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Abstract. In this paper, we extend the concept of mixed monotone mappings and then we consider
certain fixed point theorems for a pair of mappings in metric spaces with a partial ordering. As an
application, we study existence of solutions for the following fourth-order two-point boundary value
problems for elastic beam equations:

u""(t) = f(t, u(t), v’ (t)),

u(0) = A,v/(0) = B,v'(1) = C,v""(1) = D,
where f is a continuous mapping of [0, 1] X R X R into R. Moreover, using these fixed point theorems,
we prove several existence results for the solutions of various boundary value problems.
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differential equation.
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1. INTRODUCTION

A coupled fixed point theorem is a combination between fixed point results for
contractive type mappings and the monotone iterative method proposed by Bhaskar
and Lakshmikantham [5]. Several authors [1, 3, 4, 7, 9, 15, 18, 19, 22, 23] investigated
it. It is a strong tool to study a existence and uniqueness solution of boundary value
problems for several ordinary differential equations, see [5, 4, 23, 11]. Recently in [11],
Jleli et.al extend and generalize several existing results in the literature [4, 5, 11, 23].
They also show the existence and uniqueness of solutions of the following fourth-order
two-point boundary value problem for elastic beam equations:

w"'(t) = f(t,u(t), u(t)),
u(0) =4/ (0) = u”(1) = u"'(1) =0,
where f is a continuous mapping of [0,1] x R x R into R.
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We are also concerned about higher order boundary value problems. In particular,
for the existence of a solution the use of a fixed point theorem is a very popular
method. So, for instance, we consider the following problem,

{U””(t) = [t u(t), u"(t)), (L)
u(0) = u(1) = u”(0) = u”(1) = 0,
or, for example, the next one (see [11]):
{u””(t) = [t u(t), u" (1)), (1.2)
u(0) =4/ (0) =’ (1) =u"(1) =0,

where f is a continuous mapping of [0,1] x R x R into R. We will show that some cou-
pled fixed point theorems are very useful in order to get a solution of these boundary
value problems.

For the existence and uniqueness of solutions for the fourth-order two-point bound-
ary value problem for (1.1), many researchers have studied, see [2, 10, 12, 13, 16, 17,
25, 26, 27, 8]. The proof is carried out using the Leray-Schauder fixed point theo-
rem, etc.[2, 8, 10, 12, 13, 16, 17, 25, 26, 27]. Moreover, several authors consider the
following boundary value problem, which includes (1.1).

{u”"(t) — f(t,u(t),’u”(t))’

(1.3)
u(0) = A,u(l) = B,u"(0) = C,u"(1) = D.

Naturally the following boundary value problem, which includes (1.2), can be consid-
erable.

(1.4)

{U””(t) = f(t, u(?),w" (1)),
u(0) = A,/(0) = B,u"(1) = C,u"(1) = D.

Recently Petrusel and Petrusel improve mixed monotone property and have a fixed
point theorem. Using their method they solve second-order two-point boundary value
problems for system of ordinary differential equations, for detail see [20].

In this paper, using the method of coupled fixed point theorem in [5, 4, 7, 15, 11],
we show the existence of solutions for (1.4). Our paper is organized as follows. In
Section 2, we describe the fixed point theorem in metric spaces endowed with a order.
In Section 3, let X be a metric space. And we introduce reverse mixed-monotone
property for the mapping of X x X into X. We consider two mappings of X x X into
X which have mixed-monotone property and reverse mixed-monotone property and
we have fixed point theorems (Theorems 3.2, 3.4). In Section 4, we show that our
method can be applicable to fourth-order two-point boundary value problems (1.3),
(1.4), and typical third-order two-point boundary value problems.

2. FIXED POINT THEOREM

First of all, we cited the following definitions and preliminary results will be useful
later.
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Let (X,d) be a metric space endowed with a partial order <. We say that a
mapping F': X — X is nondecreasing if for any x,y € X,

z<y= Fx <X Fy.

