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Abstract. In this paper some estimates of M-constants in Orlicz-Lorentz sequence spaces for
both, the Luxemburg and the Amemiya norms are given. Since degenerated Orlicz functions ¢ and
degenerated weighted sequences w are also admitted, this investigations concern the most possible
wide class of Orlicz-Lorentz sequence spaces. M-constants were defined in 1969 by E.A. Lifshits,
and used in the study of lattice structures on Banach spaces, as well as in the fixed point theory, by
a number of authors. In the last section of the paper an application of our results to the fixed point
property is presented.
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1. INTRODUCTION

Recall that M-constants were introduced by Lifshits [27]. His investigations were
continued by Abramovich, Lozanovski and Tsekrekos (see [1] and [37], respectively).
Let E = (E,<,|| - ||) be a normed lattice. Then M-constants in E are defined by
formula

n
tn(E) = sup \/96Z 0<z, €FE, ||z <1 for i=1,...,n
i=1
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or, equivalently

tn(E)=sup { le
i=1

= sup { Zn:xz
i=1

In [27], there were also defined the following L-constants

2]l + ... + llznl . -
A (E) = 0<x; € E f =1,...,n, E i 05.
(E) SUP{ o+t o ot ?

10<x; € B, ||as||<1lfori=1,...,nand z; A z; :0f0ri7£j}

:0<z;€ E, ||z;||=1fori=1,...,nand z; A z; :Ofori#j}.

Denoting by E* the dual of E, we have A\, (E*) = u,(E) and p,(E*) = A (E) (see
[37]*Proposition 2). Moreover, if E is infinite dimensional, then A\, (E)u,(E) > n
for all n € N. Generally, the numbers pu,(E) and A, (E) are useful in the lattice-
isomorphic classification of special type of Banach lattices. For instance, [37] contains
a characterization of I* and ¢y (by a behavior of M-constants and L-constants) in the
family of Banach lattices with unconditional basis.

The above constants were also considered by Kalton in [16]. In particular, re-

lationships between lattice structure on F and the facts that liminf, ..o
pn (E)

logn
Mastyto obtained an analogous result in Calderén-Lozanovskii spaces (see Theorem
2.5 in [32]). In this paper, he also find estimates for the constants pu, and A, for
Calderén-Lozanovskii spaces. In consequence, the estimate for L-constant for Orlicz-
Lorentz spaces are found.

Borwein and Sims in [4] showed that the constant us(F), called the Riesz angle,
plays an important role in the fixed point theory. More precisely, they showed that
if F is a weakly orthogonal Banach lattice such that ps(E) < 2, then E has the
weak fixed point property (that is, every non-expansive mapping from a non-empty
weakly compact convex subset of E into itself has a fixed point). More about the fixed
point theory can be found in the handbook [24]. The estimates of the Riesz angle
for Orlicz spaces were given by Jincai Wang and Yaqiang Yan (see [38] and [40, 41],
respectively). Also the papers [13] and [23] deal with the fixed point property in
Orlicz spaces.

At the end, we note that a lot of important information on M-constants, can be
found in the Wnuk paper [39].

The paper is organized as follows. In the next section we will recall some basic
definitions. In the third section we will present our results concerning the estimates of
the M-constants in Orlicz-Lorentz sequence spaces. In the last section we prove that
in K6the sequence spaces X with the semi-Fatou property the notion of weak orthog-
onality of X in the sense of Borwein and Sims coincide with its order continuity. We
also present some sufficient conditions for the fixed point property of Orlicz-Lorentz
sequence spaces A, ., and we illustrate this result with a non-expansive operator from
some Orlicz-Lorentz sequence spaces into itself that has a fixed point in the unit ball
of Ay -

liminf,, are equal to zero were shown (see [16]*Theorems 9.4-6). Next,
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2. PRELIMINARIES

Let [ be the space of all real sequences x : N — (—00,00) and e;, i € N, be
the unit basic vectors in cy. Given any x € [ we define its distribution function
fig + [0, +00) = {0,00} UN by

He(N) = mfi € N: [a(i)] > A},

where m is the counting measure on 2" (see [3, 25, 29]), and its non-increasing re-
arrangement z* = (z*(4))52, as

(1) =inf{A > 0: p,(N\) < i}

(under the convention inf{) = oo). We say that two sequences z,y € [° are equi-
measurable if (15(A) = py(A) for all A > 0. It is obvious that equi-measurability of
and y gives x* = y*.

A Banach sequence space E = (E,<,||-||), where E C [°, is said to be a Kothe
sequence space if the following conditions are satisfied:

(i) if 2 € B, y € I° and |y| < |z, then y € E and [ly]| < |,

(i) there exists a sequence z in F that is strictly positive on the whole N.
Recall that the Kothe sequence space E is called a symmetric space if F is rearrange-
ment invariant in the sense that if x € E, y € I° and z* = y*, then y € F and
[lz]l = |ly]|. For basic properties of symmetric spaces we refer to [3, 25, 29].

In the whole paper ¢ denotes an Orlicz function (see [5, 31, 35]), that is, ¢ :
[—00, 00] = [0, 0] (our definition is extended from R into R® = [—00, oo] by assuming
that ¢(—00) = p(00) = 00) and @ is convex, even, vanishing and continuous at zero,
left continuous on (0, 00) and not identically equal to zero on (—oo, 00). Let us denote

a, = sup{u>0:¢p(u) =0},
b, = sup{u>0:p(u) < oo}

Note that the left continuity of ¢ on (0,00) is equivalent to the fact that
limy, s p,)- p(u) = p(by).

The inverse function of the function ¢ restricted to the interval [a.,, b,) or [a., by],
according to the situation when b, = oo or when b, < 0o and ¢(b,) < 00, respectively,
is denoted by 1.

