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1. INTRODUCTION

Differential equations of fractional order occur more frequently on different research
areas and engineering, such as physics, chemistry, economics. control of dynamical,
etc. Naturally, such equations required to be solved. Analogues to the Cauchy and
Dirichlet problems for differential equations of fractional order often arose in applica-
tions. There are numerous books and articles focused in this direction, that is, con-
cerning the linear and nonlinear initial value problems for fractional differential equa-
tions involving different kinds of fractional derivatives, see for instance [2, 3, 4, 5, 6, 9].
Whereas there are less works for boundary value problems for fractional differential
equations [11].
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Fractional derivatives are generalizations for derivative of integral order. There
are several kinds of fractional derivatives, such as, Riemann—Liouville fractional de-
rivative, Marchaud fractional derivative, Caputo derivative, Grunwald—Letnikov frac-
tional derivative, generalized Hilfer derivative etc. (see [1, 12, 13, 22, 25]). There
have appeared a number of works, especially in the theory of viscoelasticity and in
hereditary solid mechanics, where fractional derivatives are used for a better descrip-
tion of material properties. Mathematical modelling based on enhanced rheological
models naturally leads to differential equations of fractional order and to the necessity
of the formulation of initial conditions to such equations. In [24] the authors provide
some properties of Caputo-type modification of the Erdélyi-Kober fractional deriva-
tive. More details on the Erdélyi-Kober fractional integral and fractional derivative
are given in [8, 10, 14, 21, 22, 23].

In this paper, we establish existence and uniqueness results to the boundary value
problem of the following generalized Hilfer type fractional differential equation:

("D:;ﬁy) t)y=1rf (t,y(t)7 (’JDgfy) (t)) , for each , t € (a,b], 0<a<b<+oo,
(1.1
u (”I{ij”y) (at)+wv (”Iij”y) (b) = w, (1.2

)
)
where ”DZ‘f P Ii:"’ are the generalized Hilfer fractional derivative of order a € (0, 1)
and type 0 € [0, 1] and generalized fractional integral of order 1 —, (y = a+ 8 — af3)
respectively, f : (a,b] x R x R — R is a given function and w,v,w are real with
u+v #0.

The present paper is organized as follows. In Section 2, some notations are introduced
and we recall some concepts of preliminaries about generalized Hilfer type fractional
derivative and auxiliary results. In Section 3, two results for the problem (1.1)-(1.2)
are presented: the first one is based on the Banach contraction principle, the second
one on Krasnoselskii’s fixed point theorem. Finally, in the last section, we give an
example to illustrate the applicability of our main results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. Let 0 < a < b,J = [a,b]. By C(J,R) we denote the
Banach space of all continuous functions from J into R with the norm

1Yl = supfly(t)] : t € J}.

We consider the weighted spaces of continuous functions

Cyp(J) = {y S (a,b] > R: (t” —af

Y
) ecumpo<q <,
and
cu () ={yec™ (1) Y™ e C (D)} neN,
Cg,p(‘]> = C%P(J)?
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with the norms

Il \(t> <>\
Yllc, , = sup y(t
e teJ 14

n—1
wlen, = > 1y* e + Iy ™ e, ,-
k=0
Consider the space X?(a,b), (c € R, 1 < p < 00) of those complex-valued Lebesgue
measurable functions f on [a,b] for which || f]|x» < oo, where the norm is defined by

and

1

b d P
||f||xg=< / It“f(t)lptt> S (<p<oceR).

In particular, when ¢ = %7 the space X?(a,b) coincides with the L,(a,b) space:
X% (a,b) = Ly(a,b).

