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Abstract. A new iterative algorithm is proposed for finding a common solution of an equilibrium
problem and a fixed point problem. Then, a strong convergence theorem is proved. As a consequence,
they can be obtained some strong convergence theorems for an equilibrium problem and a split
common fixed point problem. The obtained theorems can be applied to solve an equilibrium problem
and a split common null point problem. The results presented in this paper extend and improve
some corresponding ones in the literature. Finally, a numerical example is given to show the validity
of the algorithm.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C
be a nonempty closed convex subset of H. A mapping T of C into itself is called
nonexpansive if ||z — Ty|| < ||z — y|| for all z,y € C. We use Fiiz(T) to denote the
set of fixed points T, i.e., Fiz(T) = {x € C : Tx = z}. Also, a contraction on C is
a self-mapping f of C such that ||f(z) — f(y)|| < k||z — y|| for all z,y € C and some
constant € [0,1). In this case f is said to be a k-contraction.

Consider an equilibrium problem (EP) which is to find a point v € C satisfying
the property:

d(u,v) >0 forallveC, (1.1)

where ¢ : C' x C — R is a bifunction of C. We use EP(¢) to denote the set of
solutions of EP (1.1), that is, EP(¢) = {u € C : (1.1) holds}.

The EP (1.1) includes, as special cases, numerous problems in physics, optimiza-
tion and economics. Some authors (e.g., [22, 24, 28]) have proposed some useful
methods for solving the EP (1.1). Let C and @ be nonempty closed convex subsets
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of real Hilbert spaces Hy and Ha, respectively. The split feasibility problem (SFP) is
formulated as finding a point z satisfying the property

x € C such that Az € Q,

where A : Hy — Hj is a (nonzero) bounded linear operator. Recently, the SFP has
been widely studied by many authors (see [8, 9, 6, 10, 7, 21, 19, 20, 23, 25, 3, 27, 30,
31, 34, 33, 35]), due to its application in signal processing [4].

In 2002, Byrne [3] introduced the so-called C'Q algorithm which starts an arbitrary
initial guess xg € H; and generates a sequence {z,} via the iteration process

Ti1 = Po(l = 7A*(I = Po)A)z,, (12)

where 0 < v < ﬁ, Pc and Py are the projections onto C' and @), respectively,
and p(A*A) is the spectral radius of the operator A*A, with A* the adjoint of A. It
is known that the C'Q algorithm converges weakly to a solution of the SFP if such
a solution exists. In the case where both C' and @ are the sets of fixed points of
some nonlinear operators, the SFP is known as the split common fixed point problem

(SCFP). More specifically, the SCFP is to find a point « with the property
x € Fiz(S) and Az € Fiz(T), (1.3)

where S : Hy — Hy and T : Hy — Hs are nonlinear mappings. We denote by I' the
solution set of the SCFP, that is,

I''={x € Hy :x € Fiz(S) and Az € Fiz(T)}. (1.4)

In 2009, Censor and Segal [5] proposed and proved the convergence of the following
algorithm in the setting of the finite-dimensional spaces when S and T are directed
operators:

Tpt1 = S(xy — YA (I = T)Axy,). (1.5)

Note that the class of directed operators includes the metric projections. Therefore,
the results of Censor and Segal recover Byrne’s C'Q algorithm.
In 2010, Moudafi [17] studied the following algorithm:

{ Up = Ty — YA (I — T) Az,

Tnt1 = (1 — ap)ug + apSuy,

where {a,} is a real sequence to solve the SCFP for demicontractive operators and
obtained the weak convergence. It is known that demicontractive operators include
the directed operators. Hence, Moudafi’s algorithm is an extension of the algorithm
(1.5).

In 2012, Zhao and He [37] introduced the following viscosity approximation method
for solving the SCFP:

Tpg1 = Anf(2n) + (1 — an)((1 = M)y + A\ Uzy),

where f : Hy — H; is a contraction, U = S(I — yA*(I —T)A), S and T are two
quasi-nonexpansive operators, a,, € (0,1) and A, € (0, %)
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Recently, Thong [26] proposed the following generalized algorithm:
Tnp1 = (1= an) f(2n) + an Uy, (1.6)

where f : H — H is a contraction, U : H — H is an a-strongly quasi-nonexpansive
operator and «a, € (0,1). He proved the sequence generated by (1.6) converges
strongly to an element of Fixz(U). Then, he obtained some strong convergence the-
orems for solving the SCFP which extended the corresponding results announced by
many others.