Recall that an Orlicz function ¢ satisfies condition A (0) if there exist constants

ug > 0 and K > 0 such that ¢(ug) > 0 and the inequality
¢(2u) < Ko(u) (2.1)

holds for any u € [0,uo] (then we also have a, = 0). Analogously, we say that an
Orlicz function ¢ satisfies condition A(co) if there exist constants ug > 0 and K > 0
such that ¢(ug) < oo and inequality (2.1) holds for any w > ug (then we obtain
b, = 00). Finally, we say that an Orlicz function ¢ satisfies condition Ag(R4) if ¢
satisfies simultaneously conditions A3(0) and Ay(oc0), that is, there exists a constant
K > 0 such that inequality (2.1) holds for any u € R4 (obviously, then a, = 0 and
b, = 00).
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For any Orlicz function ¢ we define its complementary function in the sense of
Young by the formula

(u) = sup{Julv — o(v)} (2.2)
v>0
for all © € R. It is easy to show that % is also an Orlicz function.

Let w: N — R, be a non-increasing and non-negative sequence, called a weighted
sequence. In the whole paper we will assume that w(1) > 0.

If (b,) > ﬁ, then we define u; > 0 by the equality ¢(u;) = ﬁ We also
define .
Uq lf L)O(bcp) Z ﬁ’
L= ) =@ 2.
e { b, otherwise. (23)

Now we will recall the definition of Orlicz-Lorentz spaces, which are a natural
generalization of Orlicz and Lorentz spaces. They were introduced at the beginning
of nineties [30, 17, 18, 19, 33, 34]. These investigations gave an impulse to further
investigations of the spaces, results of which have been published among others in the
papers [2, 8, 7,9, 10, 11, 12, 14, 15, 20, 21, 22, 26].

Given any Orlicz function ¢ and a weighted sequence w, we define on [° the convex
modular I, : I° = RS = [0, 00] by the formula

oo () =Y pla™(i)w(i) = sup Y _ p(a(r(i)))w(i), (2.4)
i=1 T =1

where 7 denotes a permutation of the set N and the supremum is extended over all
permutation of N. The modular space

Apw ={z€l":1,,(Br) < oo for some S >0},

generated by the modular I, is called the Orlicz-Lorentz sequence space. Since the
modular unit ball {z € {°: I, ,(z) < 1} is an absolutely convex and absorbing subset
of Ay, its Minkowski functional || - ||, ., defined by

[2]lpw = f{5 >0 L, (x/5) < 1}.

is a seminorm in A, . It is easy to check that, thanks to the condition p(u) — co as
u — 00 it is a norm in A, ., which is called the Luxemburg norm.

We will also consider in the space A, ., another norm || - ||£’w, called the Amemiya
norm. It is defined by the formula

0w

1
A
Hx”cp,w - igf(‘) E{l + LP,W(kx)}

for any x € A\, . The norms || - ||, and || - ||;27w are equivalent and the inequality

lz]|pw < ||a:||£,w < 2[|z||p,o holds for all z € A, , which follows by the formula
.1
o = nf 7 max(1, (k).

Both spaces Ay = (Apw; || - lpw) and A2, = (Apw, | - |5.,) are symmetric Banach
spaces.



M-CONSTANTS IN ORLICZ-LORENTZ SEQUENCE SPACES 145

3. RESULTS

3.1. The case of the Luxemburg norm. First, we will present results concerning
Orlicz-Lorentz sequence spaces equipped with the Luxemburg norm. At the beginning
note that if a, = b, then Ay, || - lp,w) = (%] - [|oo/by) and pin (M) = 1 for any
n € N. Assuming in the following that a, < b, we start with some definitions.

For any triple (¢, w,n), (n € N) we define three indexes oy wn, af, ., and of ,
by the formula

o ()
U

O on = inf

—1
o[ e (v) (Vo)
:a@<u§7¢,w :lnf{<p—1(77,1;):0<1]<: ,

/
ERARD

-1 1
¥ (ﬁ)
=Rl =12,
-1
¥ (Ef:l W(i))
0 '(v)

o (M) _
Ay = liminf ——~Z = liminf 90177
’ Uy u v—0 (pf (TL’U)

= inf

/

where 7, ., is defined by formula (2.3). Moreover, in the definition of the index o, ,, ,,

we put ¢(b,) in place 1/ 31", w(i), whenever p(b,) < 1/> 7" w(i).
Now, using the indexes ay o n, a7, , ,, and O‘Sz,n’ we give in the first three theorems

upper and lower estimates for ji, (A, ), respectively.

Theorem 3.1. For any Orlicz-Lorentz sequence space A, ., and any natural number
n, there holds the following upper estimate

) < bim) € = (31)
where
k(n) = sup (ko (n): @ € 4 (\p)}
and

n

ko (n) = inf{k >0: I, (%) < 1}.

Remark 3.1. Recall that, by the definition of the Luxemburg norm, I, , () < 1 for
any © € Sy(M\pw). Let n € Nand z € S4(Apw). If £ < I, (), then there exists

exactly one number k;(n) > 1 such that I, (ﬁ(n)) = % In the opposite case, that
is, when 1 > I, (), we have k,(n) = 1. Finally, recall that if ¢ satisfies condition
A(0) and ¢(b,) > 1/w(1), then the equality I, ., () = 1 holds for any « € Sy (Ag.w).

Proof of Theorem 3.1. At the beginning we will show the first inequality from in-
equalities (3.1). Let x1,...,x, be a sequence from S, (A, ) such that z; L z; for



146 YUNAN CUI, PAWEL FORALEWSKI AND HENRYK HUDZIK

i#7,4,7=1,...,n. Then we have

Z?:l‘rj - Z?:lxj ’ . .
ve(Bar) - Se((Sar) o)«
= swp) ¢ ((Z,;’;;fﬁ <7r<i>>> (i)

_ sgpjiléso((kf;))( ) w(i))

IN
INgE
/N
)]
5 2
o]
I agk
A
VRS
: A/~
>
=& .
. N——
N 3
K] N \\:/ N—
€
=
N——

j=1 \i=1
- T; - i 1

= I,w(ﬂ)< I,w<J><n-=1.
;::1 @ k(n) ; e k‘zj(n) n

(see (2.4)). Thus || Z?:1 Zi|lpw < k(n), whence by the arbitrariness of the sequence
x1,...,%, with the properties listed above, we obtain p,(Ayw) < k(n).