Definition 2.1. ([15, 20, 21]) (Generalized fractional integral).
Let « € Ry, c € R and g € XP(a,b). The generalized fractional integral of order « is
defined by

t P\t
s”1< ps ) 12((2))6157 t>a,p>0,

el = [

a

where I'(+) is the Euler gamma function defined by I'(a) = / t*e7tdt, a > 0.
0

Definition 2.2. ([15, 20, 21]) (Generalized fractional derivative).
Let o € Ry \ N and p > 0. The generalized fractional derivative D¢, of order « is
defined by

("Dgrg) () = o5(°"I7"g)(#)

d\" [t tr— P\t g(s)
1= — Pl —— — 27 _ds, t 0
(z) [« (57) mtae e

where n = [a] + 1 and J, = (tl_pd> .

dt

Theorem 2.3. [21] Let « > 0,8 >0,1<p<o00,0<a<b<ooand p,ceR,p>c.
Then, for g € X?(a,b) the semigroup property is valid, i.e.

(712 712 9) (0 = (“I579) (@),

Lemma 2.4. [20, 21, 26] Let a > 0, and 0 < v < 1. Then, P12, is bounded from
C,y.p(J) into Cy ,(J).

Lemma 2.5. [26] Let 0 < a < b < o00,a>0,0<v<1andyeC,,(J). If a > 7,
then PI% y is continuous on J and

(I29) (@) = lim ("T2y) () =0
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Lemma 2.6. [7] Let © > a. Then, for « >0 and 8 > 0, we have

[f’ ot <Sp ; a’))ﬁ_l] (t) = F(z(i)ﬁ) (tp;ap)a"rﬂ—l

e P — aPf a—1
D¢, 5 t) = 0, 0<a<l.

Lemma 2.7. [26] Let « > 0,0 <~ < 1 and g € C,[a,b]. Then,
(D2, P12.9) (1) = g(t),  Jor all t€ (a,b).

Lemma 2.8. [26] Let 0 < a < 1,0 <y < 1. Ifg € Cy pla,b] and PI)7%g € Cl la, bl
then

("1,79) (a) (tf’ —a
I'(a) p

Definition 2.9. ([26]) Let order « and type S satisfy n —1 <a <nand 0 < g <1,
with n € N. The generalized Hilfer type fractional derivative to ¢, with p > 0 of a
function g € C1_, ,[a, b], is defined by

_ d\" ) (n—
(stfg) t) = <p]5£” a) (tpldt) pléi B)(n a)g) (t)

— (P‘[fin—a)(sg P]éi—ﬁ)("—a)g) t).

a—1
(P12, 7D2yg) (1) = g(t) - ) C forall te(ab].

In this paper we consider the case n = 1 only, because 0 < o < 1.
Property 2.10. ([26]) The operator ngf can be written as
1- - 1-
PDZuf _ plfi Oc)(;p pli+’y — Plfi a) ,ODZ+7 y=a+p—af.

Property 2.11. The fractional derivative ”Dz’f is an interpolator of the following
fractional derivatives: Hilfer (p — 1) [18], Hilfer—-Hadamard (p — 07) [20], Caputo—
type (8 = 1) [26], Riemann-Liouville (8 = 0, p — 1) [21], Hadamard (8 = 0,p — 0T)
[21], Caputo (8 = 1,p — 1) [21], Caputo-Hadamard (8 = 1,p — 01) [16], Liouville
(8=0,p—1,a=0) [21] and Weyl (8=0,p — 1,a = —00)[19].

Consider the following parameters «, 3,y satisfying
y=a+B—-af, 0<apB,7<Ll
Thus, we define the spaces
Claﬁ/,p(‘]) = {y € Ciq,p(J), pr;iBy € lemp(J)}
and
Cly o (N) ={y € iy, (J), "Dy € Cr1y p(J)} .

Since pD;ﬁ’By = ”I;ilfa) ?DY,y, it follows from Lemma 2.4 that

Cy . () c O () C Ciy ().

1—=v,p 1—v,p
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Lemma 2.12. [26] Let 0 <a < 1,0< <1l andy=a+B—-af. IfycC]_ (J),
then

pIZ+ pDZ+y =" I3 pDZéJ’rﬁy
and

DY, ISy = "Dy,

Lemma 2.13. (Theorem 4.1, [26]). Let f : J xR — R be a function such that
fCy() € Crqy p(J), for anyy € C1— p(J). Theny € CY_ ,(J) is a solution of the
differential equation:

("D (8) = £(t,y(8)), for each , t€ (a,b], 0<a <1, 0<B<1,
if and only if y satisfies the following Volterra integral equation:

s = LI (o) T () et

where vy = a+ 8 — af.

