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1. Introduction

The viscosity method for solving variational inequalities was first introduced by
Moudafi [18] in the setting of Hilbert spaces which is further extended by Xu [29]
in the frame work of uniformly smooth Banach spaces. In the viscosity method,
Moudafi [18] and Xu [29] considered a contraction mapping which is involved in the
formulation of the variational inequality. Several researchers replaced contraction
mapping by some weak form of contraction mappings, namely, pseudo-contraction
mapping, weakly contraction mapping and developed the viscosity method for solving
variational inequalities defined over the set of fixed points of a nonexpansive mapping
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in the setting of Hilbert spaces or Banach spaces, see, e.g., [18, 17, 29, 28, 30, 27] and
the references therein.

During the last decades, the study of variational inequalities, variational inclusions
and optimization problems over manifolds is emerged as promissing, interesting and
hot topic for researchers, see, e.g., [2, 3, 4, 5, 7, 9, 10, 12, 13, 14, 15, 16, 19, 20, 21, 22,
25, 11] and the references therein. Recently, Huang [13] extended viscosity method
with a weak contraction mapping for solving variational inequalities in the setting of
Hadamard manifolds and discussed its convergence criterion.

The main purpose of this work is to give a viscosity method with a φ-contraction
mapping for solving variational inequalities defined over the set of fixed points of a
nonexpansive mapping in the setting of Hadamard manifolds.

The following paper is organized as follows: In the next section, we collect several
basic definitions, terminologies and results from manifolds which are needed in the se-
quel. In Section 3, we give the formulation of a variational inequality problem defined
over the set of fixed points of a nonexpansive mapping and involving a φ-contraction
mapping and another nonexpansive mapping in the setting of Hadamard manifolds.
Several special cases, namely, variational inequality problems defined over the set of
zeros of a set-valued monotone vector field, Moreau-Yosida regularization problems of
our variational inequality problem are also considered. Section 4 proposes a viscosity
method for solving considered variational inequality problem and studies convergence
analysis of the proposed method. Several special cases are also discussed. In the
last section, we illustrate the proposed viscosity method and convergence result by a
numerical example. The algorithms and results of the paper extended and improve
several known results from the setting of linear structure to Hadamard manifolds.

2. Preliminaries

In this section, we recall some known notions, definitions and results from manifold,
which can be found in any standard book on manifolds, see, e.g., [23, 11, 25].

Let M be a finite dimensional differentiable manifold. For each x ∈ M, let TxM
be the tangent space at x, which is a real vector space of the same dimension as
M. The collection of all tangent spaces on M is called a tangent bundle and it is
denoted by TM. A single-valued vector field on a manifold M is a C∞ mapping
A : M → TM such that for each x ∈ M, it assigns a tangent vector A(x) ∈ TxM. A
smooth mapping 〈·, ·〉 : TM × TM → R is said to be a Riemannian metric on M if
〈·, ·〉x : TxM × TxM → R is an inner product for all x ∈ M. We denote by ‖ · ‖x the
corresponding norm to the inner product 〈·, ·〉x on TxM. We omit the subscript x if
no confusion arises. A differentiable manifold M endowed with a Riemannian metric
〈·, ·〉 is called a Riemannian manifold.

The length of a piecewise smooth curve γ : [a, b]→M joining x = γ(a) to y = γ(b)
in M is given by

L(γ) =

∫ b

a

‖γ̇(t)‖dt,
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where γ̇(t) denotes the tangent vector at γ(t) in the tangent space Tγ(t)M. The
minimal length of all such curves joining x to y is called a Riemannian distance and
it is denoted by d(x, y).

Let ∇ be the Levi-Civita connection associated with the Riemannian manifold M.
A smooth vector field X along γ is said to be parallel if ∇γ̇(t)X = 0, where 0 denotes
the zero tangent vector. If γ̇ is parallel along γ, i.e., ∇γ̇(t)γ̇(t) = 0, then γ is said to
be a geodesic and in this case ‖γ̇(t)‖ is a constant. In addition, if ‖γ̇(t)‖ = 1, then γ
is called a normalized geodesic. A geodesic joining x to y in a Riemannian manifold
M is said to be a minimal geodesic if its length is equal to d(x, y).

A Riemannian manifold M is said to be complete if for any x ∈ M, all geodesics
emanating from x are defined for all t ∈ R. By Hopf-Rinow Theorem [23], any pair
of points in a complete Riemannian manifold M can be joined by a minimal geodesic;
moreover, (M, d) is a complete metric space. If M is a complete Riemannian manifold,
then the exponential mapping expx : TxM→M at x ∈M is defined by

expx v = γv(1;x), ∀v ∈ TxM,

where γv(·;x) is the geodesic starting from x with velocity v, i.e., γv(0;x) = x and
γ̇v(0;x) = v. It is known that expx tv = γv(t;x) for any real number t, and expx 0 =
γv(0;x) = x. Note that the exponential mapping expx is differentiable on TxM for
any x ∈ M. It is well-known that the derivative D expx(0) of expx(0) is equal to the
identity vector of TxM. Therefore, by the inverse mapping theorem, there exists an
inverse exponential mapping exp−1

x : M→ TxM. Moreover, for any x, y ∈M, we have
d(x, y) = ‖ exp−1

x y‖. For further details, we refer to [23].
A complete simply connected Riemannian manifold with nonpositive sectional cur-

vature is called a Hadamard manifold.
The rest of the paper, unless otherwise specified, we assume that M is a finite

dimensional Hadamard manifold.
Li et al. [14] derived some properties of the exponential mapping in the setting of

Hadamard manifolds.

Lemma 2.1. [14] Let {xn}n∈N be a sequence in a Hadamard manifold M such that
xn → x̃ ∈M. Then the following assertions hold.

(a) For any y ∈M, we have

exp−1
xn
y → exp−1

x̃ y and exp−1
y xn → exp−1

y x̃.

(b) If un ∈ TxnM and un → ũ, then ũ ∈ Tx̃M.
(c) Given un, vn ∈ TxnM and ũ, ṽ ∈ Tx̃M, if un → ũ and vn → ṽ, then

〈un, vn〉 → 〈ũ, ṽ〉.

Proposition 2.2. [23] For any x in a Hadamard manifold M, the exponential map-
ping expx : TxM → M is a diffeomorphism, and for any two points x, y ∈ M, there
exists a unique normalized geodesic γ : [0, 1]→M joining x = γ(0) to y = γ(1) which
is in fact a minimal geodesic defined by

γ(t) = expx t exp−1
x y, ∀t ∈ [0, 1].
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A subset C of a Riemannian manifold M is said to be geodesic convex if for any
two points x and y in C, any geodesic joining x to y is contained in C, i.e., if for
all a, b ∈ R, γ : [a, b] → M is a geodesic such that x = γ(a) and y = γ(b), then
γ(at+ (1− t)b) ∈ C for all t ∈ [0, 1].

A function f : M→ R is said to be geodesic convex if for any geodesic γ : [a, b]→
M, the composition function f ◦ γ : [a, b]→ R is convex, that is,

(f ◦ γ)(at+ (1− t)b) ≤ t(f ◦ γ)(a) + (1− t)(f ◦ γ)(b), ∀t ∈ [0, 1] and ∀a, b ∈ R.