Now we will show the second inequality from inequalities (3.1). Let x € S4( Ay )
be arbitrary. Then for any natural number ¢ and any permutation 7 there is exactly
one of two possibilities. Either (7 (¢)) < a, and then

p(z(m(i)))

Pl a(m(i)) =0 = LET0,

or z(m(i)) > a,, and then, by the definition of cy « n,

(p_l (So(ﬂf(ﬁ(i))))
(g wn - x(m(i)) < ¢ T2 0) x(m(i) | =

Therefore,

T

Iy ( Clc ) = lyw (O‘@,w,n x) = SUPZ @(awﬁw,n ~a(m(i)))w (i)

Xy, w,n =1
- plz(n() 1 1
< N 2, () < =
< Sl;p; p ~ o dpw (@) < —
Thus, k;(n) < —— for any = from S (A, ), which finishes the proof. O

Qp,w,n

Remark 3.2. In the case when w(i) = w(1) for any ¢ € N, that is, when the Orlicz-
Lorentz space Ay, is the classical Orlicz space [, where ¢(u) = w(1) - p(u) for any
u >0 (see [28]), we have i, (Ap.w) = pn(1?) = k(n) for any Orlicz function ¢ and any
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n € N (for n = 2 see [41], for n > 2 we can proceed analogously as for n = 2). As we
will show in Example 3.2 below, the equality

in(Apw) = k() (3.2)
is not true for any Orlicz-Lorentz space A, .,. However, since there are Orlicz-Lorentz
spaces for which equality (3.2) is satisfied and which are not Orlicz spaces (see Ex-
ample 3.1), the question about the weakest possible condition which guarantees this
equation in these space arises.

Theorem 3.2. For any Orlicz-Lorentz sequence space Ay ., and any natural number
n there holds the lower estimate

1 QO_l( kl )
- = sup %:kzl,l...
e— —1f__ 1

o L4 (z;;am)

Proof. We can assume without loss of generality that ¢(b,) > ﬁ and then for any

< (A w)- (3-3)

natural k we define a sequence z¥, 2%, ..., 2F of orthogonal elements of S; (\,.), by
formulas

o = -1 71 er+... -1 71 e
T (zf_lww) T (zf_lwu)) ;

g = ¢t <1> R <1> Enk-
i w(i) Yy w(i)

For any natural k we have I, (¢§) = I, (25) = ... = I, (zF) =1, so

1lew = lIL2llpw = -+« = [[Tnllpw =
[l 25 [l | 1

and

k k k nk
1
e il
e (eem) | = 2

—1 1
4 (Z;;’n ww)

whence
¢! (%)
b + 2k + . 42k pw = %
1 (__ 1
o (srtem)
Finally, by the arbitrariness of natural k, we obtain inequality (3.3). O

/

Since in many cases the index o,

is very important.

., can be difficult to calculate, the next theorem
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Theorem 3.3. Let Y., w(i) = co. Then for any Orlicz-Lorentz sequence space Ay, .,
and any natural number n there holds the lower estimate

< pn(Apw)- (3-4)

0
®on

Proof. Let us take any £ > 0. First note that, by the assumption that w = (w())$2,
is non-increasing and >, w(i) = oo, we can find i1 € N such that
1 1
(1-¢)=m ~ < —. -
2img w(i) Zizﬁl (4)
for any m > l;. Indeed, denoting by Iy the smallest natural number such that w(1) <
€ Zi;l w(i), we get
m ; i+ 1 1

Z;le(z-) N w"(lz:; ). S ZJ( ) 1o

>icy w(i) >imy w(i) 2 w(i)
for any m > l3. We can also assume, without loss of generality, that 1/ 2?:1 w(i) <

©(Yp,w)/m (for the definition of v, ., see formula (2.3)).
By the definition of a2 ,, there exists a sequence (uy)72; in R such that u; \, 0 and

(3.5)

@,
-1
o (uk) 0
< 3.6
PRI A 30
for any k € N. Since nug (0, we can find k; such that
1
nug, <

e R
211:1 ()
Next, we can define my > l; as the biggest natural number among these m € N for

which the equality

1
nuk, < —=m——~

is satisfied. By inequality (3.5), we have
1
< nug, <

1 1
(1 — E) T X S m = 1 -\ *
S w(i) T Y w() it wli)
Since E;)il w(i) = oo, there exists lo > mq + 1 such that

m m

Y ow(i)=(1-2)) w() (3.7)

i=mi+1 =1

for any m > ls. Next, by nug \ 0, we can find ko such that

1
Nug, S .
> iz w(i)
Analogously as above, by ma > ls we denote the biggest natural number among these
m € N for which the equality
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is satisfied. Note that, by inequalities (3.5) and (3.7), we get inequalities (3.8) and
(3.9) for j = 2. Applying again condition Y ;- w(i) = oo, we can find I3 > my + 1
such that

m

S )= -0)) w)

i=mi+ma+1

for any m > l3. In consequence, in a finite number of steps we can built the sequences
(kj)j=y and (m;)?_, such that

1 1
S g — (3.8)

(1—¢) ! <
Z:njl w(i) ~ ZZZ{H w(i) T w(i)

for j=1,...,n and

mi+...+mj_1+m; mi+...+mj_1+m; m;
> w(@) > (1—e¢) > w(i) > (1-2) ) w(i) (3.9)
i:m1+...+mj,1+1 =1 1=1

forj=2,....n
Now we define

1

zy =t (ZW) e1 4.+t (ZM) €my s
1

1
eS| -1
ey (ZZ% w(z)) Crti ¥ <Z?121 w(l)) Ermctma:

1 1
1 -1
1= (s ) e o7 (g ) e

We have z; > 0 and I, ., (z;) = 1 for j = 1,...,n, whence z; € S, (A, ) for the
same j. Moreover, by the definition of x1,...,z,, we get x; L x; for i, =1,...,n,
1 # 7, and (E a:]) = (Z;;l x;j). Hence, by inequality (3.6), we get

al n:v- :ml al st _r w(1
I<P>UJ ( Lp,n+€)jz::1 J ;90(( Lp,n+€) ¥ (Z;ﬂ_llw(])>> ()+

mi+...+mp—1+mqy

al 1 71 w(e
+i_m1+§+:mn1+1so<( So’n—’_g) ’ <Z;n_n1w(‘7)>> ()

ukl) 1 1 wli
>Z“0< nue,) ? (Z?:Mj))) A
+”*“'*§“*’“ <<P_1(wcn) (

' 4 Z

—1
i=mitdmait1 \F (g, )
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1

Since ¢~ is an increasing function, we have

-1 -1 1
o (nug,) < @ <Z;n—71 w(])>

for i = 1,...,n. Therefore, continuing the previous inequalities, by using the last
inequality and inequalities (3.8) and (3.9), we get

Lo | @09 | 23 (07 ) (i)

mi+...+Mp_1+mqy

.o+ > @ (o™ (u,)) w(@)

i=mi+...+mp_1+1

my mi+...+Mp—1+mn,

:Zukl~w(i)+...+ Z ug, - w(i)
=1 t=mi+...+mn_1+1

Jl-e - 1 (i) +

> w(i

mi+...+mp—1+my

+ > WW(U

i=mi4..4m,_1+1 ~Ji=1

1—¢
n-(1—g)=(1-¢)2
> (lmg) = (1-¢)
So,
n
1—¢)?
IR [
= (Y + €
oW
whence by the arbitrariness of € > 0, we get the estimate
1
,U'n(Atp,w) Z OZT D
©w,n

Remark 3.3. As we will show in Example 3.1 below, the condition } o, w(i) = oo
is not necessary for inequality (3.4) to be satisfied. On the other hand, for any £ > 0
we can find a weighted sequence w such that for any Orlicz function ¢, we have
tn(Apw) < 14¢€ for any n € N (see Example 3.2), and then the estimate (3.4) is not
satisfied whenever 1+ ¢ < ﬁ.

Example 3.1. Let ¢(u) = uP for u > 0, where 1 < p < co. It is easy to show that

1 1
—— =¥n and = ¥n.
ol o

@ p,w,n

Therefore, by Theorem 3.1 we have i, (Ap ) < ¢/n. Additionally, if 2, w(i) = oo,
by Theorem 3.3, we get

() = V. (3.10)
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The above equality holds also in the case when w(1) = ... = w(n). Indeed, under this
assumption, we have

Wpwn o1 (el
P,w, ¥ (E;;ﬂ*’(i)) ¥/nw(1)
whence by Theorem 3.2, we get equality (3.10). In general, equality (3.10) need not
occur, as the next example shows.

1 >¢_1(m)_%7 n,

Example 3.2. Now let € be arbitrary positive number and let us take a weighted
sequence (w(i)) such that Y ;o w(i) < (14 &)w(l), for example w(i) = (& - w(1))/2"
for 4 > 2. Then for any Orlicz function ¢ and any sequence 1, ..., z, from Sy (Ay o),
x; Lajfori#j,i,j=1,...,n, we obtain

Z?: Ly Ty ’ . . - 0w .
Iy, (H) Zw(( St ) <z>> o) = Yoo (222 ) wli

(V) — . (V)
< R < —=(1 1) <1
< RPN w0 < R L
whence fin(Ag,) < 14€. This example shows that for any Orlicz function ¢ there is
a weighted sequence (w(i)) such that i, (A, ) is arbitrarily close to 1.

. . . . 0
In the next example we will construct an Orlicz function for which ag, ,, > ap wn-

Example 3.3. For the Orlicz function ¢ defined by

(u) = u? for w € [0, 1],
PUW=N 2u—1 foru>1,

we have
_ v forwv e |0,1],
© 1(11)—{ \[ [0, 1]

1
L forv > 1,

and, in consequence,

1 1
o1(0) ? for v € (0, -],
g(v) == o 1(nv) = m}fl for v e (1,1),
v+1
ﬁﬂ for v > 1.

Note that the function g is continuous and non-increasing (decreasing for v > %) We

0o _

on = ﬁ and simultaneously, by the fact that the function g in non-increasing,

ot (Ll )

have a

Ay wn = Tv
where 7, ., is defined by formula (2.3). Since b, = oo, so 7¢w is just the number
satisfying the equality ¢(v,,0) = w(ll) Therefore if w( ) , then
(1/w((1))+1 +1 2Ypwtn—1
SD(’YSDWJ) 2 n, ’%wa = 2 — 2 and atp#}’n - %ﬁ
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In the case when w(1) € (+,1), we have p(y,.u) € (1,1), Vo0 = % € (1,241
VT g S
and ap o = SISVt Finally, for w(1) > 1, we get (Vo) < 1, Youw = 7o <1

and g5 = ﬁ Therefore, for w(1) < 1, we get vy wn < O .

In the next theorem we will use the following

Lemma 3.1 ([6] Lemma 1.1). For a given Orlicz function ¢, the following assertions
are equivalent:
(i) The function 1, complementary to ¢ in the sense of Young (see formula (2.2)),
satisfies condition Aq(Ry).
(ii) There exist a > 1 and k € (0,1) such that

o (2) < bt

for any u € R.
(iii) For any a > 1 there exists & > 1 such that

¢ (?) < fiaw(U) (3.11)

for any u € R.

Theorem 3.4. Let 1 denote the function complementary in the sense of Young to
an Orlicz function ¢ (see formula (2.2)). Then the following statements hold true:
(i) If ¢ satisfies condition As(0), then pn(Apw) < n for any n € N.
(ii) Let > 2, w(i) = oco. If1) does not satisfy condition As(0), then pn(Apw) =n
for any n € N.

