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Abstract. Let (X1,—) and (X2, <) be two L-spaces, U be a nonempty subset of X1 x X2 such that
Uy, := {x2 € X2 | (z1,22) € U} is nonempty, for each 1 € X;. Let T} : X1 — X1, T : U — X
be two operators and T : U — X x X2 defined by T'(z1,z2) := (T1(z1), T2(z1,z2)). If we suppose
that T(U) C U, Fr; # 0 and Fp,(y,,.) # 0 for each 1 € X1, the problem is in which additional
conditions T is a weakly Picard operator ? In this paper we study this problem in the case when the
convergence structures on X7 and Xo are defined by metrics. Some applications to the fixed point
equations on spaces of continuous functions are also given.
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1. INTRODUCTION

The purpose of this paper is to give some (partial) answers to the following
general problems.
Problem 1.1. Let (X;,—) and (Xs,<) be two L-spaces in the sense of Fréchet,
see e.g. [32]. Given T} : X; — X; and Ty : X1 X X5 — X5 we define the following
triangular operator

T:X; x X9 = X3 x Xy given by T'(z1,22) := (Th(x1), To(x1, 22)).

We consider the following problem:
We suppose that:
(i) the fixed point set Frr, := {u € X; : uw = T1(u)} of T3 is nonempty;
(ii) the fixed point set of the operator T5(z1,-) is nonempty, for each z; € Xj.
The problem is in which conditions the operator T' is weakly Picard.
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Problem 1.2. Let (X;,—) and (X2,—) be two L-spaces and U C X; x X3 be
a nonempty set, such that U,, := {22 € Xs : (z1,22) € U} is nonempty, for each
x1 € X1. Given T : X7 — X1, To : U = X5 and the triangular operator

T:U — X1 x Xo defined by T(x1,22) := (T1(x1), T2 (21, 22)),

we suppose that:
(i) Fr, is nonempty;
(ii) the fixed point set of the operator Ts(z1, ')Ile is nonempty;
(iii)) T(U) C U.
The problem is in which conditions T is a weakly Picard operator.

Problem 1.1 is well-known in the literature, see [10], [24], [40], [41], [42], [32], ... In
this paper, we will study Problem 1.2 in the case when the convergence structures —
and < are generated by metrics. Some applications of the fixed point equations on
spaces of continuous functions are also given.

The structure of the paper is the following one:

1. Introduction

2. Preliminaries

2.1. Weakly Picard operators
2.2. Standard fibre contractions
2.3. Applications of the standard fibre contraction
. Fibre contractions on metric spaces
. Fibre generalized contractions on metric spaces
. Fibre generalized contractions on some generalized metric spaces
. Technique of R’} -valued metrics in the theory of fibre contractions
. Applications.
hroughout the paper we shall use the notations and the terminology from [27],
, [31].

H N o oA W

32

2. PRELIMINARIES

2.1. Weakly Picard operators. Let (X, —) be an L-space, where X is a nonempty
set and — is a convergence structure defined on X. If T': X — X is an operator,
then we denote by Fr := {x € X : x = T'(z)} the fixed point set of T.

In the above context, T' : X — X is called a weakly Picard operator (briefly
WPO) if, for each z € X, the sequence of Picard iterations (T (z))nen converges
with respect to — to a fixed point of T. In particular, if Fr = {z*}, then T is called
a Picard operator (briefly PO).

IT: X — X isa WPO, then we define a set retraction 7°° : X — Fp by the
formula

T°°(z) :== lim T"(x).

n—oo

If T is PO with its unique fixed point z*, then T°°(X) = {z*}.

References: [27], [32], [26].
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2.2. Standard fibre contractions. We recall now the following standard fibre con-
traction theorem.