Theorem 2.14. [27|(Ci_., type Arzela-Ascoli Theorem) Let A C Ci_(J,R). A is
relatively compact (i.e A is compact) if:
1) A is uniformly bounded i.e, there exists M > 0 such that

|f(z)| < M for every f € A and z € J.

2) A is equicontinuous i.e, for every e > 0, there exists & > 0 such that for each
x,T € J, | —7T| <6 implies |f(z) — f(T)] <e, for every f € A.

Theorem 2.15. ([17]) (Banach’s fized point theorem). Let C' be a non-empty closed
subset of a Banach space E, then any contraction mapping T of C' into itself has a
unique fized point.

Theorem 2.16. ([17]) (Krasnoselskii’s fived point theorem). Let M be a closed,
convex, and nonempty subset of a Banach space X, and A, B the operators such that
1) Az + By € M for all x,y € M;

2) A is compact and continuous;

3) B is a contraction mapping.

Then there exists z € M such that z = Az + Bz.

3. MAIN RESULTS

We consider the following linear fractional differential equation

("D3y) (1) = e(t), 1€ (atl, (3.1)

where 0 < a < 1,0 < 8 <1, p > 0, with the boundary condition

u (”Ii:yy) (a™) +wv (”Iifyy) (b) = w, (3.2)
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where v = o + f — af, and u,v,w € R with u + v # 0. The following theorem shows
that the problem (3.1)—(3.2) has a unique solution given by

0= e () [w e () Splw(s)dsl

Theorem 3.1. Lety=a+8—af, where 0 <a<1and0< S <1. Ifp: (a,b] > R
is a function such that ¢(-) € Ci—,,(J), then y € C]_ ,(J) satisfies the problem
(3.1)-(3.2) if and only if it satisfies (3.3).

Proof. (=) By Lemma 2.13, we have the solution of (3.1) can be written as

0= CE () g [ (55) e o

Applying p]i:’Y on both sides of (3.4), using Lemma 2.6 and taking ¢ = b, we obtain
1 b b — s\
pri=y ) b) = (911*7 ) + / P=1o(s)d .
(1) @ = (1) @+ s | (5 Lp(s)ds, (3.5)
multiplying both sides of (3.5) by v, we get

o (P170) 0 =0 (1) @+ /ab(bp‘sp)msp-ws)ds.

(I-7+a p

Using condition (3.2), we obtain
v (”Ii?’y) () =w—u (”I;I’Yy) (a™).
Thus

b a—y
_ _ v bP — sP _
o ) )=o) o [ (55 )

which implies that
b a—y
Be — gP
pllf’)’ +) — w _ v / p—1 d 3.6
( at y)(a ) u+v (ut+o)l(1—y+a)/, p " p(s)ds, (3.6)
Substituting (3.6) into (3.4), we obtain (3.3).

(<) Applying pIiI'Y on both sides of (3.3) and using Lemma 2.6 and Theorem 2.3,
we get

(CLw) 0=~y PR O+ (L) 0. 6

Next, taking the limit ¢ — a* of (3.7) and using Lemma 2.5, with 1 —v <1 -~ + a,
we obtain

<pI;:yy> () = U i v (u i ) (pI;Ha(p) (). (3.8)
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Now, taking t = b in (3.7), we get

CLw) 0=y (L) 0+ (L) 0 (39)

From (3.8) and (3.9), we find that
w (P17 (@) + o (P17y) )

uw Uv 1— +a) VW
= - — (' b
U+ v u—i—v( at v ()+u+v

() e ()
2

:w+(v— w2 )(pfiiwaso) (b) = w,

u—+v U+ v

which shows that the boundary condition u (pIiI’YJFa@) (a™)+v (pIiIV+aap> (b) = w,

is satisfied. Next, apply operator PDZ + on both sides of (3.3). Then, from Lemma 2.6
and Lemma 2.12 we obtain