Proof. (i). Let n > 2 be any fixed natural number. If a, > 0, then we define on the
interval [0, 7, . —a,] a new convex and increasing function ¢, by ¢, (u) = p(u+ay,).
Since ¢~ (v) = 7 ' (v) + a, for any v € [0, p(Vpw)], We obtain

el w) et tay el () +ag

=1 (nw) o1 () +ap, — pr () +ay
_ llgofl(nv)—l—ag, n—1 ay >l n—1 a,
on o () + ag no @rt(nv)+a, ~ n no Youw

for any v € [0, ¢(V4,w)/n]. In consequence, by Theorem 3.1, pi, (A ) < 1.
Now let a, = 0. First we will show that if ¢ satisfies condition A5(0), then there
exists b = b(n) € (0, 1) such that the inequality

1 1
—u)< = .
@ (m“) < —p(u) (3.12)
holds for any u € [0,7,,.].

Note that if ¢ satisfies condition Ag(R,), then putting a = n and & = % in
inequality (3.11), we get inequality (3.12).



M-CONSTANTS IN ORLICZ-LORENTZ SEQUENCE SPACES 153

Assume now that ¢ does not satisfy condition As(R,). For any fixed 0 < vy < by,
we have 0 < 7(vg) < oo, where 7 denotes the right derivative of ¢». We define a new
Orlicz function 1 by the formulas

r(s for s € |0, vo], — v
7(s) = { @ s for s E Evo,oo]o) and Y(v) :/0 7(s)ds.

)
Since 1 (v) = ¥(v) for v € [0,v9] and 1) satisfies condition Ay(0), the function 1
satisfies condition Ag(R+) So, analogously as above we get that the function ¢,
where @(u) = [’ p(t)dt and p() = sup{s : 7(s) < t}, satisfies inequality (3.12)
for some b = b(n) € (0,1). Since r(s) = 7(s) for u € [0,v0], we get p(t) = p(t)
for ¢ € [0,7(vg)) and, in consequence, ¢(u) = @(u) for u € [0,7(vg)]. Therefore, if
7(v0) > Ypw, then ¢ satisfies inequality (3.12) with b = b.

Let now 7(vg) < Y- Note that the function f defined on the interval [5-
by the formula

-4

2n?

Q= sp
wE[r(vo),Yep,w) CW(“’)
is continuous on this interval (more precisely the function SUD L er(v0)sve.0] % is
convex and has finite values, so in consequence, the function f(c) is continuous)Aand
f(c) <1 for any c € [5-,1— 5-]. Thus, there exists b € (2,1) such that f(c) < b for

any ¢ € [5-,1— 5-]. Hence, we have

¢ (cu) < bep(u)
for any u € [r(vp), Ypw] and any c € [5-
ce(+,1—-5)and

2n?

1 . A 1
5> 1 — 5-]. In particular, for ¢ = -, we have

g0<}u)_gp(w>ga () =+ p(u)

bn
for any u € [r(vo),Vpw]- So, inequality (3.12) holds for any u € [0,7,,] for b =
max (b, b).

Finally, we will prove the inequality jt,, (A, ) < n. Substituting in (3.12) w = ¢(u),

we get
1 1
_ < —
@ (nb<p (w)> < sw

for w € [0, p(74pw)], whence

1 4 4 (1

— < —

S (W) <y (nw>
for the same w. In turn, denoting v = *, we have

e m) <7 0)

for v € [0,¢(vp.w)/n]. Hence ay u, > =5 and, by Theorem 3.1, pi, (A ) < nb < n.
(1) Let n > 2 be a fixed natural number. In order to show the equality pi,(Ay ) =
1

0o _
n, by Theorem 3.3, we need only to prove that o, = =.
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-1

By concavity of ¢!, we have ¢~ (v) > Lo~ (nv) for any v € [0,b,), whence

~1
0 ¢ (v) 1
= _ > —, .
Qg hf,n 161f ) 2 (3.13)

Since the function 9 does not satisfy condition Ay(0), we have a, = 0 (it is easy to
show that if a, > 0, then v satisfies condition A3(0)). Moreover, by Lemma 3.1, we
can find a sequence of positive numbers (uy, )53 such that w,, < by, lim;,_cc Um =0

and
. 1-— % :cp(um)
¢<n<l—;>> n(i- %ﬂ W

for any m > 3. Putting w,, = ¢(un,), m =2,3,..., we obtain

whence

o wm) 4 (wl )

n(l-5) n
Denoting v, = ==, m = 3,4, ..., we have

1 . 1

v (om) . (3.14)

P! (o) o (1= 55)
By inequalities (3.13) and (3.14), we get ol , = +. O

3.2. The case of the Amemiya norm. Now, we will work on estimates of i, (X)
in case, when X is the Orlicz-Lorentz sequence space equipped with the Amemiya
norm, that is, X = )\g‘;"w = Apw, || - ||£’w).

In order to get possibly precise upper and lower estimates of the numbers un()\ﬁ’w),
we define for any triple (¢, w,n), (n € N) another indices, namely

ﬁ’fb,w,n = sup szl w(l) . v (m> tk=1,2, ’
iz w(i) ¢t (m)
Bh, = limsup v Cﬂ;m) = lim sup M
" s " w0 P H(n)

where 1 denotes as before the complementary function of ¢ in the sense of Young
(see formula (2.2)). It is easy to show that for any n € N we have

1
— = nﬁg}’n.
@
Recall that an Orlicz function ¢ is an /N-function at 0 if a, = 0 and linb o(u)/u=0.
u—
Analogously, an Orlicz function ¢ is an N-function at oo if b, = oo and lim ¢(u)/u =
UuU— 00

oo. Finally, we say that ¢ is an N-function, if it is simultaneously an N-function at
0 and an N-function at co. We start with the following
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Lemma 3.2. Let ¢ be an N-function at co. Then for any x € )\ng we have the
following formula
1 oo
A _ _ Koo ks o
2/l = jnf =(1 + Ipo (kz)) = sup {z_;w (1) y™ (i) w(i): Typw(y) < 1} :

