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1. INTRODUCTION

The classical Banach contraction principle is a very useful tool in nonlinear analysis
with many applications to integral and differential equations, optimization theory,
and other topics. There are many generalizations of this result, one of them is due
to A.L. Perov [16] and consists in replacing usual metric spaces by spaces endowed
with vector-valued metrics. According to this result, if a space X is a Cartesian
product X = X x--- X, and each component X, is a complete metric space with the

105



106 SANA HADJ AMOR, RADU PRECUP AND ABDELHAK TRAIKI

metric d;, then instead of endowing X with some metric § generated by dq,--- ,d,,
for instance any one of the metrics

P

F(x,y) = (Zdi(iﬂmyi)p> , (1<p<oo),

5w($7y) = maX{dl(fUhyl)»"‘ adn(xnayn)}a

and applying Banach’s contraction principle in the complete metric space (X, J),
better results are obtained if one considers the vector-valued metric

d(l’,y) = (dl(xhyl)a T ,dn(In,yn))T

and one requires a generalized contraction (in Perov’s sense) condition in the vector-
matrix form

d(F(z), F(y)) < Ad(z,y), =,y€X,

where A is a square matrix of type m X n with nonnegative elements having the
spectral radius p(A) < 1. This approach is very fruitful for the treatment of systems
of equations arising from various fields of applied mathematics. The advantage of
using vector-valued metrics and norms instead of usual scalar ones, in connexion
with several techniques of nonlinear analysis, has been pointed out in [20]. Roughly
speaking, by a vector approach it is allowed that the component equations of a system
behave differently, and thus more general results can be obtained.

In his Ph.D. thesis [22], A. Viorel used generalized contractions in Perov’s sense
and gave a vector version of Krasnoselskii’s fixed point theorem [13] for a some of two
operators A and B, where A is a compact map and B is a generalized contraction.
Applications were given to systems of semi-linear evolution equations. Viorel’s result
was extended for multi-valued mappings in [17]. The proofs of these results combine a
vector version of the contraction principle (Perov and Perov-Nadler theorems, respec-
tively) with Schauder’s fixed point theorem for maps that are compact with respect
to the strong topology.

Alternatively, instead of the strong topology of a Banach space, one may think to
use the weak topology. Fixed point results involving the weak topology have been
obtained by many authors in the last decades (see, e.g., [2, 5, 4, 6, 8]). The purpose of
this paper is to extend the Leray-Schauder and Krasnoselskii’s fixed point theorems
to sums of generalized contractions and compact maps with respect to the weak
topology. Note that our technique can also be used to give vector versions of the
results in [3]. Next, motivated by the papers [6], [15] and [11], we give applications
of the theoretical results to a system of transport equations, and a system of mixed
fractional differential equations.

The paper is organized as follows: In Section 2, we present some notations and
preliminary facts that we will need in what follows. In Section 3, we first give a vector
version of the Leray-Schauder fixed point theorem for weakly sequentially continuous
mappings and then we extend Viorel’s result by using the weak topology. In Sections
3 and 4, we apply these results to a system of transport equations and a system of
mixed fractional differential equations.
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2. PRELIMINARIES

In this section, we recall from the literature some notations, definitions, and aux-
iliary results which will be used throughout this paper.

By a generalized metric space we mean a set X endowed with a vector-valued metric
d, that is a mapping d : X x X — R7} which satisfies all the axioms of a usual metric,
with the inequality < understood to act componentwise. In such a space, the notions
of a Cauchy sequence, convergent sequence, completeness, open and closed set, are
defined in a similar way to that of the corresponding notions in a usual metric space.

A mapping F : X — X, where X is a generalized metric space with the vector-
valued metric d is said to be a generalized contraction, or a Perov contraction, if there
exists a matrix (called Lipschitz matriz) M € M, (R,) such that M* tends to the
zero matrix as k — oo and

d(F(x),F(y)) < Md(z,y) forall z,yeX.

Here the vector d(x,y) and d(F (x),F (y)) are seen like all the vectors in R™ as
column matrices. Notice that a matrix M as above is called to be convergent to
zero, and that this property is equivalent (see [19]) to each one of the following three
properties:

(a) I — M is non-singular and (I — M) =T+ M+ M? +-.-.

(Here I is the unit matrix of size n).
(b) |Al < 1 for every A € C with det(M — AI) = 0.
(c) I — M is non-singular and (I — M)~! has nonnegative elements.

Notice that in view of (¢), a vector-matrix inequality like < Mz for a nonnegative
vector-column
= (z1,...,2,)7 € R%
first yields (I — M)z < 0, and then z < (I — M)~0, whence z = Ogx.
Recall Perov’s fixed point theorem which states that any generalized contraction
F on a complete generalized metric space (X, d) has a unique fixed point z*, and for
each x € X one has

d(Fk(x),z*) < M*(I — M)~ 'd(z, F(z)) for all k€ N.

Notice that, under the assumptions of Perov’s theorem, and if J is the identity map-
ping of X, the mapping J — F is bijective and (J — F)~! is continuous.

By a vector-valued norm on a linear space X we mean a mapping ||| : X — R’}
which satisfies the usual axioms of a norm, with the inequality < understood to act
componentwise. Any linear space X endowed with a vector-valued norm ||| is a
generalized metric space with respect to the vector-valued metric d (z,y) = ||l — y|| .
In case that (X, d) is complete, we say that X is a generalized Banach space.

In particular, if X = X; x --- x X,,, where (X, ||.|l;) is a Banach space for i =
1,---,n, then X is a Banach space with respect to the norm

[ = llzully + -+ ol
and a generalized Banach space with respect to the vector-valued norm

T
el = (aally s - llenll,)”
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where © = (x1,--,2,). On such a space one can define a vector measure of weak
noncompactness by

w (V) = (w1 (Vi) wn (Vo))"

for V=V x.--xV, and any bounded sets V; C X;, ¢ =1, - -, n, where w; is the
De Blasi measure of weak noncompactness on X; (see [8]). Recall that, if (Y, ].|y)
is any Banach space, the De Blasi weak measure of noncompactness wy (C) of any
bounded set C' C Y is given by

wy (C)=inf {r>0:there is a weakly compact set KCY such that C' C K+ By (0, r)} ,

where By (0,7) = {y € Y : |ly|ly, <r}. For completeness we recall some properties of
wy needed below (for the proofs we refer to [1]). Let C;,Cy C Y be bounded. Then

(i) Monotonicity: If C; C Cy, then wy (C1) < wy (Cy).

