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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm | - ||, C be a
nonempty closed convex subset of H and Po be the metric projection from H onto
C. Let T : C' — H be a mapping. We denote by F(T) the set of fixed points of T
The symbol R denotes the set of all real numbers, while R, stands for the set of all
nonnegative real numbers.

A mapping A : C — H is called monotone if (Ax — Ay, x —y) > 0, for all x,y € C.
Also, A: C — H is called a-strongly monotone if there exists a constant a > 0 such
that

(A — A,z —y) > alle — y||%, Yo,y € C. (1.1)

The variational inequality was first discussed by Lions and Stampacchia [14] which

has emerged as an important tool in the study of a wide class of obstacle, unilateral,
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free, moving, equilibrium problems arising in several branches of pure and applied
sciences in a unified and general framework. Several efficient methods for variational
inequalities have received much attention in the literature, see e.g., [7]-[13], [18], [22],
[26]-[30] and the references therein.

Let By,Bs : C — H be two nonlinear mappings. In 2008, Ceng et al. [10]
considered and studied the following problem of finding (z*,y*) € C x C such that

{ <PBly* +I* —y*7I—I*> > 07 Vr € 07

1.2
<7IB2$*+y*—fC*ax—y*> Zoa VCL’GC, ( )

which is called a general system of variational inequalities (GSVT). In [10], problem
(1.2) is transformed into a fixed point problem according to the following relation.

Lemma 1.1. ([10]) For given x*,y* € C, (z*,y*) is a solution of problem (1.2) if
and only if x* € GSVI(C, By, Bs), where GSVI(C, By, B) is the fixed point set of the
mapping G := Po(I — pB1)Pc(I —nBz), and y* = Po(I —nBs)x”™.

Utilizing Lemma 1.1, Ceng et al. [10] proposed a relaxed extragradient method for
solving problem (1.2) and proved the strong convergence of the proposed method to
a solution of problem (1.2).

Let E be a real Banach space with the dual E* and J : E — 2&” be the normalized
duality mapping from E into 27" defined by

J(@) ={p € E": (z,0) = llzllllell, ol = llz[l}, Vo e E,

where (-, -) denotes the generalized duality pairing between E and E*. Recall that if £
is smooth then J is single-valued. In the sequel, we shall denote by j the single-valued
normalized duality mapping.

Let C be a nonempty closed convex subset of E. A self-mapping f : C' — C is said
to be k-Lipschitz on C' if k € Ry and || f(z) — f(y)|| < k||lx —y]| for all z,y € C. If f is
k-Lipschitz with k < 1, then f is called a k-contraction mapping or a contraction with
coefficient k. A self-mapping f : C' — C is said to be nonexpansive if it is Lipschitz
with k£ = 1. Recall that a (possibly multi-valued) mapping A with domain D(A) and
range R(A) in a real Banach space F is accretive if, for each z; € D(A) and y; € Ax;
(1 € {1,2}) there exists a j(x1 — x2) € J(z1 — z2) such that

(y1 — y2, j(x1 — x2)) > 0.

An accretive operator A satisfy the range condition if D(A) C R(I+rA), for all > 0.
Within the period of past thirty years, a great deal of effort has gone into the
iterative construction of zero points of accretive mappings, and of fixed points of
pseudocontractive mappings, see, e.g., [1, 3, 5, 6, 7, 11, 15, 16, 21, 24, 25].
Let By, By : C' — E be two nonlinear mappings. The general system of variational
inequalities (GSVI) is to find (z*,y*) € C x C such that

<PBly*+3U* —y*,j(m—x")) ZO? VSUGC; (1 3)
(nBaz™ +y* — 2™, jlx —y™)) >0, Vz € C, '
where p and 7 are two positive constants. In particular, if By = By = B, then

problem (1.3) reduces to the following system of variational inequalities (SVI) in
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Banach spaces: find (z*,y*) € C x C such that

{ (pBy* + 2" —y*,j(x — x¥)) > 0, Vz € C,

1.4
(B +y" — 2", j(z—y)) > 0, Vo € C. (14)

