic mapping
f : D→ D on the open unit disc D ⊂ C converge to a unique point η ∈ ∂D. Namely,
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this was the beginning of a research as well as an application of fixed point theory in
complex analysis.

Let X be a (nonempty) set and s ≥ 1 be a given real number. A function d :
X × X → [0,∞) is called a b-metric on X if it satisfies: d (x, y) = 0 if and only if
x = y, d (x, y) = d (y, x) and d (x, z) ≤ s (d (x, y) + d (y, z)), for all x, y, z ∈ X. In
this case, the pair (X, d) is called a b-metric space. Obviously, if s = 1, then b-metric
space is usual metric space. For more notions such as b-convergence, b-completeness,
b-Cauchy sequence in the framework of b-metric spaces, the reader is referred to [1]-[7],
[9]-[11], [13], [3], [16], [18]-[20], [22]-[27], [29]-[31], [34]-[38], [40].

In this section we give a detailed overview of the various contraction conditions
related to b-metric spaces.

For the convenience of the reader we repeat the relevant material from [1], thus
making our exposition self-contained.

We follow the notation used in [1] and denote by S the set of all mappings γ :
[0,∞) → [0, 1) with the property γ (tn) → 1, as tn → 0. This set is non-empty since
the function f : [0,∞)→ [0, 1) given by f (x) = 1

1+x belongs to S.

The following contractive condition is considered in [1, Definition 1.20].
Definition 1.1. [1] Let (X,�, d) be a partially ordered b-metric space. Two mappings
f, g : X → X are said to satisfy generalized b-order rational contractive condition if
there exists β ∈ S such that

s d(fx, gy) ≤ β(d(x, y))M(x, y) + LN(x, y) (1.1)

for all x, y ∈ X with x � y, where L ≥ 0,

M (x, y) = max

{
d (x, y) ,

d (x, fx) d (y, gy)

1 + d (fx, gy)

}
,

N (x, y) = min {d (x, y) , d (x, fx) , d (x, gy) , d (y, fx) , d (y, gy)} .
Here and subsequently, Ψ denotes the class of all nondecreasing mappings ψ :

[0,∞)→ [0,∞) satisfying limn→∞ ψn (t) = 0 whenever t > 0. If ψ ∈ Ψ, then ψ(t) < t
for t > 0 and ψ (0) = 0, as is easy to check (for details see [21]).
Definition 1.2. [1] Let (X,�, d) be a partially ordered b-metric space. Suppose that
f, g : X → X are two weakly increasing mappings and there exists x0 ∈ X such that
fx0 � gfx0. Assume that there exists ψ ∈ Ψ such that

s d(fx, gy) ≤ ψ(M(x, y)) (1.2)

holds, for all x, y ∈ X with x � y, where

M(x, y) = max

{
d(x, y),

d(x, fx)d(y, gy)

1 + d(fx, gy)

}
.

Then f and g are said to satisfy generalized b-order ψ-rational contractive condition.

Throughout the paper, Φ stands for the set of all functions ϕ : [0,∞) → [0,∞)
with the following properties: ϕ is right continuous, nondecreasing, and ϕ (t) < t for
every t > 0.

To facilitate access to the main results, we repeat Theorem 2.2 and Corollary 2.4
from [5] without proofs.
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Theorem 1.1. [5] Let (X,�) be a partially ordered set and there exists a b-metric
d on X such that (X, d) is a b-complete b-metric space. Suppose that s > 1 and
f : X → X is an increasing mapping with respect to � such that there exists an
element x0 ∈ X with x0 � f (x0). Assume that there exists ψ ∈ Ψ with the property
that

s d (fx, fy)
1 + sd (x, y)

1 + 1
2d (x, fx)

≤ ψ (M (x, y)) + LN (x, y)

holds for all comparable elements x, y ∈ X, where L ≥ 0,

M (x, y) = max

{
d (x, y) ,

d (x, fx) d (y, fy)

1 + d (fx, fy)

}
and

N (x, y) = min {d (x, fx) , d (x, fy) , d (y, fx) , d (y, fy)} .
If f is continuous, then f has a fixed point.