(ii) Regularity: wy (C7) = 0 if and only if C is relatively weakly compact.

(iii) Invariance under closure: wy (CY) = wy (C1), where C% is the weak closure
of Cl.

(iv) Semi-homogeneity: wy (AC1) = |Awy (C1) for all A € R.

(v) Invariance under passage to the convex hull: wy (conv(C1)) = wy (Ch).

(vi) Semi-additivity: wy (Cy + C2) < wy (C1) + wy (Ca).

(vii) Cantor’s intersection property: If (Cy)r>1 is a decreasing sequence of
nonempty, bounded and weakly closed subsets of Y with kgrfm wy (Cg) =0,

k=1 k=1
pact.

then () Ck # 0 and wy < N C’k> =0, i.e. [ Cy is relatively weakly com-
k=1

Throughout this paper, for a mapping F : D — X, where X is the Cartesian
product X; x - - - x X, of n Banach spaces and D = Dy x --- x D,,, for D; C X; a
weakly closed subset of X; (i =1,---,n), we shall say that F' is sequentially weakly
continuous if for any sequence (xk) C D such that xf — x; weakly in X;,¢1=1,---,n,
one has F; (;vk) — F; (z) weakly in X; fori=1,--- n.

3. FIXED POINT RESULTS

We first state a useful result in terms of the vector measure of weak noncompact-
ness.

Proposition 3.1. Let (Xj,|-||;,), i =1,---,n be Banach spaces, and let
X=X;x---xX,.

If F: X — X is weakly sequentially continuous and there is a matriz M € M, (Ry)
such that

|F(z) = F )l <Mz =yl foral z,yeX, (3.1)
then for any bounded sets V; C X;, i=1,---nand V =V; x--- X V,, one has
w(F(V)) < Mw(V). (3.2)
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Proof. For each i € {1,...,n}, denote a; = w;(V;). Then for any ¢; > 0, there exists
a weakly compact subset K; of X; such that V; C K; + Bx,(0,q; + ¢;). Hence, for
every x = (21, -+ ,&,) € V, there is an y = (y1,--+ ,yn) € K = K1 x -+ x K,, such
that [|z; — yill: < 041 +e fori=1,...,n Let F = (Fy,---,F,), where F; : X — X
and let M = (m;;)1<i j<n. Then using (31) gives

[Fi(z) — Fi(y)ll: < meij yill; < Zmu a; + &) (3.3)
J=1
As a result, F;(z) — Fi(y) € Bx;(0, Z ij(aj +¢€5)) for i =1,...,n. Hence,
i=

F;(z) € Fi(K) + By, OZm” (aj+¢e) |, i=1,...,n.
Consequently,

Fi(V) C F(K)+Bx, | 0, mij(aj+e;) |, i=1,....,n. (3.4)
j=1
Since F; is weakly sequentially continuous and K is weakly compact, we have
F;: K — X, is weakly continuous. Thus, F;(K) is weakly compact. As a result

Wwj (FZ(V)) SZmij(aj +Ej), 1= 1,...,71. (35)
j=1

Letting €; — 0 for all i yields

V)) < Zmijaj = Zmijo(‘/j), 1= 1,' N, (36)
j=1 j=1
or equivalently, in the vector form, (3.2). O

We now give some vector versions of the Leray-Schauder fixed point theorem for
weakly sequentially continuous mappings.

Theorem 3.1. Let (X;,|-||;), ¢ =1,---,n be Banach spaces. For eachi € {1,---,n},
consider a nonempty closed and convex set ; C X; and a weakly open subset U; of
Q; with 0 € U; such that UT“J is a weakly compact subset of ;. Let Q = Q1 X -+ X Qp,
D=U¢x - xU¥,
either

(i): F has a fized point, or

(ii): there existi € {1,---,n}, a point x = (z1,- - -, Tpn) € D with

x; € 0, U; = Uij"\ U;, and a number \ € (0,1) with x = \F(x).

and F : D — Q a weakly sequentially continuous mapping . Then,

Proof. Suppose (ii) does not hold. Let ¥ be the set defined by
Y={rxeD: x=\F(zx) for some X € 0,1]}.
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The set ¥ is non-empty because 0 € D. We will show that ¥ is weakly compact.
The weak sequentially continuity of F' implies that X is weakly sequentially closed.
For that, let (x,), be a sequence of ¥ such that =, — x weakly, z € D. For all
n € N, there exists a A, € [0, 1] such that x,, = A\, F(x,). Since A, € [0,1], we can
extract a subsequence (\n;); such that A\,, — X € [0,1]. So, A, F(z,;) — A\ (x)
weakly. Hence = AF(x) and € ¥. Let # € D. Since X¢ is weakly compact by
the Eberlein-Smulian theorem ([10], Theorem 8.12.4, p. 549), there exists a sequence
(rn)n C ¥ such that z,, — = weakly, so z € X. Hence ¥ = ¥ and ¥ is a weakly
closed subset of the weakly compact set D. Therefore, 3 is weakly compact. Because
X endowed with its weak topology is a Hausdorff locally convex space, we have that
X is completely regular ([21], p. 16). Since XN (Q\ Uy x --- x U,) = 0, then by ([12],
p. 146), there is a weakly continuous function ¢ : Q@ — [0, 1], such that p(z) = 1 for
x € X and p(x) =0 for x € Q\ Uy x --- x Up. Let F* : Q — Q be the mapping
defined by

Fr(z) = p(x)F(x),
Because dq,U; = 0q,U?, ¢ is weakly continuous and F is weakly sequentially contin-
uous, we have that F* is weakly sequentially continuous. In addition

F(Q) C conov(F;(D)U{0}).