Theorem 2.1. Let (Xg,—) be an L-space. For m € N*, let (X;,d;), i € {1,--- ,m}
be complete metric spaces. Let Ty : Xo — Xo be an operator and, fori € {1,--- ,m},
let us consider T; : Xo X X1 X --- x X; — X;. We suppose that:
(1) Ty is a WPO;
(2) for each i € {1,2,--- ,m}, the operators T;(zo,...,xi—1,) : X; — X; are
l;-contractions;
(3) for each i€ {1,2,--- ,m}, the operators T; are continuous.

m m
Then, the operator T = (T, Th, -+, Tin) : HXi — HXi’ defined by
i=0 i=0

T(zo,...,2m) = (To(zo), T1(x0,x1),s .- ., Trn(T0, - -, Tim))
is a WPO. Moreover, when Ty is a PO, then T is a PO too.

References:

(1) fibre contractions: [10], [24], [32], [26], [42], ...

(2) fibre generalized contractions: [23], [35], [40], [42], .

(3) fibre generalized contractions on generalized metrlc spaces: [1], [2], [22], [25],
28], [33], [34), [39], -..
2.3. Applications of standard fibre contractions. The fibre contraction princi-
ples are essential tools in the study of regularity of solution of various equations, such
as: operatorial, differential, integral, functional differential, functional integral. See
[4], 5], [8], [13], [15], [14], [16], [17], [33], [37], [38], [43], [44], ..

There exists another direction of application of the fibre contraction principle, as
the following example illustrates.

Example 2.2. Let us consider the following functional differential equation

2/ (t) = f(t,x(t),z(t — h)), t € [a,a + 2h], (2.1)

with Cauchy condition
x(t) = (t), t € [a — h,a], (2.2)
where h > 0, f € C([a,a+2h] x R?), p € C[a— h,a] and there exists L > 0 such that
[f(t,u,0) = f(t,0,0)] < Llu —al, (2.3)

for all ¢t € [a,a + 2h], u,u € R.
We are looking for solutions z € Cla—h, a+2h]NC*[a, a+2h] of problem (2.1)-(2.2).
The problem (2.1)-(2.2) is equivalent with the following functional integral equation

tela—h,d

o(t) = so(a)+/ F(s,2(s),2(s — h))ds, t € [a,a-+2h]. 24
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Now we consider the operator V : Cla — h,a + 2h] — Cla — h,a + 2h] defined by
V(z)(t) := second part of (2.4).

By step method one proves that Fyy, = {z*}. The proof is as follow.

First we consider the operator Vi : Cla — h,a 4+ h| — Cla — h,a + h] defined by
Vi(z1) := V (&), where T € Cla — h,a + 2h] is such that %’[ harnl T

a—h,a+

By the Contraction Principle we have that Fy, = {z}} and V*(z) — a7} for all
29 € Cla — h,a + h).

Secondly, we consider the operator Va : Cla+ h,a+ 2h] — Cla+ h, a + 2h] defined
by

Va(x2)(t) :==zi(a+ h) + /+h f(s,za(s), 27 (s — h))ds, t € [a+ h,a+ 2h].

Again, by the Contraction Principle we have that Fy, = {z}} and V3*(29) — 2} as
n — oo, for all 3 € Cla+ h,a + 2h)].
It is clear that

™ (t) { 2i(t), tela—ha+h

x5(t), t€[a+ h,a+2h].

Let 2" := V"(2°), 2° € Cla — h,a + 2h]. The problem is in which conditions
" — ¥ as n — co?