Proposition 2.3. [23] The Riemannian distance d : M×M→ R is a geodesic convex
function with respect to the product Riemannian metric, i.e., for any pair of geodesics
γ1 : [0, 1]→M and γ2 : [0, 1]→M,

d(γ1(t), γ2(t)) ≤ (1− t)d(γ1(0), γ2(0)) + td(γ1(1), γ2(1)), ∀t ∈ [0, 1].

In particular, for each x ∈ M, the function d(·, x) : M → R is a geodesic convex
function.

We now mention some geometric properties of finite dimensional Hadamard man-
ifold M which are similar to the setting of Euclidean space Rn.

A geodesic triangle ∆(x1, x2, x3) in a Riemannian manifold M is a set consisting of
three points x1, x2 and x3, and three minimal geodesics γi joining xi to xi+1, where
i = 1, 2, 3 (mod 3).

Proposition 2.4. [23] Let ∆(x1, x2, x3) be a geodesic triangle in a Hadamard mani-
fold M. For each i = 1, 2, 3 (mod 3), let γi : [0, li]→ M be the geodesic joining xi to
xi+1, li = L(γi) and αi be the angle between tangent vectors γ̇i(0) and −γ̇i−1(li−1).
Then

(a) α1 + α2 + α3 ≤ π;
(b) l2i + l2i+1 − 2lili+1 cosαi+1 ≤ l2i−1.

As in [14], Proposition 2.4 (b) can be written in terms of Riemannian distance and
exponential mapping as

d2(xi, xi+1) + d2(xi+1, xi+2)− 2
〈

exp−1
xi+1

xi, exp−1
xi+1

xi+2

〉
≤ d2(xi−1, xi), (2.1)

since 〈
exp−1

xi+1
xi, exp−1

xi+1
xi+2

〉
= d(xi, xi+1)d(xi+1, xi+2) cosαi+1.

For further details, we refer to [12].

Lemma 2.5. [7, p. 24] (see also [15]) Let ∆(x, y, z) be a geodesic triangle in a
Hadamard manifold M. Then there exists x′, y′, z′ ∈ R2 such that

d(x, y) = ‖x′ − y′‖, d(y, z) = ‖y′ − z′‖ and d(x, z) = ‖x′ − z′‖.

The triangle ∆(x′, y′, z′) is called the comparison triangle of the geodesic trian-
gle ∆(x, y, z), which is unique up to isometry of M. The points x′, y′, z′ are called
comparison points to the points x, y, z, respectively.

Lemma 2.6. [15] Let ∆(x, y, z) be a geodesic triangle in a Hadamard manifold M
and ∆(x′, y′, z′) be its comparison triangle.
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(a) Let α1, α2, α3 (respectively, α′1, α
′
2, α
′
3) be the angles of ∆(x, y, z) (respectively,

∆(x′, y′, z′)) at the vertices x, y, z (respectively, x′, y′, z′). Then

α′1 ≥ α1, α′2 ≥ α2 and α′3 ≥ α3.

(b) Let w be a point on the geodesic joining x to y and w′ its comparison point
in the interval [x′, y′]. If d(w, x) = ‖w′ − x′‖ and d(w, y) = ‖w′ − y′‖, then
d(w, z) ≤ ‖w′ − z′‖.

The projection of a point x ∈ M onto a closed geodesic convex subset C of a
Hadamard manifold M is defined by

PC(x) = {z ∈ C : d(x, z) ≤ d(x, y), ∀y ∈ C}.

Proposition 2.7. [26] Let C be a closed geodesic convex subset of a Hadamard man-
ifold M. Then for any x ∈ M, PC(x) is a singleton set. Also, for any point x ∈ M,
the following assertions are equivalent:

(a) y = PC(x);
(b)

〈
exp−1

y x, exp−1
y z

〉
≤ 0, ∀z ∈ C.

Definition 2.8. [16] A mapping T : M→ M is said to be firmly nonexpansive if for
any x, y ∈M, the function ϕ : [0, 1]→ [0,+∞) defined by

ϕ(t) := d
(
expx t exp−1

x T (x), expy t exp−1
y Ty

)
, ∀t ∈ [0, 1],

is nonincreasing.

Li et al. [16] proved that every firmly nonexpansive mapping is nonexpansive.

Definition 2.9. A mapping f : M→M is said to be φ-contraction [6] if

d(f(x), f(y)) ≤ φ(d(x, y)), ∀x, y ∈M,

where φ : [0,+∞)→ [0,+∞) is a function that satisfies the following conditions:

(i) φ(t) < t for all t > 0;
(ii) φ is continuous.

Remark 2.10. (a) φ(t) = t
1+t for all t ≥ 0 satisfies the conditions (i) - (ii).

(b) If φ(t) = kt for all t ≥ 0, where k ∈ (0, 1), then f is a contraction mapping
with Lipschitz constant k.

(c) Note that φ-contraction mappings are nonexpansive.

Note that the φ-contraction mappings were first introduced by Boyd and Wong [6].
They discussed the existence of a unique fixed point of a φ-contraction mapping in
the setting of a complete metric space.

Theorem 2.11. [6, Theorem 1] Let (X, d) be a complete metric space and f : X → X
be a φ-contraction mapping, where φ is upper semicontinuous and satisfies φ(t) < t
for all t > 0. Then f has a unique fixed point.
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Lemma 2.12. [1] Let {µn}n∈N and {βn}n∈N be two sequences of positive real numbers

such that lim
n→∞

βn

µn
= 0 and

∞∑
n=1

µn = +∞. Let {wn}n∈N be a sequence of positive real

numbers satisfying the recursive inequality:

wn+1 ≤ wn − µnψ(wn) + βn, ∀n ∈ N,
where ψ : [0,+∞) → [0,+∞) is a continuous and nondecreasing function such that
ψ(0) = 0 and ψ(s) > 0 for all s > 0. Then lim

n→∞
wn = 0.

Remark 2.13. Let φ : [0,+∞) → [0,+∞) be a continuous and nonincreasing
function such that φ(0) = 0 and φ(t) < t for all t > 0. Then the function
ψ : [0,+∞)→ [0,+∞) defined by

ψ(t) = t− φ(t), ∀t ≥ 0, (2.2)

is continuous and nondecreasing such that ψ(0) = 0 and ψ(t) > 0 for all t > 0.
Indeed, the continuity of ψ follows from (2.2) and continuity of φ. Also, φ(0) = 0

implies ψ(0) = 0 and φ(t) < t gives ψ(t) > 0 for all t > 0. Furthermore, since φ is
nonincreasing, for any t1 ≤ t2, we have −φ(t1) ≤ −φ(t2). Therefore, t1 − φ(t1) ≤
t2 − φ(t2), and hence, ψ(t1) ≤ ψ(t2). This confirms that ψ is nondecreasing.

Therefore, by replacing the function ψ(t) = t− φ(t) in Lemma 2.12, we obtain the
following result.

Lemma 2.14. Let {µn}n∈N and {βn}n∈N be two sequences of positive real numbers

such that lim
n→∞

βn

µn
= 0 and

∞∑
n=1

µn = +∞. Let {wn}n∈N be a sequence of positive real

numbers satisfying the recursive inequality:

wn+1 ≤ (1− µn)wn + µnφ(wn) + βn, ∀n ∈ N, (2.3)

where φ : [0,+∞) → [0,+∞) is a continuous and nonincreasing function such that
φ(0) = 0 and φ(s) < s for all s > 0. Then lim

n→∞
wn = 0.