Let D} = conv(F;(D) U {0}) and D* = Dj x --- x D;. It follows, using the Krein-
Smulian theorem (see [9], p. 434) and the weakly sequential continuity of F' that
D* is a weakly compact convex set. Moreover F*(D*) C D*. Since F* is weakly
sequentially continuous, it follows using the Arino et al’s. theorem [2] that F'* has a
fixed point xg € Q. If g ¢ Uy X -+ x Uy, p(x0) = 0 and xo = 0, which contradicts
the hypothesis 0 € Uy x -+ X U,. Then g € Uy x --- x U, and z¢ = ¢(x0)F(z),
which implies that xo € X, and so ¢(z9) = 1 and the proof is complete. O

In the next result, the weak compactness of the sets W is removed and replaced
by a stronger condition on F. The proof is standard and we omit it.

Theorem 3.2. Let (X;,|-||;), ¢ =1,---,n be Banach spaces. For eachi € {1,---,n},
consider a nonempty closed and convex set Q; C X; and a weakly open subset U; of
Q with0€U;. Let Q= Q1 x -+ xQp, D=U¥ x---xU¥, and F : D — Q a weakly
sequentially continuous mapping such that F(D) is relatively weakly compact. Then
the alternative result given by Theorem 3.1 holds.

Theorem 3.2 will now be exploited to derive a Krasnoselskii type fixed point theo-
rem which is the analogue for the weak topology of Viorel’s theorem [22], and a vector
version of Theorem 3.4 in [4].

Theorem 3.3. Let X;, Q;, U; (i = 1,---,n), Q and D be as in Theorem 3.1, and
X=Xy x--xX,. Let A: D — X and B : X — X be two weakly sequentially
continuous mappings such that:

(a) A(D) is relatively weakly compact;

(b) B is a Perov contraction;

(¢) (J—B)"A(D) c Q.
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Then, either

(i): A+ B has a fized point, or
(ii): there exist i € {1,---,n}, a point x = (z1,- - -, x) € D with
z; € Oo,U; = U \U;, and a number X € (0,1) such as & = MNA(z) +AB(%).

Proof. For any given « € D, let F, : X — X be defined by
Fo(y) = A(2) + Bly), yeX.
Using (b) we have
1Fe(y) — Fe(2) = [|1B(y) = B(z)| < M|y — z[|, forally,z € X,

where M is the Lipschitz matrix of B. This shows that F}, is a Perov contraction with
the same Lipschitz matrix M. Perov’s theorem guarantees the existence of a unique
point y, € X such that y, = A(z) + B (y,) . Let F': D — X be defined as

F(z)=vy,, z€D.
From (c), we have F(D) C Q. Notice that
F(x)=(J - B) 'A(z), z¢€D.

Our next task is to show that the mapping F := (J — B) ! A fulfills the conditions of
Theorem 3.2. Indeed, since from (a), the set A(D) is relatively weakly compact, it is
also a bounded set. Next using

I(J =B) M z) = (J =B) ')l < I = M) —y| foralzyeX,
we see that F(D) = (J — B)"'A(D) is also bounded. We now claim that F(D) is
relatively weakly compact. Indeed, from
F(D) c A(D)+ B(F(D)), (3.7
we obtain
w(F (D)) <w(A(D)+ B(F(D))). (3.8)
Further, taking into account that A(D) is relatively weakly compact and using the
property (vi) of w; we deduce that
w(F(D)) <w (A(D)) +w (B(F(D))) = w (B(F(D))). (3.9)
Now, by Proposition 3.1 and inequality (3.9), we get
w(F(D)) < Mw(F(D)).
So (I — M)w(F (D)) < Ogn. Since matrix M is convergent to zero, we then have
w(F (D)) = Ogr and so w;(F;(D)) = 0 for all ¢ € {1,---,n}. Consequently, F(D) is
relatively weakly compact as claimed.
Next, we show that F' : D — () is weakly sequentially continuous. To do so, let
(%), C D be such that ¥ — x; weakly as k — oo, for i = 1,- - -, n. Because F(D)
is relatively weakly compact, it follows by the Eberlein-Smulian theorem ([9], p. 430)

that there exists a subsequence of (z*) (still denoted by (2*)) and y € Q such that
F;(z*) — y; weakly, for i = 1,---,n. Now the weak sequentially continuity of B
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guarantees that B (F(ack)) — B (y) weakly. Also, from the equality BFF = —A + F,
it follows that

—A(z®) + F(z*) = —A(z) +y weakly.

So y = F(z). It is now easy to see that the whole sequence (F (z")) weakly converges
to F (x), which proves that F is weakly sequentially continuous. Finally, we note
that the fixed points of F' are the same as the fixed points of A + B, and that the
equation = AF (x), where & € D, is equivalent to the equation

x
z = M\(z) + \B (X) . O
Now we state a variant of the previous result where the assumptions on mapping B
are relaxed.

Theorem 3.4. Let X;, Q;, U; (i=1,---,n), Q, D and X be as in Theorem 3.3. Let
A:D — X and B: Q — X be two weakly sequentially continuous mappings such
that:

A(D) is relatively weakly compact;
A(D) c (J - B) (Q);

If (J — B)(zk) — y weakly, then (zy)r has a weakly convergent subsequence;
(d) J — B is invertible.

Then the alternative of Theorem 3.3 holds.

Proof. For any given y € D, define F': D — Q by F(y) := (J — B)"tA(y). F is well
defined by assumption (b). We show that F(D) is relatively weakly compact. For
any (yn)n C F(D), we choose (2,)n, C D such that y, = F(z,). Taking into account
assumption (a), together with the Eberlein-Smulian’s theorem (see [9], p. 430), we get
a subsequence (Y, (n))n Of (Yn)n such that (J — B)y,, (n) — 2 weakly, for some z € Q.
Thus, by assumption (c), there exists a subsequence ¥, (,,(n)) converging weakly to
yo € Q. Hence, F(D) is relatively weakly compact. Next, we show that F': D — ) is
weakly sequentially continuous. To do so, let (xk)k C D be such that xf — x; weakly
as k — oo, for i = 1,- - -, n. Because F(D) is relatively weakly compact, it follows
by the Eberlein-Smulian theorem [[9], p. 430] that there exists a subsequence of (x*)
(still denoted by (ack)) and y € Q such that F;(z*) — y; weakly, for i = 1,---,n. Now
the weak sequentially continuity of B guarantees that B (F(xk)) — B (y) weakly.
Also, from the equality BF = —A + F, it follows that

—A@z®) + F(z*) - —A(z) +y weakly.

