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Abstract. In the present paper general theorems on a common fixed point for four mappings in
dislocated metric space are proved. By the way, also results for three, two or one mapping are
obtained. The assumptions are unified and compact. Numerous basic and sophisticated theorems
can be derived from the facts presented in our paper.
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1. INTRODUCTION

In this paper the ideas presented in [10] are refined and general results are proved.
We get rid of a special function ¢ used in condition (9) of [10], a unified general
comparison mapping h is applied (see (1)), in addition, H presented in (2) can differ
from h.

The notion of a dislocated metric (briefly d-metric) is due to Hitzler and Seda [3],
and a d-metric p differs from metric, as p(z,y) = 0 implies z = y (no equivalence).
The topology of a d-metric space (X, p) is generated by balls. In this paper, (X, p) is
a d-metric space, and f,g,1,j are self mappings on X. The following two conditions
with mappings h, H: iX x jX X fX x gX — [0,00) are applied:

p(fx,gy) > 0 yields p(fz,gy) < hliz, jy, fr,9y), =z,y€ X, (1)

for each a > 0 there is an € > 0 for which

(2)

H iz, jy, fr,gy) < o+ € yields p(fz,gy) <o, z,y € X.
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The subsequent properties are assumed to hold for each o > 0, and some of them are
used in our theorems.
[d=a orc=1"] yields h(a,b,c,d) < max{p(a,b),p(a,c),p(b,d)},
if max{...} >0,
h(a,b,a,b) < p(a,b), if p(a,b) > 0, (3b)
[p(b,d) =« (b,d fized) and p(a,b),p(a,c),p(b,c) — 0] yields

(3a)

lim sup h(a, b, c,d) < p(b,d), (3¢)
[pla,e) = a (a,c fived) and pla,b), pla, d), p(b, d) — 0] yields

limsup h(a, b, ¢,d) < p(a,c). (3d)
[p(a,b),p(b,d) \, o yields limsup H(a,b,b,d) < «, (4a)
[p(a, b), p(a, d), p(b, c), p(c,d) = a and p(a,c), p(b,d) — 0] yields (4b)

limsup H(a, b, c,d) < a.
In [10] the subsequent mapping was applied (let us call it F):

max{p(a,b),p(c,a),p(d,b), h(a,b,c,d)}.
It is easily seen, that if h = H satisfies any of the conditions (3a), (3b), (4a), (4b),
then F has the same property. In turn [10] (3c), (3d) yield (3c), (3d) for ¢(F) (see
[10] (9) and [10], Corollary 2.2). Therefore, F is unnecessarily complicated, and only
h, H are considered in the present paper. Moreover, (1) and (9) from [10] yield our
new conditions (1) and (2) (see also Remark 2.2).

Example 1.1. Let us consider hq(a,b,c,d) = p(a,b). Then the system of conditions
(3) holds for h = hy, and (4) is satisfied for H = hy.

Example 1.2. Let us counsider hs(a,b,c,d) = max{p(a,b),p(a,c),p(b,d)}. Then
for h = hy condition (3a) clearly holds, and (3b) is satisfied if we assume that
max{p(a,a),p(b,b)} < p(a,b). The system of conditions (4) obviously holds for
H = hs.

Example 1.3. Let us consider

h3(a7 b, c, d) = max{p(cu b),p(a, C),p(b, d)? [P(CL, d) + p(b, C)]/Q}

Then for h = hg condition (3a) holds if the following inequalities are satisfied:

(1) p(b’ C) < p(ba a) + p(a’ C) - p(a7 a)a
(e.g. if p is a partial metric in X {see [7], Definition 3.1, or [10] (4)}). Condition (3b)
is satisfied if max{p(a,a), p(b,b)} < p(a,b) (true also for partial metric). In turn, for
H = h3 (4a) holds if (ii) is satisfied; (4b) clearly holds.

Remark 1.4. Let us consider a mapping ¢: [0,00) — [0, 00) such that for each o > 0
we have p(a) < o and ¢(-) < « on some interval (a,a +¢€) (i.e. ¢ € ¥p [9]). Then
for h = ¢o H condition (1) implies (2) (means that (2) can be disregarded); for our h,
where H = h;, i = 1, 2,3, conditions (3¢), (3d) are satisfied, as p(a, d) < p(a,b)+p(b, d)
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and p(b,¢) < p(b,a) + p(a,c), and consequently, if p is a partial metric, then (3), (4)
hold.