Further, if * = y*, then we obtain the following variational inequality (VI) in Banach
spaces: find x* € C such that
(Bx*,j(x —a*)) >0, Vz € C. (1.5)

Whenever F = H a Hilbert space, it is easy to see that the GSVI (1.3) reduces to
the GSVI (1.2) and that the SVI (1.4) and VI (1.5) reduce to the following SVI (1.6)
and VI (1.7), respectively, that is, find (z*,y*) € C' x C such that

(pBy* + 2" —y*,x —x*) >0, Vo € C, L6
(nBx* +y* —a*,x —y*) >0, Va € C, (16)

and find z* € C such that
(Bx*,x —z*) >0, Yz € C. (1.7)

In 2005, Verma [22] suggested a two-step projection method for solving GSVI (1.2).
In 2013, in order to solve GSVI (1.3), Yao et al. [27] first extended Verma’s two-step
method from Hilbert spaces to Banach spaces.

The purpose of this paper is to solve the GSVI (1.3) with solutions being also
common fixed points of a countable family {S;}$2, of nonexpansive mappings and
zero points of an accretive operator A in a strictly convex and 2-uniformly smooth
Banach space E. By applying the equivalence between the GSVI (1.3) and the fixed
point problem, we construct a hybrid viscosity extragradient method for finding a
solution of the GSVI (1.3), which is also a common fixed point of {S;}:°, and a zero
point of A. Under very suitable conditions, we derive some strong convergence results,
which improve and develop the corresponding results announced by Ceng et al. [10],
Yao et al. [27] and Ceng and Wen [11].

2. PRELIMINARIES

Let E be a real Banach space with the dual E*. Let C be a nonempty closed
convex subset of E. Recall that a mapping T : C' — F is said to be

(a) accretive if, for each x,y € C, there exists j(x — y) € J(z — y) such that
(Te =Ty, j(x —y)) = 0;

(b) a-strongly accretive if, for each x,y € C, there exists j(z —y) € J(z —y) such
that

(Ta — Ty, j(x — ) = alle — || for some a € (0, 1);

¢) f-inverse-strongly accretive if, for each z,y € C, there exists j(zr — y) €
i trongl tive if, f h C, th ists j
J(x —y) such that

(Tx — Ty, j(x —vy)) > B||Tz — Ty||* for some 3 > 0.
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Let U = {x € E : ||z|| = 1} be the unit sphere of E. Then the Banach space E
is said to be strictly convex if for any z,y € U, x # y = H%WH < 1. It is also
said to be uniformly convex if for each € € (0, 2], there exists § > 0 such that for any
2,y €U, [lz—y|| > e = [|[ZE2|| <1—6. A Banach space E is said to have a Gateaux
differentiable norm if the limit

Lzt ty] o]

t—0 t
exists for each z,y € U and in this case we call ¥ smooth; F is said to have a uniformly
Fréchet differentiable norm if the above limit is attained uniformly for z,y € U. In
this case we say that E is uniformly smooth. The space F is also said to have a
Fréchet differentiable norm if for each x € U, the above limit is attained uniformly

for y € U and in this case we call E strongly smooth. The modulus of smoothness of
E is defined by

1
o(r) =sup { 3o + ol + o = i) ~ 1y € Bl =1, ] =7 .,

where ¢ : [0,00) — [0,00) is a function. It is known that E is uniformly smooth if
and only if hn%) @ = 0. Let ¢ be a fixed real number with 1 < ¢ < 2. A Banach
T—
space F is said to be g-uniformly smooth if there exists a constant x > 0 such that
o(1) < k1t for all 7 > 0. Let g be a real number with 1 < ¢ < 2. E is g-uniformly
smooth if and only if there exists a constant ¢ > 0 such that
2 +yl|* + [lz = yl|* < 2(z]|* + [leyl|?), Vo,y € E.

The best constant ¢ in the above inequality is called the g-uniformly smooth constant
of E; see [4] for more details. Note that no Banach space is g-uniformly smooth for
q > 2; see [20] for more details.