In this paper, motivated by the above results, we propose a new iterative algorithm
to solve an equilibrium problem and a fixed point problem in Hilbert spaces. Then,
we obtain some strong convergence theorems for equilibrium problems and the split
common fixed point problems.

2. PRELIMINARIES

Let H be a real Hilbert space. We use — and — to denote the weak and strong
convergence in H, respectively. The following identity holds:

ez + By +vz|1? =allz|® + Bllyll* + 72|
—aflllz —ylI* = Bylz — ylI* — avllz — =%,

for all z,y,z € H and «a, 8,7 € [0, 1] such that « + 8+ = 1.
Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists
a unique nearest point in C, denoted by Pc(x), such that

|l — Po(z)]] < ||z —y| forallye (.
P¢ is called the metric projection of H onto C'. It is known that Py is nonexpansive.
Further, for x € H and z € C,
z=PFPo(r) & (x—2,2z—y) >0 forallyeC.
Definition 2.1. A mapping T : H — H is called firmly nonexpansive if for any
z,y € H,
Tz —Ty||* < (T —Ty,z —y).
We recal that for a real Hilbert space H and all x,y € H,
lz+yll* < llzl* + 20y, 2 + ). (2.1)

Lemma 2.2. [2] Let C be a nonempty closed convex subset of H and ¢ : C x C' — R
be a bifunction satisfying the following conditions:

(A1) ¢(z,2) =0 for allz € C;

(A2) ¢ is monotone, i.e., d(x,y) + ¢(y,z) <0, for all x,y € C;

(As) for each x,y,z € C, limyp ¢p(tz + (1 — t)x,y) < ¢(z,y);

(Aq) for each x € C,y — ¢(x,y) is convex and weakly lower semicontinuous.

Let r >0 and x € H. Then, there exists z € C such that

1
d(z,y)+—(y—z2—x)> 0, forallyeC.
T
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Lemma 2.3. [11] Assume ¢ : C x C — R satisfies the conditions (A1)-(A4). For
r > 0, define a mapping Q, : H — C by
1
Qrx = {zEC’:gb(z,y)—l—;(y—z,z—x)ZO, Yy € C} (2.2)

for all x € H. Then, the following hold:
(i) Q. is single-valued;

(ii) Qy is firmly nonexpansive;

(iii) Fiz(Q,) = EP(¢);

(iv) EP(¢) is closed and convez.

Definition 2.4. Assume T : H — H is a mapping. Then, I — T is said to be
demiclosed at zero if for any {z,} in H, the following implication holds:

xp, =~z and (I —T)x, = 0= z € Fizx(T).

Definition 2.5. Let T': H — H be a mapping with Fiz(T) # 0. Then
(i) T : H — H is called directed if

(z—=Tz,x—Tzx) <0, Vze Fiz(T), r€ H
or equivalently
Tz — 2||* < ||z — 2||® — ||z — Tx||?, Vz€ Fiz(T), v € H.

[Firmly nonexpansive mappings are directed.]
(i) T: H — H is called a—strongly quasi-nonexpansive with o > 0 if

Tz — 2||* < ||z — 2||* — allz — Tz||?, Vz € Fiz(T), x € H, (2.3)

or equivalently

1
(To— 2,0 —2) < — ;O‘nx ~Tz|?, V€ Fia(T), z € H. (2.4)
(iii) T : H — H is called quasi-nonexpansive if
Tz —z|| < ||lx — 2|, Vze Fix(T), x€ H. (2.5)
(iv) T : H— H is called S-demicontractive with 0 < 8 < 1 if
Tz — 2||? < ||z — 2| + Bllz — Tz||?, Vz¢€ Fix(T), v € H. (2.6)

Lemma 2.6. [32] Let T : H — H be an ay-strongly quasi-nonezpansive mapping and
S : H — H be an as-strongly quasi-nonexpansive mapping with Fixz(T) N Fix(S) #
(). Then, the mapping TS is a’?sz -strongly quasi-nonexpansive and Fix(TS) =
Fix(T) N Fix(S).