So y = F(x). It is now easy to see that the whole sequence (F (mk)) weakly converges
to F' (x), which proves that F' is weakly sequentially continuous.

Consequently, using Theorem 3.2 we get either A+ B has a fixed point or there exist
ie{l,---,n},apoint x = (x1,- - -,x,) € D with z; € 9q,U; = U¥\U;, and a number
A€ (0,1) such as x = AA(z) + AB(%). O

Remark 3.1. Any Perov contraction B : Q — X, with B(f2) bounded, satisfies
condition (¢) in Theorem &.4. To prove this, assume that (J — F) (zy) — y weakly,
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for some (zx)r C Q and y € X. Writing xy, as x = (J — B) (x) + B () and using
the subadditivity of the De Blasi measure of weak noncompactness, we get
w({zr}) < w{(J = B) (zk)}) + w{ B (zx)}).

Since w({(J — B) (z)}) = Orn, we obtain w({zx}) < w({B(zk)}). On the other hand,
if M is the Lipschitz matrix of B, then

w({B(zx)}) < Mw({zr}).

It follows that (I — M)w({xr}) < Ogn, and then w({zx}) = Ogn. Consequently, {xy}
is relatively weakly compact and then by the Eberlein-Smulian’s theorem, it has a
weakly convergent subsequence. Hence, condition (¢) is satisfied.

As a consequence of Theorem 3.4 and Remark 3.1, we have the following result.

Corollary 3.1. Let X;, Q;, U; (i = 1,--+,n), Q, D and X be as in Theorem 3.3.
Assume that A : D — X and B : Q — X are two weakly sequentially continuous
mappings such that:

(1) A(D) is relatively weakly compact;

(2) B is a Perov contraction and B(2) is bounded;

(3) A(D)+ B(©2) C Q.

Then the alternative of Theorem 3.8 holds.

Notice that the vector versions of the original theorems applied to the product
space X = Xy x --- x X,, allow to use different measures of noncompactness on the
factor spaces X;, such is the case in paper [7].

4. APPLICATION I: SOLUTIONS OF A SYSTEM
OF NONLINEAR TRANSPORT EQUATIONS

We consider the following system:

v
a—(x,v) +o1(z,v, U (z,v), Ua(z,v)) — M Py (x,0)

v3
= l(x’v’vl7\111(x’1}/)7\IJQ(x’UI))dUI
U3

1
z
-
; (x,v) + oa(z,v, V1 (2,v), Ua(x,v)) — A Us(z,v)
r

9)
I,
ov
0]
/ Z(xavavla \Ijl(xvv/)v \IIZ(x,fU/))dvl

K
where (z,v) € D = (0,1) x K with K the unit sphere of R* z € (0,1), v =
(v1,v2,v3) € K, 75(.,.,.,.),j = 1,2 is a nonlinear function of ¥;, o;(.,.,.,.), j = 1,2
is a function on [0,1] x K x C? and Aj,J = 1,2 is a complex number. The boundary
conditions are modeled by

Yj ps :Hj(\IlleO), for j =1,2 (4.2)

where D? (resp. D) is the incoming ( resp. outgoing) part of the space boundary

and are given by 4 ) )
D' = Di U Dy ={0} x K* U{1} x K°,



114 SANA HADJ AMOR, RADU PRECUP AND ABDELHAK TRAIKI

D°=DY%uUD) ={0} x K°U{1} x K,
for
K'=Kn{vy<0} and K'=Kn{vz>0}.
We shall treat the problem (4.1)-(4.2) in the following functional setting: let
X := LY(D;dxdv),
and
Xt=rt (Di, |vg\dv) =Lt (Di, |U3|dv> oL (D;, \1}3|d1}> = X]® X3,

endowed with the norm

|mm:wwwwww:4ﬁmmmmﬁ@wumwm

and
X0 .= ! (DO, \v3|dv) = (D?, \v3|dv) ®L! (Dg, |v3\dv) = X0 @ XU,
endowed with the norm
W0 = 198y + 198y = [P0 )lfesldo+ [ pwa,o)lfeslde
KO K!
For each j € {1,2}, let H’ be the following linear bounded boundary operator defined
by:
H X% X — XioXi
Hj (5% _ Hf]l H§2 Ul
U H21 H22 U

where Hl]k € L(X?,X}), for I,k,j = 1,2. The boundary condition can be written as
Ul = HI(WY) for j = 1,2. Now for each j € {1,2} we define the streaming operator
Ty with domain including the boundary conditions
THj : D(THJ) Q X — )(7
ov
U +— Ty ¥(x,v) = v3—(x,v)

ox
D(Tyi) = {\I/ € X such that ¥? = Hj(\IJO)},

where U0 = (U0, U9)T and ! = (!, ¥1)T where W), U9, Wi and Wi are given by

Ut (v) =¥(0,v), forveK!,
Vi (v) = ¥(1,v), forve KY,
U0 (v) = ¥(0,v), forve KO,
Uo(v) = ¥(1,v), forve K.