Proposition 2.1. ([3]) Let C be a nonempty closed convex subset of a Banach space
E. Let Sy, S1,... be a sequence of mappings of C' into itself. Suppose that

oo
Z sup{||Snpx — Sp—1z|| : * € C} < 0.
n=1
Then for each y € C, {Sny} converges strongly to some point of C. Moreover, let S
be a mapping of C' into itself defined by Sy = li_>m Spy for ally € C. Then
n oo

ILm sup{||Sz — S,z| : x € C} = 0.

Proposition 2.2. ([23]) Let E be a 2-uniformly smooth Banach space. Then
lz +yl? < N2 + 2(y. j(2)) + 2|ley||?, Va,y € E,
where ¢ is the 2-uniformly smooth constant of E.
In particular, if F is a Hilbert space, then the duality pairing (-,-) reduces to the
inner product, j = I the identity mapping of E, and ¢ = 1/v/2.
Let D be a subset of C' and let II be a mapping of C into D. Then IT is said to

be sunny if
[ (z) + t(x — M (x))] = 1 (x),
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whenever II(z) + t(x — II(z)) € C for x € C' and ¢ > 0. A mapping II of C into
itself is called a retraction if IT? = II. If a mapping II of C into itself is a retraction,
then II(z) = z for each z € R(II), where R(II) is the range of II. A subset D of
C is called a sunny nonexpansive retract of C' if there exists a sunny nonexpansive
retraction from C onto D.

Proposition 2.3. ([16]) Let C' be a nonempty closed convex subset of a smooth
Banach space E, D be a nonempty subset of C' and II be a retraction of C' onto D.
Then the following are equivalent:

(i) I is sunny and nonerpansive;
(i) [[1(x) — T (y)|I* < (& —y,j({ (x) — T(y))), Yo,y € C;
(ii) (z— H(z),j(y— II(z))) <0,Vz € C,y € D.

In order to prove our main result, we need to use the following lemmas.

Lemma 2.4. (Resolvent identity). For A\,u >0 and x € E,

It =J, (%x n (1 _ %) ka) .

The following lemma is an immediate consequence of the subdifferential inequality
of the function 3| - ||2.

Lemma 2.5. Let E be a real Banach space and J be the normalized duality mapping
on E. Then for any given x,y € E, the following inequality holds:

lz+yll* < llel® +2{y, j(@ +y), Vile+y) € J(z+y).

Lemma 2.6. ([2]) Let C be a nonempty closed convex subset of a smooth Banach space
E. Let Ilc be a sunny nonexpansive retraction from E onto C, and let B : C — E be
an accretive mapping. Then for all X > 0,
VI(C, B) = F(IIo(I — AB)),
where VI(C, B) denotes the set of solutions to problem (1.5).
By Lemmas 1.1 and 2.6 respectively, we immediately obtain the following results.

Lemma 2.7. Let C' be a nonempty closed conver subset of a smooth Banach space
E and By, By : C — E be two nonlinear mappings. Let Il be a sunny nonerpansive
retraction from E onto C. For given x*,y* € C, (z*,y*) is a solution of the GSVI
(1.3) if and only if x* € GSVI(C, By, Bs) where GSVI(C, By, By) is the set of fixed
points of the mapping G := IIc(I — pBy)IlIc(I — nBy) and y* = lc(I —nBs)x™.

Lemma 2.8. Let C be a nonempty closed convexr subset of a 2-uniformly smooth
Banach space E. Let the mapping A : C — E be a-inverse-strongly accretive. Then,

I(I = AA)z — (I = AA)y|* < |z — y[I* + 2X\(*A - o)Az — Ay,
In particular, if 0 < X < 5, then I — \A is nonerpansive.
Utilizing Lemma 2.8, we immediately obtain the following lemma.

Lemma 2.9 Let C be a nonempty closed convex subset of a 2-uniformly smooth
Banach space E. Let IlIc be a sunny nonexpansive retraction from E onto C. Let
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the mappings B1, Bs : C — E be a-inverse-strongly accretive and (-inverse-strongly
accretive, respectively. Let the mapping G : C — C be defined as
G :=Ilc(I — pB1)IIo(I — nBy).
Ifo<p< F and0<n< C%, then G : C — C is nonexpansive.

