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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be
a nonempty closed convex subset of ‘H, and let P¢ be the metric projection from H
onto C. Let 7 : C — H be a nonlinear mapping. Denote by Fix(7) the set of fixed
points of 7. We use the notations — and — to indicate the strong convergence and
the weak convergence, respectively. Let A : C — H be a nonlinear mapping.
The classical variational inequality (VI) is to find z* € C such that

(Az*,x — ") >0, VxeCl. (1.1)
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We denote by VI(C, A) the solution set of VI (1.1). As a very effective and pow-
erful tool, variational inequalities have been applied to study a wide range of prob-
lems arising in differential equations, mechanics, contact problems in elasticity, op-
timization and control problems, management science, etc. A set-valued mapping
M : H, — 291 is said to be monotone if, for all z,y € H;, f € Mz and g € My
imply (x — vy, f —g) > 0. A monotone mapping M : H; — 21 is maximal if the
graph Gph(M) of M is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if for
(x,f) € H x Hy, (x —y,f —g) > 0 for every (y,g) € Gph(M) implies f € Muz.
Let M : H; — 21 be a multi-valued maximal monotone mapping. For any positive
number A and identity operator I on H;, the single-valued mapping J iw :Hy — H;p
defined by JM (z) := (I + AM)~1(z) Va € Hy, is called the resolvent operator associ-
ated with M. It is known that the resolvent operator J /J\V[ is firmly nonexpansive and
hence in particular nonexpansive.

Let C1,Cy, ..., Cy, be nonempty closed convex subsets of Hy. The convex feasibility
problem (CFP) is to find * € H; such that * € C;NCyN---NC,,. The convex fea-
sibility problem (CFP) has received a lot of attention due to its diverse applications
in mathematics, approximation theory, communications, geophysics, control theory,
biomedical engineering, etc.. When there are only two sets and constraints are im-
posed on the solutions in the domain of a linear operator as well as in this operator’s
range, the problem is said to be the split feasibility problem (SFP) which has the
following formula:

z* € C such that Az* € Q, (1.2)

where C' and @ are nonempty closed convex subset of real Hilbert spaces H; and Hs,
respectively, and A : H; — Hs is a bounded linear operator. It is worth pointing
out that in finite dimensional Hilbert spaces, the SFP was first introduced by Censor
and Elfving [9] for medical image reconstruction. Since then, the SFP has received
much attention due to its applications in signal processing, image reconstruction, with
particular progress in intensity-modulated radiation therapy, approximation theory,
control theory, biomedical engineering, communications, and geophysics; see e.g, [2,
3,8, 5,9, 19, 21] and the references therein.

Recently, Moudafi [17] introduced the following split monotone variational inclusion
problem (SMVIP): find «* € H; such that

0 € fi(z™) + Bi(z™), (1.3)
and
y* = Ax* € Hy solves 0 € fo(y*) + Ba(y"), (1.4)
where By : H; — 2™ and By : Hy — 272 are multi-valued maximal monotone
mappings.

Moudafi [17] introduced an iterative method for solving SMVIP (1.3)-(1.4), which
can be seen as an important generalization of an iterative method given by Censor,
Gibali and Reich [10] for the split variational inequality problem. SMVIP (1.3)-(1.4)
includes the split common fixed-point problem, split variational inequality problem,
split zero problem, and split feasibility problem as special cases; see [6, 7, 14, 20, 28]
and the references therein.
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If fi =0 and fo =0, then SMVIP (1.3)-(1.4) reduces to the following split varia-
tional inclusion problem (SVIP): find z* € H; such that

0€ By(z*), (1.5)

and
y* = Az™ € Hy solves 0 € Ba(y*). (1.6)

When considered separately, (1.5) is the variational inclusion problem and we denote
its solution set by SOLVIP(B;). The SVIP (1.5)-(1.6) constitutes a pair of variational
inclusion problems which have to be solved so that the image y* = Ax* under a given
bounded linear operator A of the solution x* of VIP (1.5) in H; is the solution of
the other VIP (1.6) in another space Ha, we denote the solution set of VIP (1.6) by
SOLVIP(Bg3). The solution set of SVIP (1.5)-(1.6) is denoted by I'.