Let ® denote the set of all functions ¢ : [0,00) — [0, 00) satisfying
(a) ¢ is continuous and nondecreasing;
(b) ¢~'({0}) = {0}.

Let ¥ denote the set of all functions ¢ : [0, 00) — [0, 00) satisfying
(c) tlig1+w(t) > 0 (and finite) for all r > 0;
(@) Jim (t) = 0.

Let © denote the set of all functions 6 : [0,00) X [0,00) X [0,00) X [0,00) — [0, 00)
satisfying
(e) 6 is continuous;
(f) 0(s1,s2,s3,s4) =0 if and only if s1s2s3s4 = 0.
Examples of functions ¢ of ¥ are given in [15]; see also [4, 21]. Examples of functions
0 in © are given in [11].
In [11, Theorem 3.1], the following fixed point theorem is obtained.

Theorem 2.1. Let (X,d) be a complete metric space endowed with a partial order
=< and F : X = X a continuous nondecreasing mapping such that there exist p € ®,
Y €W and 0 € © such that for any x,y € X with x = vy,

p(d(Fz, Fy)) < ¢(d(x,y)) — ¢(d(z,y))

+0(d(z, Fz),d(y, Fy),d(z, Fy),d(y, Fx)). (2.1)

Suppose also that there exists xo € X such that xg < Fxg (or zg = Fxg). Then F
admits a fized point, that is, there exists T € X such that T = FT.

The previous result is still valid for ' which is not necessarily continuous. Instead,
we require an additional assumption to the metric space X with a partial order <:
We say that (X, d, <) is regular if {a,} is a nondecreasing sequence in X with respect
to < such that a, — a € X as n — oo, then a,, < a for all n.

The following theorem is also obtained; see [11, Theorem 3.2].

Theorem 2.2. Let (X,d) be a complete metric space endowed with a partial order
=< and F : X — X a nondecreasing mapping such that there exist p € ®, ¥ € ¥ and
0 € O such that for any x,y € X with x = y, inequality (2.1) is satisfied. Suppose also
that (X, d, <) is regular and there exists xog € X such that xg = Fag (or xg = Fxo).
Then there exists T € X such that T = FT.

3. FIXED POINT THEOREM FOR MONOTONE MAPPING

In this section, for mappings F' of X x X into X, we introduce a monotone property.
Moreover we consider fixed point theorems for monotone mappings which have this
monotone property. We say that a mapping F' of X x X into X is mixed monotone
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if F' is nondecreasing in its first variable and nonincreasing in its second, that is, for
z,y,u,v € X,

rzuy 2v= Fu,v) X F(z,y),

and a mapping F of X x X into X is reverse mixed monotone if F is nonincreasing
in its first variable and nondecreasing in its second, that is, for z,y,u,v € X,

x> uy <v= Fu,v) = F(z,y).

Let (X, d) be a metric space, Let F and F be mappings of X x X into X. We also
consider the mapping A of X x X into [0, 00) defined by

AWW%ZM%F@w»;ﬂ%F@wD

and the mapping B of X x X x X x X into [0, 00) defined by

d(z, F(u,v)) + d(y, F(u,v))
2

(ry) € X x X,

B(z,y,u,v) = (@, u,v) € X x X x X x X.

Definition 3.1. Mappings F' and F admit a pre-coupled fixed point, if there exists

(a,b) € X x X such that a = F(a,b) and b = F(a,b).
Motivated by [11, Theorem 3.4], we have the following fixed point theorem.

Theorem 3.2. Let (X,d) be a complete metric space endowed with a partial order
=<, F: X xX — X a continuous mired monotone mapping and F:XxX—X
a continuous reverse mired monotone mapping. We assume that there exist ¢ € @,
Y €V and 0 € O such that for any z,y,u,v € X with x = u, y = v, the following
inequality holds:

(d(F(x, y), F(u,v)) + d(F(z,y), F(u, v)))
4 2

d(z,u) + d(y, v) d(z, u) + d(y, v) (3.1)
<o (TR _y (SRS
+ 0 (A(z,y), A(u,v), B(z,y,u,v), B(u,v,2,y)) .