Example 1.5. Let us consider

h4(a7b’cad): ( )—i—ﬁ(p(a,c) (7 ))

for a mapping 8: [0,00) x [0,00) — [0,00). If B(p(a,a),p(b,b)) = 0 holds, then for
h = hy4 (3b) is satisfied. If 8 is continuous at (0, 0) and £(0,0) = 0, then for H = hy
we have (4Db).

Example 1.6. Let us consider
h5(a7 b’ G d) = hk(aa b7 ¢, d) + ﬁ(p(av C),p(b, d))

for k = 1,2,3, and S as in Example 1.5. Then for h = h; and k > 1 (3b) holds if
p is such that max{p(a,a),p(b,b)} < p(a,b) (no problem for k = 1); for H = h; we
obtain (4b) (k for h and H can differ).

More sophisticated mappings based on Example 1.3 can be found e.g. in [6] (see
Ml, M2 or M3)

2. EXTENDED RESULTS

Let us recall (][9], Definition 2.3) that a d-metric space (X,p) is 0-complete if for
each sequence (2, )nen in X with limy, »,—0op(n, Tm) = 0, there exists an € X such
that lim,,_,cop(x, z,) = 0.

The next lemma is an extension of [10], Lemma 2.6.

Lemma 2.1. Let f,g,i,7 be selfmappings on a d-metric space (X,p), fX C jX,
9gX CiX, and let h,H: iX x jX x fX x gX — [0,00) be mappings. If (1), (3a) are
satisfied then there exist sequences (Tp)neN, (Yn)nen such that
Tok = [Y2k—1, Tak—1 = W2k—1, T2k+1 = gY2k, Tak = JY2k, Kk EN, (5a)
P(Tng2, Tni1) > 0 yields p(ni2, Tpni1) < p(Tng1,Tn), n €N (5b)

If (5), (1), (2) and (4a) hold, then lim,_,cop(Zpt1,2n) = 0 (so the same conclusion
for (1), (2), (3a), (4a)). If lim,eop(@ni1,2n) = 0 and (5a), (1), (2), (4b) hold,
then lim,, p—oop(Tn, Tm) = 0 (so the same conclusion for (1), (2), (3a), (4)); if, in
addition, at least one of the sets fX,gX,1X,jX is 0-complete, then there exists an
x € X such that

lim,, oop(x, 2,) = p(x,z) = 0.
Proof. From (1) and (3a) we obtain
for each x € X there is a y € X for which gx = iy, and p(fy,gz) >0
yields p(fy, gz) < h(gz, jz, fy, gz) < max{p(gz, jz),p(fy, 9)},

and
for each y € X there is an x € X for which fy = jx, and p(fy,gz) >0

yields p(fy, gx) < h(iy, fy, fy, gx) < max{p(iy, fy),p(fy,gz)}.



718 LECH PASICKI

If e.g. p(gz,jz) < p(fy, gx) holds, then we get a contradiction p(fy, gx) < p(fy, gz).
Therefore, p(fy,gx) > 0 yields p(fy,gz) < p(gz,jz). Now, it is clear that the
following conditions are satisfied:

for each © € X there is ay € X for which gx = iy, and
p(fy, 9x) > 0 yields p(fy, gx) < h(gz, jz, fy, gz) < p(gz, jz),

(6)

for each y € X there is an x € X for which fy = jz, and

p(gz, fy) > 0 yields p(gz, fy) < h(iy, fy, fy, 97) < p(fy,iy). @

For an xzp € X let us take x1 = gxg = iy1, 2 = fy1, for y; such that p(xs,x1) <
p(z1,jzo) (see (6)). Now, we take x5 = gys for ya such that zo = fy; = jyo and
p(z3,22) < p(xa,21) (see (7)). In turn x4 = fys, where y3 is such that z3 = gys =
iys and p(zg,23) < p(xrs,x2) (see (6)). By induction we obtain sequences (2, )nen,
(yn)nEN SatiSfying (5)

Assume (5). If for some n we have p(x,, 41, z,) = 0, then by (5b) p(zp42, Tnt1) =0,
and x4, = Ty, k € N, i.e. £ = x,, and our lemma is proved. Therefore, we may
assume p(Zn11,Ty) > 0, n € N, and then (see (5b))