Byrne et al. [4] studied the weak and strong convergence of the following iterative
method for SVIP (1.5)-(1.6): for given z1 € H;, compute the iterative sequence {z,}
generated by the following scheme:

Tnp1 = JP (@0 + YA (JP2 — 1) Az,),¥n > 1, 3A > 0.

For other recent results on this topic see Sitthithakerngkiet et al. [23].

In this paper, we introduce a general viscosity implicit iterative method for finding
a solution of the SVIP (1.5)-(1.6) with a hierarchical variational inequality (HVT)
constraint for a countable family of nonexpansive mappings in the framework of real
Hilbert spaces. Strong convergence theorem of the sequences generated by the pro-
posed iterative algorithm is established under some suitable assumptions. Our results
improve, extend and develop the corresponding ones in the recent literature.

2. PRELIMINARIES

Now we recall some basic concepts and facts. Let H; be a real Hilbert space and
C be a nonempty closed convex subset of H;. A mapping F': C — H; is said to be k-
Lipschitzian if there exists a constant x > 0 such that || F(x)—F(y)|| < &||lz—y|| Vz,y €
C. In particular, if K = 1, then F is said to be nonexpansive. If k < 1, then F' is said to
be a contraction mapping. A mapping F': C — H; is said to be n-strongly monotone
if there exists a constant n > 0 such that (x —y, Fx — Fy) > 5|z — y||* Vz,y € C.
A mapping F' : H; — H; is said to be a strongly positive bounded linear operator if
there exists a constant 4 > 0 such that (Fxz,z) > ¥|z||> Vo € H;. It is easy to see
that strongly positive bounded linear operator F is a || F'||-Lipschitzian and F-strongly
monotone operator. In Hilbert spaces, it is well known that

Iha + (1= Nyll* = Al + @ = Nllyl* = A1 = Nllz = yl*, Va,y € Hy, A €[0,1].

For any x € Hy, there exists a unique nearest point in the nonempty closed convex
subset C' denoted by Pcx such that || — Poz|| < ||z — y|| Yy € C. The mapping Pc
is called the metric projection of H; onto C. We know that Pg is a nonexpansive
mapping from H; onto C. The metric projection Po can be characterized by Pox € C
and

(x —y, Pox — Poy) > ||Pox — Poyl|®, Va,y € Hy. (2.1)
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Moreover, for all z € H; and y € C, Pcx is characterized by
(x — Pox,y — Pox) <0. (2.2)
It is easy to see that (2.2) is equivalent to the following inequality:
lz —y|? > ||l — Pex|®> + ||y — Poz|?, Vx € Hy,yeC. (2.3)

It is not hard to find that every nonexpansive mapping S : Hy — H; satisfies the
following inequality

(I—S)x—(I—S)y, Sy— Sz) < %H(I—S)x—(I—S)y||2, V(z,y) € Hix Hy, (2.4)
and hence
(I = S)a,y — Sz) < %H(I _S)all2, V(w,y) € Hy x Fix(S). (2.5)

A mapping T : Hy — H, is said to be averaged if it can be written as the average
of mappings I,S : Hy — Hi, that is, T = (1 — a)I + S, where o € (0,1) and S
is nonexpansive. We note that averaged mappings are nonexpansive. Further, firmly
nonexpansive mappings (in particular, projections on nonempty closed and convex
subsets and resolvent operators of maximal monotone operators) are averaged; see
[1, 12, 13, 26] and the references therein.

We need the following propositions and lemmas for proving our main results.
Proposition 2.1. (see [16]) (i) If T = (1—a)S+aV, where S : Hy — H; is averaged,
V . Hy — Hy is nonexpansive and « € (0,1), then T is averaged.

(i) The composite of finitely many averaged mappings is averaged.

(iii) If the mappings {T;}X_, are averaged and have a common fized point, then

N
() Fix(T;) = Fix(T1, Tz, ..., ).
=1

(iv) If T is T-ism, then for v > 0, vT is %-ism.