If there exist xg,yo € X such that
zo < F(20,90), Yo = F(z0,0), (3.2)

or
o = F(z0,%0), %o = F(x0,10), (3.3)

then F and F admit a pre;coupled fized point, that is, there exists (a,b) € X x X such
that a = F(a,b) and b = F(a,b).

Proof. We consider the product set Y = X x X endowed with the metric n defined
by

d(z, u) +d(y, v)

w(@), (u,0) = SR () () € Y,
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Since (X, d) is complete, clearly (Y,n) is also complete. We also consider the partial
order < in Y defined by

(u,v) < (z,y) © x> u,y v
for any (x,y), (u,v) € Y. We also consider the mapping G of Y into Y defined by

G(z,y) = (F(z,y), F(z,y)), (z,y) €Y.

Since F and F are continuous, G is also continuous in (Y, 7).

Now, we prove that G is nondecreasing with respect to <. Let (z,y), (u,v) € Y
with (u,v) < (z,y), that is, z > u,y = v. Since F' is mixed monotone and F is reverse
mixed monotone, these imply that F(z,y) = F(u,v), F(x,y) = F(u,v), which give
us that

G(u,v) = (F(u,v), F(u,v)) < G(z,y) = (F(z,y), F(z,y)).

Thus we can prove that G is nondecreasing with respect to <.

On the other hand, for any x,y,u,v € X, we can write

Az, y) = n((z,y),G(x,y)), B(z,y,u,v) = n((z,y), G(u,v)).
Then, from (3.1), for any p = (x,y),q = (u,v) € Y with p > ¢, we have

¢ (n(Gp, Gq)) < p(n(p,q)) — Y(n(p;q)) + 0 (n(p, Gp),n(q, Gq), n(p, Ga),n(q, Gp)) -

Moreover, for pg = (2g,y0) € Y, from (3.2) and (3.3), we have py < Gpg or pg > Gpy.
Now G satisfies all the hypotheses of Theorem 2.1, we deduce that G has a fixed
point T = (a,b) € Y, that is,
T = (a,b) = GT = G(a,b) = (F(a,b), F(a,b)).
It implies that a = F(a,b),b = ﬁ(a, b), that is, F' and F admit a pre-coupled fixed
point (a,b). O

The previous result is still valid for F' and F which are not necessarily continuous.

Instead, we require additional assumptions to the metric space X with a partial order
=:

Definition 3.3. Let (X, d) be a complete metric space endowed with a partial order
<. We say that

(i) (X,d,=) is nondecreasing-regular (f-regular) if a nondecreasing sequence
{zn} C X converges to x, then z, < x for all n;

(ii) (X,d,=) is nonincreasing-regular (|-regular) if a nonincreasing sequence
{zn} C X converges to z, then z,, = x for all n.

Motivated by [11, Theorem 3.5], we have the following result.

Theorem 3.4. Let (X,d) be a complete metric space endowed with a partial order
=, F: X xX — X a mized monotone mapping, and F:XxX — X areverse mized
monotone mapping. We assume that there exist ¢ € ®, b € U and 0 € O such that
for any z,y,u,v € X with x = u, y < v, inequality (3.1) holds. We also assume that
(X,d, =) is nondecreasing-regular and nonincreasing-reqular (t1-reqular), and there
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exist 29,90 € X such that (3.2) or (3.8) hold. Then F and F admit a pre-coupled

fized point, that is, there exists (a,b) € X x X such that a = F(a,b) and b = F(a,b).

Proof. Tt is sufficient to show that if (X, d, <) is nondecreasing-regular and nonincrea-
sing-regular (1}-regular), then (Y,7, <) is regular. The proof of this claim follows
immediately from Theorem 2.2. In detail, also see the proof of [5, Theorem 2.2]. O

4. APPLICATIONS

In this section, we study the existence of solutions of two types fourth-order two-
point boundary value problems for elastic beam equations and two types third-order
two-point boundary value problems. In particular, a theorem in the subsection 4.1
(Type I) is an extension of the result in [11].