(DY)t = (D) (o). (3.10)

Since y € C7_, ,(J) and by definition of CY__ (J), we have D y € C1_ ,(J),
then, (3.10) implies that

DLy = (6 1" Ve) (1) = (DI V) 1) € Cigy (). (31D)
As ¢(-) € C1—4,,(J) and from Lemma 2.4, follows
(PI;;"“*%) € Cr_y (). (3.12)

From (3.11), (3.12) and by the Definition of the space CT'_, ,(J), we obtain

1-B8(1—
("r ") e ol ().
Applying operator pffilfa) on both sides of (3.10) and using Lemma 2.8, Lemma 2.5
and Property 2.10, we have

("p3fy) (1) = i (7DLy) )

(pIiIB(l_a)SO(t)) (@) /1o _ 4o\ PI-0)-1
L1 —a)) < p >

= o)+

= (1),

that is, (3.1) holds. This completes the proof.
As a consequence of Theorem 3.1, we have the following result

Theorem 3.2. Lety=a+f—af where 0 <a<1and0< B <1, let f: (a,b] xRXx
R — R be a function such that f(-,y(-),2(-)) € Ci—y,,(J) for any y,z € C1_ ,(J).
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Ify € C7_, (J), then y satisfies the problem (1.1) — (1.2) if and only if y is the fized

1—~,p

point of the operator N : C1_y ,(J) = Ci_ ,(J) defined by

Nytt) = (u+ i)r(v) (tp ; aP)“lw (1 —vw + ) /ab (bﬂ;ﬂ)“” sp_lg(s)dsl

rrig [ (7)o e o

where g : (0,b] — R be a function satisfying the functional equation
g9(t) = ft,y(t), 9(t)).
Clearly, g € Ci—~,,(J). Also, by Lemma 2.4, Ny € Ci_, ,(J).

Assume that the function f : (a,b] x R x R — R is continuous and satisfies the
conditions:

(H1) The function f: (a,b] x R x R — R be such that
G0, 2()) € CPE for any y.2 € Cry ().

1—v,p
(H2) There exist constants K > 0 and 0 < L < 1 such that

|f(ty,2) = f(t,9,2)] < Kly — y| + L[z — 2|
for any y,z,7,zZ € R and t € (a,b].

We are now in a position to state and prove our existence result for the problem
(1.1)—(1.2) based on Banach’s fixed point.

Theorem 3.3. Assume (H1) and (H2) hold. If
K b? —a”\ r
( e ) [ i TR NG Y (3.14)

1-L p lu+v|D(a+1) T(a+7)
then the problem (1.1)—(1.2) has unique solution in Cy_, (J) C Cf‘fi/)p(J).

Proof. The proof will be given in two steps.

Step 1: We show that the operator N defined in (3.13) has a unique fixed point y*
in Ci— p(J). Let y,z € Ci—, ,(J) and t € (a, b], then, we have

[Ny(t) — Nz(t))|

<ot () L () e -

* r(la) / t (tp v ) s*~Lg(s) — h(s)|ds,

where g, h € C1_, ,(J) such that
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By (H2), we have

Then,

Therefore, for each ¢ € (a, b]
[Ny(t) — Nz(t)]

S - ORTATTE=75a) (t:))/b(b;) 7 lule) = =)

v | (5 ) M y(s) — =(s)\ds,
< D > Iy = =l (”i+ . <p>> )

P (m (p)) Olly 2l

By Lemma 2.6, we have
K|v| (b/’ _ap>a (t” _ap>”—1
(1-L)lu+v'(a+1) p p

KT'(v) P —gp\ T B
F(a + ’Y)(l — L) ( p ) ] ||y Z||C17~,,pa

[Ny(t) — N=(t)|

hence

(tp ; ap)l_” (Ny(t) — Nz(t))‘ < [(1 — L)quji;'u“(a — (bP _p ap)a
* IN(e fg)(:l)_ L) <tp ;ap>a] HZJ—ZHcl,W