0 < p(xn+27xn+l) < p($n+1; xn); n < N

holds. Clearly, sequence (p(Zn41,2n))nen decreases to some « > 0. Let us assume
(1), (2), (4a) and suppose a > 0. Then (5a), (1) yield

a < p(zapt1, Tor) = P(9y2k, fy2k—1) = P(fY2r—1, 9Y2r) <

. . 8
h(iyor—1, jY2k, fY2k—1, 9Y2k) = M(Zak—1, Tok, Toks T2k41)- ®
Now, from (4a) we obtain

H(1yak—1, JY2ks [Y2—1, 9Y2k) = H(Tak—1, Tok, Tog, Topt1) < @+ € (9)

for large k, and (2) yields

a < p(Tart1, Tar) = p(fy2u—1, 9y2r) < @,

a contradiction. Thus, lim, cop(Znt1, Zn) = 0 is proved.

Now, for lim,,—,cop(Zn41,2,) = 0 conditions (5a), (1), (2) and (4b) are applied to
prove that lim,, »—ooP(@n, Tm) = 0. Suppose, 0 < o < p(zak, To2nt1+2k) holds for all
k € K C N (K infinite) and the respective n € N. Let n = n(k) be the first number
as to satisfy this inequality. From (5a), (1) we obtain

a < p(Tak; Tongi4+2k) = P(fY2k—1, GY2n+2k)
. . (10)
< h(1y2k—1, JY2n+2k, fY26—1, GY2n+2k) = R(Tok—1, Tant2k; T2k, Tan+142k)-

Let us show that the assumptions of (4b) are satisfied. We have
@ — p(Tak, Tag—1) — P(T2n+2k, T2nt142k)
T2k, $2n+1+2k) - P(@k, $2k71) - p($2n+2k7 $2n+1+2k)
Tok—1, Tant2k)
Tok—1,Tak) + P(Tak, Tan—142k) + P(T2n—1+2k; T2n+2k)

Tok—1,Tok) + & + P(Tan—_142k, Tont2k)
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which yields
limpexp(Tor—1, Tantor) = @.
In addition, from
P(Tak—1, Tantar) — P(T2nr1+2k, Tantaok) < P(Tak—1, T2nt142k)
< p(T2k—1, Tant2k) + P(T2nt2k, T2nt1+2k)
it follows that
limperp(Tar—1, Tant142k) = @
In a similar way we get
limpexp(T2ntok, Tor) = limgexp(Tar, Tant+112k) = .
Now (4b) applies, we get
H(iyak—1, jY2n+2k: fY2k—1, 9Y2n+2k)
= H(Zor—1,Tant2k, Tak; Tant142k) < @+ €
for large k, and then (10), (2) yield

a < p(war, Tant112k) = P(fY26—1, GY2ns2k) < @,

a contradiction. Thus we have proved that

lim p(zak, Tont142k) = 0.
k,n—o00

Now, limy,—0op(Zn+1,2r) = 0 and the triangle inequality yield
hmm,n—mop(xnv Jcm) =0.

Consequently, if the respective set is 0-complete, then there exists an x such that

lim,, — cop(x, 2,) = p(x, ) = 0. O
Remark 2.2. If h < H (or a < H) holds for (a,b,b,d) = (zar_1, T2k, T2k, T2k4+1) as in
(4a), or for (a,b,c,d) = (Tag—1, Toant2k, T2k, Tanti+2k) as in (4b), then the respective
part of the proof of Lemma 2.1 works for (2) with “H(...) < a + €’ replaced by
“a < H(...) < a+ € (see inequalities (8) and (9), (10) and (11)). This modified

condition (2) (or (13)) can be then applied in our Theorems (in Theorems 2.18, 2.20
condition (4a) is not used).

If selfmappings f,7 on X commute at their coincidence points, i.e.
ix = fo yieldsife = fix, x€ X,
then the pair (f,4) is called weakly compatible (see [5]).

Now, [10], Theorem 2.7 can be extended as follows (conditions (3c), (3d) enable us
to disregard mapping ¢ used in [10]).