4.1. Type I. First of all, we study the existence of solutions of the following fourth-
order two-point boundary value problem for elastic beam equations:

{u””(t) = f(t,u(t),u"(t)), (4.1)

u(0) = A, ¥/(0) =B, «"(1)=C, v (1) = D,

with I =[0,1] and f € C(I xR x R,R), where C(I xR xR, R) is a set of continuous
mappings of I x R x R into R. Let Q be a set of functions w of [0,00) into [0, 00)
satisfying

(i) w is nondecreasing;
(ii) there exists 1) € W such that w(r) = § — () for all r € [0, c0).

For examples of such functions, see [15].

Next we consider the following assumptions (A1) and (A2).

(A1) There exists w € §2 such that for all t € I and for all a,b,c,e € R, with a > ¢
and b <e,

0< f(t,a,b) — f(t,c,e) <w(a—c)+wle—Db). (4.2)
(A2)There exist a, § € C(I,R) which are solutions of
1 1
a(t) < Bt+A— / Hy(t,s)(C — D+ Ds)ds +/ G(t,s)f(s,a(s), B(s))ds,t € I,
0 0
(4.3)

and
B(t) > — (C— D +Dt+/0 Hl(t,s)f(s,a(s),ﬁ(s))ds> ,tel, (4.4)

where the Green functions G and H; are defined by

132(3tfs), (0<s<t<1),
G(t,s) = 1
6752(35—16), (0<t<s<1),
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and

Note that

/Gts s, u( dsf/HQts/Hlsr (ryu(r),v(r))drds,

where the green function Hs is defined by

(s t—s, (0<s<t<1),
2(ts) = 0, O<t<s<1).

It is easy to show that
0<G(ts) < %tzs for all t,s € I, (4.5)
and
0 < Hy(t,s) <min{s,t} for all t,s € I. (4.6)
Now we have the following theorem.

Theorem 4.1. Under the assumptions (Al) and (A2), the fourth-order two-point
boundary value problem (4.1) has a solution.

Proof. Consider the natural partial order relation < on X = C(I, R), that is,
u,v € X,u <v & u(t) <o(t) forall t € 1.
It is well known that X is a complete metric space with respect to the metric

d(u,v) = r?alx|u(t) — ()| =l u =V ||oo,u,v € C(I,R).
€

It is easy to show that (X,d, <) is nondecreasing-regular and nonincreasing-regular
(T)-regular), and that every pair of elements in X x X has either a lower bound or
an upper bound. Solving problem (4.1) is equivalent to finding u € C(I,R) which is
a solution of

u(t) =Bt + A— /Hgts)(C D + Ds)ds

/Gts s,u(s),v(s))ds,t € I,
where v = u”. Moreover the boundary value problem (4.1) can be written as
u'(t) = o),
(

v"(t) = [t ult), v(t)),
u(0)

|
jh

u'(0) = B,v(1) =C,v'(1) = D,
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and it is equivalent to the following integral equations,
1
u(t) = Bt + A — / Hy(t, $)v(s)ds

=DBt+A- / Hs(t,s)(C — D+ Ds)ds

/Gts (s,u(s),v(s))ds,t € 1,

v(t)=v(t)=C—-D+ Dt + fo Hi(t,s)f(s,u(s),v(s))ds,t € I.

Let F and F be mappings of C(I,R) x C(I,R) into C(I,R) defined by

Fla,y)(t) = Bt + A — /Hgts)(C’ D + Ds)ds

/Gts (s,z(s),y(s))ds,t € I,z,y € C(I,R),

and
F(a:,y)(t) =— (C— D—|—Dt+/0 Hl(t,s)f(s,x(s),y(s))ds> ,telx,ye C,R).