Corollary 1.1. [5] Let (X,�) be a partially ordered set and there exists a b-metric d
on X such that (X, d) is a b-complete b-metric space. Suppose that f : X → X is an
increasing mapping with respect to � for which there exists an element x0 ∈ X with
x0 � f (x0). Assume that there exists β ∈ S such that

1 + s d (x, y)

1 + 1
2d (x, fx)

· d (fx, fy) ≤ β (d (x, y))M (x, y) + LN (x, y)

holds for all comparable elements x, y ∈ X, where L ≥ 0,

M (x, y) = max

{
d (x, y) ,

d (x, fx) d (y, fy)

1 + d (fx, fy)

}
and

N (x, y) = min {d (x, fx) , d (x, fy) , d (y, fx) , d (y, fy)} .
If f is continuous, or, for any nondecreasing sequence {xn} in X such that xn → u ∈
X one has xn � u for all n ∈ N, then f has a fixed point.

Definition 1.3. Let (X, d, s) be a b-metric space. A mapping f : X → X is said to
satisfy b-Hardy-Rogers contractive condition if the inequality

d (fx, fy) ≤ a1d (x, y) + a2d (x, fx) + a3d (y, fy) + a4 [d (x, fy) + d (y, fx)]

holds, for all x, y ∈ X, where a1, a2, a3, a4 are nonnegative numbers with the property

sa1 + sa2 + a3 +
(
s2 + s

)
a4 < 1.

The next definition is a generalization being analogous with that from [15].
Definition 1.4. Let (X, d, s) be a b-metric space. A mapping f : X → X is said to
satisfy b-Hicks-Rhoades contractive condition if the inequality

d
(
fx, f2x

)
≤ µd (x, fx) ,

holds, for some µ ∈ (0, 1), and x ∈ Ofy =
{
y, fy, f2y, . . . , fny, . . .

}
, where y ∈ X.
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Essential to the proofs of fixed point theorems for the previous contractive condi-
tions are the following two lemmas.
Lemma 1.1. [19] Let (X, d) be a b-metric space with s ≥ 1, and {xn} a sequence in
X such that limn→∞ d (xn, xn+1) = 0. If {xn} is not a b-Cauchy sequence, then there
exist ε > 0 and two sequences of positive integers {n (k)} and {m (k)} such that the
following four sequences

{d
(
xm(k), xn(k)

)
}, {d

(
xm(k), xn(k)+1

)
}, {d

(
xm(k)+1, xn(k)

)
}, {d

(
xm(k)+1, xn(k)+1

)
}

exist and satisfy

ε ≤ lim inf
k→∞

d
(
xm(k), xn(k)

)
≤ lim sup

k→∞
d
(
xm(k), xn(k)

)
≤ εs,

ε

s
≤ lim inf

k→∞
d
(
xm(k), xn(k)+1

)
≤ lim sup

k→∞
d
(
xm(k), xn(k)+1

)
≤ εs2,

ε

s
≤ lim inf

k→∞
d
(
xm(k)+1, xn(k)

)
≤ lim sup

k→∞
d
(
xm(k)+1, xn(k)

)
≤ εs2,

ε

s2
≤ lim inf

k→∞
d
(
xm(k)+1, xn(k)+1

)
≤ lim sup

k→∞
d
(
xm(k)+1, xn(k)+1

)
≤ εs3.

Lemma 1.2. Let (X, d) be a b-metric space with s ≥ 1, and suppose that {xn} and
{yn} are b-convergent with the limits x and y, respectively. Then we have

1

s2
d (x, y) ≤ lim inf

n→∞
d (xn, yn) ≤ lim sup

n→∞
d (xn, yn) ≤ s2d (x, y) .

In particular, if x = y, then we have limn→∞ d (xn, yn) = 0. Moreover, for each
z ∈ X, we have

1

s
d (x, z) ≤ lim inf

n→∞
d (xn, z) ≤ lim sup

n→∞
d (xn, z) ≤ s d (x, z) .