(v) T is averaged if and only if, its complement I — T is T-ism for some T > %
Proposition 2.2. (see [27]) Let A be a number in (0,1] and T : Hi — H; be a
nonexpansive mapping, we define the mapping T : Hy — H; by

Tz := Tx — \uF (Tz) Vo € Hy,

where F : Hy — H, is k-Lipschitzian and n-strongly monotone. Then T is a con-
traction provided 0 < p < 210 - that is,

K27
1Tz — Tyl < (1= A7)lle — yll, Yo,y € Hi,

where T =1 — /1 — u(2n — px?) € (0,1].
The following lemmas are well-known.
Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H, and
let A:C — H be a monotone and hemicontinuous mapping. Then the following hold:
(i) VI(C, A) = Fix(Pc(I — AA)) for all A > 0;
(i) VI(C, A) consists of one point, if A is strongly monotone and Lipschitz conti-
NUOUS.
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Lemma 2.2. (see [15]) SVIP (1.5)-(1. 6’) is equivalent to find z* € H; with z* =
J)\Bl(x*) such that y* = Az* € Hy and y* = JBQ( *), for some A > 0.

Lemma 2.3. (see [25]) Let {a,} be a sequence of nonnegative numbers satisfying the
conditions an+1 < (1= Ap)an + ApYn, ¥ > 0, where {\,} and {v,} are sequences of
real sequences such that:

(i) {\n} C[0,1] and Z An = 00, or equivalently,

n=0
}i[o(l— Z—nll_{glo];[ 1—Xk) =0;

(i) hmsup’yn <0 or Z [AnYn| < 0o. Then hm an = 0.

Let {S }1 ; bea countable family of nonexpansive self-mappings on a real Hilbert
space Hy, and {(;}$2; be a sequence in [0,1]. For any n > 1, we define a mapping
W, as follows:

Un,n+1 - 17
Un,n = CnSnUn,n+1 + (]- - Cn)-[a
Un,nfl = CnflsnflUn,n + (]- - Cnfl)lv

Unk = GeSkUn k1 + (1 — C) 1,

Un2 = (252U 3+ (1 — ()1,
Wy =Up1 =05Un2+ (1 -G)I
Such a mapping W,, is nonexpansive and it is called a W-mapping generated by

Sn;Sn—la "'751 and Cna(n 1. 7<1
Lemma 2.4. (see [22]) Let {S;}2, be a countable family of nonexpansive self-

mappings on a real Hilbert space Hy with ﬂ Fix(S;) # 0 and {¢;}52, be a sequence
i=1

n (0,1]. Then
(i) Wy, is nonezpansive and Fix(W, m Fix(S;), for each n > 1;

(i) for each x € Hy and for each posztwe mteger k, the lim U, rx exists;
n—oo
(iii) the mapping W defined by Wz = lim Wpr = lim Uy 2z, Vo € Hy, is a
n—oo

nonexpansive mapping satisfying Fix(W ﬂ Fix(S;) and it is called the W -mapping

generated by S1,Ss2, ... and (1,(s, ...
Lemma 2.5. (see [11]) Let {S;}2; be a countable family of nonezpansive self-

mappings on a real Hilbert space Hy with mle D) # 0 and {12, be a se-
i=1

quence in (0,1] for some I € (0,1]. If C is any bounded subset of Hy, then

lim sup [Wpx — Wz|| = 0.

n~>oo
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Throughout this paper we always assume that {{;}52, C (0,1] for some [ € (0,1).
Lemma 2.6. [24] Let {z,} and {z,} be bounded sequences in a Banach space X and
let {Bn} be a sequence in [0,1] with 0 < lini}inf Br, < limsup 5, < 1. Suppose

n— oo

Tn41 = ﬁnxn + (1 - Bn)zn

for all integers n > 0 and Umsup(||zn+1 — 2nl| — |Znt1 — Znll) < 0. Then,
n—oo
lim ||z, — x,|| = 0.
n—oo

Lemma 2.7. In a real Hilbert space Hy, there holds the following inequality
o +yll? < lzl* + 2(y, & +y), Va,y e Hi.

Lemma 2.8. (see [18]) Every Hilbert space satisfies the Opial condition, that is, for
any sequence {x,} in a Hilbert space H with z, — x, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # x.