By the assumption (A1), we can show that the mapping F' is mixed monotone and

the mapping F is reverse mixed monotone. In fact, for all ¢ € I and for all x,y,u,v €
C(I,R) with 2 = v and y < v, we have

0 < f(t2(8),5(t) — f(E u(t), v(t)).

Thus we have
Fa,y)(t) = F(u,0)(t) = /01 G(t,5)(f(s,2(5), y(s)) — f(s,u(s),v(s)))ds = 0,
and
F(z,y)(t) = F(u,v)(t) = - /01 Hy(t,s)(f(s,2(5), y(s)) — f(s,u(s),v(s)))ds < 0.

Again, since w is nondecreasing and from (4.2) and (4.5), we have
Fz, y)(t) = F(u,0)(t)

- / G(t, 5)(f(5,2(5),4(s)) — F(s,u(5), v(s)))ds

1 1
< | Gttwtat) —utspis+ [ Glrslo —usDds (4
< / G(t, 8)ds(w(l| = — u o) + ([l v~ ¥ [lo0))

w(llz = ulloo) +w(llv =y llo)
- 4
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for all t € I and for all z,y,u,v € C(I,R) with = v and y < v. Also from (4.2) and
(4.6), we have

|F(a,y)(t) = F(u,v)(t)]

/ Hy(t,s) [f(s,2(5),5(s)) = f(s,uls), v(s))| ds (4.8)

w(llz-ullec) +w(lv=yl)
- 2
for all t € I and for all x,y,u,v € C(I,R) with z > u and y < v. By (4.7) and (4.8),
we get

d(F(z,y), F(u,v)) +d (F(x, Y) F(u,v)) = 3@l = ullow) +w (I = yll))
2 - 8 '
On the other hand, since w is nondecreasing and condition (ii) for 2, we have

3 (w(llz = ulloo) + w(llv = ylloo))
8

< w(lle = ulloo +[Jv = ylloo)

d(z,u) + d(y,v) d(z,u) + d(y,v)
) ) (o )

Thus we finally get

_ _ d(F(z,y), F(u.v)) +d (F(z.y). F(u,v))
n((F(z,y), F(z,y)), (F(u,v), F(u,v))) = 5
d(z,u) +d(y,v) <d($7 u) + d(y, v))
< —y .
2 2

Now, let a, 8 € C(I,R) be solutions of (4.3) and (4.4). By the assumption (A2), we
have o < F(«, ) and 5 = F(a, ). We also take ¢(t) = t for any ¢t € [0,00) and § = 0.
Thus all the hypotheses of Theorem 3.4 are satisfied. Therefore u,v € C(I,R) are

solution of the problem F(u,v) = u and F(u,v) = v. These prove that u € C(I,R)
is a solution of (4.1). O

4.2. Type II. Next as an application of our results, we study the existence of solu-
tions of the following fourth-order two-point boundary value problem, see [2, 25, 27]:

u"'(t) = f(t ult), u" (1)),

u(0) = A,u(l) = B,u"(0) = C,v"(1) = D,
with I = [0,1] and f € C(I x R x R,R). We take the set of functions {2 same way as
in Type L

The assumptions (A1) and (A2) are same as those of Type I with respect to the
following Green functions G and H.

(4.9)

1s(l—t)(zt—SQ—tz’), (0<s<t<1),
G(t,s) =

615(17,9)(25719752), (0<t<s<1),
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and

Note that

1 1 1
/O G(t, 5)f (s, u(s), v(s))ds = /O Hit,s) /O H(s,r)f(r,u(r), v(r))drds, t € I.

It is easy to show that
1
0 <Gt s) < §St for all t,s € I, (4.10)

and
0 < —H(t,s) <min{s,t} for all ¢,s € I. (4.11)

Theorem 4.2. Under the assumptions (Al) and (A2), the fourth-order two-point
boundary value problem (4.9) has a solution.