Proof. Let ψ(t) = t− φ(t), then by Remark 2.13, all the assumptions of Lemma 2.12
are satisfied. Therefore, from (2.3), we have

wn+1 ≤ wn − µnψ(wn) + βn, ∀n ∈ N,
which implies from Lemma 2.12 that lim

n→∞
wn = 0. �

3. Formulation of problems

Throughout the paper, we denote by Ω(M) the set of all single-valued vector fields
A : M→ TM such that A(x) ∈ TxM for each x ∈M.

Definition 3.1. [20] A single-valued vector field A ∈ Ω(M) is said to be monotone if〈
A(x), exp−1

x y
〉
≤
〈
A(y),− exp−1

y x
〉
, ∀x, y ∈M.

Let X (M) be the set of all set-valued vector fields V : M ⇒ TM such that V (x) ⊆
TxM for each x ∈M. The domain D(V ) of V is defined by

D(V ) = {x ∈M : V (x) 6= ∅}.
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Definition 3.2. [19] Let T : M ⇒ M be a set-valued mapping. The complementary
vector field V ∈ X (M) of T is defined by

V (x) = − exp−1
x T (x), ∀x ∈M,

where exp−1
x T (x) =

{
exp−1

x y ∈ TxM : y ∈ T (x)
}

for all x ∈M.

Theorem 3.3. [19] If T : M→M is a nonexpansive mapping, then its complementary
vector field V is monotone.

We now recall the definition of resolvent associated with a set-valued vector field
and some of its well-known properties.

Definition 3.4. [16] For a given µ > 0 and a set-valued vector field V ∈ X (M), the
resolvent of the vector field V of order µ is a set-valued mapping RVµ : M ⇒ D(V )
defined by

RVµ (x) := {z ∈M : x ∈ expz µV (z)}, ∀x ∈M.

Remark 3.5. [16] For µ > 0, the range of resolvent RVµ is contained in the domain
of V and

Fix(RVµ ) = V −1(0).

Definition 3.6. [9] A set-valued vector field V ∈ X (M) is said to be monotone if for
any x, y ∈ D(V ),〈

u, exp−1
x y

〉
≤
〈
v,− exp−1

y x
〉
, ∀u ∈ V (x) and ∀v ∈ V (y).

Lemma 3.7. [16] A set-valued vector field V ∈ X (M) is monotone if and only if RVµ
is single-valued and firmly nonexpansive.

Let M be a Hadamard manifold, f : M → M be a φ-contraction mapping and
S, T : M→M be nonexpansive mappings with Fix(T ) 6= ∅, where Fix(T ) denotes the
set of all fixed points of T . We consider the following variational inequality problem
associated with f, T, S and Fix(T ): Find x̄ ∈ Fix(T ) such that〈

exp−1
x̄ S(x̄) +

1

σ
exp−1

x̄ f(x̄), exp−1
x̄ x

〉
≤ 0, ∀x ∈ Fix(T ), (3.1)

where σ ∈ (0,+∞). We denote by S the solution set of the problem (3.1). It is
considered and studied by Yao et al. [30] in the framework of Hilbert spaces by
considering f to be contraction and S, T to be nonexpansive. In particular, if S ≡ I
the identity mapping, then problem (3.1) becomes the following problem:

Find x̄ ∈ Fix(T ) such that
〈
exp−1

x̄ f(x̄), exp−1
x̄ x

〉
≤ 0, ∀x ∈ Fix(T ). (3.2)

Moudafi [18] considered and studied problem (3.2) in the framework of Hilbert spaces,
and introduced the viscosity approximation method for finding its solution where f
is a contraction mapping. Later, Xu [28] considered f to be a nonexpansive mapping
and extended the work of Moudafi [18] in the setting of uniformly smooth Banach
spaces.
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Since T is nonexpansive, by [2], Fix(T ) is a closed and geodesic convex subset of
the Hadamard manifold M. If Fix(T ) 6= ∅, then by Proposition 2.7, problem (3.2)
can be equivalently written as the following fixed point problem:

Find x̄ ∈ Fix(T ) such that x̄ = PFix(T )f(x̄), (3.3)

where PFix(T ) is the metric projection onto the closed geodesic convex set Fix(T ) in
the Hadamard manifold M.

Moreover, if f ≡ I the identity mapping, then the problem (3.1) reduces to follow-
ing variational inequality problem involving nonexpansive mappings T and S:

Find x̄ ∈ Fix(T ) such that
〈
exp−1

x̄ S(x̄), exp−1
x̄ x

〉
≤ 0, ∀x ∈ Fix(T ). (3.4)

Since Fix(T ) is nonempty closed and geodesic convex, again by using Proposition 2.7,
problem (3.4) is equivalently written as the following fixed point problem:

Find x̄ ∈ Fix(T ) such that x̄ = PFix(T )S(x̄). (3.5)

We also consider the following special cases of the problem (3.2).

Variational inequality problem over the set of zeros of a set-valued mono-
tone vector field: Let V : M ⇒ TM be a monotone set-valued vector field. By
Lemma 3.7, RVλ is single-valued, and by Remark 3.5, V −1(0) = Fix(RVλ ) for all λ > 0.
By considering Fix(T ) = V −1(0) in problem (3.2), we get the following variational
inequality problem over the set of zeros of a set-valued monotone vector field:

Find x̄ ∈ V −1(0) such that
〈
exp−1

x̄ f(x̄), exp−1
x̄ y

〉
≤ 0, ∀y ∈ V −1(0). (3.6)

Hierarchical minimization problem: Let G : M→ (−∞,+∞] be a proper, lower
semicontinuous and geodesic convex function on a Hadamard manifold M. The do-
main of the function G, denoted by D(G), is defined by

D(G) := {x ∈M : G(x) 6= +∞}.

The directional derivative of the function G at x in direction u ∈ TxM is given by

GD(x;u) := lim
t→0+

G(expx tu)− G(x)

t
.

The gradient ∇G of G at x ∈ M [11] is defined by 〈∇G(x), u〉 := GD(x;u) for all
u ∈ TxM. It is well known [25] that

x̄ ∈ argmin
x∈M

G(x) ⇔ ∇G(x̄) = 0, (3.7)

where argmin
x∈M

G(x) = {x ∈M : G(x) ≤ G(y), ∀y ∈M} is a set of minimizers of G.

Proposition 3.8. [22] Let M be a Riemannian manifold and G : M → R be a
differentiable function. Then G is geodesic convex if and only if ∇G is a monotone
vector field.

The hierarchical minimization problem is to find x̄ ∈ Fix(T ) such that

x̄ ∈ argmin
x∈Fix(T )

G(x). (3.8)
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Let f(z) = u for some u ∈M and for all z ∈ Fix(T ) and define the objective function
G by

G(x) :=
1

2
d2(u, x), ∀x ∈M, (3.9)

where f : M → M is a φ-contraction mapping. Note that G is geodesic convex by
Proposition 2.3.

Proposition 3.9. The element x̄ is a solution of problem (3.2) if and only if it is a
solution of the following hierarchical minimization problem:

x̄ ∈ argmin
x∈Fix(T )

1

2
d2(u, x), (3.10)

where f(z) = u for some u ∈M and for all z ∈ Fix(T ).

Proof. Let x̄ ∈ Fix(T ) be a solution of the problem (3.10). Then

1

2
d2(u, x̄) ≤ 1

2
d2(u, y), ∀y ∈ Fix(T ).