Theorem 2.3. Assume that (X, p) is a d-metric space and f,g,i,j are selfmappings
on X, (f,1), (g,7) are weakly compatible, fX C jX, gX CiX, and at least one of sets
fX,9X,iX,jX is 0-complete. Let (1), (2) hold for mappings h, H: iX x jX x fX X
gX — [0,00) satisfying (3), (4), respectively. Then f,g,i,j have a single common
fized point x, p(x,x) =0, and neither f,i nor g,j have another common fized point.
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Proof. Assume e.g. that jX or fX is O-complete, and let us consider (z,)nen,
(Yn)nen, = € jX as in Lemma 2.1.
For a v such that = jv suppose that p(x, gv) = a > 0. Then (see (5a), (1)) from
p(T2k, gv) = p(fy2n—1, 9v) < h(iyak—1, jv, fY2k—1,9v) = h(T2k—1,T, T2k, gv),
we get (see (3¢))
0 < p(z, gv) < lminfyeo[p(2, T2k) + M(T28-1, T, T2k, gV)] < P(T, 9V),

a contradiction. Therefore, p(x, gv) = 0 and = = gv = jv.
Now, for w such that © = iw (as gX C iX) suppose that p(fw,z) = a > 0. We have

p(fw, xap41) = p(fw, gyar) < h(iw, jyox, fw, gyax) = h(z, T2k, fw, Tak11),
and (3d) yields

0< p(fw7 l') < lim infk—)oo[h(ma L2k, fw7 I2k+1) +p(1’2k+17 ZE)] < p(fwa ‘T)7
a contradiction. Therefore, p(fw,z) =0 and z = fw = jw.
The underlined equalities and the weak compatibility yield

ix =ifw= fiw=fr and jr=jgv=gjv=gx.

In the remaining part of our proof conditions (3¢), (3d) are not applied.
Suppose p(fz,x) > 0. Then we obtain (see (1), (3b))

0 <p(fx,z) = p(fz,gv) < h(iz,jv, fz,gv) = h(fz, =, fr,x) < p(fz,z),

a contradiction. Now, it is clear that iz = fx = z.
Similarly, for p(x, gz) > 0 we get

0 < p(x, gz) = p(fw, gz) < h(iw, jz, fw, gr) = h(z, gz, z, gr) < p(z, gx),

a contradiction. We have proved that jr =gz =z = fz = ix.
Suppose e.g. that y is another common fixed point of ¢ and f. Then we obtain (see

(1), (3b))
0 <ply,z) = p(fy,gz) < h(iy,jz, fy,gz) = h(y,z,y,2) < p(y, ),
a contradiction. Consequently, p(z,y) = 0 and 2 = y hold. O

The above theorem further extends [2], Theorem 2.8 (in part concerning a common
fixed point). More sophisticated theorems are also included in Theorem 2.3 (see
e.g. [6]). What is more, from Remark 1.4 it follows that Theorem 2.3 extends our
Theorems 2.7, 2.8 from [10].

For ¢ = f Theorem 2.3 concerns three mappings and it can be reformulated as
follows:

Theorem 2.4. Assume that (X,p) is a d-metric space and f,i,j are selfmappings
on X, (f,1), (f,7) are weakly compatible, fX C iX N jX, and at least one of sets
fX,iX,5X is 0-complete. For g = f let (1), (2) hold, and for mappings h, H: iX x
JX x (fX)? = [0,00) let (3), (4) be satisfied, respectively. Then f,i,7 have a single
common fized point z, p(x,x) = 0, and neither f,i nor f,j have another common
fixed point.
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Another three mappings consequence of Theorem 2.3 is the following one.

Theorem 2.5. Assume that (X,p) is a d-metric space and f,g,i are selfmappings
on X, (f,1), (g,4) are weakly compatible, fX UgX C iX, and at least one of sets
fX,9X,iX is0-complete. Forj =i let (1), (2) hold, and for mappings h, H: (iX)? x
fX x gX — [0,00) let (3), (4) be satisfied, respectively. Then f,g,i have a single
common fized point x, p(z,xz) = 0, and neither f,i nor g,i have another common
fixed point.

Let us consider the case i = j = id. Then conditions (1), (2) have the following
form, respectively

p(fr,gy) > 0 yields p(fz,gy) < h(z,y, fr,gy), =,y€X, (12)

for each o > 0 there is an € > 0 for which
13
H(z,y, fr,gy) < a+ e yields p(fz,gy) <o, @,y € X. 13)
The next theorem is a consequence of Theorem 2.3 for two mappings
Theorem 2.6. Assume that (X,p) is a d-metric space, f,g are selfmappings on X,
and at least one of sets X, f X, gX is 0-complete. Let (12), (13) hold, and for mappings
hyH: X2 x fX x gX — [0,00) let (3), (4) be satisfied, respectively. Then there exists
an x € X such that for any xo € X and xog11 = grok, Tor = frop—1, k € N, ((5b)
holds for (x,)nen) we have lim, oop(z,x,) = p(x,z) = 0 and © = fx = gz; in
addition, neither f nor g has another fixed point.