Remark 4.1. For each j € {1,2}, the derivative of ¥ in the definition of Ty; is
meant in distributional sense.
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For each j € {1,2}, let )\% be the real defined by
i {0 if | B9 <1,
O\ - log(lHT|l) it ||HT(| > 1.
Proposition 4.1. For each j € {1,2}, we have
{)\ € C such that Re(X) < A\ = inf()\(l),)\g)} C p(Tys).
Proof. See reference ([5] Proposition 3.1). O
For our subsequent analysis, we need this hypothesis: For each j € {1, 2},
(A1) rj (ac,v,v',\Ill(x,v'),\Ilg(x,v')) = kj(z,v,0") f; (x,v',Lj(\Ill,\Ifg)(x,v’)),
with L; := (L*([0,1] x K))?> — L>([0,1] x K) is a continuous linear map and
{fj :0,1] x K xC2 — C
(z,v,u1,u2) —> fi(z,v,u1,u2).

is a mesurable function. The function &;(.,.,.),j = 1,2 is a measurable function from
[0,1] x K x K into R. It defines a continuous linear operator Fj,j = 1,2 by

Fji X — X

U — () (z,0) = / iz, v,0")V(z,v")dv (4.3)
K
Note that dz ® dv — ess — sup / |k (z,v,0")|dv" = ||Fj|| < oo.
(z,0)€[0,1]xK JK

Definition 4.1. A collision operator F}, j = 1,2 in form (4.3) is said to be regular if
the set

{Hj(.’l?, .,v") such that (z,v") € [0,1] x K}
is a relatively weakly compact subset of L*(K,dx).

We need also the following result which is an immediate consequence of Lemme 4.1
in [6] for o = 0.

Lemma 4.1. If the collision operator Fj,j = 1,2 is reqular on X, then (T —)\I)_le
is weakly compact on X, for Re(\) < Ao.

Definition 4.2. A function f : [0,1] x K x C?* — C is a Carathéodory map if the
following conditions are satisfied

(2,v) — f(xz,v,u1,us) is measurable on [0,1] x K, for all (u1,us) € C2
u +— f(x,v,u1,us) is continuous on C2, for almost all (x,v) € [0,1] x K.

If f satisfies the Carathéodory conditions, we can define the operator Ny on the
set of functions (¥, ¥s) : [0,1] x K — C? by

Ni(Uq, W) (x,v) = f(z,v, V1(z,v), ¥a(x,v)), for every (z,v) e [0,1] x K.
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The operator N is called the Nemytskii operator generated by f. We assume that
For each j € {1,2}, f; is a Carathéodory map satisfying
|fj(x,v7u1,u2)| < aj(xvv)hj(H(ulvu2)||L1><L1)’

where a; € L*([0,1] x K, dzdv) and

h; € LS (RT) a non-decreasing function.

(A2)

The interest that an operator satisfies the property (Asz) lies in the following lemma:

Lemma 4.2. For each j € {1,2}, let L; : (L'([0,1] x K,dzdv))?> — L>([0,1] x
K, dzdv) be a continuous linear map and let f; : [0,1] x K x C* — C be a map
satisfying the hypothesis (Az). Then the map

®; =Ny, 0L;: (L'([0,1] x K, dzdv))* — L'([0,1] x K, dzdv)
s weakly sequentially continuous.
Proof. Let (un,vn,) — (u,v) in (LY([0,1] x K,dzdv))?. By the Eberlein-Smulian
Theorem, the set G = {(un,vn), (u,v)}52, is weakly compact. Let us show that
®,(G),j = 1,2 is relatively weakly compact in L'([0,1] x K, dzdv). Clearly ®;(G) is
bounded, once

195 (ur, u2)ll e < llagllorhy (145111 (ur, wa)ll o)

Which also shows that ®;(G) is uniformly integrable. Since C? is reflexive, we get,
according to Dunford’s Theorem ([3] Theorem 7.10), that ®;(G) is relatively weakly
compact in L*([0,1] x K, dzdv). Up to a subsequence, ®;(un,v,) = w; € L1([0,1] x
K, dxdv). The idea is to show that actually w; = ®;(u, v). We know L; (uy,, v,,)(z,§) —
Lj(u,v)(z,€) in C for a.e. (x,§) € [0,1] x K. Since f is a Carathéodory map, then
D, (up,vn)(z,8) = D,(u,v)(z,§) in C for almost every (z,€) € [0,1] x K. Now we
shall conclude that w; = ®;(u,v) a.e. To this end, we start by throwing away a set
Ap of measure zero such that, for each j € {1,2} the space

Fj o= W(wj(([o, 1] x K)\ Ag) U, (u, v)(([0,1] x &)\ AO)>

is a separable and reflexive Banach space. The existence of such a Ay is due to Pettis’

Theorem. Let now {¢y} be a dense sequence of continuous linear functionals in F}.

By Ergorov’s Theorem, for each ¢y, fixed, there exists a negligible set Ay, such that

or(w;) = ¢r(P;(u,v)) in ([0,1] x K) \ Ag. Finally we define A = U2 A. In this

way A(A) = 0 and by the Hahn-Banach Theorem, w;(z,§) = ®;(u,v)(z,§) for all

(z,€) € ([0,1] x K) \ A. O
The following hypothesis will play a crucial role:

For j = 1,2, N;, is weakly sequentially continuous

and acts from B,, X B, into Erj

|Nt7_7‘ (\Illa \IIQ)(CU’ ’U)) - NUJ' (\Iﬂl» \IJIQ)(I'v U))|

< lpja (@, 0)[[W1 — Wi + [pj2(z, 0)|[¥2 — W)

where B, = {¥ € X such that ||¥| < r}

and pj»l('a ')a pj,Q('a ) € Loo(Da dl‘d’U),
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Let A be a complex number such that Re(\) < Ag. Then due to Proposition 4.1,
the mapping Ty, — A, j = 1,2 is invertible and therefore, the problem (4.1)-(4.2) is
equivalent to the following system:

Uy = F1 (M) (P, Ug) + Hi (A1) (T, Ta)

Uy = F2(A2) (W1, W2) + Ha(A2)(V1, Us) (4.4)

Uy € D(Ty1), Ve € D(Ty2), Re(A;) < Ao
where

Fi(Ng) o= (Tus — NI) " Es NG, Ly

{Hj(/\j) = (Tgs — NI TN, j=1,2

Now, the system (4.4) is equivalent to the following fixed point problem:

(U1, Ws) = F(A1, A2) (W1, Wa) + H(A1, A2)(Wq, Us)
(\1’17\1/2) S D(THl) X D(TH2), Re(/\J) < A for j=1,2

where

ron) = (F00) = (T - M- B

F1
Fa
wouw = (300) = (G ~3h-ac)