Lemma 2.9. (see [18]) Assume that S is a nonexpansive self-mapping on a nonempty
closed convex subset C of a Hilbert space Hy. If S has a fixed point, then I — S is
demiclosed at zero, i.e., if {x,} is a sequence in C converging weakly to some x € C
and the sequence {(I — S)xn} converges strongly to zero, then (I — S)x = 0, where I
is the identity mapping of Hy.

Lemma 2.10. (see [16]) Assume that D : Hy — H;y is a strongly positive bounded
linear operator on Hilbert space H, with coefficient € > 0 and 0 < p < ||D||~*. Then,

II = pD|| <1 - pt.

3. MAIN RESULTS

Let {5;}52, be a countable family of nonexpansive self-mappings on a real Hilbert
space Hi. Throughout this paper, assume that W, is the W-mapping generated by
SnySn—1, .-y 51 and (n,y Guo1, ..oy C1, where {152, is a real sequence in (0, ] for some
1 €(0,1). We are now in a position to state and prove the main result in this paper.
Theorem 3.1. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hy be
a bounded linear operator. Suppose that By : Hi — 2H1 and By : Hy — 2H2 gre
maximal monotone mappings. Let f : Hi — Hy be a nonexpansive mapping and let
F: Hy — H; be k-Lipschitzian and n-strongly monotone with constants k,n > 0 such
that 0 <0 < 7:=1— /1 —pu(2n—px2) € (0,1] for 0 < p < i—g’ Assume that

0= (ﬁ Fix(SZ-)> NI #0.

For an arbitrary x1 € Hy, let the sequences {x,} and {y,} be generated by
Up = YnTn + (1 - ’Yn)Wnunv
Yn = I (up +yA* (I — 1) Auy,), (3.1)
Tp41 = an(sf(xn) + BnTn + [(1 - Bn)l - an,uF]Wnyn; Vn > 1,
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where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A*
is the adjoint of A, {W,} is the sequence defined by (2.6), {an},{Bn} and {y.} are
sequences in (0,1]. Suppose the control sequences satisfy the following conditions:

(C1) {an + Bn}t C (0,1] and {8}, C [a,b] for some a,b € (0,1);
(C2) 1im o, =0 and Zan = 005

n=1
(C38) 0 < hmmfyn < hmsup’yn <1 and hm [Yn+1 — Y| = 0.
Then {z,} and {yn} com;erge stmngly to a pomt z € {2, which is the unique solution
to the variational inequality

<(1U’F - 5f)zv z = p> <0, vp € “Qv (32)

i.e., Po(z — pFz+43f(2)) =

Proof Taking into account that 0 < liminfr, < hm sup ¥n < 1, we may assume,
n—oo

without loss of generality, that {v,} C [¢,d] C (0,1) for some ¢,d € (0,1). It is easy
to see that for each n > 1 there exists a unique element u,, € C' such that

Up = YnTn + (1 — vn) Why,. (3.2)

As a matter of fact, consider the mapping F,,x = v, + (1 —v,) Wy, Va € H;. Since
each W,, : H; — H; is a nonexpansive mapping, we deduce that all z,y € Hy,

[Fne = Foyll = (1 =) [Wha = Wayll < (1 —n)llz = yl|.
Also, from {v,} C [¢,d] C (0,1) we get 0 < 1 —, <1 for all n > 1. Thus, F,, is a
contraction mapping of H; into itself. By the Banach contraction mapping principle,
we know that for each n > 1 there exists a unique element u,, € C, satisfying (3.2).

Next, we divide the rest of the proof into several steps.
Step 1. We claim that {x,}, {yn}, {un}, {W Un}, {Waynt and {F(Wy,y,)} are

bounded. Indeed, take an element p € {2 = ﬂ Fix(S,) NI arbitrarily. Then we have
_ 7B _ 7B2 _ et
p=J'p, Ap = J?(Ap) and W,p =p for all n > 1.
Since each W,, : Hy — H; is a nonexpansive mapping, it follows from (3.2) that
[un =2l < Yallon = pll + (1 = ) [[Wnun — pl|
< Yallzn = pll + (1 = 72)[[un — pll,
which hence yields

lun = pll < llzn —pll, Vn>1. (3.3)
Then we get
ly = pI2 = T3 (n + ¥ A (I = 1) Auy) — T2 p|?
< lun = pl* + 2| A* (J2 = I) Aug |® (3.4)