Let Xy :=Cla—h,a+h], Xo := Cla+h,a+2h] and X := X; x X5 endowed with
suitable Bielecki norms. The following relations:

SD(t), . te [a—h,a]a
VO e+ [ 1(sa(s)pls = myds, 1€ faa+
and

a+h
V(@)(t) = pla) + / F(s,2(5). ol — h))ds
+

/t f(s,z(s),x(s — h))ds, t € [a+ h,a+ 2h]
at+h

suggest us to consider the following operators:
T1 : X1 — Xl, T1(.231) = V1($1),
TQZXl XXQ*)XQ,
defined by

a+h
Ty(arr, 22)(t) = () + / F(s,1(5), (s — h))ds

—|—/t f(s,z2(s),z1(s — h))ds, t € [a + h,a + 2h]
at+h

and
T: X1 X X2 — X1 X XQ, T(xl,ifz) = (Tl(xl),Tg(:vl,xg)).
By the standard fibre contraction principle (see Theorem 2.1), T' is a PO.
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Let R: X — X7 x X5 defined by

R(x) := <x|[a—h,a+h]’x|[a+h,a+2h]>
and
U:={(z1,22) € X1 x Xo | z1(a +h) =2x2(a+ h)}.
We observe that R(X) =U and R: X — U is an homeomorphism. Moreover we
have V = R7!TR and V" = R~'T"R. Since T is PO it follows that V is a PO.

For more considerations on this example, see [28]. For other applications of the
fibre contraction principle to integro-differential equations with delays see [9], [12],
(18], [36].

3. FIBRE CONTRACTIONS ON METRIC SPACES

For i € {1,2}, let (X;,d;) be two metric spaces, U C X; X X2 be a nonempty
subset, such that

le = {1‘2 € Xo | (3;1,332) S U} 7é @, for all z; € X;.
For two operators T7 : X1 — X3, Tb : U — X5, we consider the operator T : U —
X1 x X5 defined by
T(ZL’l, QCQ) = (T1 (271), TQ(IBl, ZL’Q))
For the problem formulated in Introduction, we have in this case the following
result.

Theorem 3.1. We suppose that:
(1) (Xo,d2) z's a complete metric space and U is a closed subset of X1 x Xo;

(2) T(U) C
(3) Ty is a WPO
(4) there exist L >0 and 0 <1 <1 such that
do(To(z1,22), To(71,72)) < Ldi(21,71) + ld2 (22, 2),
for all (z1,x2), (F1,%2) € U.
Then T is a WPO. If Ty is a PO, then T is a PO too.

Proof. Let (29,29) € U. Since Ty is W PO, the sequence z7 := TP (29) — 2% € Frp,
as n — oo. From (1), U+ is a closed subset of Xp. From (4), Ta(27,) : Upr — Uy
is an l-contraction. Let z its unique fixed point. It is clear that (z7,x3) € Fr.

Let 25T = Ty(2},2%). From (2) this sequence is well defined. We shall prove
that x5 — x5 as n — oco.

From (2) and (4) we have:

do(xy ™t 23) = do(To(27, 03), Ta (1, 23)) < Ld (2, 27) + lda(25, a3)
SLdl(w?,wT)H[Ldl( 1) +lda (e :vé)]
= Ldy («}, x}) + 1 Ldy (7 zl) +12d2( Loas)
< ... < Ldy(ab, o)) + 10dy (27 Y 2)) + ..+

+ 1" Ly (29, 7)) + 1" dy (29, 23) — 0 as n — oo.
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This follows from a well known Cauchy lemma (see [35]). O
By a successive application of Theorem 3.1 we have the general following result.

Let (X;,d;) (i € {1,...,m} where m > 2) be metric spaces and U; C X; X Xo,
U, Uy x X3,...,Upn_1 CU,;p_o x Xy, be nonempty subsets.
For x € X1, we define

Ui :={x2 € Xo | (m,22) € Uy },
for x € Uy, we define
Usy :={x3 € X3 | (z,23) € U}, ...,
and for z € U,,_2, we define
Un-1z :={2m € X | (x,2m) € Upn—1}.

We suppose that Ui, Uss, ..., Upn—1, are nonempty.
It Xy - Xy, T : U = Xo,..., T, : Up_1 — X,,, then we consider the
operator
T:Up1— X1 X Xg X.ooo X Xy,
defined by
T(x1,...,¢m) = (Th(z1), Ta(x1,22), . . ., Tin (1, @2, . o, T ).
The result is the following.