Proof. Our sequence (Z,)nen is as in condition (5), because for ¢ = j = id we have
Tn = Yn, n € N (see Lemma 2.1 for (1), (3a)). O

For g = f Theorem 2.6 becomes a pretty general “usual” fixed point theorem.

Theorem 2.7. Assume that (X,p) is a 0-complete d-metric space and f is a self-
mapping on X. For g = f let (12), (13) hold, and for mappings h, H: X? x (fX)? —
[0,00) let (3), (4) be satisfied, respectively. Then there exists an x such that for any
x0 € X and x, = f"x0, n € N, ((5b) holds for (zn)nen) we have

limy, ,oop(x, xy) = p(x,2) =0 and x = fx.
Proof. For g = f and i = j = id our sequence (Z,)nen is as in condition (5). O

Example 2.8. Let us consider
H(a,b,c,d) = &p(a,b) + Ap(a,c) + up(b,d) + v[p(a,d) + p(b, c)]
for some k, A, v >0 such that k + X +p+2v =1,
and h = ¢ o H for a nondecreasing mapping ¢: [0,00) — [0, 00) (14)
such that for each o > 0 we have p(a) < a and

o(-) < a on some interval (o, a + €).

If condition (1) or (12) is satisfied, then (2) or (13) holds, respectively (see Remark
1.4).
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Now, let us check conditions (3) and (4). Assume p satisfies (i) from Example 1.3.
Then we have
h(a,b,c,a)

(
< p(kp(a,b) + Ap(a,c) + pp(b, a) + v[p(a,a) + p(b, a) + p(a, c) — p(a, a)])
(5 -+ 1+ 9)plar )+ O+ 2)p(a,€)) < (s + A+ g+ 20) max{p(a,b), p(a, ) )
p(max{p(a,b), p(a, c)}) < max{p(a,b),p(a, c)}.
In a similar way, if (ii) from Example 1.3 is satisfied, then we obtain
h(a,b,b,d)
< @(kp(a, b) + Ap(a, b) + pp(b, d) + v[p(a, b) + p(b, d) — p(b, b) + p(b, b)])
=p((k+ A+ v)p(a,b) + (u+v)p(b,d)) < o((k + A+ 1+ 2v) max{p(a,b), p(b,d)})
= p(max{p(a,b),p(b,d)}) < max{p(a,b),p(b,d)}.

Consequently, if p satisfies (i), (ii) from Example 1.3, then (3a) holds.
Assume p(a, a),p(b,b) < p(a,b). Then

h(a,b,a,b) = p(kp(a,b) + Ap(a, a) + up(b,b) + 2vp(a,b))
< @((k+ A+ p+2v)p(a,b)) = ¢(p(a, b)) < p(a,d)

means that (3b) is satisfied.
Now, let us adopt the assumptions of (3c). We have

h(a,b,c,d) = p(kp(a,b) + Ap(a, c) + pa + v[p(a, d) + p(b, c)])
< p(rp(a,b) + Ap(a, ¢) + pa + vip(a, b) + p(b, d) + p(b, c)])
= ¢((k +v)p(a,b) + Ap(a, ) + (n + v)a + vp(b,c))

o((k+ A+ p+2v)a) = p(a) < a=p(b,d).
In a similar way we check condition (3d):

h(a,b,c,d) = p(rp(a,b) + Ao+ up(b, d) + v[p(a, d) + p(b, c)])
< p(kp(a,b) + A+ pup(b, d) + v[p(a,d) + p(b, a) + p(a, c)])
— (5 + W)p(a,B) + (A -+ V) + (b, d) + vpla, )
<o((k+ A+ p+2v)a) =pla) < a=pla,c).

Consequently, the system of conditions (3) is satisfied.
Assume that condition (ii) from Example 1.3 holds. Then for p(a,b),p(b,d) — « we
obtain

H(a,b,b,d) = rp(a,b) + Ap(a,b) + up(b,d) + v[p(a, d) + p(b, )]
< (r+ A)p(a, b) + pp(b, d) + v[p(a, b) + p(b, d) — p(b, b) + p(b, b)]
— (5 A+ 2)p(a,B) + (i 1)p(B,d) = (5 Ak ji+ 20)a = o
i.e. (4a) holds. If the assumptions of (4b) are satisfied, then we obtain
H(a,b,c,d) = (k+ 2v)a < a.