Since u = f(z) for all z ∈ Fix(T ), therefore, for u = f(x̄), we have

1

2
d2(f(x̄), x̄) ≤ 1

2
d2(f(x̄), y), ∀y ∈ Fix(T ).

By the definition of metric projection on a Hadamard manifold, we obtain

x̄ = PFix(T )f(x̄).

It follows from Proposition 2.7 that x̄ is solution of the problem (3.2).
Conversely, let x̄ be a solution of the problem (3.2), that is, x̄ ∈ Fix(T ) such that〈

exp−1
x̄ f(x̄), exp−1

x̄ y
〉
≤ 0, ∀y ∈ Fix(T ). (3.11)

Consider a geodesic triangle ∆(f(x̄), x̄, y). Then by inequality (2.1), we have

d2(f(x̄), x̄) + d2(x̄, y)− 2
〈
exp−1

x̄ f(x̄), exp−1
x̄ y

〉
≤ d2(f(x̄), y). (3.12)

By combining (3.11) and (3.12), we obtain

1

2
d2(f(x̄), x̄) +

1

2
d2(x̄, y) ≤ 1

2
d2(f(x̄), y),

and so,
1

2
d2(f(x̄), x̄) ≤ 1

2
d2(f(x̄), y), ∀y ∈ Fix(T ),

by replacing u = f(x̄), we have

1

2
d2(u, x̄) ≤ 1

2
d2(u, y), ∀y ∈ Fix(T ),

that is, x̄ is a solution of the hierarchical minimization problem (3.10). �

Moreau-Yosida regularization and hierarchical minimization problem: The
Moreau-Yosida regularization proxλΘ(x) : M → M of a geodesic convex function
Θ : M→ R on a Hadamard manifold M is defined as follows:

proxλΘ(x) := argmin
z∈M

{
Θ(z) +

1

2λ
d2(x, z) : z ∈M

}
, ∀x ∈M.
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Ferreira and Oliveira [12] showed that proxλΘ is a single-valued mapping with
D(proxλΘ) = M. Moreover, proxλΘ is also a firmly nonexpansive mapping (see, [16,
Example 1]), and so proxλΘ is nonexpansive. If Θ : M→ (−∞,+∞] be proper, lower
semicontinuous and geodesic convex function then the fixed point of Moreau-Yosida
regularization has a relation (see [5, Lemma 3.2]), that is, argmin

M
Θ = Fix(proxλΘ).

Since every φ-contraction mapping is nonexpansive, by Theorem 3.3, the compli-
mentary vector field of φ-contraction mapping is monotone. Also, the gradient of a
geodesic convex function is monotone. Therefore, without loss of generality we can
consider a φ-contraction mapping f : M → M and a geodesic convex differentiable
function g : M→ R such that ∇g = − exp−1

· f . Then, we obtain the following result
in which the problem (3.2) reduces to the hierarchical minimization problem which
was considered by Cabot [8] and Solodov [24] in the setting of Euclidean spaces.

Proposition 3.10. Let Θ : M → (−∞,+∞] be proper, lower semicontinuous and
geodesic convex function and g : M → R be a geodesic convex and differentiable
function. Let f : M→M be a φ-contraction mapping, and for λ > 0, let T : M→M
be defined by

T (x) := proxλΘ(x), ∀x ∈M. (3.13)

If the gradient of g is ∇g = − exp−1
· f , then the problem (3.2) reduces to the following

hierarchical minimization problem

min
x∈argmin Θ

g(x). (3.14)

Proof. Let x̄ be a solution of the problem (3.2). Then x̄ ∈ Fix(T ), and by the definition
of T , x̄ = proxλΘ(x̄), that is, x̄ ∈ argmin Θ. It follows from (3.2)〈

exp−1
x̄ f(x̄), exp−1

x̄ y
〉
≤ 0, ∀y ∈ argmin Θ.

Since ∇g = − exp−1
· f , we obtain〈

∇g(x̄), exp−1
x̄ y

〉
≥ 0, ∀y ∈ argmin Θ.

By the definition of gradient of g, we have

0 ≤
〈
∇g(x̄), exp−1

x̄ y
〉

= gD
(
x̄; exp−1

x̄ y
)
,

where gD
(
x̄; exp−1

x̄ y
)

is a directional derivative at x̄ in direction exp−1
x̄ y, i.e.,

0 ≤ gD
(
x̄; exp−1

x̄ y
)

= lim
t→0+

g
(
expx̄(t exp−1

x̄ y)
)
− g (x̄)

t

= lim
t→0+

g(γ(t))− g(x̄)

t
,

where γ(t) = expx̄ t exp−1
x̄ y is the geodesic joining x̄ = γ(0) to y = γ(1). Then by

[25, Theorem 4.2, page no. 71], the function defined by

Γ(t) :=
g(γ(t)))− g(x̄)

t
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is nondecreasing and gD
(
x̄; exp−1

x̄ y
)

= inf
t>0

Γ(t) ≤ Γ(t). Therefore, above inequality

becomes

0 ≤ g(γ(t)))− g(x̄)

t
.

By the geodesic convexity of g, we obtain 0 ≤ g(y)− g(x), that is, g(x̄) ≤ g(y) for all
y ∈ argmin Θ. Hence, x̄ is a solution of the problem (3.14). �

4. Viscosity method and convergence results

Let f : M → M be a φ-contraction mapping and S, T : M → M be nonexpansive
mappings, where φ : [0,+∞) → [0,+∞) is a continuous and nonincreasing function
such that φ(0) = 0 and φ(t) < t for all t > 0. We propose the following viscosity
iterative algorithm for finding a solution of the problem (3.1).

Algorithm 4.1. Choose an arbitrary element x1 ∈M, define sequences {xn}n∈N and
{yn}n∈N by

yn := expS(xn)(1− ξn) exp−1
S(xn) T (xn), ∀n ∈ N, (4.1)

and

xn+1 := expf(xn)(1− µn) exp−1
f(xn) yn, ∀n ∈ N, (4.2)

where {µn}n∈N ⊆ (0, 1) and {ξn}n∈N ⊆ (0, 1) are the sequences of positive real num-
bers.

Remark 4.2. If M = H is a Hilbert space, then Algorithm 4.1 reduces to the algo-
rithm considered and studied by Mainge and Moudafi [17] under the assumption that
f is a contraction mapping.

Now we prove the convergence of the sequence generated by Algorithm 4.1 to a
solution of the problem (3.1).

Theorem 4.3. Let f : M → M be a φ-contraction mapping and S, T : M → M be
nonexpansive mappings such that Fix(T ) 6= ∅. Let {µn}n∈N ⊆ (0, 1) and {ξn}n∈N ⊆
(0, 1) be the sequences such that ξn

µn
≤ σ ∈ (0,+∞) for all n ∈ N, where σ is the same

as in the formulation of the problem (3.1). Assume that the following conditions hold:

(i) lim
n→∞

µn = 0;

(ii)
∞∑
n=1

µn = +∞;

(iii) lim
n→∞

ξn
µn

= 0;

(iv) lim
n→∞

∣∣∣1− µn−1

µn

∣∣∣ = 0.