Lemma 2.7. [26] Let T : H — H be a S-demicontractivebe mapping and S : H — H
be an a-strongly quasi-nonexpansive mapping with B < «. Then, mapping TS is

aafﬂ -demicontractive and Fix(TS) = Fix(T) N Fix(S).

Lemma 2.8. [26] Let T : H — H be a B-demicontractive mapping with Fixz(T) # ()

and set Ty = (1 — XN)I + AT, called the A-relazation of T, with A € (0,1 — 3). Then
we have
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(i) Fiz(T) = Fiz(T)).
(i) |Thx — z|? < [lz — 2| = (1 — B — N)||z — Thz||?, Vz € Fiz(T), = € H.
(iii) Fixz(T) is a closed convezr subset of H.
Lemma 2.9. [26] Let A : Hy — Hs be a linear bounded operator with L = ||A*A]|
and T : Hy — Hs be a B—demicontractive mapping. For a positive real number -y,
define the mapping V : Hy — Hy by V :=1+~A*(T — I)A. Then
(i) for all z € Hy and z € A= (Fiz(T)),
1
Ve —2|* < llo = 2)* = — (1 = B =L)|lz - V.
vL
(ii) for all x € Hy and 2 € A= (Fiz(T)),
Ve —2|* < |z — 2| = v(1 = B = 7L) || Az — T(Az)||.
(i1i) x € Fix(V) if Az € Fix(T) provided that v € (0, %)
Lemma 2.10. [1] Assume {a,} is a sequence of nonnegative real numbers such that
Ap+41 S (1 - ’Yn)an + YnUn + Hn,
where {v,} is a sequence in [0,1], {un} a sequence of nonnegative real numbers, and

Un} a sequence in R such that — 1 Yn = 00, limsup vy <0 and ) pn < 00.
n=1 n— 00 n=1
Then lim,_, o an = 0.

3. MAIN RESULT

In this section, we introduce an iterative algorithm for finding a common element
of the set of solutions of the equilibrium problem (1.1) and the fixed point set of
a nonexpansive mapping. We will prove strong convergence of the algorithm. As a
consequence, we also obtain two strong convergence theorems for equilibrium problems
and the split common fixed point problems.

Theorem 3.1. Let H be a real Hilbert space, C' a nonempty closed convex subset of H,
T:C — C an a-strongly quasi-nonexpansive mapping such that I —T is demiclosed
at zero, ¢ : H x H — R a bifunction satisfying the conditions (A1)-(A4) of Lemma
2.2, and f : C — C a k-contraction for some k € [0,1). Set F := EP(¢) N Fixz(T)
and assume F # (). Suppose {a,} and {r,} are real sequences satisfying the following
conditions:
(B1) {an} C (0,1), limy,yoo v, =0 and Y7 | t, = 00;
(B2) {rn} C (a,00) for some a > 0.
Let {x,} be a sequence generated by the two-layer iteration process
U = Qr, T, (3.1a)
Tnt1 = Olnf(ajn) + (1 - an)Tuna n>1, (31b>
where the initial guess xo € C is arbitrary and Q, is defined by (2.2) forr > 0. Then,

the sequences {x,} and {u,} converge strongly to q € F, where ¢ = Prf(q), which
uniquely solves the following variational inequality (VI):

((I-f)g,q—x) <0, forallx€eF. (3.2)
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Proof. Since Ppf is a contraction on F', it has a unique fixed point q € F'; equivalently,
¢ is the unique solution of VI (3.2).
We first claim that {x,} and {u,} are bounded. To see this, taking p € F and
noticing u, = Q. x, and Q,, p = p, we get ||u, — p|| < ||z, — p||, and from (3.1b),
[zn1 = pll <llan(f(zn) —p) + (1 — an)(Tun — p)||

<an(|f(@n) = F@I+ 1 () = pll) + (L = o) [Jun — p

<(1 = an(l = &))[lzn = pll + anllf(p) - pll

<max{|lzn —pll, [ £(p) —pl/(1 = &)}

By induction, we obtain

o =l < e { o = ), L2 (33

for all n > 0. Hence {x,} is bounded, so are {u,}, {f(z,)} and {Tu,} .
By (3.1b) and (2.1), we derive that

|zn+1 =gl = llan(f(zn) — ) + (1 — an)(Tun — g)|?
= [[(an(f(zn) = f(@)) + (1 = o) (Tup — q)) + an(f(a) — Q)||2
< flan(f(zn) = f(@) + (1 = an)(Tun — g)|?
+20n(f(q) = ¢ Tni1 — @)