Corollary 2.9. If p is a partial metric, then for h, H as in (14) conditions (3), (4)
hold; in addition, (1) yields (2), and (12) implies (13).
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Now, the subsequent five theorems are immediate consequences of Corollary 2.9,
Remark 1.4, and of Theorems 2.3, ...,2.7.

Theorem 2.10. Assume that (X,p) is a partial metric space and f,g,i,7 are self-
mappings on X, (f,i), (g,7) are weakly compatible, fX C jX, gX C iX, and
at least one of sets fX,9X,iX,7X is 0-complete. Let (1) hold for a mapping
h:iX x jX X fX x gX — [0,00) as in (14) or as in Remark 1.4. Then f,g,i,j
have a single common fixed point x, p(x,x) = 0, and neither f,i nor g,j have an-
other common fixed point.

Theorem 2.11. Assume that (X,p) is a partial metric space and f,i,j are self-
mappings on X, (f,i), (f,j) are weakly compatible, fX C iX NjX, and at least
one of sets fX,iX,jX is O-complete. For g = f let (1) hold for a mapping
h:iX x jX x (fX)? — [0,00) as in (14) or as in Remark 1.4. Then f,i,j have
a single common fized point x, p(x,x) = 0, and neither f,i nor f,j have another
common fixed point.

Theorem 2.12. Assume that (X,p) is a partial metric space and f,g,i are self-
mappings on X, (f,1), (g,i) are weakly compatible, fX UgX C iX, and at least
one of sets fX,9X,iX is O-complete. For j = i let (1) hold for a mapping
h: (iX)? x fX x gX — [0,00) as in (14) or as in Remark 1.4. Then f,g,i have
a single common fized point x, p(x,z) = 0, and neither f,i nor g,i have another
common fized point.

Theorem 2.13. Assume that (X, p) is a partial metric space, f,g are selfmappings
on X, and at least one of sets X, fX,gX is 0-complete. Let (12) hold for a mapping
h: X% x fX x gX — [0,00) as in (14) or as in Remark 1.4. Then there exists an
x € X such that for any xo € X and Tok11 = gTok, Top = frok—1, k € N, ((5b) holds
for (xn)nen) we have lim, oop(z,x,) = p(z,z) = 0 and © = fx = gx; in addition,
neither f nor g has another fized point.

Theorem 2.14. Assume that (X,p) is a 0-complete partial metric space and f is a
selfmapping on X. For g = f let (12) hold for a mapping h: X? x (fX)? — [0,00)
as in (14) or as in Remark 1.4. Then there exists an x such that for any xo € X and
Tn = ffxo, n € N, ((5b) holds for (zy)nen) we have lim, op(x,2,) = p(z,z) =0
and r = fx.

Remark 2.15. Ciri¢ in [1] considered the following condition for a metric p:

p(fz, fy) < ap(z,y) + Bp(z, fz) +vp(y, fy) + d[p(z, fy) + p(y, fr)]},
for fized o, B,7v,6 > 0 such that a + B+ v+ 20 < 1.

It is clear, that (12) for g = f and mapping ¢(a) = ka with some k € [0,1) in (14) is
equivalent to the Ciri¢’s condition. Consequently the Ciri¢ theorem follows from our
Theorem 2.14.

In our further theorems conditions (3c), (3d) are disregarded.

Let us recall (see [11], Definition 2.10) that a selfmapping f on a d-metric space
(X, p) is 0-continuous if for each sequence (z,)nen, ¢ € X from lim,,,cop(z,z,) =0
it follows that lim, .op(fz, fz,) = 0.
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Remark 2.16. If lim,_,.op(z,z,) = 0 holds for a sequence (x,)nen in a d-metric
space (X,p), then the triangle inequality yields z € Kerp = {s € X: p(s,s) = 0}.
Consequently, if f is a 0O-continuous selfmapping on (X, p), then f(Kerp) C Kerp
(consider x, = ). In turn, Kerp (if nonempty) with the restricted p is a metric
subspace of (X,p). So, if we know that Ker p is nonempty, complete and f, g are 0-
continuous, then the global condition (3b) guarantees that the fixed point is unique;
the remaining part of (3) and conditions (1), (2) and (4) can be local (i.e. for X
replaced by Ker p).