Proof. From the same argument in Theorem 4.1, we consider the natural partial order
relation < on X = C(I, R), that is,

u,v € X,u <v & u(t) <o(t) forall t € 1.

It is well known that X is a complete metric space with respect to the metric

t

d(u,v) = maxu(t) = o(t)] =] w = v e, u,v € C(I, R)

It is easy to show that (X,d, <) is nondecreasing-regular and nonincreasing-regular
(T)-regular), and that every pair of elements in X x X has either a lower bound or
an upper bound. Solving problem (4.9) is equivalent to finding v € C(I,R) which is
a solution of

u(t)=(B—A)t+ A+ /1 H(t,s)((D—C)s+ C)ds
0

1
+/ G(t,s)f(s,u(s),v(s))ds,t € I,
0
where v = u”. Moreover equation (4.9) can be written as
u”’(t) = v(t),
t) = f(t,u(t),v(t)),
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and it is also equivalent to the following integral equations,

w(t) = (B— Ayt + A— /Hts o(s)ds

(B-—A)t+A- /Hts((D C)s+ C)ds
/G u(s), v(s))ds,t € I,
(D -

On+C— /Htsf(su() v(s))ds,t € I.

v(t) =
Let F and F be mappings of C(I,R) x C(I,R) into C(I,R) defined by
1
Fla.g)(t) = (B - At + A~ [ Hts)((D - C)s+C)ds
0

1
+/ G(t,8)f(s,x(s),y(s))ds, t € I,z,y € C(I,R),
0

and
F(z,y)(t)= (D —C)t+C — /Htsf(sx() y(s))ds,t € I,z,y € C(I,R).

By the assumption (A1), we can show that the mapping F' is mixed monotone and

the mapping F' is reverse mixed monotone. In fact, for all £ € I and for all z,y,u,v €
C(I,R), with z = w and y < v,

0< ft,2(t),yt) — f(t ult),v(t)).
Thus we have

F(z,y)(t) = F(u,v)(t) = /0 G(t,s)(f(s,2(s),y(s)) — f(s,u(s),v(s)))ds = 0

and

F(a,y)(t) - Flu,v)(t) = - / H(t,5)(f(s,2(s), y(s)) — f(s,u(s), v(s)))ds < 0.

The remaining parts of the proof are same as that of Type I using properties (4.10),
(4.11), and the assumption (A2). O

4.3. Type IIIL. In this subsection, we consider the solutions of the following third-
order two-point boundary value problem, see [6, 24, 28|:

{u///(t) = f(t,u(t), v’ (t)),

u(0) = A,u(1) = B,u"(0) = C, (4.12)
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with I = [0,1] and f € C(I x R x R,R). The assumptions (A1) and (A2) are same

as that of Type I using the following Green functions G and H.

—(t—5)2+t(1 —s)?

(0<s<t<1),

2 )
G(t,s) =
(t,5) t(1 = s)2
—5 0<t<s<1),
and
1—1)s, 0<s<t<l),
P (G ( )
(1—s)t, (0<t<s<1)
Note that

1 1 s
/0G(t,s)f(s,u(s),v(s))ds:/o H(t,s)/o f(ryu(r),v(r))drds.

It is easy to show that

0<G(t,s) < =t(1—s)*forallt,s eI,

N |

and

0 < H(t,s) <min{s(l —¢),t(1 —s)} for all ¢,s € I.

(4.13)

(4.14)

Theorem 4.3. Under the assumptions (Al) and (A2), the third-order two-point

boundary value problem (4.12) has a solution.