If 0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1 for all ā ∈ Fix(T ), then

(a) the sequence {xn}n∈N defined by Algorithm 4.1 is bounded;
(b) lim

n→∞
d(xn+1, xn) = 0;

(c) the sequence {xn}n∈N defined by Algorithm 4.1 converges to a solution of the
problem (3.1).
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Proof. (a) Clearly, from (4.2) and (4.1), xn+1 and yn are on the geodesics joining yn
and f(xn), and T (xn) and S(xn), respectively. Let γ1

n : [0, 1]→M and γ2
n : [0, 1]→M

be the geodesics such that γ1
n(0) = yn, γ1

n(1) = f(xn) and γ2
n(0) = T (xn), γ2

n(1) =
S(xn). Therefore, xn+1 = γ1

n(µn) and yn = γ2
n(ξn). Let ā be a solution of the problem

(3.1). Then, ā ∈ Fix(T ). By Proposition 2.3, we have

d(yn, ā) = d(γ2
n(ξn), ā)

≤ (1− ξn)d(γ2
n(0), ā) + ξnd(γ2

n(1), ā)

= (1− ξn)d(T (xn), T (ā)) + ξnd(S(xn), ā)

≤ (1− ξn)d(xn, ā) + ξn
(
d(S(xn), S(ā)) + d(S(ā), ā)

)
≤ (1− ξn)d(xn, ā) + ξn

(
d(xn, ā) + d(S(ā), ā)

)
= d(xn, ā) + ξnd(S(ā), ā). (4.3)

This together with (4.2) implies that

d(xn+1, ā) = d(γn(µn), ā)

≤ (1− µn)d(γ1
n(0), ā) + µnd(γ1

n(1), ā)

= (1− µn)d(yn, ā) + µnd(f(xn), ā)

≤ (1− µn)
(
d(xn, ā) + ξnd(S(ā), ā)

)
+ µn (d(f(xn), f(ā)) + d(f(ā), ā))

≤ (1− µn)d(xn, ā) + ξnd(S(ā), ā) + µn (φ(d(xn, ā)) + d(f(ā), ā))

= (1− µn)d(xn, ā) + µnφ(d(xn, ā)) + µn

(
d(f(ā), ā) +

ξn
µn
d(S(ā), ā)

)
.

(4.4)

Since 0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1 and ξn
µn
≤ σ for all

n ∈ N, then it follows from (4.4) that

d(xn+1, ā) ≤ (1− µn(1− τ))d(xn, ā) + µn (d(f(ā), ā) + σd(S(ā), ā))

≤ max

{
d(xn, ā),

1

1− τ
(
d(f(ā), ā) + σd(S(ā), ā)

)}
...

≤ max

{
d(x1, ā),

1

1− τ
(d(f(ā), ā) + σd(S(ā), ā))

}
. (4.5)

Therefore, {xn}n∈N is bounded, and hence there exists a constant K > 0 such that
d(xn, ā) ≤ K. Since µn → 0 as n→∞, {µn}n∈N is bounded. Therefore, there exists
a constant η > 0 such that µn ≤ η for all n ∈ N. Thus, From (4.3), we have

d(yn, ā) ≤ d(xn, ā) + ξnd(S(ā), ā)

= d(xn, ā) + µn
ξn
µn
d(S(ā), ā)

≤ K + ησd(S(ā), ā),
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and therefore, {yn}n∈N is bounded. Since f is φ-contraction, and T and S are non-
expansive mappings, by condition (ii) in Definition 2.9, we have

d(f(xn), ā) ≤ d(f(xn), f(ā)) + d(f(ā), ā)

≤ φ(d(xn, ā)) + d(f(ā), ā)

< d(xn, ā) + d(f(ā), ā)

≤ K + d(f(ā), ā),

d(S(xn), ā) ≤ d(S(xn), S(ā)) + d(S(ā), ā)

≤ d(xn, ā) + d(S(ā), ā)

≤ K + d(S(ā), ā),

and

d(T (xn), ā) = d(T (xn), T (ā)) ≤ d(xn, ā) ≤ K,
which means that the sequences {f(xn)}n∈N, {S(xn)}n∈N and {T (xn)}n∈N are
bounded.
(b) From convexity of Riemannian distance d, we obtain

d(yn, yn−1) = d(γ2
n(ξn), γ2

n−1(ξn−1))

≤ d(γ2
n(ξn), γ2

n−1(ξn)) + d(γ2
n−1(ξn), γ2

n−1(ξn−1))

≤ (1− ξn)d(γ2
n(0), γ2

n−1(0)) + ξnd(γ2
n(1), γ2

n−1(1))

+ |ξn − ξn−1|d(S(xn−1), T (xn−1))

= (1− ξn)d(T (xn), T (xn−1)) + ξnd(S(xn), S(xn−1))

+ |ξn − ξn−1|d(S(xn−1), T (xn−1))

≤ (1− ξn)d(xn, xn−1) + ξnd(xn, xn−1) + |ξn − ξn−1|d(S(xn−1), T (xn−1))

≤ d(xn, xn−1) + |ξn − ξn−1|K1,

where K1 is a constant such that K1 = sup
n∈N
{d(S(xn−1), T (xn−1))}. Again by convex-

ity of Riemannian distance d, we have

d(xn+1, xn)

= d(γ1
n(µn), γ1

n−1(µn−1))

≤ d(γ1
n(µn), γ1

n−1(µn)) + d(γ1
n−1(µn), γ1

n−1(µn−1))

≤ (1− µn)d(γ1
n(0), γ1

n−1(0)) + µnd(γ1
n(1), γ1

n−1(1)) + |µn − µn−1|d(f(xn−1), yn−1)

= (1− µn)d(yn, yn−1) + µnd(f(xn), f(xn−1)) + |µn − µn−1|d(f(xn−1), yn−1)

≤ (1− µn) (d(xn, xn−1) + |ξn − ξn−1|K1) + µnφ(d(xn, xn−1)) + |µn − µn−1|K2

≤ (1− µn)d(xn, xn−1) + µnφ(d(xn, xn−1) + |ξn − ξn−1|K1 + |µn − µn−1|K2,

where K2 is a constant such that K2 = sup
n∈N
{d(f(xn−1), yn−1)}. Since lim

n→∞
ξn
µn

= 0,

we have

lim
n→∞

1

µn
|ξn − ξn−1| = 0,
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and from assumption (iii) we have

lim
n→∞

1

µn
|µn − µn−1| = 0.

Therefore, from Lemma 2.14, we conclude that

lim
n→∞

d(xn+1, xn) = 0.

(c) We first prove that

lim sup
n→∞

{
〈exp−1

ā S(ā), exp−1
ā T (xn)〉+

1

σ
〈exp−1

ā f(ā), exp−1
ā yn〉

}
≤ 0,

where ā is a solution of the problem (3.1).
Since the sequences {xn}n∈N, {yn}n∈N and {T (xn)}n∈N are bounded, so is{

〈exp−1
ā S(ā), exp−1

ā T (xn)〉+
1

σ
〈exp−1

ā f(ā), exp−1
ā yn〉

}
n∈N

,

and hence, its upper limit exists. We may assume a subsequence {xnj}j∈N of {xn}n∈N
such that

lim sup
n→∞

{
〈exp−1

ā S(ā), exp−1
ā T (xn)〉+

1

σ
〈exp−1

ā f(ā), exp−1
ā yn〉

}
= lim
j→∞

{
〈exp−1

ā S(ā), exp−1
ā T (xnj

)〉+
1

σ
〈exp−1

ā f(ā), exp−1
ā ynj

〉
}
,

and xnj
→ x′ for some x′ ∈M. By convexity of Riemanninan distance d, we have

d(xnj+1, ynj
) = d(γ1

nj
(µnj

), ynj
)

≤ (1− µnj )d(γ1
nj

(0), ynj ) + µnjd(γ1
nj

(1), ynj )

= (1− µnj
)d(ynj

, ynj
) + µnj

d(f(xnj
), ynj

)

= µnj
d(f(xnj

), ynj
),

and

d(ynj , T (xnj )) = d(γ2
nj

(ξnj ), T (xnj ))

≤ (1− ξnj
)d(γ2

nj
(0), T (xnj

)) + ξnj
d(γ2

nj
(1), T (xnj

))

= (1− ξnj
)d(T (xnj

), T (xnj
)) + ξnj

d(S(xnj
), T (xnj

))

= ξnjd(S(xnj ), T (xnj )).