+2v(uy, — p, A"‘(Jf2 — D) Auy,).
Thus, we have
lyn = 2l* < llun = pl* +7*((I72 = ) Ay, AA* (37 — 1) Auy)
+ 2v{u, — p, A*(J)j\32 —I)Auy,).
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Note that
(I — ) Aun, AA(JE* — 1) Aug) < LA — D Aug, (I — 1) Auy)
= Ly?[I(J3* = 1) Aua|” (36)
Consider the term of 2y(u, — p, A*(J2? — I)Au,) and using (2.5), we have

2y (un — p, A*(Jf2 — IAuy,)

= 29(Aup = p), (J7 = 1) Auy)

=29{(4p — szAun,Aun - JfZAun> - ||(Jf')2 — 1) Au,|)?} (3.7)
< 29{3 (I = D) Aun || = [[(JF* = T) Auy,[|?}

= —[[(J% = D) Auy |*.

Using (3.5), (3.6) and (3.7), we obtain
lyn = 21> < flun = l” + Ly 1(JY* — 1) Aun||* = || (J2 = I) Aug||?

3.8
= ltn I+ 7Ly = DI ~ D Aw )

Since 7 € (0, 1), we deduce from (3.3) that
lyn = pII* < llun = plI* < |z = plI*. (3.9)

Note that f,W,, : H; — H; are nonexpansive for all n > 1. Therefore, from (3.1),
(3.9) and Proposition 2.2, we conclude that

[Znt1 = pll < and|| f(zn) = ) + anlld f(p) — nFpll + Bullzn — pll
+(1 =B - 1f%nuF]Wnyn —[I-:= -
< apbllzn — pll + anlldf(p) — wFpll + Bllzn — pll + (1 = Bn — an )2y — pll
|6f(p) (SHFPH}

< max { [l — p,

By induction, we have

n>1.

]

It immediately follows that {x,} is bounded, and so are the sequences {y,}, {u,},
{Whun}, {Whyn} and {F(W,y,)} (due to (3.9) and the Lipschitz continuity of W,
and F'). Hence, we can choose a bounded subset C' C H; such that

Uny Tny Y € C, Vn > 1. (3.10)

o F
||:Unp|§max{||:cl || ||f(),up||}, v

Step 2. We claim that ||2,4+1 — 2, = 0 and ||ynt1 — yn|| = 0 as n — oco. Indeed,
we set

Tnt1 = Bnn + (1 — Br)vn, Yn>1. (3.11)
Then it can be readily seen that
Un =1 ﬁ (0f(zn) — uEWpyn) + Wpyn. (3.12)

Hence,

an-i-l - Un” < %Héf(xn-i-l) MFWn+lyn+1||

3.13
5 F (50) — Wl + [Wasrgmss - Wall. O
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Since Jf and J f 2 both are firmly nonexpansive, they are averaged. For v € (0, %),
the mapping (I +yA*(J2? —I)A) is averaged; see [16]. It follows from Proposition 2.1
(i) that the mapping Jy" (I + yA*(JP? — I)A) is averaged and hence nonexpansive.
So, we obtain that

lynsr =yl = 1T7 (L +7A* (I = D A)upgr = I+ 7 A (T2 = D A)un|
< upt1 — unl|- (3.14)
On the other hand, one has
||Wn+1yn+1 - WnynH S HW7L+1y7L+1 - Wnyn—i-lH + ||Wnyn+1 - Wnyn”
< sup[|[Wh 1z — Wa|
zeC
+IWa = Wazll] + 1yn+1 — ynll- (3.15)
where C' is the bounded subset of H; defined by (3.10). In a similar way, we get
[Wasiting1 = Waug|| < Sug[HWnJrlx = Wa|| + Wz — W] + [untr — uall. (3.16)
e

It follows that
ltuns1 — unll < VngrllTngr — 2l + (1 - 'yn_,_l){sug[HWn+1x - We|
xrec

HIWaz — W] + [funs1 — unl} (3.17)
HYnt1 = Valllzn — Waun|.