Instead of using previous lemmas, in this paper, we will show that much more
subtle and convenient is the next, recent result.
Lemma 1.3. [26, Lemma 2.2], [38, Lemma 6] Let {xn} be a sequence in a b-metric
space (X, d, s) such that

d (xn, xn+1) ≤ µd (xn−1, xn)

for some µ ∈ [0, 1), and each n ∈ N. Then {xn} is a b-Cauchy sequence in (X, d, s).

The next lemma can be compared with the previous.
Lemma 1.4. [27, Lemma 1.12] Let (X, d) be a b-metric space and {xn} a sequence
in X such that all xn, n ≥ 0, are different. Suppose that there exist real nonnegative
numbers λ ∈ [0, 1) and c1, c2 such that the inequality

d (xm, xn) ≤ λd (xm−1, xn−1) + c1λ
m + c2λ

n

holds, for all m,n ∈ N. Then {xn} is a b-Cauchy sequence.

We will now show that the proofs of the most fixed point theorems in the context
of b-metric spaces become simpler and shorter if they are based on Lemma 1.3.
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2. Main results

Let (X, d) be a metric space and f a self-mapping on X satisfying some contractive
condition. It is of interest to know whether the corresponding Picard sequence for
f with initial point x0 ∈ X is a Cauchy sequence with respect to the contractive
condition.

In order to obtain the existence of fixed points of some mapping f , in quite a few
proofs, the basic idea is to consider the Picard sequence of f given by

{xn+1}n∈N∪{0} = {fxn}n∈N∪{0} = {fnx0}n∈N∪{0}
where f0x0 = x0.

It is clear that {xn}n∈N∪{0} is not a Cauchy sequence, if d (xn, xn+1) 9 0, as
n→∞.

Most of all, the proof falls naturally into the next parts. It is firstly shown that
the sequence {xn}n∈N∪{0} satisfies Jungck’s contractive condition, i.e. for all n ∈ N
(or n ≥ k for fixed k ∈ N) and λ ∈ [0, 1), holds the inequality

d (xn, xn+1) ≤ λd (xn−1, xn) , (2.1)

which implies

d (xn, xn+1) ≤ λnd (x0, x1) (2.2)

for all n ∈ N (or n ≥ k for fixed k ∈ N) and λ ∈ [0, 1). From this, it may be concluded
that {xn}n∈N∪{0} is a Cauchy sequence. Indeed, let n,m ∈ N and n > m. From (2.2),

we have

d (xm, xn) ≤ d (xm, xm+1) + d (xm+1, xm+2) + · · ·+ d (xn−1, xn)

≤
(
λm + λm+1 + · · ·+ λn−2 + λn−1

)
d (x0, x1)

= λm
1− λn−m

1− λ
d (x0, x1) ≤ λm

1− λ
d (x0, x1)→ 0, m→∞.

Since n > m, we obtain d (xn, xm)→ 0, as n,m→∞.
If {xn}n∈N∪{0} does not satisfy the condition (2.1), then it is enough to assume

that the corresponding Picard sequence of f is not a Cauchy sequence and according
to the following lemma, a contradiction is obtained.
Lemma 2.1. [2] Let (X, d) be a metric space and {xn} be a sequence in X such that
d (xn, xn+1)→ 0, as n→∞. If {xn} is not a Cauchy sequence in X, then there exist
ε > 0 and two sequences {nk} and {mk} of positive integers such that nk > mk > k
and the sequences

{d (xmk
, xnk

)} , {d (xmk
, xnk+1)} , {d (xmk−1, xnk

)} ,

{d (xmk−1, xnk+1)} , {d (xmk+1, xnk+1)}
tend to ε+, as k → +∞.