Since {yn}n∈N, {T (xn)}n∈N, {S(xn)}n∈N and {f(xn)}n∈N are bounded, and so are
{d(f(xnj ), ynj )}n∈N and {d(S(xnj ), T (xnj ))}n∈N. Since ξn ≤ σµn, from condition
(iii), we have ξn → 0 as n→∞. Therefore, we have

lim
j→∞

d(xnj+1, ynj
) = 0,

and

lim
j→∞

d(ynj , T (xnj )) = 0.
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Since d(xnj
, ynj

) ≤ d(xnj+1, xnj
) + d(xnj+1, ynj

), we obtain lim
j→∞

d(xnj
, ynj

) = 0, and

therefore,

d(x′, T (x′)) ≤ d(x′, xnj
) + d(xnj

, ynj
) + d(ynj

, T (xnj
)) + d(T (x′), T (xnj

))→ 0

as j →∞.

This implies that x′ ∈ Fix(T ). Since ā is the solution of the problem (3.1), we have〈
exp−1

ā S(ā) +
1

σ
exp−1

ā f(ā), exp−1
ā y

〉
≤ 0, ∀y ∈ Fix(T ).

Since xnj
→ x′ ∈ Fix(T ) and lim

j→∞
d(xnj

, ynj
), hence, ynj

→ x′. Therefore,

lim sup
n→∞

{〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+

1

σ

〈
exp−1

ā f(ā), exp−1
ā yn

〉}
= lim
j→∞

{〈
exp−1

ā S(ā), exp−1
ā T (xnj

)
〉

+
1

σ

〈
exp−1

ā f(ā), exp−1
ā ynj

〉}
=
〈

exp−1
ā S(ā) +

1

σ
exp−1

ā f(ā), exp−1
ā x′

〉
≤ 0. (4.6)

It follows that there exists a sequence {cn}n∈N in (0,+∞) with lim
n→∞

cn = 0 such that

{〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+

1

σ

〈
exp−1

ā f(ā), exp−1
ā yn

〉}
≤ cn, ∀n ∈ N.

Next, we prove that lim
n→∞

d(xn, ā) = 0. For each n ∈ N, let pn = f(xn), p = f(ā),

qn = yn, ln = S(xn), l = S(ā) and mn = T (xn). Consider the geodesic trian-
gles ∆(pn, qn, ā), ∆(p, qn, ā), ∆(pn, qn, p), ∆(l,mn, ā), ∆(ln,mn, ā) and ∆(ln,mn, l).
Then by Lemma 2.5, there exist comparison triangles ∆(p′n, q

′
n, ā
′), ∆(p′, q′n, ā

′),
∆(p′n, q

′
n, p
′), ∆(l′,m′n, ā

′), ∆(l′n,m
′
n, ā
′) and ∆(l′n,m

′
n, l
′) such that

d(pn, qn) = ‖p′n − q′n‖, d(qn, ā) = ‖q′n − ā′‖ and d(pn, ā) = ‖p′n − ā′‖,

d(p, ā) = ‖p′ − ā′‖, d(qn, ā) = ‖q′n − ā′‖ and d(pn, p) = ‖p′n − p′‖,

d(ln,mn) = ‖l′n −m′n‖, d(mn, ā) = ‖m′n − ā′‖ and d(ln, ā) = ‖l′n − ā′‖

and

d(l, ā) = ‖l′ − ā′‖, d(mn, ā) = ‖m′n − ā′‖ and d(ln, l) = ‖l′n − l′‖.

Let α and β denote the angles at ā in triangles ∆(p, qn, ā) and ∆(l,mn, ā), respectively,
and α′ and β′ be the comparison angles at ā′ in triangles ∆(p′, q′n, ā

′) and ∆(l′,m′n, ā
′),

respectively. Therefore, α ≤ α′ and β ≤ β′ by Lemma 2.6 (a), and so, cosα′ ≤ cosα
and cosβ′ ≤ cosβ, respectively. Let

x′n+1 := µnp
′
n + (1− µn)q′n and q′n := ξnl

′
n + (1− ξn)m′n
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be the comparison point of xn+1 and yn, respectively. Then by Lemma 2.6 (b), we
have

d2(xn+1, ā)

≤ ‖x′n+1 − ā′‖2

= ‖µnp′n + (1− µn)q′n − ā′‖2

= ‖µn(p′n − ā′) + (1− µn)(q′n − ā′)‖2

= µ2
n ‖p′n − ā′‖

2
+ (1− µn)2 ‖q′n − ā′‖

2
+ 2µn(1− µn) 〈p′n − ā′, q′n − ā′〉

= µ2
n ‖p′n − ā′‖

2
+ (1− µn)2 ‖q′n − ā′‖

2
+ 2µn(1− µn)

(
〈p′n − p′, q′n − ā′〉

+ 〈p′ − ā′, q′n − ā′〉
)

≤ µ2
n ‖p′n − ā′‖

2
+ (1− µn)2‖q′n − ā′‖2 + 2µn(1− µn)

(
‖p′n − p′‖‖q′n − ā′‖

+ ‖p′ − ā′‖‖q′n − ā′‖ cosα′
)

≤ µ2
nd

2(pn, ā) + (1− µn)2d2(qn, ā) + 2µn(1− µn)
(
d(pn, p)d(qn, ā)

+ d(p, ā)d(qn, ā) cosα
)

= µ2
nd

2(f(xn), ā) + (1− µn)2d2(qn, ā) + 2µn(1− µn)
(
d(f(xn), f(ā))d(yn, ā)

+ d(f(ā), ā)d(yn, ā) cosα
)

≤ µ2
nd

2(f(xn), ā) + (1− µn)2d2(qn, ā) + 2µn(1− µn)φ(d(xn, ā))d(yn, ā)

+ 2µn(1− µn)d(f(ā), ā)d(yn, ā) cosα.

Since {f(xn)}n∈N is bounded then we may assume a constant K3 such that

K3 = sup
n∈N
{d2(f(xn), ā)}.

It follows from (4.3) that

d2(xn+1, ā)

≤ µ2
nK3 + (1− µn)2d2(qn, ā) + 2µn(1− µn)φ(d(xn, ā)) (d(xn, ā) + ξnd(S(ā), ā))

+ 2µn(1− µn)d(f(ā), ā)d(yn, ā) cosα.

Define a sequence {wn}n∈N by wn = d2(xn, ā). Let

δ = d(S(ā), ā).