So it follows from {v,} C [c,d] that
[unt1 = unll < ll#nsr —aall + %Sug[Hme = Wa| + Wz — W]

x
—Wh ||
I ——

" (3.18)
+|’Yn+1 - ’Yn' =

Thus, from (3.13), (3.14), (3.15) and (3.18) we deduce that

||Un-i(;1 - Un” - Hxn-i-l - an
< #:il”(sf(mn—&-l) — pEWi1yngall + 137?3”“(”(%1) — pEWoyn||
(1 Dsp | Wa 1w = Wall + [Wa = Waall] + s =yl L22=2l,
e
It follows from the conditions (C1), (C2), (C3), and Lemma 2.5 that

limsup([[vn41 — vnll = [[#n1 — 2al]) < 0.
n—oo

Hence, from Lemma 2.6 and (3.11), we obtain that

lim |lv, — 2z,] = 0. (3.19)

n—oo

From (3.11), we have that
[Zn41 = znll = |Bnzn + (1 = Bp)vn — [Bazn + (1 = Bu)an]ll = (1 = B)llvn — znl|.
By the condition (C1) and (3.19), we get

lim ||z,4+1 — x| = 0. (3.20)
n—oo
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This together with (3.14) and (3.18), implies that
Jim (jup1 —upl| =0 and - lm{[yni1 = yal = 0. (3.21)
Step 3. We claim that
|20 — unll = 0, [|zn —ynll = 0, |25 — Waun| = 0, |lzn — Wayn| — 0
and ||y, — Waynl — 0 as n — oo. Indeed, we set f,, = 0f(z,) — pEFWyy, for all
n > 1. For any p € 2 and by Lemma 2.7, we observe that

||xn+1 - p||2 = ”an(sf(xn) + Bnn + (]- - Bn)Wnyn — anuFWayn — p”2
= ||an(6f(mn) - MFWnyn) + BnTn + (1 — Bn)Wnyn - sz
< |Bn(xn —p) + (1 = Bn) (Whyn _p)||2 + 2(an fr, Tny1 — p)
where M = max{sup || f»||,sup ||z» — p||}. Substituting (3.8) for (3.22), we obtain
n>1 n>1
from (3.9) that

1 Znt1 —p||2 < Bnllzn — p”2 + (1 - 6n)[||un _pH2
(L = DB = 1) A ] + 200 M2
< ln = plI? = y(1 = Bu) (1 = LY (T2 = I) Aup||? + 200, M2,

Therefore,

V(1 = Ba) (1= L)[[(J32 = T) Au |2

< (lzn = pll + l#ns1 = pDll2n = T || + 20m M2,
and from the conditions (C1), (C2), and (3.20), we get

lim (22 — I)Au,|| = 0. (3.23)

Since J )\B ! is firmly nonexpansive mapping, by using the inequality (3.7) and Cauchy-
Schwarz inequality we have

||l/n—P||2 S <yn_p7un+7A*(J)\Bz _I)Aun ;p>

< 5{llvn —Z;HQ + lun = plI* = YN(Jy? ~ I)Aun]y?
+Y2”A*(‘A > = D) Aup||? — [lyn — un — yA*(J3? = 1) Auy |}
< 3 {llyn = pI* + llun ngDI\2 — Nlyn — unll®
29[| A(yn — un)| H(J)\ * = I)Au,ll}.

Hence, we obtain

lyn =PI < llun = plI* = lyn — wnll* + 29[ Ay — un) 11 (JP* = D Aun |l (3.24)
Substituting (3.24) for (3.22), one concludes from (3.9) that

|lZn1 = pl* < Ballzn — Pl + (1 = Bo)lllun — pII* = lyn — unll?
29[| Ay — un) 11 (T2 — 1) Aun|l] + 20, M
<z —pl? = (1= Ba)llyn — unll?
+29(1 = Ba)llAyn — ua) 11 (I — 1) Aun|| + 20, M.
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So, we get

1= Bu)llyn —unll® < (2 —pll + |Tnta =Pl = 2o
+29(1 = Bo) | A(yn — un) | (J3* = 1) Aunl| + 200, M.