Lemma 2.10. ([5]) Let C be a nonempty closed conver subset of a strictly convex
Banach space E. Let {T,,}22 be a sequence of nonexpansive mappings on C. Suppose
(o]

that ﬂ F(T,) is nonempty. Let {\,} be a sequence of positive numbers with

n=0

Then a mapping S on C defined by Sx = Zx\nTnx for x € C is defined well,
n=0

nonexpansive and F(S ﬂ F(T,) holds.

Lemma 2.11. ([24]) Let E be a uniformly smooth Banach space, C' be a nonempty
closed convex subset of E, T : C — C be a nonexpansive mapping with F(T) # (),
and f be a fized contraction mapping. For each t € (0,1), let z; € C be the unique
fized point of the contraction C' 3 z — tf(z) + (1 —t)Tz on C, that is,

Zt = tf(Zt) + (1 — t)TZt

Then {z:} converges strongly to a fized point x* € F(T), which solves the variational
inequality
(= f)a”,j(z" —x)) <0, Vo € F(T).

Corollary 2.12. ([17]) Let C be a nonempty closed convex subset of a uniformly
smooth Banach space E and let T : C — C be a nonexpansive mapping. For each
fized uw € C and every t € (0,1), the unique fized point x; € C of the contraction
C 3z tu+ (1 —t)Tz converges strongly to a fived point of T ast — 0.

Lemma 2.13. ([19]) Let {z,,} and {yn} be bounded sequences in a Banach space E
and {Bn} be a sequence in [0,1] with 0 < hm mf Bn < hm 1 Sup Br < 1. Suppose that

Tnt1 = (1= Bn)yn + Bnxy for alln >0 and hmsup(||y”+1 yn|| — || Tnt1 — xnl]) <0,

then nlglgo lyn — xnl| = 0.

Lemma 2.14. ([24]) Let {a,}52, be a sequence of nonnegative real numbers satisfying
ant1 < (1= Ap)an + Apon, Vn >0,

where { A, }52 o and {0, }32, are real sequences satisfying

(1) {Mn}o2, C (0,1), Z)\ = 00;
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o0

(ii) either limsupo, <0 or Z [Anon| < 0.

n—oo
n=0

Then lim a, = 0.

n— oo

3. MAIN RESULTS
We are now in a position to state and prove our main result.

Theorem 3.1. Let C' be a nonempty closed convexr subset of a strictly convexr and
2-uniformly smooth Banach space E. Let IIc be a sunny nonexpansive retraction from
E onto C. Let A C E x E be an accretive operator such that

D(A)c Cc (RU+rA).
r>0

Let By, By : C — FE be a-inverse-strongly accretive and [-inverse-strongly accretive,
respectively. Let f : C — C be a contraction with coefficient k € [0,1). Let {S;}52,
be a countably family of nonexpansive mappings of C into itself such that

0= () F(S;) NGSVI(C, By, By) N A™'0 # 0,
1=0

where GSVI(C, By, Bs) is the fized point set of the mapping
G:=Ilc(I— pBy)IIc(I —nBs)

with0 < p< % and 0 <n < B For arbitrarily given xg € C, compute the sequences

c? C
{zn} and {yn} by
Yn = llc(zn — nBawy),
Tpi1 = n f(T0) + Bntn + (1 — an — Bn) (Mo (yn — pB1yn) + pSnzn  (3.1)
+ (1= A—p)dp,zp],n >0,
where A\, i € (0,1) are two constants with A+ p < 1, and {an}, {Bn} and {rn} are
the positive sequences such that
(i) an+ Bn <1 foralln > 0;

(ii
.. n:0

) lim ap =0 and Zan = 005
(iii) 0 < liminf 5, < limsup 8, < 1;
n—oo
)

n—oo

n— o0
(iv nh_{r;o |rni1 —rn| =0 and rp, > € >0 for alln > 0.

oo

Assume that Z sup ||Sn+12 — Spx|| < oo for any bounded subset D of C.
n=0 z€D
Let S : C — C be a mapping defined by Sx = 1i_{n Snx for allx € C, and suppose that

F(S) = ﬂ F(S;). If {rn} is a monotone decreasing sequence such that lim r, =7,

n—00
1=0
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then {x,} and {y,} converge strongly to x* € 2 and y*, respectively, where (z*,y*)
solves the GSVI (1.3) and x* solves the variational inequality

(I = fa*,j(z" —x)) <0, Vz € .