< K (b —a”\“ |v]
“1-L p lu+ vl (a+1)

535

|ds

I'(v)
+ F(a‘i”)’) Hyi'Z”Cl—'y,p?
which implies that
K (b —a\® |v] I'()
Ny — N < _ )
1Ny lor-n, < 1-L ( P ) {|u+vf(a+ 1) + I'o+7) ly = zlles-,,

By (3.14), the operator N is a contraction. Hence, by Banach’s contraction principle,

N has a unique fixed point y* € C1_, ,(J).
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Step 2: We show that such a fixed point y* € Ci_, ,(J) is actually in C’IL,W(J).
Since y* is the unique fixed point of operator N in C1_ ,(J), then, for each ¢t € (a,b],

we have
0= i (5 o (e 0.001) 0
+ (P13 f (5,97 (), 9(5))) ()

Applying pDZ+ to both sides and by Lemma 2.6, and Lemma 2.12, we have

PDZHJ*(t) = (PDZ+ plg+f(5,y*(s)7g(5))) )
(pDSJ(rLa)f(& y*(s),g(s))) (t).

Since v > a, by (H1), the right hand side is in Cy_ ,(J) and thus # D], y* € C1_, ,(J)
which implies that y* € C’LMP(J). As a consequence of Steps 1 and 2 together with
Theorem 3.2, we can conclude that the problem (1.1) — (1.2) has a unique solution in

cy_, (D).

Our second result is based on Krasnoselskii fixed point theorem.

Theorem 3.4. Assume (H1) and (H2) hold. If

max{(lgmﬂ) (b_p) <1L>|uli|1;||r<a+1> (b;)} <t

(3.15)

Then the problem (1.1)-(1.2) has at least one solution in Cy_, (J) C Cff%p(J).

Proof. Consider the set
By ={y € Ci,(J): HZJHCFW, <}

where

"LU| |'U|MF(’y) b —aP\“ f*F(’Y) b —af 1—v+o

> lutv[C(7) |u+vF(a+1)F(v)< p ) " (1—L)F(a+7)< P )

2 1 KT'(v) (bp_ap>a ,
(1-L)I(a+7) p

and f* = sup |(£,0,0)]
teJ
We define the operators P and @ on B,- by

e o > lw‘ iy /(b;> Sp_lg(s)ds] ’

Q)= 75 | t (t";sp)alsp—lg<s>ds. (3.17)

Then the fractional integral equation (3.13) can be written as operator equation
Ny(t) = Py(t) + Qy(t), y € Cry,p(J)

The proof will be given in several steps.
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Step 1: We prove that Py+Qz € B, for any y, 2 € B,-. For operator P, multiplying

tr— P\
both sides of (3.16) by ( ) , we have
p

<t”;a”>1_”Py(t) - m [w T fvv +a) /ab(bpfp)w 8”_19(8)6181 :

then
(75 e i+ g [ (555) e >|ds] .
(3.18)

By (H3), we have for each ¢ € (a,b],
lg(t)] ft,y(@), 9(t) — f(,0,0) + f(£,0,0)|
fit
Kly

lu+v|T(v)

y
y(8),9(1) — f(£,0,0)[ + [£(2,0,0)]
)]+ Llg(®)| +

INIA

P _aP\ Y
Multiplying both sides of the above inequality by ( ¢ ) , we get
p

(5 o0 = (5) |55 o

(55)

b — aP\ 17
a4 f*+Kn"+L
P

+ L

(55) o]

Then, for each t € (a, b], we have

‘ (=) )

Thus, (3.18) and Lemma 2.6, imply

(= ap>upy“) < o [ fa o pH |

,
1Pl S ey [+ Ty () |- 6
()

b —aP\ 177
<

= M. 1
< - (3.19)