Theorem 4.1. Assume that Ay — As hold and that for j = 1,2, F; is a regular
operator on X. Let U,, x U,., be a weakly open subset of By, X B, with 0 € U, X U,,.
In addition, suppose that: for any solution (U1, ¥y) € X2 to

(01,3) = aF ) (2, 03) + ) (2,22

a.e. 0 <a<1, wehave (U1,¥s) ¢ 3§T1 U,, % 8§T2 Uy, (the weak boundary of Uy, in
B,,,j = 1,2) holds. Then there exists \* < Xo, such that for Re(\;) < A\*,j = 1,2
the problem (4.1) — (4.2) has a solution in Uy, x U, .
Proof. The proof will be given in several steps:
Step 1: The maps F (A1, A2) and H(A1, A2) are weakly sequentially continuous for
suitable A = (A1, A2). Indeed, we have for j = 1,2, N5, is weakly sequentially contin-
uous and for Re(\;) < Ao, the linear operator (Tg; — A\;)~',j = 1,2 is bounded, so
the operator
H(A1,A2) == (T — A1) "oy, (T2 — Al)"'Noy,)

is weakly sequentially continuous, for Re();) < Ao, j = 1,2. Moreover, using ([6] page
89), we have

F,A2) i= (T — MI) "' FING, Ly, (Tge — AoI) ' FoNy, L)
is weakly sequentially continuous, for Re(\;) < Ag,j =1,2.
Step 2: F\)(U,,” xU,,”) is relatively weakly compact in X x X. Using the hypoth-
esis (Az), we get Ny, L; (U.," xT,,”) is a bounded subset of X. So from Lemma 4.1
we have F(\)(U,,” x U,,”) is relatively weakly compact in X x X.
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Step 3: H (A1, \2) is a contraction mapping on B, x B,,.
Indeed, let (¥q,Us), (U], ¥%) € B, x B,,. We have

[H(A) (W1, Ta) — H(A) (T, Ta)|

<(TH1 = MI)THN_g, (¥1, ¥s) —/\/al(‘l”p‘l”z))H)
(T2 — A21) HN o (01, W) = N, (7, W5)) |
((THl = M) IV, (U1, ¥2) —Nol(W17W5)>
(T2 — A21) V= oy (W1, B2) = Nog, (W], B
< ((TH1 )™ ||(||pl,1||oo||‘P1‘I”1+||p1,2||oo||‘1/2‘1”2)>
S ATz = XD 7oz lloo %1 = 41| + [l p2,2lloc [ F2 — W)

_ Uy — U
< max (|(Tys — \oD)~! lp1,1 |00 ||,01,2||oo) <|| 1 1 )
;e (1T = XD 7D <||p2,1||oo P AN

< M|(Ty, W) = (¥ — B5)

where

M= (Trs — M)~ ezl
jmax ([[(Ts = XD) ”><||p2,1oo 92,2l

On the other hand, we have for Re()\-) <Xo,j=1,2,

o )
1(Trs — A i) | < Re ()\ ) ( 1 — eRe(\)IIHI|

(See [6], page 89 ). So, |(Tgs — A; ) T(Re(\;)) where

| <
1H]]
T

Clearly, T is continuous and satisfies thm T(t) = 0. Hence there exists A’ < 0 such
——00

that for Re();) < min(Ag, ), we have

Ti —Nj)~
(Jggv;} 1(Trs = Aj)
are small enough and so, M is a matrix convergent to zero. In conclusion, the operator
H (A1, A2) is a contraction mapping on B,., X B,,.
Step 4: We will show that for suitable A = (A1, A2), we have

FO U x Uy, ") + HA) By, % By,) C By, % B,
To do so, let (U1, Uy) € Uy, x Uy, and (@1, p2) € By, X By,. Then we have

[H(A (@1, 2) + FA) (¥, Vo)

Ji<k,i<2

_ (T — MI)"H(Nog, (p1, p2) + FiNy, L1 (¥, Us)

(T2 — Ao I) " Nog, (01, 02) + FoNy, Lo (¥, Us)
< ’(TH1 =MD (IN =6, (01, w2) [l + | Full][ (N, L 1(‘1’1,‘1’2))”))
S \UI(Taz = 22D 7| (IV=o, (01, 02) || + [ F2 ||| (N, L2 (1, ©2))|])
< (‘(THl =M 7H (Mo (r1,m2) + ||F1||(||a1||||h1||oo)>
S \U(Taz = XaD) 7| (Ma(ry,72) + ([ Fall([|azl] 22l )
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where for j = 1,2, M;(r1,72) denotes respectively the upper bound of N_,, on B,, x
B,,. So, for ReX; < min(\, A1), \; < 0, we obtain

IO (o1 02+ FON (B0, T)]| < max. T(Re(A,) (

Mi(r1,72) + ||F1||(||a1||||h1||oo)
Jje{1,2} 7

My (ry,72) + || F2 || (laz]|[| 22l

where Y is defined in step 3.

Thus, there exists A < 0 such that for Re();) < min(Xg, X', \”),j = 1,2, we have
H(A, A2) (1, 92) + F (A1, A2) (1, ¥2) C By, X By,

Consequently, for Re(\;) < A* = min(XAg, A, \”),j = 1,2 the mappings F (A1, A2) and
H (A1, A2) satisfy the assumptions of Corollary (3.1) on the nonempty bounded, closed
and convex subset B,, x B,,. Consequently the problem (4.1 — 4.2) has a solution
(,9) in By, x B,, for all A\ = (A1, \2) such that Re\; < \*,j =1,2. O

5. APPLICATION II: EXISTENCE OF WEAK SOLUTIONS

We discuss the existence of weak solutions for a coupled system of mixed fractional
differential equations