Proof. Note that the mapping G : C' — C is defined as G := IIc(I —pB1)IIc (I —nBs),
where 0 < p < Fand 0 <n < c% So, by Lemma 2.9, we know that G is nonexpansive.

It is easy to see that the two-step iterative scheme (3.1) can be rewritten as
Tn+l = Oénf(xn) + ﬂnxn + (1 — Qp — Bn)[)\Gxn + ,U/Snxn (3 2)
+ (1 =X—pw)d, zs], ¥Yn > 0. '

Next, we divide the rest of the proof into several steps.
Step 1. We show that {x,} is bounded. Indeed, take a fixed p € {2 arbitrarily. Then
we get Gp =p, Sp,p=p and J,. p =p for all n > 0. It is clear that

Tna1 — D = anf(xn) + Bntn + (1 — ap — Br)[AGxy + 1Spay
+(A=-A—p)dp, ] —p
= an(f(zn) = p) + Bu(n —p) + (1 — an — By) [MGzp, — p)
+ w(Snwn —p) + (1 = A= p)(Jr, 20 — p)],
which hence yields
[2n41 = pll < anllf(@n) = pll + Bullen —pll + (1 = an = Bn) [MGzn —p)
+ 1(Snan —p) + (1 = A= p)(Jr,zn — p)||
< an(kllzn —pll + [[f(p) — pll) + Bullzn — pl
+ (1= an = Ba)Mlzn = pll + pllzn —pl + (1 =X = p)llza — pl] (3:3)
<=1 =kan]lzn —pll + anll f(p) — 2l

< max { o, =l 170 ol |

By induction, we derive

1
o =l < max{lleo =l T2 1) = o 0 2 0

Thus, {x,} is bounded. Observe that
1 @)l < 1f(@n) = F@I + 1 @I < Ellzn =l +1F @),

and
[Sn@nll < [|Snn — Supll + 1Snpll < llzn — pll + [Pl

Similarly, by the nonexpansivity of J,. , (I — pBy), (I —nBs) and G, we know
that {y.}, {zn}, {Gx,} and {J, x,} all are bounded, where

zn = IIc(I — pB1)y, = Gy,
Step 2. We show that ||z,+1 — 2,|| = 0 and |W,z,, — z,] = 0 as n — oo, where

Wiy, := AGxp + pSpan + (1 =X — p)Jp, .
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Indeed, we first claim that
[ TrirZnr1 = Jr,@nl < (@01 — @nll + Molrngr — ral, Vo 20, (34)
where

1
sup {<|J,-n+1xn+1 vl 4+ | xnm)} < My
n>0 (€

for some My > 0. As a matter of fact, if r,, < r,41, using the resolvent identity in
Lemma 2.4,

Ty T
JT7L+1‘T”+1 = ‘]Tn (In-&-l + (1 - )Jrn+1xn+1) B
Tn+1 Tn+1

we get

Tn Tn
||Jrn+1xn+1 =zl = ||Jr, ( Tpt1 + <1 - ) Jrn+1a7n+1> = Jr,Tn
7mn+1 Tn+1

T T
< Znt1 — 2nl + (1 - —= ) HJ7’n+1$n+1 — zp|
Tn+1 T+l
T —r
< ||In+1 - an + M”Jrnﬂxn—&-l - xn”
n+1

1
< ”anrl —xp|| + g|rn+1 - TnH|J7’n+1xn+1 - xn”