By convexity of || - ||2, k-contraction of f, and a-strong quasi-nonexpansivity of T, we
further derive that

[zt = all* < anll (@) = F@I* + (1 = an) | Tuy — q?
+ 200 (f(q) = ¢ Tnt1 — Q)
< O‘n’€2Hxn - ‘I||2 + (1= an)(flun — ‘J||2 —allTu, — unHQ)
+ 200 (f(0) — @ Tns1 — @). (3.4)

Since @, is firmly nonexpansive for each r > 0 and u,, = Q,, =, we get (cf. Definition
2.4(1))
lun = all* < llzn = all* = lJun — 241 (3.5)
Substituting (3.5) into (3.4) we obtain
s —all” < (1= an(l = &) zn — all* + 200 (£ (@) = @, @01 — a)

= (1= an)(lun — 21 + ol Tup — un?). (3.6)
Put d, := o, (1 — k%) and S, := B,/(1 — k%), where
1— o,
Br =2(f(q) — ¢ Tny1 — @) — (lun = 2 l” + al| Tun — unlf?). (3.7)

n

Then we can rewrite (3.6) as

|#nt1 = all* < (1= dn)ll@n — gl|* + nfa- (3.8)

In order to prove x,, — ¢ in norm via Lemma 2.10, we must verify two conditions:
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(i) 20ty Gn = o0,

(i) limsup,,_,.. fn < 0, equivalently, limsup,,_, .. B, < 0.

Condition (i) is guaranteed by Assumption (Bp). To verify (ii), we first observe
that {8,} is bounded from above (by 2||f(q) — q||(M + ||g||) with M > sup{||z.|| :
n > 0}). Thus, limsup,,_, . B, exists. Take a subsequence {z,,} of {z,} such that
limy o0 Bn, = limsup,,_,. Bn. We may also assume that z,, +; — p. It then turns
out from the definition of f,,, that

. ]- — Qp
lim k
k—o00 Ay,

(ltn, = @, l* + @l Ttn, — tn, %) (3.9)

exists (which actually equals to 2(f(q) — ¢,p — ¢) — limg— 00 B, ). Since a,, — 0, it
turns out from (3.9) that

lim (||un, = @n, |1 + @l Ttn, —un, [|?) =0. (3.10)

k—oc0

Using (3.1b), we find that ||z,41 — Tuy || = an | f(2n) — Tun|| — 0. Hence, by (3.10),
”xnkJrl = Ty, ” < ||xnk+1 - Tunk ” + ||Tunk = Uny, ” + ||unk = Ty, ” — 0.

This asserts that x,, — p and then w,, — p as well.

Since I — T is demiclosed, we derive from the fact || Tuy, — up, || — 0 that Tp = p,
namely, p € Fiz(T). We now claim that p € EP(¢) so that p € F = Fiz(T)NEP(¢).
Since up, = Qr,, Tn,, we have that for all v € C'

1
d)(unkav) + —(v — Uny; Uny, _x’”/k> > 0.

Tny

Using the monotonicity condition (As), we get

1
T—(v — Upyy Uny, — Ty, ) = GV, Uny, )- (3.11)
nk
Since 1, > a > 0 for all k by (Bz), and since limg_yo0 ||Zn, — Un, || = 0, it follows

from (3.11) that
lim sup ¢(v, up, ) < 0. (3.12)

k—o0

By the weak lower semicontinuity of ¢ (v, -) and the fact u,, — p, we immediately get

¢(v,p) < 0. (3.13)

Next, for each v € C and ¢ € (0,1), setting v; := tv 4+ (1 — t)p and using properties
(A1) and (A4) we get

0 = p(ve,v1) = d(ve, tv + (1 — t)p) < tp(ve,v) + (1 — t)p(ve, p) < tp(ve, v).