From the conditions (C1), (C2), (3.20), and (3.23), we obtain that
lim |y, — un| = 0. (3.25)

n—

Also, according to (3.1) we have

un —pI? < Ynl@n = pyun —p) + (1= 7) [ Wt — pll[un — pl|
S 7n<$n — P, Un _p> + (1 - ’Yn)”un _p||2’

which immediately leads to

lun = plI* < Slllzn =PI + lun = plI* = llzn — unll?].

N | =

It follows from (3.9) that ||y, — p||*> < ||un — p||* < ||zn — pl|? = ||Tn — un|?, which,
together with (3.22), yields
[Zn+1 _p”2 < lzs _pH2 — (1= Bn)llzn — un||2 = Bn(1 = Bn)llzn — Wnyn”2 + 200, M.
This implies that

(1= Bo)lln = unll® + Bn(1 = Bo) |20 — Wayal? )

< (Hwn Pl + lznsr —pl)llzn — 2nia |l + 200 M.
From the conditions (C1), (C2), and (3.20), we get

lim ||z, —u,|| =0 and lim ||z, — Why,| = 0. (3.26)
n—oo

n—oo
Noticing that |Juy, — 2, || = (1 = Y) |[Whtn — 2n|| = (1 = d)||[Whun — 5],
2 = Ynll < ll2n — unll + |tn — ynll,
and ||y, — Waunll < llyn — znll + |20 — Whyn||, we deduce from (3.25) and (3.26) that
lim |z, —Whu,| =0, lim |z,—ys||=0 and lim |y, — Wyynl =0. (3.27)
n—oo n—00 n—r00

Step 4. We claim that lim sup{(d f —puF)z, z,—z) < 0, where z = Pg(z—pFz+0 f(2)).
n—roo

Indeed, we first show that Po(I — uF + d0f) is a contraction mapping. As a matter
of fact, for any x,y € Hy, by Proposition 2.2 we have

[Pa(l — pF +6f)(x) — Po(I — pF +6f)(y)|l

<6 f (@) = FWI+ 1T = pF) (@) = (I = pF) ()]l

<= =llle -yl
which implies that P (I — uF +46f) is a contraction mapping. Banach’s Contraction
Mapping Principle guarantees that Po(I — uF + §f) has a unique fixed point. Say
z € Hy, that is, z = Po(z — uF'z 4+ 0 f(2)). Since {x,} is a bounded sequence in Hj,
without loss of generality, we may choose a subsequence {x,,} of {z,} such that

limsup{(6f — puF)z,x, — 2) = 4li>m ((0f — pF)z,2p, — 2). (3.28)
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Since {x,,} is bounded, there exists a subsequence {znj} of {x,,} which converges
weakly to w. Without loss of generality, we may assume that z,, — w. From (3.26)
and (3.27), we also see that u,, — w and y,, — w.

Next, we will show that w € f2.

Step 4.1. We will show that w € | Fix(S;) = Fix(W).

i=1
Indeed, suppose to the contrary that, w ¢ Fix(W), i.e., Ww # w and by Lemma 2.8,
we see that

lim inf{|y,, —w|  <liminflly,, — Ww|
1—>00 1—00 (329)

< timinf{lyn, ~ Wy | + [, — wll}

On the other hand, we have
IWyn = ynll < IWyn — Waynll + [[Wayn — yall < Sug Wz — Wzl + [Wayn — yul|-
xre

By using Lemma 2.5 and (3.27), we obtain that lim ||[Wy, — y,| = 0, which together
71— 00

with (3.29), yields liminf ||y,, — w|| < liminf ||y,, — w]||. This reaches a contraction,
1—r 00 1—> 00

and hence we have w € Fix(W) = ﬂ Fix(S;).
i=1

Step 4.2. We will show that w € a
Indeed, note that y,,, = J2* (u,, + yA*(JF? — I)Au,,) can be rewritten as

A

By passing to limit ¢ — oo in (3.30) and by taking into account (3.23), (3.25), and
the fact that the graph of a maximal monotone operator is weakly-strongly closed,
we obtain 0 € By (w), i.e., w € SOLVIP(B;). Furthermore, since {u,} and {y,} have
the same asymptotic behavior, Au,, converges weakly to Aw. Since the resolvent
J)]\32 is nonexpansive, from (3.23) and Lemma 2.9, we get Aw = sz (Aw), i.e., Aw €
SOLVIP(Bsy). Therefore, w € I', and so w € (2.