If 41 < rp, we derive in the similar way

1
||Jrn+1xn+1 = ol < |70 — Tpga |l + g‘rn = roy1l[lJr, Tn — Tpga -

Thus, combining the above cases, we know that (3.4) holds.
Now, putting W,a,, = AGxy + ppSpxy + (1 — A — p)J;, x,, for each n > 0, we obtain
from (3.4) that

[Whit1Znt1 — Woznll < Mlzntr — 2|l + p#([Sns1%n41 — Sny12al|
+ [Sn12n = Spanl) + (1 = A= @)1 Jr, s Tnsr = Jr, |
S M@ntr = znll + p(lZnsr — 2ol + [|Snr120 = Span|)
+ (1= A= p)([[znt1 — 2al| + Mo|rnt1 — 1al)
= ||37n+1 - CEnH + N‘|Sn+1xn - Snxn”
+(1=-X- N)MO|Tn+1 - Tn|

< ||='En+1 - zn” + HSn—&-lxn - Snxn” + MOlrn—&-l - Tn‘-
(3.5)
Setting

Tpt+1 = (1 - Bn)en + 57133717 Vn > 0, (36>
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we get
a1 f(@ng1) + (1= ang1 = Boy1) Wai1Zngn
Entl —Ep =
1-—- Bn-&-l
1- Bn
Qp
= 17“(]"(%“) — Wii1ZTnt1) + Wag1Tnia
- /Bn—i-l
Qp
- Tn) — ann - anru
e (F(aa) ~ Wo)
and so it follows that
Q41 (&70)
”en-i-l - enH < ﬁ”f(xn-&-l) - Wn-i-lxn-&-l” + 1— ||f(xn) - ann”
n+1 ﬂn

+ HWn-f—lxn-&-l - Wnl‘n”a
which together with (3.5) leads to

On41
llens1 — enH —|Zny1 — an < 7+||f(xn+1) — Whi1Znga || + M0|Tn+1 - rnl
1= Bnt1
o
+ 1-3 Hf(xn) - ann” + ||Sn+1xn - Snan
Since lim «, =0 and 0 < liminf 3,, <limsup B, < 1, we deduce from the bounded-
n—00 n—00 n—00
ness of {f(z,)} and {W,z,} that limsup(|lest+1 — enl| = [|Zn+1 — Znl|) < 0. So, from
n—oo
Lemma 2.13 it follows that
lim |le, —x,| = 0. (3.7)
n—oo

Noticing that (3.6), we have ||z,+1 — Znl = (1 — Bn)llen — zn |-
Since 0 < liminf 8,, < limsup 8, < 1, we get from (3.7) that
n—oo

n—so0
Jim |z g — 2| = 0. (3.8)
In addition,
Tpg1 — Tn = an(f(2n) = Wozn) + (1 — Bn) Waayn — zp).
It follows that
(1= B)Waan — 2nll < @041 = all + onllf(2n) = Waan].

Since lim a, =0 and 0 < liminf 3, <limsup 3, < 1, we conclude from (3.8) that
n—oo n— oo n—oo

lim ||Wyz, — 2,| =0. (3.9)
n—oo
Step 3. We show that if 7, | 7 as n — oo, then

limsup(z™ — f(z*),j(z* —z,)) <0, 2" € 2, (3.10)
n—oo

where z; is the fixed point of the mapping z — tf(2) + (1 — )Wz with
W:=AG+uS+(1-X—pu)d,
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for constants A, u € (0,1) satisfying A+ p < 1, * = lim+ z¢ and z* solves the VI:

t—0
(I = fa*,j(z" —x)) <0, Vr € .