{ D‘1{ (Dgiu(t)) + fl(t7u(t)’v(t)) =0, (5.1)
DY (D2u(t)) + falt,u(t),v(t)) = 0; t € I :=[0,1],
with the following initial conditions:
{ D2 u(0) = DSt u(l) = D2 u(0) = D2 u(1) = 0, (5.2)
u(0) = /(1) = v(0) = v'(1) = 0;

where a > 1,8; < 2, for i = {1,2}, f1,f2 : I Xx E x E — E are given continuous
functions, E is a real (or complex) Banach space with norm ||.||g and dual E* such
that FE is the dual of a weakly compactly generated Banach space X. Let’s remember
that

DEA() = oy ()" (6= o s
and
a 1 d n ’ n—a—1
Dy 10) = ey )" =0 s

where n = [a] + 1, are, respectively, the right and left Riemann-Liouville fractional
derivatives of order o and

Is+f(t) = !

i [ - s

and ,
B0 = g [ (=07 (s

are, respectively, the right and left Riemann-Liouville fractional integrals of order «.
Let C(I, E) be the Banach space of all continuous functions w from I into E with
the supremum (uniform) norm. As usual, AC(I) denotes the space of absolutely
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continuous functions from I into E. Also by C(I, E)?> = C?, we denote the product
space of continuous functions with the norm

_ (llulle
o2 = ()
Let (E,w) = (E,o(E, E*)) be the Banach space E with its weak topology.

Definition 5.1. A Banach space X is called weakly compactly generated (WCG for
short) if it contains a weakly compact set whose linear span is dense in X.

Definition 5.2. ([18]) The function u : I — E is said to be Pettis integrable on I if
and only if there is an element u; € E corresponding to each J C I such that

o(uy) = /J o(u(s))ds

for all ¢ € E*, where the integral on the right-hand side is assumed to exist in the
sense of Lebesgue (by definition, uy = [; u(s)ds)

Let P(I,E) be the space of all E-valued Pettis integrable functions on I, and
LY(I, E) be the Banach space of Lebesgue integrable functions u : I — E. Define the
class P (I, E) by

Pi(I,E) = {u € P(I,E) : ¢(u) € L'(I, E) for every ¢ € E}

The space P (I, E) is normed by

1
lulp = sup /|¢(u<x>>|m,
PeE* |¢lI<1J0

where A stands for a Lebesgue measure on I. The following result is due to Pettis
(see [18], Theorem 3.4 and Corollary 3.41).

Proposition 5.1. ([18]) Ifu € Pi(I, E) and h is a measurable and essentially bounded
E-valued function, then uh € Py(J, E).

For all that follows, the symbol [ denotes the Pettis integral.

Proposition 5.2. Let E be a normed space, and x¢g € E with x¢g # 0. Then there
exists ¢ € E* with ||¢|| = 1 and ¢(xg) = ||xo]|-

Let us start by defining what we mean by a weak solution of the coupled system
(5.1) = (5.2).

Definition 5.3. A coupled function (u,v) € C? is said to be a weak solution of the
system (5.1) — (5.2) if (u, v) satisfies equations (5.1) and conditions (5.2) on I.

The following hypotheses will be used in the sequel:
(H;) For a.e. t € I, the functions u — f;(t,u,.) and v — f;(t,.,v);7 = 1,2 are weakly
sequentially continuous.
(Hg) For a.e. u,v € C(I, E), the functions t — f;(t,u,v),i = 1,2 are Pettis integrable
a.e. on I.
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(Hs) There exist p;; € C(I,[0,00)),i = 1,2, such that
| fi(t, ur(t), uz(t)) — fi(t, v1(t), v2 ()|l e < pa (8) lur () —v1 () || +piz(t) [|uz(t) —v2()] &

for a.e. t € I and each uq,us,v1,v2 € C.
Let

p;k] = Suppi,j(t)a Za] =1,2.
tel
We shall transform the system (5.1) — (5.2) to an equivalent system of integral equa-
tions. Consider the corresponding linear system:
Dy (Dgiui(t)) = —yilt), 0 <t <1,
DPiu;(0) = Dtug(1) = 0, u;(0) = uj(1) = 0,
here i € {1,2}.

Lemma 5.1. [11] Assume thaty; € C(0,1)NL1(0,1), fori € {1,2}, then the boundary
value problem (5.1) — (5.2), has a unique solution given by

ui(t) = /0 Gi(t, P)yi(r)dr + gi(t) /0 Ty (s)ds,

where
J R e L S
0
Ciltr) 1 0<r<t<l,
i\LT)= r
P(B:)T(a) tﬁfl/ (1—8)2(r s)"‘lds/t(ts)ﬁil(r )™ tds,
0 0
0<t<r<i1
t Bi—1
gi(t) = 7F(ﬁi)1r(a) (/0 (t=s) 1= 8)*Hds = ——— fr 5 2) :

Lemma 5.2. [11] The functions g; and G;, for all i € {1,2} are continuous and
satisfy the following properties:

1
0 < Gi(t,r) < ot hi Q)F(ﬁi)l“(a)’o <tr<l1
1
i) <0, 19Ol < g =T S S

Define the integral operators A and B on C? by

Aj (ur, uz) () By (u1,u2)(t)
A(UI,UQ)(t) = <A2(U1,U2)(t)) , and B(UI,UQ)(t) = <B2(u1’u2)(t)> s

where

As(u, us)(t) = /0 Gt ) fi (s (1), un () )

Bilu, us)(t) = g:(#) /O S fy (s, ua (), ua(5))ds.
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First notice that the hypotheses H; and Hs imply that the operators A and B are
well defined. By [11], The function u = (u1,u2) € C? is a solution of the system
(5.1) — (5.2) if, and only if, Au(t) + Bu(t) = u(t) for all t € I. Let R > 0 be such that

4L 4L }
(a+ B =2)T(B)I (@) (o + B2 — 2)T'(B2)T'(a)

where L = sup{|fi(¢,0,0)|,0 < t < 1,4 = 1,2}, and consider the closed subset of
(C(I,E))? defined by:

Br = {(u.0) € B I olle: < (1) }-

Theorem 5.1. Assume that hypotheses (Hy — Hs) hold. Let U be a weakly open
subset of Br. If

R>sup{

PiL + Do < 1

(a+pi =2)0(B)l(a) 4

for i € {1,2} and if for any solution (u,v) of (u,v) = AA(u,v) + AB(%, §) with

A € (0,1), we have (u,v) & Op,U,then the coupled system (5.1) — (5.2) has at least
one weak solution defined on I.