The previous lemma is important and widely used for assaying that the Picard
sequence of f under some contractive condition is a Cauchy sequence. There are a
large number of illustrations. We present just two of them.
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Example 2.1. Let (X, d) be a metric space and f : X → X a mapping on X with
the property

d (fx, fy) ≤ λmax {d (x, y) , d (x, fx) , d (y, fy) , d (x, fy) , d (fx, y)} ,

for all x, y ∈ X and λ ∈ [0, 1
2 ).

Obviously, if λ = 0, then every Picard sequence is a Cauchy sequence. Assume
that λ ∈

(
0, 1

2

)
. Let x0 ∈ X be an arbitrary. Define {xn}n∈N∪{0} by xn+1 = fxn.

We obtain tree cases:

1◦ d(xn, xn+1) ≤ λd(xn, xn−1);
2◦ d(xn, xn+1) ≤ λd(xn, xn+1) < d(xn, xn+1), which is impossible;
3◦ d(xn, xn+1) ≤ λd(xn−1, xn+1) ≤ λ(d(xn−1, xn) + d(xn, xn+1)), i.e.

d(xn, xn+1) ≤ λ

1− λ
d(xn−1, xn).

Since λ ∈
(
0, 1

2

)
, then (2.1) holds, and, consequently, {xn} is a Cauchy sequence.

Example 2.2. Let (X, d) be a metric space and f : X → X a mapping satisfying

d (fx, fy) ≤ d (x, y)− ϕ (d (x, y)) (2.3)

for all x, y ∈ X, where ϕ : [0,∞) → [0,∞) is a function with some continuity
properties and ϕ (t) = 0 if and only if t = 0.

Suppose that xn 6= xn+1 for all n ∈ N. We have

d (xn, xn+1) = d (fxn−1, fxn) ≤ d (xn−1, xn)− ϕ (d (xn−1, xn))

< d (xn−1, xn) .

Consequently, there exists d∗ such that 0 ≤ d∗ ≤ limn→∞ d (xn, xn+1) .
Assume that d∗ > 0. From the inequality

d (xn, xn+1) ≤ d (xn−1, xn)− ϕ (d (xn−1, xn)) ,

letting n tend to ∞, we obtain d∗ = 0, a contradiction.
If {xn+1}n∈N∪{0} = {fxn}n∈N∪{0} = {fnx0}n∈N∪{0} is not a Cauchy sequence,

then substituting x = xmk
and y = xnk

into (2.3), we have

d (xmk+1, xnk+1) ≤ d (xmk
, xnk

)− ϕ (d (xmk
, xnk

)) .

Letting k →∞ and by the continuity of ϕ, we obtain ε = 0, which contradicts ε > 0.

Remark 2.1. The elegance of the previous proof could be seen as an example of the
power of Lemma 2.1. Using this lemma, it should be pretty easy to obtain that every
Picard sequence is a Cauchy. The proofs are now shorter than they were before.

Now, we will focus our attention to b-metric spaces and show that some contractive
conditions imply that each Picard sequence of initial point x0 ∈ X is actually b-Cauchy
sequence in the given b-metric space (X, d, s). Our basic idea is to apply Lemma 1.3.
We present our first result.
Theorem 2.1. The contractive condition (1.1) implies that the corresponding Picard
sequence {xn}n∈N∪{0} is a b-Cauchy sequence.
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Proof. We can follow line by line the proof of Theorem 2.2 in [1]. Hence, we have
xn � xn+1 for all n ∈ N ∪ {0}. Further, it follows that

d (xn, xn+1) <
1

s2
d (xn−1, xn)

for all n ∈ N. From [26, Lemma 2.2], it may be concluded that {xn}n∈N∪{0} is a

b-Cauchy sequence.

Remark 2.2. We see at once that the condition (1.2) imposes a new better condition
for the proof of Theorem 2.2 from [1]. Indeed, (1.1) implies the inequality

d (fx, gy) ≤ 1

s2
M (x, y) + L1N (x, y) ,

where L1 = L
s , s > 1. For s = 1 we obtain the result in the standard metric space

but with a new proof.