Indeed, we define the mapping Wz := A\Gx + puSz + (1 — X\ — p)J,x, Vo € C, where
rn 4 7 as n — o0o. Then by Lemma 2.9, we know that W is nonexpansive and

F(W)=F(S)NF(G)NF(J,) = ﬁ F(S;) NGSVI(C, By, Bs)NA™'0  (=: Q).
=0

We claim that
ILm Wz, —x,| =0. (3.11)

As a matter of fact, taking into account the resolvent identity in Proposition 2.4, we

have
J, (Ta:n + <1 - r) Jrn:cn) — Jyan
Tn Tn

;
< (1— ) Vntn — 2l
Tn

which together with r,, | 7 as n — oo and the boundedness of {x,}, {J; x,}, implies
that

”Jrnxn — ezl = ‘

lim ||J,, z, — Jrx,|| = 0. (3.12)

n—o0
Utilizing Proposition 2.1, we get
li_>m || Spxn — Szp|l = 0. (3.13)
So, from (3.9), (3.12) and (3.13) it follows that
[Way — zn|| < [Way — Wyan|| + [[Wazn — 24|
< pllSzn = Spanl + (1 = A= p)l|Jran — Jp, 20| + [[Wazn — 24| = 0,
as n — oo. This means that (3.11) holds.
It is clear that the mapping z — tf(z) + (1 —t)Wz is a contraction of C' into itself

for each ¢t € (0,1). So, z solves the fixed point equation z; = tf(2;) + (1 — t)Wz.
Then we have

2zt —xpn = (1 =) (Wzp — a) + t(f(2¢) — zn). (3.14)
Thus, from Lemma 2.5 and (3.14), we obtain
2IW et — 2| + 26(f (20) — 2, (2 — 20))
L= )*[[[Wer = Wap|| + [Wan — 2nl]* + 26(f (20) — 20, 5(2 — 2n))
1= t)?[llze = @nll + [Wan — 2] + 26(f (21) = @, (2 = 2n))
1= 1)[ll2e — zal* + 2l|20 — za[|Wan — 2]l + [ Wan — 2n]%]
+26(f (2) = @, j (20 = 2n)),

||z fxn||2 <(1-t
<
<

AA,.\A
— — — —
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that is,
2t = 2all? < (1= 02120 — 22 + [Watn — a2z — 2ll + W — 2]
+ 26(f (2¢) — 22,4 (2 — @) + 2t)| 2 — 20|
= (14 )20 — 22 + (Wt — 22012 — 2ll + W — 2]
+2t(f(2t) — z¢, 4 (2t — xp)).
It follows that
(= 1 (20, i) < Szl g W2l W] (3.15)

Letting n — oo in (3.15) and noting that li_>m |2n — Wan| = 0, we have
t
limsup(z: — f(2¢),7(zt — xn)) < §M’ (3.16)
n—roo
where M is a constant such that ||z; —z,[|? < M for allm > 0 and ¢ € (0,1). Utilizing
Lemma 2.11, we deduce that {z;} converges strongly to a fixed point
2* e FIW)=F(S)NF(G)NF(J,) = {2,
which solves the variational inequality:
(I —=fla*,j(z* —x)) <0, Vel
Since the duality mapping j is norm-to-norm uniformly continuous on bounded sub-
sets of E, by letting ¢ — 0T in (3.16), we know that (3.10) holds.
Step 4. We show that z,, — z* and y,, — y* as n — oo, where (z*,y*) solves the
GSVI (1.3). Indeed, utilizing Lemma 2.5, from (3.2) and the convexity of | - ||?, we
get
21 = 2| = lan(f(zn) = f(2*) + Bu(@n — ") + (1 = an = Ba) NGy — 2¥)
- (San — )+ (1= A= @)y — 29)] + an(f(&") — 2|
< (I —an =) MGz — 27) + p(Snan — x¥)
+ (L= A= @) (20 — )| + 200 (f(2") = 2", (@41 — 27))
+an[f(2n) = f@)P + Bullzn — 27|
< (A== kan)lzn — 2|7 + 200 (f(2") = 2, j(2ns1 — 7).
(3.17)