Theorem 3.2. We suppose that:

(1) form € N, m > 2 and fori € {2,...,m}, the pairs (X;,d;) are complete metric
spaces;

(2) forie{l,...,m — 1}, the sets U; are closed;

(3) (Tl,TQ, Ce ,n+1)(Ui) cU;, i€ {1, e, M — 1},

(4) Ty is a WPO;

(5) there exist Ly >0 and 0 <1; <1, i€ {l,....,m — 1} such that

dip1(Tia (2,y,), i1 (7,9) < Lidi(, T) + Lidia (y, 9),

for all (x,y),(Z,y) €Uy, i € {}, .ym — 1}, where d; is a metric induced by di,...,d;
on X1 X ... x X;, defined by d; := max{dy,--- ,d;}.
Then T is WPO. IfTy is PO, then T is a PO too.

Remark 3.3. Notice that the completeness of the metric space (X;,d;) is not re-
quired in Theorem 3.1 and Theorem 3.2.
4. FIBRE GENERALIZED CONTRACTIONS ON METRIC SPACES
Let us look to condition (4) in Theorem 3.1:
there exist L > 0 and 0 <[ < 1 such that :
do(To (1, 22), To(T1, T2)) < Ldi(x1, 1) + lda (22, T2), for all (z1,x2), (Z1,72) € U.

This condition suggest us to consider similar conditions coming from generalized
contractions. Here are some of such conditions:
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1
(4") there exist L > 0and 0 < < 3 such that

do(To(w1,72), To(T1,%2)) < Ldy(w1,71) + l[d2(T2(21, 72), 22) + d2(T2(T1, T2), T2)],
V (w1, 22), (21, T2) € U;
(4") there exist L > 0 and a comparison function, ¢ : Ry — R, such that
do(To (w1, 22), Ta(T1,72)) < Ldi(w1,71) + p(da(w2,72)), V (21, 22), (T1,72) € U.

As an example, in this section we shall study the problem in the case of condition
(4") of Kannan type. We have:

Theorem 4.1. We suppose that we are in the conditions of Theorem 3.1, where
instead of condition (4) we consider condition (4"). Then the operator T is WPO. If
Ty is PO then T is PO.

Proof. The proof is similar with that of Theorem 3.1. Let us prove that 5 — x3 as
n — co. We have that:

dQ(w;hLla m;) = d2(T2(x;vag>7T2(m>lkax;))
< Ldl(x?axi) + ldz(TQ(ﬂ]‘?,JjS),JiS)
< Ldy(xh, x7) 4 ldo (25 ab) + 1d(z, 3).

This implies that

n * n * l n *
do (a5, w3) < 1— ldl(l‘pxl) + mdﬂ%vﬂb)

L n * l L n— * n— *
Smd1($1a$1)+ﬁ |:1_ld1(xl 17171)+17_ld2(l’2 )
L n * l L n— *
< f_ldl(%a%)*li_l‘li_ldl(% Lap) 4.
! " L 0 % ! n 0 %
13 1_ld1(i’317$1)+ 1=1 da(23,23) — 0

as n — 0o, as above, by the Cauchy lemma.

5. FIBRE GENERALIZED CONTRACTIONS ON SOME GENERALIZED METRIC SPACES

The problem is to study the fixed points of operator which are fibre generalized
contractions on generalized metric spaces. Here, by a generalized metric we under-
stand a distance (dislocated metric, partial metric, quasimetric, pseudometric,...), a
vector-valued metric, cone-valued metric,... (see [7], [26], [31], [33], [42], ...).

As an example we shall study the problem in the case m = 2 and the metrics
having values in RY, p e N,p > 2.