Theorem 2.17. Assume that (X,p) is a d-metric space and f,g are 0-continuous
selfmappings on X, and at least one of sets X, fX,gX is 0-complete. Let (12), (13)
hold, and for mappings h, H: X% x fX x gX — [0,00) let (3a), (4) be satisfied,
respectively. Then for any xo € X and Togp+1 = gxok, Tor = [fror—1, k € N, (5b)
holds, there exists an x such that lim,_,.op(z, z,) = p(z,z) =0 and x = fo = gx. If,
in addition, (3b) is satisfied, then x is unique and neither f nor g has another fized
point.

Proof. For i = j = id from conditions (12), (13), (3a), (4) it follows that (z,)nen
satisfies (5b) and lim,.op(x, z,) = 0 (see Lemma 2.1 for (1), (2), (3a), (4)). Now
(see (5a)),

p(z, g7) < p(x, Topy1) + p(Tary1, 92) = p(T, Topr1) + p(gTak, 9),
and the 0O-continuity of g at x imply
p(x, gz) < limg_ oo [p(2, X2k41) + P92k, 92)] = 0.

In a similar way, we obtain p(fz,z) =0, as
p(fr,z) < p(fr,var) + p(rar, ©) = p(fr, frop—1) + p(w2r, ).

The final part of the proof of Theorem 2.3 shows that neither f nor g have another
fixed point provided that (3b) holds. O

From Remark 2.2 and Lemma 2.1 (see also Examples 1.5, 1.6) it follows that the
next theorem is a far extension of a theorem of Proinov ([12], Theorem 4.2), and also
Theorem 3.7 from [11] is included in Theorem 2.18 (see [11] Corollary 2.6, Lemma
2.9). In addition, those two theorems were proved for g = f.

Theorem 2.18. Assume that (X,p) is a d-metric space, f,qg are 0-continuous self-
mappings on X, and at least one of sets X, f X, gX is 0-complete. Assume that for an
xg € X, and xap = frog_1, Topt1 = 9ok, k € N, we have lim,_,oop(Tpi1, Tn) = 0.
Let (12), (13) hold, and for mappings h, H: X*x fX xgX — [0,00) let H satisfy (4b).
Then there exists an x such that lim,_.op(z,x,) = p(x,x) =0 and x = fx = gz. I,
in addition, (3b) is satisfied, then x is unique and neither f nor g has another fized
point.

Proof. For i = j = id condition (5a) is satisfied. If lim,,,oop(2n+1,x,) = 0, then (see
Lemma 2.1 for (5a), (1), (2), (4b)) from (5a), (12), (13), (4b) it follows that there
exists a point « € X such that lim,_,cp(x, x,) = p(x,2) = 0. Now, as in the proof
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of Theorem 2.17 we conclude that z = fo = gz and that f, g have no other fixed
points. O

It is worth noting that for ¢ = f and h = h; (see Example 1.1) condition (1)
implies 0-continuity of f. Now, let us present the versions of Theorems 2.17, 2.18 for

g=1r.

Theorem 2.19. Assume that (X,p) is a 0-complete d-metric space and f is a 0-
continuous selfmapping on X. For g = [ let (12), (13) hold, and for mappings
h,H: X% x (fX)? — [0,00) let (3a), (4) be satisfied, respectively. Then for any
xo € X and z,, = f"xo, n € N, (5b) holds, there exists an x such that

lim,, s 0op(x, 2,,) = p(z,2) =0 and x = fx.
If, in addition, (3b) is satisfied, then x is unique.

Theorem 2.20. Let f be a 0-continuous selfmapping on a 0-complete d-metric space
(X,p). Assume that there exists an xo € X, such that for x, = f"xg, n € N we
have limy,— oop(Xpy1,2n) = 0. For g = f let (12), (13) hold, and for mappings
h,H: X? x (fX)? — [0,00) let H satisfy (4b). Then there exists an x such that

limy,,oop(z, 2,) = p(x,2) =0 and x = fx.
If, in addition, (3b) is satisfied, then x is unique.

From Example 1.3 and Remark 2.2 it follows that for h = H = hz a theorem of
Jachymski ([4], Theorem 2) is included in Theorem 2.20.
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