By (3.10) and Z ay, = 00, we apply Lemma 2.14 to (3.17) to obtain z,, — z*.
n=0

Taking into account z* € 2 C GSVI(C, By, Bz) and utilizing Lemma 2.7, we know
that (z*,y*) solves the GSVI (1.3), where y* = IIo(I —nBs)x*. Since IIc and I —nBs
is nonexpansive mappings by Proposition 2.3 and Lemma 2.6, we have

lyn = y* || = [1lIc(I = nB2)ayn — o (I — nBa)a™ |
< I =nBa)zn — (I —nBa)z”||
< ||z — 2*|] = 0 as n — oo,

that is, y, — y* as n — oo. This completes the proof.
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Several consequences of the main result are now proposed.
Corollary 3.2. Let C' be a nonempty closed convexr subset of a strictly convex and
2-uniformly smooth Banach space E. Let IIo be a sunny nonexpansive retraction from
E onto C. Let A C E x E be an accretive operator in E such that

D(A) c C C () R + rA),
r>0
let B: C — E be y-inverse-strongly accretive, and let f : C' — C' be a contraction with
coefficient k € [0,1). Let {S;}32, be a countably family of nonexpansive mappings of
C into itself such that

0=\ F(S;)NF(G)NAT'0 #0,
i=0
where F(QG) is the fized point set of the mapping G := (I — pB) (I — nB) with
0<p< 2% and0 <n< L forc the 2-uniformly smooth constant of E. For arbitrarily

02
given xg € C, compute the sequences {x,} and {y,} such that

Yn = HC(-rn - ann)v
Tn+1 = O‘nf(xn) + Brnxn + (1 — Qp — 6n)[)\HC(yn - pByn) + ,USnxn
+ A =A=p)J,, x,],n >0,

where A,y € (0,1) are two constants with A+ p < 1, and {an}, {Bn} and {rn} are
the positive sequences such that

(i) on + Bn <1 for all n > 0;
o0

(ii

.. n=0

) lim o, =0 andZan = 005
(iii) 0 < liminf 5, < limsup B, < 1;
n—oo
)

n— oo

n—oo

lim |rp41 — 7| =0 and rp, > e >0 for alln > 0.

(lv n—o0

oo

Assume that Z sup ||Sn+12 — Spz|| < 0o for any bounded subset D of C, and let S
n—o €D

be a mapping of C into itself defined by Sx = li_>m Snx for all x € C, and suppose
that

F(S) = () F(S)).
=0

If {r,} is a monotone decreasing sequence such that lim r, =r, then {x,} and {y,}
n— oo

converge strongly to ©* € {2 and y*, respectively, where (x*,y*) solves the SVI (1.4)
and x* solves the variational inequality: (I — f)a*,j(x* —x)) <0, Va € £2.
Corollary 3.3. Let C be a nonempty closed convex subset of a strictly convex and
2-uniformly smooth Banach space E. Let IIo be a sunny nonexpansive retraction from
E onto C. Let A C E x E be an accretive operator in E such that

D(A)c Cc () RU +rA4),
r>0
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let B : C — FE be y-inverse-strongly accretive, and let f : C'— C be a contraction with
coefficient k € [0,1). Let {S;}$2, be a countably family of nonexpansive mappings of
C into itself such that
Q2= () F(S;) NVI(C,B)N A0 #0,
i=0
where VI(C, B) is the solution set of the VI (1.5). For arbitrarily given zo € C,
compute the sequence {x,} such that

xn+1 - anf(xn) +6nxn + (1 — Oy _ﬂn)[/\HC(xn _prn) +M5nxn + (1 - A _M)JTnxn]a
where A\, i € (0,1) are two constants with A\+p < 1,0 < p < L for c the 2-uniformly
smooth constant of E, and {an},{Bn} and {r,} are the positive sequences such that
(i) an+ Bn <1 forallm >0;
oo
(ii nh_)rrgo a, =0 and z%an = 005

)
(iii) 0 < hm 1nf Br < limsup g, < 1;
)

n—oo

(iv hm |rn+1 —rn| =0 and r, > >0 for alln > 0.

Assume that Z sup |Sn+12— S| < 0o for any bounded subset D of C, and let S be

a mapping ofC mto itself defined by Sx = hm Snx for all x € C, and suppose that

= ﬂ F(S;). If {rn} is a monotone decreasing sequence such that lim r, =7,
. n—oo

=0
then {x,} converges strongly to x* € {2.
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