Let (X1,d1) and (X3, d2) be two generalized metric spaces with dy : X7 x X1 — Rf_
and do : Xo X X5 — Rﬁ’r, U C X7 x X5 be a nonempty subset and, for x1 € Xy, the
set

le = {.’[,'2 € Xy ‘ (.Tl,xg) S U} 7& 0.
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For T1 : X7 — X7 and T3 : U — X5 we consider the triangular operator
T:U— X7 x Xo,
defined by
T(x1,22) := (T1(x1), To(x1, x2)).
For our problem we have the following result:

Theorem 5.1. We suppose that:
(1) (X2,d2) z's a complete metric space and U is a closed subset;

(2) T(U) C

(3) T is WPO

(4) there exist matrices L € RE*? and S € RE*P (where S has its spectral radius
S) < 1), such that:

dz(T2($17$2)7T2(51,§2)) < Ld1($1751) +Sd2(51;52), v ($17$2)7 (517»:52) eU.
Then T is WPO. If Ty is a PO, then T is a PO.

ol

Proof. Let (29,23) € U. Since Ty is W PO the sequence z7 := T7*(29) converges to
x] € Fr,. From (1), Ups C X3 is a closed subset. From (4), Ta(z7,-) : Upr — Us: is
a S-contraction. Let x3 its unique fixed point. We have that (z7,x3) € Fr.
Let (24, 28%2) = (Ty(2}), To(2}, 2%)). From (2), this sequence is well defined.
For to prove that T" is a W PO it is necessary to prove that 5 — x5 as n — oc.
From (2) and (4) we have:
da (x5t 3) = do(To(a7, 23), To(ay, 73))
< Ldy(z1,27) + SLdy (2771 23) + S2do (a1 a3) < ...
< Ldl(m”f,xl) + SLdl( 1‘1) +.
+ 8" Ldy (29, 23) + S" T do (23, 23) — 0

as n — 0o, by a generalized Cauchy lemma (see [23], [35]).

6. TECHNIQUE OF Rﬁ—VALUED METRICS IN THE THEORY OF FIBRE CONTRACTIONS

The basic tool in the proofs of various fibre contraction-type principles is the
Cauchy-Toeplitz Lemma (see [10], [23], [40], [42], [35], ...). In this section, we will
present a variant of the fibre contraction principle which is a consequence of Perov’s
fixed point theorem (see [26], [32], [20], [19], [42], ...) in complete R -valued metric
spaces. We think that this approach open a new door for the use of vector-valued
metrics in the theory of fibre contractions.

Let (X;,d;) (i € {1,...,m} with m > 2) be metric spaces and U; C X; x Xo,
U, CUp x X3,..., Upn_1 CUpn_o X X, be nonempty and closed subsets.

It X, - X1, T : Uy = Xo,..., Ty, : U1 — X,,, are given operators, then
we consider the operator T : U,,—1 — X7 X X5 X ... x X, defined by

T(l’l, e ,:z:m) = (Tl(x1)7T2(l’1,1172), e ,Tm((El,SCQ, e ,l’m))

In the framework of the Section 3’s notation we have the following result.
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Theorem 6.1. We suppose that:

(1) fori e {1,...,m} (where m > 2) the pairs (X;,d;) are complete metric spaces;

(2) (T1, s ,Ti+1)(Ui) c U, fOT each i € {1, e, m — 1},’

(3) there exists 1y €]0,1] such that di(Ti(x1),T1(Z1)) < lidi(z1,Z1), for each
xl,il S X1;

(4) there exist L;; > 0 and l;+1 €]0,1], fori e {1,--- ,m —1} and j € {1,--- ,i}
such that

dip1(Tiv1(z,y), Tipa(2,9)) < ZLz‘jdj(%,fﬁj) + liv1dit1(y, 9),
j=1

for each (z,y),(2,9) € U;, i € {1,...,m —1}.
Then, the triangular operator T : Up—1 — U1, T := (Th, T3, . .., Trn) is a Picard
operator with respect to the coordinatewise convergence on Uy, _1.