Proof. Let us take any y € Ay, with Iy, (y) < 1. Then for any k > 0 we have

Yoz @Dy @w(i) = %Zk’x*(i)y*(i)u)(i)
i=1 )

< 2 (ke () + Y () )
1
< L0+ L)),

whence
sup {Zx*(i) Y (1) wii): Ipw(y) < 1} < Iz,
i=1

Now, we will prove the opposite inequality. By the assumption that ¢ is N-function
at 0o, there exist a constant k1 > 0 and a non-increasing sequence s = (s(2))$2, with
s(i) € [l(k1x*(3)), p(k12*(7))] for i € N (where [ and p denote the left and the right
derivatives of ¢, respectively) satisfying Iy ., (s) = 1. Then

T e = RN
izzlx (D)s(i)w(i) = E;kl - (8)s(1)w (i)
= » : :
= 0 2 (ke (@) +9(s(i))) w(i)
Lzt
1
= 1+ Ly (k1) = 2§ .-
Therefore, the desired equality has been proved. O

Lemma 3.3. Let ¢ be an N-function and n € N be arbitrary and fized. Then for
any B C N such that m(B) = n (where m denotes the counting measure), we obtain

4= " -1 71 w(1
||XBH<p,w—;¢ <Z?1w(j)> (i). (3.15)

Proof. First we assume additionally that ¢ is differentiable. Then we have

Islde = b 0+ Tpulkxs) = nf o (1 - Zsow(xB)*(i))w(i))

i=1

= ]ir;%% <1 +;g0(k)w(i)> = ,11;%% (1 +<p(k)Zw(i)> .
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Let us define the function f(0,00) — (0, 00) by

£ = ¢ (1 + () Zwm)

We need to find its infimum. We have

£k = k- o' (k) 305, w(i) k2( + (k) 3o 1“(2'))’

so f'(kog) = 0 if and only if

n

ko - ¢ (ko) Zw(i) =1+ ¢(ko) Zw(i) = 1+ (koy' (ko) — (¢’ (ko)) Zw(i)

i=1

which is equivalent to the equation (¢’ (ko)) >.iy w(i) = 1, that is,

¢’ (ko) = v~ (M) '

Hence

Ielde = & <1+S0(ko)zw(i)> - <1+<koso'<ko> ww’(ko)))Zw(i))

= n (1 + ko' (ko) , w(i) — 1) = ¢'(ko) D w(i)
-1 L Y w(e
- srem) 20

which finishes this part of the proof.
Assume now that ¢ is an arbitrary N-function. Then for any ¢ € (0,1), we can
find an Orlicz function ¢_ such that ¢, is smooth and whole R and

pe((1—e)u) < p(u) < ¢ ((1+e)u)
for any u € R. Consequently
L =lelf, o < llzllfw < A +e)llzll}, .

for any € A2 . In particulary, for any ¢ € (0,1) we obtain
P.w

1—5 .
1+5 - 1 wli
EZw (zj 1w(j)) (i)

Finally, by the arbitrarines of € € (0, 1), we get the equality (3.15) O




M-CONSTANTS IN ORLICZ-LORENTZ SEQUENCE SPACES 157

Theorem 3.5. For any Orlicz-Lorentz sequence space A%
n, there holds the following upper estimate

%w and any natural number

in(MAL) < d(n), (3.16)
where
d(n) :=inf{dg(n): k > 1}, di(n) :=sup {dk,.(n): v € S+()\£7w)}
and
di,z(n) ;= inf {d >0: Iy <k§> < 16;1} .
Proof. Let x1,...,x, be a sequence from S+(/\ w) such that x; L x; for i # j,

i,7=1,...,n. Then for anyk>1 we have

[l = 20 ()
()
: (”ZIW(JZ?Q)
< ;(1%.’“;1)1.

IN
| =

IN
| =

—_

Therefore, |37 zl|2, < di(n) for any k > 1, whence ||Y7 z]|2, < d(n).
Consequently, by the arbitrariness of the sequence x1,...,x,, we obtain un()\ w) <
d(n). O

Theorem 3.6. Let ¢ be an N-function. Then for any Orlicz-Lorentz sequence space
M and any natural number n there holds the lower estimate

©,w
Bib,w,n < Mn()‘£7w)' (3'17)
Proof. Let k € N be arbitrary and let a sequence ¥, 25, ... 2 of orthogonal elements

be defined by the formulas

b = *1¥61 71#6
Lo (zf_lwm) feery (Zf-w(i)) )

ko — -1 71 €+l + ... -1 71 €2k
oo (zf_lw@) ey <Zf_1w<i>> |

3=

1 —1 1
= ¢~ (Zﬁl“@)) e(nfl)k+1+~-~+7/) <Zf_1w(i)> Enk-
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We have I ., (2] Ky=1forj=1,2,...,n and

G Crovc) B ( ( ! ))w
il vy g le s ew) ) VT

i=1 w( )
Next, we define

1
y}f = (61+...+6k),

S0 (o ) )

) 1
y’2‘ = (eks1+--. + €e2n),

S0 (st ) w0

' 1
s o= —
—1 1 .
Do ¥ <§1 w(j)) w(7)

By Lemma 3.3 we have ||yf||j2w =1 for any j = 1,...,n. Moreover, y¥ L yk for
i,j=1,...,n,4i%# j and (Z?Zl y;‘)* = (Z?Zl yf) Thus by Lemma 3.2, we get

A
n nk n w* 7&) n
DI =D D78 NUR ( (”)Zwé‘
N P v (sm)
o 1 [ $>2c) 1
_Z . =1 .w—1< - . )w(z)
o (wm) () Wl(izfiw(l)) >i=1w()

_1/’71(27* ()) o w(i)

vt (o) el

Finally, by the arbitrariness of k € N, we obtain inequality (3.17). O

(e(n—1)k41 + -+ €nk).