This gives

Using (3.19) and Lemma 2.6, we have

() f* b —ar\' KT(y)n*
(1—L)F(a+v)( , ) T DT+

1Q(2)(#1)] <
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Therefore
P — P\ NGOV b —aP '
(57) @0 < |a=oreey (57)
+ KT (y)n* ](t”—a" “
+7) ’

(1—-L)T
I'(v)

(a
f*
S U-Dra+ty)

P
(bp —ar\ T
p

LT (70§
+ .
(1= L)I'(a+7) p
Thus
L) f* b —ar\' T KT(7)n* b —ar\®
PP 1y (A S Ty (A
(1-L)T(a+7) P (1—L)I(a+7) P
(3.21)
Linking (3.20) and (3.21) for every y, z € B, we obtain
1Py +Qzlcr ., < |Pylle,.,, +1Qzllc,_.,,
< |w| n [v|MT () (bp — ap)ﬂ
T Jutol(y)  Jut oD@+ DT(H) \ p

+

[f*<bp;ap>l_7+[(”* IR (b_p>

|U)‘ |U|MF(’Y) bP —aP « f*F(’Y) b —aP 1—y4a

n* > lutv[L(7) i |u+v|T(a+1)T(7) < P ) T STt ( P )

2 {— KT (v) (bﬁ_ap)a ,
(1-L)'a+7) P

Since

we have
Py +Qzllpc, ., <n"
which infers that Py 4+ Qz € B,-.

Step 2: P is a contraction.
Let y,z € Ci—, ,(J) and t € (a,b], then, we have

[Py(t) — Pz(t)]

< TN > /ab & ) " lol) = hslds,

where g, h € C1_, ,(J) such that
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By (H2), we have

l9(t) = h(B)] = [£(t,y(8), 9(t)) — f(t, 2(2), h(t))]
< Kly(t) — u(®)] + Llg(t) = h(?)].

Then,

Therefore, for each ¢ € (a, b]

|Py(t) — Pz(t)]

: (1—L)|u—|—v|I§|(1’]y|)F(1—7+oz) (tp;ap)“/ab (bp;‘spfv 5" ly(s) - 2(s)lds

K|v| o _qP\7 ! e .
S(113)|U+UIF(7)< p ) e e T (b).

By Lemma 2.6, we have

K|v| b —aP\* [t —aP\" "
Py(t) — P(1)] < _ ,
| y( ) Z( )| = (1 — L)|U+’U|F(OZ+ 1) ( p ) ( D ) ||y ZHCl—w,p

hence

’ (=) T Py(t) - Pe)

< K|v| (b —a )a” 2
P S U-Dutolla+) " p YT AlC e

which implies that

K|v| b —aP\“
Py—P < — .
1Py = Peller. < g s (o) o=l

By (3.15), the operator P is a contraction.

Step 3: @ is compact and continuous.
The continuity of ) follows from the continuity of f. Next we prove that () is uniformly
bounded on B,-. Let any z € B,«. Then by (3.21) we have

1Q=llcy -, <

L(9)f* b —ar\' T KD(y)p* (b —a’\®
(l—L)F(ova)( ’ ) +(1—L)F(a+7)< ’ )



540 MOUFFAK BENCHOHRA, SOUFYANE BOURIAH AND JUAN J. NIETO

This means that @ is uniformly bounded on B,-. Next, we show that Q B, is equicon-
tinuous. Let any y € By« and 0 < a <711 < 1 <b. Then

(ﬁ;mﬁLﬁQ@wa—Cf;“)bﬁQ@xm

T P a—1
>L/2(”"“) 51| g(s)|ds
- p
(55 (57
S
p p

p_ . p\ 1Y P op\ 1
_ (7’1 a) (7'1 5) Spl] \g(s)|d$
P P
o —ar\'"
MT (v ( 2 ) ey
B (=)
a I'(a+7) p

N M /71 <7_é0 _ap>17 (7_2;) _Sp)al -
—_— s
I'(a) Ja p p
1— a—1 -1
(52) (552 (252
P p P
Note that

(ﬁ;“fvmw@w(ﬁ;“fw@@m>+0% .