The proof of the next lemma is straightforward and will be omitted.
Lemma 2.2. Let (X, d, s) be a b-metric space and f a self-mapping on X. The
following conditions are equivalent.

(A) d (fx, fy) ≤ a1d (x, y) + a2d (x, fx) + a3d (y, fy) + a4 [d (x, fy) + d (y, fx)] for all
x, y ∈ X and a1, a2, a3, a4 ≥ 0 with the property a1 + a2 + a3 + 2sa4 < 1.

(B) d (fx, fy) ≤ b1d (x, y) + b2d (x, fx) + b3d (y, fy) + b4d (x, fy) + b5d (y, fx) for all
x, y ∈ X and b1, b2, b3, b4, b5 ≥ 0 with the property b1 + b2 + b3 + (b4 + b5) s < 1.

Lemma 2.3. Let (X, d, s) be a b-metric space and f a self-mapping on X satisfying
the property (A). Then:

a) for arbitrary x0 ∈ X, the corresponding Picard sequence

{xn+1}n∈N∪{0} = {fxn}n∈N∪{0}
is a b-Cauchy sequence;

b) for all x ∈ X and some k ∈ (0, 1) holds the inequality

d
(
fx, f2x

)
≤ kd (x, fx) . (2.4)

Proof. a) Assume that xn 6= xn−1 for all n ∈ N. Substituting x = xn, y = xn−1 and
x = xn−1, y = xn, respectively into (A), we obtain

d (xn+1, xn) ≤ (a1 + a3 + a4s) d (xn, xn−1) + (a2 + a4s) d (xn+1, xn) (2.5)

and

d (xn, xn+1) ≤ (a1 + a2 + a4s) d (xn, xn−1) + (a3 + a4s) d (xn+1, xn) . (2.6)

Summing (2.5) and (2.6), we have

d (xn+1, xn) ≤ 2a1 + a2 + a3 + 2a4s

2− a2 − a3 − 2a4s
d (xn, xn−1) .

Since a1 + a2 + a3 + 2sa4 < 1, the inequality

2a1 + a2 + a3 + 2a4s

2− a2 − a3 − 2a4s
< 1
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implies 2 − β − γ − 2µs > 0. According to [26, Lemma 2.2], the condition (A) gives
that {xn}n∈N∪{0} is a b-Cauchy sequence.

b) To deduce (2.4) from (A), replace x and y by x and fx and then by fx and x,
respectively. We have

d
(
fx, f2x

)
≤ (a1 + a2 + a4s) d (x, fx) + (a3 + a4s) d

(
fx, f2x

)
,

and

d
(
f2x, fx

)
≤ (a1 + a3 + a4s) d (x, fx) + (a2 + a4s) d

(
fx, f2x

)
.

From the above inequalities, we conclude that d
(
fx, f2x

)
≤ kd (x, fx) for all x ∈ X

where

k =
a1 + a4s+ a2+a3

2

1− a4s− a2+a3

2

.

Since k < 1 if and only if a1 + a2 + a3 + 2sa4 < 1, the condition (2.4) is checked.

Remark 2.3. Note that Lemma 2.3 b) gives more. Namely, in this case, f has the
property (P ), i.e., F (f) = F (fn) . For more details see [17].

For the convenience of the reader we now repeat the relevant material from [28],
thus making our exposition self-contained.
Let (X, d) be a metric space.
CB(X) = {A | A is a nonempty, closed and bounded subset of X}
D (a,B) = inf {d (a, b) | b ∈ B ⊂ X}, a ∈ X
H(A,B) = max {sup {D (a,B) | a ∈ A} , sup {D (b, A) | b ∈ B}}, A,B ∈ CB(X).

It is easy to see that H is a metric on CB (X), called the Hausdorff-Pompeu metric
by d.