Consequently, ¢(v,v) > 0, which together with the monotonicity (Az) implies that
¢(v,v¢) < 0. This implies upon letting ¢ — 0, by the lower semicontinuity property
(Ay), that ¢(v,p) <0 for each v € C. Hence, p € EP(¢).
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Now we are ready to verify condition (ii). As a matter of fact, we have

limsup 8, = lim S,

n— oo k—o00
~ lim {2<f<q> P
k—oco
1—a,,
O |+ | Tt — unkP)}
Qny,

< kll)ngo2<f(q) — 4, Tni+1 — q>
=2(f(q) —g,p—¢q) <0 (due to VI (3.2) and p € F).

Finally, conditions (i)-(ii) make Lemma 2.10 applicable to the relation (3.8) and we
obtain that ||z,, — ¢||*> — 0, i.e., ,, = ¢ in norm as n — co. O

Remark 3.2. The proof of Theorem 3.1 given here provided a novel way (see also [29])
in proving strong convergence of iterative algorithms for fixed-point and optimization
problems compared with the way of Maingé [14]. Set a, := |z, — ¢||* for n > 0.
Maingé’s method always distinguishes two cases. The first case assumes that the
sequence {an }5 is eventually nonincreasing at infinity, which means that, for some
integer ng > 0, the sequence {an}n>n, is nonincreasing; consequently, lim,_, . a,
exists. The second case is the opposite to the first case; that is, for any integer ng > 0,
the sequence {ay}n>n, is not nonincreasing. Thus there exists a subsequence {n;}
such that a,; < an;41 for all integer j > 0. Define 7(n) := max{j <n:a; < a;j41}
for n > ng. Then 7(n) — oo as n — oo and max{a,(n), @n} < Gr(n)41-

Maingé used his method to prove the strong convergence [14, Theorem 3.1] of
a projected subgradient method for a constrained nonsmooth convex optimization
problem. His method has been followed by many researchers, including Thong [26].
However, it is not necessary to always use Maingé’s technique (i.e., [14, Lemma 3.1]) by
distinguishing two cases (as outlined above). The proof of Theorem 3.1 we gave here
demonstrates an alternative way for proving strong convergence of iterative algorithms
by deliberately estimating ||z,+1 — ¢||? in terms of ||z, — q||*.

Corollary 3.3. Let all the assumptions of Theorem 3.1 hold except that the mapping
T :C — C is now a -demicontractive mapping for some 3 € (0,1). Let {x,} be
generated by the iteration algorithm:

{ tn = Qr.Tns (3.14)

Tn+1 = anf(xn) + (1 - an)T)\u'ru

for n > 0, where the starting point o € C is arbitrary and Ty = (1 — \)I + AT is
the A-relazation of T. Assume A € (0,1 — ). Then, the sequences {x,} and {u,}
converge strongly to q € F, where ¢ = Pr f(q).

Proof. From Lemma 2.8, T} is a-strongly quasi-nonexpansive with o := %(1—6—)\) >
0 for A € (0,1 — 8). On the other hand, Fiz(T) = Fiz(T)) and \(I = T) =1 —T).
Thus I — Ty, is also demiclosed at zero. Consequently, applying Theorem 3.1 to the
mapping T yields the strong convergence of {z,,} and {u,} defined by the algorithm
(3.14). O
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Remark 3.4. Corollary 3.3 is a generalization of [26, Corollary 3.2].

Remark 3.5. Since every quasi-nonexpansive mapping is S-demicontractive map-
ping, Corollary 3.3 remains true when 7' is quasi-nonexpansive mapping on H. So,
Corollary 3.3 is a generalization of [16, Theorem 3.1].

The next result is regarding an iteration method for SCFP (1.3).

Theorem 3.6. Let Hy and Hs be real Hilbert spaces, S : Hi — Hy an &q-strongly
quasi-nonexpansive mapping and T : Hy — Hs a B-demicontractive mapping. Suppose
that I — S and I — T are demiclosed at zero. Let A : Hy — Ho be a bounded linear
operator, ¢ : Hy x Hi — R a bifunction satisfying the conditions (A1)—(A4) of Lemma
2.2, f a k-contraction on Hy for some k € [0,1). Set F := EP(¢) NI and assume
F # 0, where T is the solution set (1.4) of SCFP (1.3). Suppose {a,} and {r,} are
real sequences satisfying the following conditions:

(B1) {an} C (0,1), limy, yoo vy, =0 and > .7 | oy = 00;

(B2) {rn} C (a,00) for some a > 0.