Theorem 3.7. Let ¢ be an N-function and Y .o, w(i) = co. Then for any Orlicz-

Lorentz sequence space \*> 7w and any natural number n there holds the lower estimate

= < ). (3.18)
©w,n
Proof. The proof of this theorem is based on some ideas from the proof of Theorem
3.3. Since they are applied in a different context it is fully presented. Let us take
any £ > 0. Analogously as in Theorem 3.3, by the assumption that w = (w(%))$2; is
non-increasing and Y -, w(i) = oo, we can find l; € N such that

(1-¢) 1 < 1
S w(i) T X L)

(3.19)
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for any m > [y. By the definition of 62),71 there exists a sequence (vx)5, in Ry such
that v, \, 0 and

-1
0 e ¥ () 3.20
P == T ) 320
for any k£ € N. Since nvg \( 0, we can find k; such that
1

S S )
Analogously as in the proof of Theorem 3.3, we denote by m; the biggest natural
number among these m € N for which m > [; and the equality
1

D oisy w(i)
is satisfied. By inequality (3.19), we have

(1-¢) ! — < 1 < nuy §;.

St w(i) T S (i) FT b w()

By Zf; w(i) = oo, there exists lo > hy := my + 1 such that

nug, <

> owl) = (1-e)) wli)
i=h14+1 i=1

for any m > ly. Next, by nvg \, 0, we can find ks such that
1
[ N
Ziz:1 ()
Analogously as above, we denote by mso the biggest natural number among these
m € N for which m > Iy and the equality

nug, <

1
Dimy w(i)
is satisfied. Applying again condition ) ;~, w(i) = oo, we can find I3 > hy 1= my + 1
such that

nvk2 S

> ez (-9 Y el
i=h1+ho+1 i=1

for any m > l3. Finally, in a finite number of steps we can built the sequences (kj);?zl,
(mj)j—y and (h;)j—; such that h; :==m; + 1 and

1 1 1
- — < - <nupg, < ————
Y w(i) T S () T Y w()

(1—e) (3.21)

for j=1,...,n and

hi+...4+hj_1+h; hi+...4+hj_1+h; hj

S w9 Y w@z-9 Y wl@ (322

i=hi4...4h;_1+1 i=1 i=1
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for j =2,...,n. Now, we define
1 1
-1 -1
T :¢ h >61++’¢ <h_>€h1,
<Zi—11 w(i) > w(i)
1 1
—1 -1
To 1= 5 - ) €h1+1+...+’(/) (h) €hi+hs»
(Ziil w(i) Do w(i)

1 1
Ty =" Chitthn 41+ TP €hy+..cAhn_14hn -
! (z?zlwm) i w(i)

Then Iy ,(z;) = 1 forany j = 1,...,n, & L z; for i,5 = 1,...,n, i # j and

(=1

IA

IA

IN

IN

IA

z;)* = (3271 xj)- So, by inequalities (3.20) and (3.21), we have

Iy, ((1—5 ,Bwn— ij)

Z¢ ( (=) (Bl —e) v (Z}.”lw(j)>> w(i) + ...

hi+..+hpn_1+hn

+ b @—e) B, o) o (1,>>w<z’>
i= hl+;hn 1+1 ( ) v ) Zgzlw(j)

_ w_l(vlh) a1 1 wli
Zlb(l €) wfl(nvkl) v (Z}i w(j))) @+

=1
hi+...4+hn_1+hy,
v (v, < 1 )) ,
+ O R v I e v
e << VT Y\ ) Y
hi+...4+hp—1+hn,

21/, (L= o)) wd 4ot D Y (L= (or,)) wli)

i=h1+...+h,_1+1

h1 hi+...+hpn_1+hn

Y- @ ) w@) + Y (L) (97 (k) wli)
i=1 i=hi+..4+hp_1+1

h1 hi+...+hn_1+hy,

> (1 —e)vgw(i) + ...+ > (1 — &)og, w(i)

=1 i=hi1+...4+hp_1+1

h1 1 hi+...+hn_1+hn 1

h
i=1 j=1 imhy A1 NP2l w(E)
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Let now
1
Y= . (e1+...+en,),
1 -1 1 .
Dit1 (E?ilw(j) w(i)
1
o= — (enit1+ -+ entny),
2 —1 1 -
2its (z?%wn) w(i)
1
Yn = (€hitothr 41 F oot Chydhy 4 )-
Zz ! (W(J)> w(i)
By Lemma 3.3 we have ||yj||‘;‘)w =1 for any j = 1,...,n. Moreover, y; L y; for

i,j=1,...,n,i# jand (37, y;)* = (327, yj)- Thus, by Lemma 3.2 and inequality
(3.22), we get

n 4 hi+...+hn n
>y > > Dy || (=) By, —e Z%
j=1 i=1 j=1
©,w
no (11— 5)(53,11 —e)- ! (M) .
= Z w(i)+...
i=1 A I (N S ;
2im (z:?;lwm) w(i)
0 -1 1
gt (1=, =90 (gt )
- > (i)
i=hitthp_1+1 Zl’f_"l =1 (hl()> w(i)
= o0
- )
Zi;1 ! (M) W(Z)
Z (1 75)2(ﬂ2;,n 76) + ...
hi 1 1 .
2it1 (E?iw(ﬂ) w(i)
S (gt ) @0
_l’_
hn —1 1 -
ZiZl (Zhn W(])) CU(’L)
— n(1-2)2(8Y, —e).
Finally, by the arbitrariness of £ > 0, we obtain inequality (3.18). O

In Theorem 3.4 it was shown that if ¢ does not satisfy condition Ay(0), then

A = % Therefore, by Theorem 3.7, we obtain the following
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Theorem 3.8. Let Y - w(i) = oo. If ¢ does not satisfy condition A5(0), then
pin(A2 ) =n for any n € N.