m

Proof. On X = H X;, we consider the R*-valued metric dy defined by
i=1

di (x1,91)

dV ({177 y) =

dm (mm, ym)

We notice first that dy induces on X the coordinatewise convergence. Secondly, from
(3) and (4) we obtain that

dv(T(ZL’),T(y)) < Sd\/(fﬂ,y), for every x,y € Um—la

where
I 0 0 . 0 0
Ly lo 0 .. 0 0
S = Loy Lo I3 - 0 0
mel 1 mel 2 mel 3 e mel m lm

Since the spectral radius of S is p(S) = max{ly,- -l } < 1, the matrix .S is convergent
to 0 and Perov’s theorem (see [32], [26], [19], [20]) applies. Thus, T is a PO. O

Since T is an S-contraction, we also have the following saturated variant of the
above theorem, see [30].

Theorem 6.2. In the conditions of Theorem 6.1, we also have the following conclu-
Stons:

(i) Pr = Frm = {z"};

(i1) T™(z) — x* as n — oo, for every x € Up,—1 (i.e., T is a PO);

(iii) dy (z,x*) < (I, — S)~tdy (2, T(x)), for every x € Up,_1;

(i) 2™ € Up—y and dy (2™, T(z™)) — 0 as n — oo implies that 2™ — z* asn — oo
(i.e., the fized point problem for T is well-posed);

(v) 2™ € Up—1 and dy(z"1,T(z™)) — 0 as n — oo implies that ™ — z* as
n — oo (i.e., the operator T satisfies the Ostrowski property);
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(vi) for each e € (R%)™ and each y: satisfying the inequation dy (y,T(y)) < € we
have that dy (y*,2*) < (I, — S) e (i.e., the fived point problem for T is Ulam-Hyers
stable).

For other types of saturated fibre contraction principle see [41].

7. APPLICATIONS

Let us consider the following Cauchy problem:
a'(t) = f(t,¢(2)(t)), t € [a,b], (7.1)

z(a) = a (7.2)
where (B,|-|) is a (real or complex) Banach space, f € C([a,b] x B,B), a € B,
¢ : C([a,b],B) = C([a,b],B) is a given operator.

‘We suppose that:
(Cy) 3 Ly >0:|f(t,u) — f(t,v)] < Lylu—vl|, Vt€la,b], u,v € B;
(C2) 3 Ly > 0: |o(y)(t) — ¢(2)(1)] < Ly max [y(7) — 2(7)], for all t € [a, b].

For a better understandmg of condition (Cg) we consider the following examples:

(Er) o(x) =
(E2) ¢(z)(t) := z(g(t)), t € [a,b], where g € C([a, ], [a,b]), g(t) <1, t € [a, b];
(Es) o(x)(t) = max |x(7)], ¢ € [a, b];

(Ex) Bi= R, 6(x)(t) i= max (), ¢ € [a,]

In all these cases, Ly = 1.
The problem (7.1) — (7.2) is equivalent with the following functional integral equa-
tion:

—a+/f ))ds, t € [a,b]. (7.3)
Let V : C([a,b],B) — C([a,b],B) be defined by

V(x)(t) := second part of (7.3).
For problem (7.1) — (7.2) we have the following result.

Theorem 7.1. In the condition (C1) — (C2) we have that:
(i) the problem (7.1) — (7.2) has in C*([a,b],B) a unique solution denoted by x*;
(i) the sequence x,, = V™(xq), n € N, converges in (C’([a,b],B) o ) to x*, for
each xg € B.