(5.3)

Proof. We shall show that the operators A and B satisfies all the assumptions of
Corollary 3.1. The proof will be given in several steps.

Step 1: A and B are relatively weakly compact. Let (u,,v,) be a sequence in Bg
and let (un(t),v,(t)) = (u(t),v(t)) in (E x E,w) for each t € I. Fix t € I, since the
functions f;,7 = 1,2 satisfy the assumption (H7), we have f;(t,u,(t),v,(t)) converge
weakly uniformly to f; (¢, u(t),v(t)). Hence the Lebesgue dominated convergence theo-
rem for Pettis integral implies that A(un,v,)(t) (respectively B(uy,v,)(t)) converges
weakly uniformly to A(u,v)(t) (respectively B(u,v)(t)) in (E x E,w), for each t € I.
Thus, A(un,v,) — A(u,v) and B(uy,v,) — B(u,v). Hence, A and B are weakly
sequentially continuous.

Step 2: The operator A is relatively weakly compact. Let U be a weakly open
subset of B such that 0 € U. Let (u,v) € U” be an arbitrary point. We shall prove
A(u,v) € Bg. Fix t € I and consider A(u,v)(t). Without loss of generality, we may
assume that A;(u,v)(t) # 0. By the Hahn-Banach Theorem there exists ¢ € E* with
[le]l = 1 such that ||A;(u,v)(t)||g = ¢(A;(u,v)(t)). Thus,

1
[ Ai(u, v) ()] £ S/O Gi(t,r)e(fi(r, u(r),v(r)))dr

1 1
< CADGIT@ Jy P~ 0.0)+ 0. 0)d

1
< * * L
— (Oé + 51, _ Z)F(ﬂZ)F(a) (p“”UHE +p12||UHE + )
paR+pHR+ L

= la+ f —2)L(BI0(@)
R
2

IN
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Let (A;(tn,v,)) be any sequence in A;(T"). Notice that U~ is bounded.
By reflexiveness, for each ¢ € I the set {4;(un,v,)(t),n € N} is relatively weakly
compact. Let (u,v) € U7,0 <t < s <1, we have

[Ai(u, v)(t) = Ai(u, v)(s) ]|l < /0 |Gi(t, ) = Gi(s, )l (filr, ulr), v(r)))dr
+ /: |Gi(t,7) = Gils, )l (fir, u(r), v(r)))dr

T / Gilt,r) — Gils, )il ulr), o(r)))dr
L

i—1 i—1 i i i
. (B A )y, ),
I3 () Bi—1 Bi
Consequently, ||A;(u,v)(t) — A;(u,v)(s)||g — 0, when ¢t — s, for all i € {1,2}. One
shows that {A(uy,,v,);n € N} is a weakly equicontinuous subset of C2. It follows now
from the Ascoli-Arzela Theorem that (A(uy,v,)) is relatively weakly compact.
Step 3: B is M —contraction and B(Bg) is bounded. Indeed, let (u,v) € U", then
by using hypothesis (Hs) it yields

[ Bi(u1, u2)(t) — Bi(vi,v2)(t)|

1
< Igi(t)l/0 s (fils ua(s), ua(s)) — fi(s,vi(s), va(s)))ds

pillur — villo + pillue — v2llc

(a+ Bi =2)(B;)I ()

Then
[ B(u1,u2) — B(vi,v2)llcz < Mlju—vl|c2
where . .
P11 P12
= | @t Br=2LBE) (@) (a+ b —2)L(5)T(e)
pSI p§2
(a+B2—-2)I'(B2)T' () (a + By — 2)I'(B2)T(cx)

Also as in step 2, we have
R
1Bi(u, v)O)le < 5

Step 4: Let (u1,us) € U and (v1,v2) € Bg.
It follows that A(uy,us) + B(v1,v2) € Br. Hence, the result follows.

Example 5.1. Let

oo

E:llz{u:(ulauQa'“ ,Un7"')7Z|Un|<OO}

n=1

be the Banach space with the norm

9]
lullm =) lunl-
n=1
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We consider the following coupled fractional order system
Di2(Dgun(t)) = falt, u(t),v(t))
Dy2(Dgvn(t )) = gn(t,u(t),v(t))
D 2un (0) = Dyfu,(1) =0 (5.4)
+Un( ) o+vn( )=0
ul, (1) = un, (0) = 0, v, (1) =v,(0) =0,
(a =1.2,61 = B2 = 1.9), where

c e~ (t45)
fu(t u(t),v(t) = — (te7un(t) + > ,

n 1+ v,(t)
and .
c te”
Wt ut), o) = — (——— ), tel
it 00) = 5 (1)
with
0.1¢*
w= (U, U, s Up, )y U= (01,0, ,Up, "), C:= 1 ['(1.2)1'(1.9).
Set

f: (flaf27"' 7fn7"') a’ndg: (glagQa"' 7gn7"')'
Clearly the functions f and g are continuous. For each u,v € F and t € I, we have

1 (¢, (8), ua () = £ (8, 01(8), v2(8) | 2 < e(e™ [Jua(t) —v1 ()| e~ uz(t) —va (1)),

lg(t ua (1), u2(t)) — g(t, v1(t), v2(t)) |5 < cte™®[lua(t) — va(t)]]

and

2
-

L=—ec¢
6
Hence, the hypothesis (H3) is satisfied with p}; = ce™7, piy = ce™®, p3; = 0 and

phy = ce™%. We shall show that condition (5.3) holds. Indeed:

P+ P 1
zS:u1p2 { (a+ B = 2)I(B:) () } = 8

So, all Conditions of Theorem 5.1 are satisfied. Let now U be a weakly subset of
Br, (R > —) Then the coupled system (5.4) has at least one solution (u,v) in Br
or for any solution (u,v) of (u,v) = AA(u,v) + AB(%, ) with A € (0,1), we have
(u,v) & O U. O
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