Proof. From the same argument in Theorem 4.1, we consider the natural partial
order relation < in X = C(I, R). Then (X, d, <) is complete, nondecreasing-regular,
nonincreasing-regular (1)-regular), and every pair of elements in X x X has either
a lower bound or an upper bound. Solving problem (4.12) is equivalent to finding

u € C(I,R) which is a solution of

u(t) = (B —A)t+A—/O H(t,s)(]ds+/0 Gt 5)f (s, u(s), v(s))ds, t € T,

where v = u””. Moreover the boundary value problem (4.12) can be written as follows

u(t) = w(t),
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and it is also equivalent to the following,

w(t) = (B— At + A— /0 H(t, s)o(s)ds
= (B—A)t—i—A—/lH(t,s)Cds
0

1
_|_/0 G(t,s)f(s,u(s),v(s))ds,t € I,

¢
o(t) = O — / F(s,u(s), v(s))ds,t € T.

0
Let F and F be mappings of C(I,R) x C(I,R) into C(I,R) defined by

F(z,y)(t)=(B—A)t+ A — /01 H(t,s)Cds

1
+/ G(t,8)f(s,x(s),y(s))ds, t € I,z,y € C(I,R),
0
and
ﬁ(m,y)(t):C—/O f(s,2(8),y(s))ds,t € I,z,y € C(I,R).

By the assumption (Al), we can show that the mapping F' is mixed monotone and

the mapping F' is reverse mixed monotone. The remaining parts of the proof are same
as that of Type I using properties (4.13), (4.14), and the assumption (A2). O

4.4. Type IV. Finally we consider the solutions of the following third-order two-
point boundary value problem, see [14]:

{u”/(t) = f(t7u(t)>u”(t))7
u(0) = A,u(l) = B,v"(1) = C,

with 7 = [0,1] and f € C(I x R x R,R). The assumptions (A1) and (A2) are same
as those of Type I using the following Green functions G and H.

(4.15)

%ﬁa—w, (0<s<t<1),
G(t,s) = 1
5t((l —t)—(1-3s)%), (0<t<s<1),
and
Hit,5) = {(175)5 (0<s<t<1),
(I—-s)t (0<t<s<1)
Note that

/0G(t,s)f(s,u(s)m(s))ds:/o H(t,s)/S flryu(r),v(r))drds.
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It is easy to show that

0<G(ts)<=s*(1—t)forallt,secl, (4.16)

N |

and
0 < H(t,s) <min{s(l —¢),t(1 —s)} for all ¢,s € I. (4.17)

Theorem 4.4. Under the assumptions (Al) and (A2), the third-order two-point
boundary value problem (4.15) has a solution.

Proof. From the same argument in Theorem 4.1, we consider the natural partial order
relation < on X = C(I,R). Then (X,d, <) is complete, nondecreasing-regular and
nonincreasing-regular (1]-regular), and every pair of elements in X x X has either
a lower bound or an upper bound. Solving problem (4.15) is equivalent to finding
u € C(I,R) which is a solution of

u(t)=(B—A)xt+A —/0 H(t,s)Cds +/0 G(t,s)f(s,u(s),v(s))ds,t € I,

where v = u”. Moreover the boundary value problem (4.15) can be written as
W (1) = o(t),
v'(t) = f(t, u(t), v(t)),
u(0) = u(l) = v(1) =0,

and it is also equivalent to the following integral equations,

u(t)=(B—A)t+ A —/0 H(t,s)v(s)ds,
= (BA)tJrA/lH(t,S)C’ds
0

-|-/O G(t, s)f(s,u(s),v(s))ds,t €I,

1
v(t)=C —/ f(s,u(s),v(s))ds,t € I.
¢
Let F and F be mappings of C(I,R) x C(I,R) into C(I,R) defined by
1
F(z,y)t) = (B—A)t+ A+ / H(t,s)Cds
0

+/ G(t,8)f(s,x(s),y(s))ds, t € I,z,y € C(I,R),
0

and

Fla)(®) = C = [ fs.uls).v(s)ds.t € Loy € CLR),



FIXED POINT THEOREMS IN ORDERED METRIC SPACES 363

By the assumption (Al), we can show that the mapping F' is mixed monotone and

the mapping F' is reverse mixed monotone. The remaining parts of the proof are same
as that of Type I using properties (4.16), (4.17), and the assumption (A2). O
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