4. SOME APPLICATION TO THE FIXED POINT THEORY

Recall, that in [4] Borwein and Sims proved that if a Banach lattice X = (X, ||-||x)
is weakly orthogonal, that is,

||z, | Alz|l|lx =0
n— oo

for any weakly null sequence (z,,) in X and any = € X, and if pa(X) < 2 (u2(X)
is called the Riesz angle of X), then X has the weak fixed point property. We also
refer the readers to the paper [36], where more about various weak orthogonalities in
Banach lattices and their relationships to the fixed point property can be found.

Since under the assumption that Y .- w(i) = co the necessary and sufficient con-
dition for pa(Ap ) < 2 are known (see Theorem 3.4), we need only to know when
the spaces )\, ., are weakly orthogonal. We even prove more general result for Kéthe
sequence spaces with the semi Fatou property. Recall that a Kothe sequence space
X has the semi Fatou property if 0 < z,, < x € X and z,, /' x coordinatewise, then
lznllx 7 |z|lx. An element 2 € X is said to be order continuous if for any sequence
(z5,) in X4 (the positive cone in X) with 0 < z,, < |z| and x,, — 0 coordinatewise
there holds |z,]| — 0. The subspace X, of all order continuous elements in X is an
order ideal in X. The space X is called order continuous if X, = X (see [29]).

Theorem 4.1. A Kdthe sequence spaces X with the semi-Fatou property is weakly
orthogonal if and only if it is order continuous.

Proof. Sufficiency. Take any x € X and any weakly null sequence (x,) in X and
choose arbitrary € > 0. Since X is order continuous there exists ig € N such that
it 2 (@)ellx <e.

Since weakly null sequences in K&the sequence spaces are also coordinatewise null
sequences, there exists ng € N such that || Zi‘;l |z (7)|ei|lx < e whenever n > ny.
Hence

i() oo
leal Al < |3 leatlect S Jei)le
=1 i=ig+1 b'e
io oo
< S lmatied| +] S el
i=1 X i=1i0+1 D¢
< 2

for all n > ng. By the arbitrariness of £ > 0 we have lim,,_, |||Zn| A |2]||x = 0.
Necessity. Assume that X is not order continuous. The Riesz lemma says that for
any 0 < € < 1 there exists € S(X) such that

||[:'L.]||X\Xa = d(‘/E7Xa,) > 1 — £.
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Let us apply this lemma for e = £ and let € S(X) be such that d(z,X,) > %. By
the semi-Fatou property of X, there exists i; € N such that

i1

Z x(i)e;

=1

< <1

N |

X
Set x1 = 221:1 z(i)e;. Since z1 € X,, we have that d(z — 21, X,) = d(z, X,) > 2. So
there exists i € N, i3 > 41 such that

i2

Z x(i)e;

i=ig+1

<1

X

<

DN =

Continuing this process by induction, one can find a strictly increasing sequence (iy,)
of natural numbers such that

N |
A
8
=
D
IN
-

i=ip_1+1 x

for any n € N with 79 = 0. Denoting

Ty = Z z(i)e;

i=ip_1+1

we can easily prove that (x,) is a weakly null sequence in X. Let us take arbitrary
x* € X*. Then there exist a sequence y € (X,)" (the Kothe dual of X,,) and a singular
functional p € X*, that is, o(z) = 0 for any z € X, such that

x*:£y+g7

where
SNGEG

for any z € X. Since z = >~ | ,,, we have

n=1

whence we conclude that the series >~ | &, (x,,) converges. Therefore &,(z,,) — 0 as
n — 0o. In consequence (z,) is a weakly null sequence. However, we have

1

lanl Alzlllx = [llzalllx > 5

for any n € N. Therefore, X is not weakly orthogonal. O

oo

Z €11 (|zn]) = &y (|2]) < 00

&y ()| =

Recall, that a weight sequence w is said to be regular, if there exists n > 0 such
that 32" w(i) > (14 1) X1, w(i) for any n € N (see [19]). It is easy to show that
if w is regular, then Y .2 w(i) = oco.
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Theorem 4.2. If ¢ is an Orlicz function such that both ¢ and ¥ satisfy condition
A2(0) and the weighted sequence w = (w(i)) is regular, then the space A, ., has the
fixed point property.

Proof. Under the assumptions of the theorem, we have reflexivity of the space A,
(see [10]), so it is enough to prove that the assumptions imply the weak fixed point
property of A, .. Let us recall that by Theorem 3.4, the assumptions imply that
t2(Apw) < 2. By Theorem 2.4 from [17] and Theorem 4.1 the assumptions give
that the space A, is weakly orthogonal. In consequence, by virtue of the result of
Borwein and Sims, recalled at the begining of this section, the space A, ., has the

weak fixed point property. O
Example 4.1. Let p(u) = u?In(|u| + 1) for all u € R and w be regular. Then
2 g 1
im a u):8 and lim ('0(2):7.
u—0 p(u) u=0 p(u) 8

Hence we get that ¢ € Ag(0) and ¢ € Ay(0), whence by Theorem 4.2 the Orlicz-
Lorentz space A, ., has the fixed point property.
Now we define T': Ay, o, = Apw by

T(x) = (In(1 4 |=(1)]), In(1 + |z(2)]),...)
for any z = (2(i)) € Apw. Since In(1 4+ u) < w for any w > 0, by properties of the
rearrangement and the fact that the Luxemburg norm is monotone, we have that
T : B(Apw) = B(Apw), where B(A, ) is the unit ball of A, .. Moreover, for any
0 < z1 < T2, we have

In(1+ax2) —In(l+z) = (g — 1)

1+¢&
for some & € (1, 22). Thus, for any 1,25 € (0,00) we get
|In(1 4+ z2) — In(1 4+ z1)| < |z2 — 21|,

whence using properties of the rearrangement and the Luxemburg norm again, we
obtain

IT(x) = TW)llpw < Nl = yllp.w
for any B(Ay ). Therefore T' is a non-expansive operator, whence it has a fixed point
in B(Apw)-
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