This shows that () is equicontinuous on J. Therefore ) is relatively compact on B,-.
By C1—~ type Arzela-Ascoli Theorem @ is compact on By-.

As a consequence of Krasnoselskii’s fixed point theorem, we deduce that N has at
least a fixed point y* € Ci—, ,(J) and by the same way of the proof of Theorem
3.3, we can easily show that y* € C]__ (J). Using Lemma 3.2, we conclude that the

—7P

problem (1.1) — (1.2) has at least one solution in the space C7__ ,(J).

4. AN EXAMPLE

Consider the following boundary value problem

140
2D02+ y(t)

24 [y(t)| + N In(v/+1)

|
%Do%’oy(t)‘) 3VVE—1 te 2] (1)

108e—t+3 (1 +y(6)] +

(%[f;oy) (1) + (%[1%;030 (2) =0. (4.2)



BVP FOR GENERALIZED HILFER TYPE FRACTIONAL DERIVATIVE 541

Set

2+y+z In(vt+1)
t = te (1,2 :
f( 7y7 Z) 1086_t+3(1 + y + Z) + 3\/E ) 6 ( ) ]7 y7 z 6 [07 +OO)

We have
7 (1,2) = ¢

1—v,p z

1
([1,2)) = {h: (1,2] —>R:\/§(\/E— 1)2 he C([l,Q])},
with v = o= p = and 8 = 0. Clearly, the function f € C1 1([1,2]).
Hence condition (H1) is satisfied.
For each y, 7,2,z € Rand t € (1,2] :

11
272

o 1 _ _
[f(ty, 2) = [(t,9,2)] Wﬂy—?ﬂ + 12— 2[)
1 _ _
@(|y—y|+\z—z|).

Hence condition (H2) is satisfied with K = L =
The condition

K b —a”\* |v] I'(v)

+ ~ 0.0072 < 1,
1-L < P ) [|u+v|F(a+1) I'(a+7)
is satisfied with with b =2,a = 1,u =v =1 and w = 0. It follows from Theorem 3.3
that the problem (4.1)-(4.2) has a unique solution in the space C'? , ([1,2]).
272

108¢”

Acknowledgement. The authors are grateful to the referee for the helpful remarks.
The research of J.J. Nieto has been partially supported by the AEI of Spain under
Grant MTM2016-75140-P and co-financed by European Community fund FEDER.
This paper was completed while the second author was visiting the university of
Santiago de Compostela. He is grateful for the warm hospitality.

REFERENCES

[1] S. Abbas, M. Benchohra, S. Bouriah, J.J. Nieto, Periodic solutions for nonlinear fractional
differential systems, Differ. Equ. Appl., 10(2018), 299-316.

[2] S. Abbas, M. Benchohra, J.R. Graef, J. Henderson, Implicit Differential and Integral Equations:
Existence and stability, Walter de Gruyter, London, 2018.

[3] S. Abbas, M. Benchohra, G.M. N’Guérékata, Topics in Fractional Differential Equations,
Springer-Verlag, New York, 2012.

[4] S. Abbas, M. Benchohra, G.M. N’Guérékata, Advanced Fractional Differential and Integral
FEquations, Nova Science Publishers, New York, 2014.

[5] B. Ahmad, A. Alsaedi, S.K. Ntouyas, J. Tariboon, Hadamard-type Fractional Differential Equa-
tions, Inclusions and Inequalities, Springer, Cham, 2017.

[6] B. Ahmad, S.K. Ntouyas, Fractional differential inclusions with fractional separated boundary
conditions, Fract. Calc. Appl. Anal., 15(2012), 362-382.

[7] R. Almeida, A.B. Malinowska, T. Odzijewicz, Fractional differential equations with dependence
on the Caputo—Katugampola derivative, J. Comput. Nonlinear Dynam., 11(6)(2016), 1-11.