Since

d(f(ā), ā)d(yn, ā) cosα =
〈
exp−1

ā f(ā), exp−1
ā yn

〉
,

we have

wn+1 ≤ µ2
nK3 + (1− µn)2d2(qn, ā) + 2µn(1− µn)φ(

√
wn)
√
wn

+ 2µn(1− µn)
〈
exp−1

ā f(ā), exp−1
ā yn

〉
+ 2µnξn(1− µn)φ(

√
wn)δ. (4.7)
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Since q′n := ξnl
′
n + (1− ξn)m′n is the comparison point of yn and d(qn, ā) = ‖q′n− ā′‖,

then we have

d2(qn, ā) = ‖q′n − ā′‖2

= ‖ξnl′n + (1− ξn)m′n − ā′‖2

= ξ2
n ‖l′n − ā′‖

2
+ (1− ξn)2 ‖m′n − ā′‖

2
+ 2ξn(1− ξn) 〈l′n − ā′,m′n − ā′〉

= ξ2
n ‖l′n − ā′‖

2
+ (1− ξn)2 ‖m′n − ā′‖

2
+ 2ξn(1− ξn)

(
〈l′n − l′,m′n − ā′〉

+ 〈l′ − ā′,m′n − ā′〉
)

≤ ξ2
n ‖l′n − ā′‖

2
+ (1− ξn)2‖m′n − ā′‖2 + 2ξn(1− ξn)

(
‖l′n − l′‖‖m′n − ā′‖

+ ‖l′ − ā′‖‖m′n − ā′‖ cosβ′
)

≤ ξ2
nd

2(ln, ā) + (1− ξn)2d2(mn, ā) + 2ξn(1− ξn)
(
d(ln, l)d(mn, ā)

+ d(l, ā)d(mn, ā) cosβ)

= ξ2
nd

2(S(xn), ā) + (1− ξn)2d2(T (xn), ā) + 2ξn(1− ξn)
(
d(S(xn), S(ā))d(T (xn), ā)

+ d(S(ā), ā)d(T (xn), ā) cosβ
)

≤ ξ2
nd

2(S(xn), ā) + (1− ξn)2d2(xn, ā) + 2ξn(1− ξn)
(
d2(xn, ā)

+ d(S(ā), ā)d(T (xn), ā) cosβ
)

= (1− ξ2
n)d2(xn, ā) + 2ξn(1− ξn)

〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+ ξ2

nd
2(S(xn), ā).

Since ā ∈ Fix(T ) and wn = d2(xn, ā),

d(S(ā), ā)d(T (xn), ā) cosβ =
〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
,

d(xn, ā) ≤ K and {S(xn)}n∈N is bounded, there exists is a constant K4 such that

K4 = sup
n∈N
{d2(S(xn), ā)},

and therefore, we have

d2(qn, ā) ≤ (1− ξ2
n)wn + 2ξn(1− ξn)

〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+ ξ2

nK4. (4.8)

This together with inequality (4.7) gives

wn+1 ≤ µ2
nK3 + (1− µn)2

(
(1− ξ2

n)wn + 2ξn(1− ξn)
〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+ ξ2

nK4

)
+ 2µn(1− µn)φ(

√
wn)
√
wn + 2µn(1− µn)

〈
exp−1

ā f(ā), exp−1
ā yn

〉
+ 2µnξn(1− µn)φ(

√
wn)δ. (4.9)

Since 0 < µn, ξn < 1 and ξn ≤ σµn, we have

(1− µn)2 ≤ (1− µn), µn(1− µn) ≤ µn, ξ2
n ≤ ξn and ξn(1− ξn) ≤ ξn.

Therefore,

wn+1 ≤ µ2
nK3 + (1− µn)wn + ξ2

nK4 + 2σµn
〈
exp−1

ā S(ā), exp−1
ā T (xn)

〉
+ 2µnφ(

√
wn)
√
wn + 2µn

〈
exp−1

ā f(ā), exp−1
ā yn

〉
+ 2µnξnφ(

√
wn)δ

= (1− µn)wn + 2µnφ(
√
wn)
√
wn + µ2

nK3 + ξ2
nK4 + 2σµncn + 2µnξnφ(

√
wn)δ.
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Thus, we have

wn+1 ≤ (1− µn)wn + µnψ(wn) + βn, ∀n ∈ N,

where βn = µ2
nK3 + ξ2

nK4 + 2σµncn + 2µnξnφ(
√
wn)δ and ψ(t) = 2

√
tφ(
√
t). Since

wn = d2(xn, ā) ≤ K2 and φ is nondecreasing, we have φ(
√
wn) ≤ φ(K2). Therefore,

βn
µn
≤ µnK3 +

ξ2
n

µn
K4 + 2σcn + 2ξnφ(K)δ.

Since lim
n→∞

cn = 0 and ξn = ξn
µn
µn → 0 as n→∞ because of assumptions (i) and (iii),

by conditions (i) - (iii), we have

lim
n→∞

βn
µn

= 0.

Hence by Lemma 2.14, {xn}n∈N converges to ā. �

Remark 4.4. In the absence of the projection mapping and by using the properties
of geodesic convexity, the above algorithm and convergence result improve and extend
the corresponding results in [30, 18, 17, 28, 29] from linear space setting to nonlinear
spaces, more precisely, to Hadamard manifolds.

If S ≡ I the identity mapping, then we have the following result.

Corollary 4.5. Let f : M → M be a φ-contraction mapping and T : M → M be a
nonexpansive mapping such that Fix(T ) 6= ∅. Let {µn}n∈N ⊆ (0, 1) and {ξn}n∈N ⊆
(0, 1) be the sequences such that the conditions (i) - (iv) of Theorem 4.3 hold. If
0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1 for all ā ∈ Fix(T ), then the
sequence {xn}n∈N defined by

yn := expxn
(1− ξn) exp−1

xn
T (xn), ∀n ∈ N,

and

xn+1 := expf(xn)(1− µn) exp−1
f(xn) yn, ∀n ∈ N,

converges to a solution of the problem (3.2).

From the above result, we can easily derive the following result related to the
monotone inclusion problem.

Corollary 4.6. Let f : M → M be a φ-contraction mapping and V ∈ X (M) be a
monotone set-valued vector field such that V −1(0) 6= ∅. Let {µn}n∈N ⊆ (0, 1) and
{ξn}n∈N ⊆ (0, 1) be a sequence such that conditions (i) - (iv) of Theorem 4.3 hold. If
0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1 for all ā ∈ V −1(0), then

(a) for λ > 0, the sequence {xn}n∈N defined by

yn := expxn
(1− ξn) exp−1

xn
RVλ (xn), ∀n ∈ N, (4.10)

and

xn+1 := expf(xn)(1− µn) exp−1
f(xn) yn, ∀n ∈ N, (4.11)

is bounded;
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(b) lim
n→∞

d(xn+1, xn) = 0;

(c) the sequence {xn}n∈N defined by (4.11) converges to a solution of the problem
(3.6).

In view of Proposition 3.9 and Proposition 3.10, and by taking S ≡ I identity
mapping in Theorem 4.3, we get following consequences of Corollary 4.5.

Corollary 4.7. Let G : M→ R be a geodesic convex function on a Hadamard manifold
M defined by (3.9) and T : M→M be a nonexpansive mapping such that Fix(T ) 6= ∅.
Let {µn}n∈N ⊆ (0, 1) and {ξn}n∈N ⊆ (0, 1) be the sequences such that the conditions (i)
- (iv) of Theorem 4.3 hold. If 0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1
for all ā ∈ Fix(T ). Then the sequence {xn}n∈N defined by

yn := expxn
(1− ξn) exp−1

xn
T (xn), ∀n ∈ N,

and

xn+1 := expf(xn)(1− µn) exp−1
f(xn) yn, ∀n ∈ N,

converges to a solution of the problem (3.8).