Since z = Po(z — pFz 4+ 6f(2)) and w € 2, by (3.28) and the property of metric
projection, we obtain that

€ Biyn,. (3.30)

limsup{(0f — uF)z,x, — 2)

n—oo

(z—=puFz4+06f(2) —z,w—2z) <O0.

Step 5. Finally, we claim that z,, — z and y,, — z as n — oo. Indeed, by (3.9) and
Proposition 2.2 we have

Zn+1 — ZH2 = land f(@n) + Bnwn + [(1 = Bn)l — anpF|Wyy, — ZH2
<ap((0f — pF)z,pe1 — 2) + Bul@n — 2, Tpy1 — 2)
A = Bu)I — anpFWiyn — [(1 = Bu)I — anpFlz|[||zni1 — 2|
< anl(6f = pF)z, ang1 — 2) + 3Bn ([0 — 2| + ll2nis — 217)
F3(1 =B — ) — 2 £ 2nss — 2I) 2
— an<(6f _ /JF)Z7I»,«L+1 _ Z> + (170‘"7)(”"3"722" Hllznt1—2]| )

(3.31)
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This immediately implies that

enss — 22 < 200((6f — HF)2, e — 2) + (1= ) ln — 2| + lznss — 2|2,
and hence [|x,11 — z||? < (1 — an7)||zn — 2||> + 20, ((6f — pF)z, 2041 — 2). From
the condition (C2), (3.31), and Lemma 2.3, we see that nh_}rrgo |z — z|| = 0. This
completes the proof.

Remark 3.1. Compared with Theorem 1.2 (i.e., [[23], Theorem 3.1]), our Theorem
3.1 improves, extends and develops it in the following aspects:

(i) the general iterative algorithm (1.10) in Theorem 1.2 is extended to develop
the general viscosity implicit iterative algorithm (3.1) in our Theorem 3.1 by virtue of
Mann implicit iteration method, viscosity approximation method and hybrid steepest-
descent method;

(ii) the SVIP (1.5)-(1.6) with a HVI (1.11) constraint for a countable family of
nonexpansive mappings in Theorem 1.2 is extended to develop the SVIP (1.5)-(1.6)
with a HVI (3.2) constraint for a countable family of nonexpansive mappings in our
Theorem 3.1, where there is an essential difference between HVI (1.11) and HVI (3.2);

(iil) since compared with algorithm (1.10) in Theorem 1.2, algorithm (3.1) enhances
one implicit iterative step u, = Yn2n+ (1—n)Wyhuy,, there is an additional restriction
imposed on {7}, i.e., condition (C3)

0 < liminf~, <limsup~, <1 and nl;rr;o |Yn+1 — Yl = 0;

n— oo n—oo

(iv) the proof of Theorem 3.1 is very different from the proof of Theorem 3.1 in
[23] because in the argument process of our Theorem 3.1, we make use of Proposition
2.2 to calculate the contraction coefficient of the mapping [(1 — £,)I — a,uF|W,,
but in the argument process of [[23], Theorem 3.1], only Lemma 2.10 is applied to
estimating the contraction coefficient of the mapping [(1 — 8,)1 — o, D]Wh,;

(v) algorithm (3.1) is more advantageous and more subtle than algorithm (1.10)
in Theorem 1.2 because algorithm (3.1) involves the predictor-corrector algorithm
for finding a common fixed point of a countable family of nonexpansive mappings
{S;}22,, that is, the implicit iterative step w, = ynn + (1 —vn) Wy, is the predictor
one for finding their common fixed point and the other explicit iterative step

Tn+1 = Oén(Sf(l'n) + BnTn + [(1 - ﬁn)l - an/féF]Wnyn
is the corrector one for finding their common fixed point.
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