[8] B. Al-Saqabi, V.S. Kiryakova, Ezplicit solutions of fractional integral and differential equations
involving Erdélyi-Kober operators, Appl. Math. Comput., 95(1998), no. 1, 1-13.

[9] D. Baleanu, Z.B. Giiveng, J.A.T. Machado, New Trends in Nanotechnology and Fractional
Calculus Applications, Springer, New York, 2010.



542

(10]

(11]

(12]

(13]

14]

(15]
[16]
[17]
(18]
(19]
20]
(21]
(22]

23]

(24]

(25]

[26]

27]

MOUFFAK BENCHOHRA, SOUFYANE BOURIAH AND JUAN J. NIETO

D. Baleanu, S.D. Purohit, J.C. Prajapati, Integral inequalities involving generalized Erdélyi-
Kober fractional integral operators, Open Math., 14(2016), 89-99.

M. Benchohra, S. Bouriah, M.A. Darwish, Nonlinear boundary value problem for implicit dif-
ferential equations of fractional order in Banach spaces, Fixed Point Theory, 18(2017), no. 2,
457-470.

M. Benchohra, S. Bouriah, J.R. Graef, Boundary value problems for nonlinear implicit Caputo-
Hadamard-type fractional differential equations with impulses, Mediterr. J. Math., (2017),
14:206.

M. Benchohra, S. Bouriah, J.R. Graef, Nonlinear implicit differential equations of fractional
order at resonance, Electron. J. Differential Equations, 2016(2016), no. 324, 1-10.

F.Z. Berrabah, B. Hedia, J. Henderson, A fully Hadamard and Erdélyi-Kober-type integral
boundary value problem of a coupled system of implicit differential equations, Turkish J. Math.,
43(2019), no. 3, 1308-1329.

A. Erdélyi, H. Kober, Some remarks on Hankel transforms, Quart. J. Math., Oxford, Second
Ser., 11(1940), 212-221.

Y.Y. Gambo, F. Jarad, D. Baleanu, T. Abdeljawad, On Caputo modification of the Hadamard
fractional derivatives, Adv. Difference Equa., 2014(2014), no. 1, 1-12.

A. Granas, J. Dugundji, Fized Point Theory, Springer-Verlag, New York, 2003.

R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

R. Hilfer, Threefold Introduction to Fractional Derivatives, In: Anomalous Transport, pages
17-73, Wiley-VCH Verlag GmbH et Co.KGaA, 2008.

M.D. Kassim, N.E. Tatar, Well-posedness and stability for a differential problem with Hilfer-
Hadamard fractional derivative, Abst. Appl. Anal, 2014(2014), 1-7.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential
FEquations, North-Holland Mathematics Studies, 204, Elsevier Science B.V., Amsterdam, 2006.
V. Kiryakova, Generalized Fractional Calculus and Applications, Pitman Res. Notes Math. Ser.
301, Longman Scientific & Technical, Harlow, 1994.

V. Kiryakova, Y. Luchko, Multiple Erdélyi-Kober integrals and derivatives as operators of gen-
eralized fractional calculus, Handbook of Fractional Calculus with Applications, Vol. 1, 127-158,
De Gruyter, Berlin, 2019.

Y. Luchko, J.J. Trujillo, Caputo-type modification of the Erdélyi-Kober fractional derivative,
Fract. Calc. Appl. Anal., 10(2007), no. 3, 249-267.

A.M. Mathai, H.J. Haubold, Erdélyi-Kober Fractional Calculus. From a Statistical Perspective,
Inspired by Solar Neutrino Physics, Springer Briefs in Mathematical Physics, 31, Springer,
Singapore, 2018.

D.S. Oliveira, E. Capelas de Oliveira, Hilfer—Katugampola Fractional derivatives, Comput.
Appl. Math., 37(2018), no. 3, 3672-3690.

W. Wei, X. Xiang, Y. Peng, Nonlinear impulsive integro-differential equations of mized type
and optimal controls, Optimization, 55(2006), 141-156.

Received: April 18, 2019; Accepted: February 12, 2020.