Proof. For m € N* we consider

k(b—
thi=a+ M7 k=€ {0,...,m}.
m
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Let X; = C[ti—1,ti], i € {1,...m}, X = HX“ endowed with the max-norm. We
i=1
consider the following subsets:

U1 = {(.’El,xg) S X1 X X2 | (El(tl) = .’Eg(tl)},
Uy = {(1'1,5[:2,1‘3) cU; x X3 | l‘g(tg) = .Z‘g(tg)},

Un-1:= {(1‘1;332’ cee ,J?m) €EUn—2 x X ‘ xmfl(tmfl) = xm(tmfl)}z
and

Uiy = {1172 e Xo | (17,1'2) S Ul}, for x € Xl,
Us, = {1’36X3 | (x,mg)EUg}, fOI‘CﬂEUl,...,
Un-1z :={xm € Xim | (x,2m) € Upn—1}, for x € Up_s.

We remark that U; # 0, U, # 0 and closed sets, i € {1,...,m — 1}.
In our considerations we need the following operators:

R; : C’([a,ti_ﬂ],]B%) — X7 X...Xx Xi+1
defined by

}), ie {1, ..,m—1}.

We observe that R;(C([a,ti+1],B)) = U; and R; : C([a,t;11],B) — U; is an home-
omorphism, i € {1,...,m — 1}.
From the definition of the operator V', we have the following relations:

Ri(x) := (x|[a,t1]’x|[t17t2]’ e T

[tirtita

Viz)(t) =« —|—/ f(s,0(x)(s))ds, t € [to, t1],
V(z)it)=a+ 1 f(s,0(x)(s))ds + t f(s,0(x)(s8))ds, t € [t1,ta],
V@ =a+ [ fso@eds+ [ fs o)) + ..

—|—/ " f(s,qﬁ(a:)(s))ds—k/ f(s,0(x)(s))ds, t € [tm—1,b].

tm—2 tm—1

In the conditions (C1) — (C2) the operators ¢ and V are Volterra operators, i.e.,

T,y € C([a’ bLB)’ m|[a7t] = y‘[a,t] =

¢(x)‘[a,t] = ¢(y)][a7t] and V(‘x)|[a,t] = V(y)|[a,ﬂ'
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The above relations suggest us to consider the following operators induced by the
operator V:

T : X1 — X4, Ty (2z1)(t) := a+/ f(s,0(z1)(s))ds,
Ty:Uy > Xo,  Tolenaa)(t) =t / (s (1) (s))ds

+ f(5,¢(R;1($17$2))(8)>ds,

t1

ty
Tt Ut = Xy T asccn)(0) = a+ [ f(s,0(e0)(s))ds

ta

+ [ f(s,d(Ry (w1, 22)(s)))ds + ...

ty

t
+/ f(s, ¢(R;£1(x1,xg, cos ) (8)ds, t € [tm—1,b].

tm—1

If we choose on X7 x...x X, i € {2,--- ,m}, the norm max(||z1],. .., ||z:|]), then
Ri : C([a, ti+1],B) — Uz

is an isometry, ¢ € {1,...,m — 1}.
From the conditions (Cy) — (C2), for a suitable choice of m, the operator

T := (Tl,TQ,...7Tm)

is in the conditions of Theorem 3.2. From this theorem, T is a PO.
Since V = R;{lTRm_l and V" = R;{lT”Rm_l, the operator V is PO.

Remark 7.2. If B := R™ or C™, then the problem (7.1) — (7.2) take the following
form:

2 (t) = filt,d(21, ..., 2m)(t), tE[a,b],
zr(a) = o, ke{l,..m},

where fk€C<[a,b] X }}é: ),¢:C’<[a,b]7 ?é: ) —>C<[a7b], ?é: )

Remark 7.3. If B := [P(R) or B := [?(C), 1 < p < +0o0, or other Banach spaces of
sequences, then the problem (7.1) — (7.2) is a Cauchy problem for an infinite system
of functional differential equations.

Remark 7.4. For other applications of the abstract results of this paper to functional
integral equations see [11], [21].

Remark 7.5. For functional differential and integral equations see [3], [6], [29], [13],
[14], [17], [18], [28], [31], [37], [42], [43].
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