Corollary 4.8. Let Θ : M → (−∞,+∞] be a proper, lower semicontinuous and
geodesic convex function and g : M → R be a geodesic convex and differentiable
function such that ∇g = − exp−1

· f , and argminΘ 6= ∅ and a nonexpansive mapping
T : M → M be defined by (3.13) such that Fix(T ) 6= ∅. Let {µn}n∈N ⊆ (0, 1) and
{ξn}n∈N ⊆ (0, 1) be the sequences such that the conditions (i) - (iv) of Theorem 4.3
hold. If 0 < τ = sup{φ(d(xn, ā))/d(xn, ā) : xn 6= ā, n ∈ N} < 1 for all ā ∈ Fix(T ).
Then the sequence {xn}n∈N defined by

yn := expxn
(1− ξn) exp−1

xn
T (xn), ∀n ∈ N,

and

xn+1 := expf(xn)(1− µn) exp−1
f(xn) yn, ∀n ∈ N,

converges to a solution of the problem (3.14).

5. Numerical example

Example 5.1. Let M = (R3, 〈·, ·〉) be a Hadamard manifold with Riemannian metric
〈u, v〉 := u>G(x)v for all u, v ∈ TxM and all x = (x1, x2, x3) ∈ M, where G(x) is a
3× 3 matrix defined by

G(x) :=

1 0 0
0 1 + 4x2

2 −2x2

0 −2x2 1

 , ∀x ∈M.

Define a mapping Φ : R3 →M on the Euclidean space R3 by

Φ(x) :=
(
x1, x2, x

2
2 − x3

)
, ∀x = (x1, x2, x3) ∈ R3.

Then it is an isometry and its inverse Φ−1 is given by

Φ−1(x) :=
(
x1, x2, x

2
2 − x3

)
, ∀x = (x1, x2, x3) ∈M.
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The Riemannian distance between for any x and y in M is defined by

d2(x, y) :=
∥∥Φ−1(x)− Φ−1(y)

∥∥2
=

2∑
i=1

(xi − yi)2 + (x2
2 − x3 − y2

2 + y3)2. (5.1)

For further details, see [10]. The geodesic joining the points γ(0) = x and γ(1) = y is

γ(t) := (γ1(t), γ2(t), γ3(t)), ∀t ∈ [0, 1], (5.2)

where γi(t) = xi + t(yi − xi) for all i = 1, 2 and

γ3(t) = x3 + t((y3 − x3)− 2(y2 − x2)2) + 2t2(y2 − x2)2.

Let β : (0, 1)→ R3 be a geodesic on R3 define by

β(t) = vt+ x

for all v = (v1, v2, v3), x = (x1, x2, x3) ∈ R3 such that β(0) = x and β′(0) = v. Since
Φ is an isometry between R3 and M, Φ preserves the geodesics between R3 and M,
i.e., β is a geodesic in R3 if and only if γ = Φ ◦ β is a geodesic in M (For details, see
[10, 11, 23]). Then γ = Φ ◦ β is given by

γ(t) := (w1(t), w2(t), w3(t)),

where wi(t) = xi + vit for all i = 1, 2 and

w3(t) = x3 + v3t+ v2
2t

2

such that γ(0) = x ∈ R3 and γ′(0) = v = (v1, v2, v3). Clearly, expx(tv) = γ(t).
To obtain the inverse exponential mapping, we may write

y = expx

(
d(x, y)

exp−1
x y

d(x, y)

)
, ∀x, y ∈M.

Therefore, after simplifying, we get

exp−1
x y = (y1 − x1, y2 − x2, y3 − x3 − (y2 − x2)2).

Define a mapping

f(x) = (x1/2, x2/2, x3/2 + x2
2/2), ∀x ∈M.

It clear that f is a φ-contraction mapping with a continuous function φ(t) = 1
4 t.

We define two nonexpansive mappings S and T by

S(x) = (−x1, x2, x3) and T (x) = (−x1,−x2, x3), ∀x ∈M.

Then Fix(S) = {(x1, x2, x3) ∈M : x1 = 0} and

Fix(T ) = {(x1, x2, x3) ∈M : x1 = x2 = 0}.
Therefore, the solution set of problem (3.1) is S = {(0, 0, 0)}.
Indeed, choose x̄ = (0, 0, p) ∈ Fix(T ) and for any y = (0, 0, q) ∈ Fix(T ), we have

exp−1
ā f(ā) = (0, 0, p/2), exp−1

ā S(ā) = (0, 0, 0) and exp−1
ā y = (0, 0, q − p),

and

G(ā) :=

1 0 0
0 1 0
0 0 1

 .
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Hence, for σ > 0, we have〈
exp−1

ā S(ā) +
1

σ
exp−1

ā f(ā), exp−1
ā y

〉
=

p

2σ
(q − p) = 0, ∀y ∈ Fix(T )

⇔ p = 0.

Under the above constructions, Algorithm 4.2 has the following form:

xn+1 = γ1
n (1− µn) , ∀ n ∈ N,

where γ1
n(0) = f(xn) = (an/2, bn/2, cn/2 + b2n/2) and γ1

n(1) = yn = γ2
n (1− ξn)

such that γ2
n(0) = T (xn) = (−an,−bn, cn), γ2

n(1) = S(xn) = (−an, bn, cn) for all
xn = (an, bn, cn) ∈M and all n ∈ N.

Let µn = 1
n and ξn = 1

n2 . Then clearly µn and ξn satisfy the condition (i)-(iv) of
Theorem 4.3. Therefore, form (5.2), we get

yn =
(
− an, bn

(
2sn − 1

)
, cn + 4b2ns

2
n

(
2s2
n − 1

))
,

xn+1 =
(an

2

(
1− 3tn

)
,
bn
2

(
1 + tn(4sn − 3)

)
,

cn/2 + b2n/2 + tn
(
(cn/2 + b2n(8s3

n − 12s2
n + 16sn − 17/2) + 8b2nt

2
n(sn − 1)2))

)
,

where sn = 1−ξn and tn = 1−µn. By initial choice x1 = (0, 0, 1), we get the following
table of the convergence and graph of the error term d(xn+1, xn) of Theorem 4.2 by
using GNU Octave program version 4.2.2-1ubuntu1 and performed on a PC desktop
Intel(R) Core(TM) i5-5200U CPU @ 2.20 GHz, RAM 2.00 GB.

n xn error term d(xn+1, xn)
1 (0,0,1.0000000000000000)
2 (0,0,0.5000000000000000) 0.25
3 (0,0,0.3750000000000000) 0.15625
4 (0,0,0.3125000000000000) 3.90×10−3

5 (0,0,0.2734375000000000) 1.52×10−3

6 (0,0,0.2460937500000000) 7.47×10−4

7 (0,0,0.2255859375000000) 4.20×10−4

8 (0,0,0.2094726562500000) 2.59×10−4

9 (0,0,0.1963806152343750) 1.71×10−4

10 (0,0,0.1854705810546875) 1.19×10−4

11 (0,0,0.1761970520019531) 8.59×10−5

12 (0,0,0.1681880950927734) 6.41×10−5

13 (0,0,0.1611802577972412) 4.91×10−5

· · · · · · · · ·
· · · · · · · · ·
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