A set valued mapping T : X → CB (X) is said to be multi-valued contraction
mapping if there exists a fixed real number λ, 0 < λ < 1, such that

H (Tx, Ty) ≤ λd (x, y)

for all x, y ∈ X. A point x ∈ X is called a fixed point of T if x ∈ Tx.
For further information about the multi-valued mappings in b-metric spaces, we

refer the interested readers to the following papers: [4], [6], [18].
In the sequel we restrict our attention to [4, Theorem 2.1]. We will now show how

to dispense with the assumption of Geraghty contraction.
Theorem 2.2. Let (X, d) be a b-metric space and S, T : X → CB(X) two multivalued
mappings. If there exist β ∈ S and ψ ∈ Ψ such that the pair (S, T ) satisfies the
following inequality

ψ(s3H(Sx, Ty)) ≤ β(ψ(M(x, y)))ψ(M(x, y)), (2.7)

for all x, y ∈ X where

M(x, y) = max

{
d(x, y), D(x, Sx), D(y, Ty),

D(x, Ty) +D(y, Sx)

2s

}
,

then the corresponding Picard sequence with the initial point x0 is a b-Cauchy se-
quence.
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Proof. It is clear that (2.7) implies

H (Sx, Ty) ≤ 1

s3
M (x, y) , (2.8)

for all x, y ∈ X. Following the lines of the proof in [4, Theorem 2.1], we construct a
sequence {xn}N∪{0} in X such that x2i+1 ∈ Sx2i, x2i+2 ∈ Tx2i+1, i ∈ N ∪ {0}. We

obtain

d (x2i+1, x2i+2) ≤ 1

s3
d (x2i, x2i+1) (2.9)

and according to Lemma 1.3, we conclude that {xn}N∪{0} is a b-Cauchy sequence.

Remark 2.4. From (2.7) we have

0 < D (x1, Tx1) ≤ H (Sx0, Tx1) ≤ 1

s3
M (x0, x1) =

1

s3
d (x0, x1) ,

since M (x0, x1) = d (x0, x1) . Also, there exists x2 ∈ Tx1 such that

0 < d (x1, x2) ≤ H (Sx0, Tx1) ≤ 1

s3
d (x0, x1) .

From [4, Theorem 2.1], we obtain that the sequence {xn}n∈N∪{0} satisfies

d (xn, xn+1) ≤ µd (xn−1, xn) ,

where µ = 1
s3 and n ∈ N.

It is clear that (2.7) implies (2.8). This can be a considerable improvement of [4]
since we exclude the Geraghty condition and obtain much shorter proof.

Remark 2.5. Note that the proof of Theorem 2.1 in [4] is not correct. Namely, on
page 11, line 4+, D (x∗, Tx∗) is not necessarily equal with limn→∞D (xn, Tx

∗) .

Acknowledgements. The research of the first author was supported in part by Ser-
bian Ministry of Science and Technology (Grant numbers #174024). Third author
is pleased to acknowledge the support of ”the support of Distinguished Scientist Fel-
lowship”. The authors wish to express their gratitude to the the anonymous reviewer
for valuable comments and helpful advices.

References

[1] M. Abbas, I.Z. Chema, A. Razani, Existence of common fixed point for b-metric rational type
contraction, Filomat, 30(6)(2016), 1413-1429.

[2] A. Aghajani, M. Abbas, J.R. Roshan, Common fixed point of generalized weak contractive

mappings in partially ordered b-metric spaces, Math. Slovaca, 64(2014), no. 4, 941-960.
[3] R. Allahyari, R. Arab, A.S. Haghighi, A generalization on weak contractions in partially ordered

b-metric spaces and its applications to quadratic integral equations, J. Inequal. Appl. 2014,
2014:355.

[4] E. Amer, M. Arshad, W. Shatanawi, Common fixed point results for generalized α∗-ψ-
contraction multivalued mappings in b-metric spaces, J. Fixed Point Theory Appl., 19 (4),

3069-3086.
[5] A.H. Ansari, A. Razani, N. Hussain, Fixed and coincidence points for hybrid rational Geraghty

contractive mappings in ordered b-metric spaces, Int. J. Nonlinear Anal. Appl., 8(2017), no. 1,
315-329.
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