Let {x,} C Hy be a sequence generated by the iteration process

{Qﬁ(un,y)JrTln(yun,unxn}zO, yeHla

L1 = anf(x,) + (1 — an)SU +yA(T — ) A)u,, n>0, (3.15)

where ©o € Hy and v € (0, %) with L = ||A*A||. Then, the sequences {z,} and
{un} converge strongly to q € F, where ¢ = Prf(q).
Proof. Set V := I+~A*(T—1)A for a fixed v € (0, %) Then the algorithm (3.15) is
reduced to the algorithm (3.1) associating with the mapping SV. By Theorem 3.1, it
is suffices to show that F' = EP(¢)NFix(SV) and I — SV is demiclosed at zero. From
Lemma 2.9, V is &g-strongly quasi-nonexpansive mapping with g := ,%L(l —p—~L).
Hence SV is a-strongly quasi-nonexpansive and Fiz(S) N Fix(V) = Fix(SV) by
Lemma 2.6 where ao = % It follows from Lemma 2.9 that
I'={zx € H :2e€Fix(S) and Az € Fiz(T)}
={z € Hy:x € Fiz(S) and z € Fiz(V)}
= Fiz(S) N Fixz(V) = Fixz(SV).

Now, we show that I — SV is demiclosed at zero. Let {x,,} C H; be a sequence such
that z,, — z and =, — SVx, — 0. To prove z € Fiz(SV), take z € F and use the
fact that S and V are &;- and édo-strongly quasi-nonexpansive, respectively, to derive
that

1SV, — 2|2 <||[Van — 2|2 — a1|Va, — SV, |?

<y — 2|2 — aalzn — V| — d1||[Va, — SV, |

It turns out that, for a certain appropriate constant M > 0

Gol|zn, — V| + a1]|[Va, — SVa,|? < llzn — 2|2 = |SVz, — 2|2

= (Jon — 2l + 18Van — 2)(len — 2l — 1SVan - 2[)

< M|z, — SVz,| — 0.
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Therefore, ||z, — Vz,|| — 0 and ||Vz, — SVx,| — 0. This implies Vz, — z. By
the demiclosedness of I — S, we get x € Fiz(S). Moreover, from Lemma 2.9(ii), we
obtain

18Van —2|* < [[Van — 2|
< lzn =2 =4(1 = 8 = yL)||Azy, — T Az, |12
It follows that
(1= B = yL)|Azy — TAzy | < |2y — 2|* = | SV iy — 2|2
< M|z, — SVa,| — 0.
Since Az, — Az, the demiclosedness of I — T implies Az € Fixz(T). Hence, z €
Fix(S)N Fiz(V) = Fiz(SV) and I — SV is demiclosed at zero. O

Corollary 3.7. Let all the assumptions of Theorem 3.6 hold except that the mapping
S : Hy — Hi is a p-demicontractive mapping for some p € (0,1) [instead of G-
strongly quasi-nonezpansive mapping]. Let {x,} be generated by the iteration process

¢(un7y) + %<y — Up,Un — xn> Z 07 Yy S H17
Tnt1 = Qnf(zn) + (1 —ap)Sx(I + vyA*(T — 1) A)u,, n >0,

where xyg € H and A € (0,1 — p). Then, the sequences {x,} and {un} converge
strongly to q € F', where ¢ = Pp f(q).

(3.16)

Proof. From Lemma 2.8, V = I + yA*(T — I)A) is Go-strongly quasi-nonexpansive
with éy = 7iL(l — B —~L) and from Lemma 2.8, S is v-strongly quasi-nonexpansive
with ¥ = (1 —  — ). The remaining of the proof follows from that of Theorem

3.6. t

Remark 3.8. Corollary 3.7 remains true when 7' and S are quasi-nonexpansive
mappings, similar to Remark 3.5.
Theorem 3.9. Let Hy and Hy be real Hilbert spaces, S : Hy — Hy a B-
demicontractive mapping, T : Hy — Hs a p-demicontractive mapping, A : Hi — Hy
a bounded linear operator with L = ||A*Al|, ¢ : Hy x Hi — R a bifunction sat-
isfying the conditions (A1)-(A4) of Lemma 2.2, f a k-contraction on Hy for some
k€10,1), F:=EP(¢)NT # 0. Suppose {a,} and {r,} are real sequences satisfying
the following conditions:

(B1) {an} C(0,1), lim,, oo , =0 and ZZOZI Q, = 00;

(Bz2) {rn} C (a,00) for some a > 0.
Let {x,} C Hy be a sequence generated by the iterative process

¢(Un,y) + r%b<y = Up, Up — CCn> >0, y€H,

Tn+1 = anf(xn) + (]- - an)WAunv n>1,
where xg € H1, W = S(I+~A*(T —1)A), and Wy = I+ X(W — 1) is the A-relazation
of W. Assume I — W is demiclosed at zero, B < «, where a = 7%([ —u— L),
e (0,1 — 28 and v € (0, lfT") Then, the sequences {x,} and {u,} converge

a+p
strongly to q € F, where ¢ = Prf(q).

(3.17)
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Proof. Set V := I +~yA*(T — I)A) for a fixed v € (0, :7%). From Lemma 2.9, V is
a-strongly quasi-nonexpansive mapping. It turns out that SV is Oj"—&—demicontractive
and Fiz(S)NFix(V) = Fiz(SV) from Lemma 2.7. Now, we show that I' = Fiz(S)N

Fix(V) = Fiz(SV). In fact, it follows from Lemma 2.9 that
I'={z € H :z € Fix(S) and Az € Fiz(T)}
={x € Hy :z € Fiz(S) and x € Fiz(V)}
= F(S)N Fiz(V) = Fiz(SV).
O

Corollary 3.10. In Theorem 3.9, suppose S is quasi-nonerpansive (instead of being
B-demicontractive), and I — S and I — T (instead of I — W ) are demiclosed at zero;
suppose also X € (0,1). Then, the sequences {x,} and {u,} generated by the algorithm
(3.17) converge strongly to q € F, where ¢ = Prf(q).

Proof. According to the proof of Theorem 3.9, it is suffices to show that I — SV is
demiclosed at zero, which can be proved similarly by repeating the proof of Theorem
3.6. d

Remark 3.11. Corollary 3.10 is a generalization of [26, Corollary 3.8], [37, Corollary
3.2] and [18, Theorem 2.1].

4. APPLICATION

Let H; and H, be real Hilbert spaces, By : H; — 27t and By : Hy — 272 be
set-valued operators, and A : H; — Hs be a (nonzero) bounded linear operator. The
split common null point problem (SCNP) is the problem of finding a point © € H;
with the property

0 € Bi(x) and 0 € By(Ax). (4.1)

Recently, Byrne et al. [3] and Kazmi et al. [13] proposed a strongly convergent algo-
rithm for finding a solution of SCNP (4.1) when B; and Bs are maximal monotone.
Recall that B : H — 2 is said to be monotone if

(x —y,u—v) >0, z,y€ D(B), ué€ Bzx,veE By,

where D(B) := {x € H : Bz # ()} is the (effective) domain of B.

A monotone operator is said to be maximal if its graph is not properly contained
in the graph of any other monotone operator. For a maximal monotone operator
B: H — 2% and )\ > 0, we can define the following single-valued operator (referred
to as resolvent):

JP.=(I+AB)"':H - H.
It is known J¥ is firmly nonexpansive and 0 € B(x) if and only if z € Fiz(JD).

Therefore, the problem (4.1) is equivalent to the problem of finding a point = € Hy
satisfying the property

x € Fiz(JP') and Az € Fix(JP?),
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where A > 0, that is, the SCNP is reduced to the split common fixed point problem
(SCFP).

Theorem 4.1. Let By : Hy — 281 and By : Hy — 22 be set-valued mazimal
monotone operators, and A : Hy — Hy be a bounded linear operator. Set I' to be the
solution set of SOCNP (4.1) and F = EP(¢)NT. Assume F # (. Let f: Hi — H; be
a k-contraction for some k € [0,1) and v € (0, 1) with L = ||A*Al|. Suppose {cv, }and
{rn} are real sequences satisfying the following conditions:
(B1) {an} C(0,1), lim,, 0o , =0 and ZZOZI Qp = 005
(B2) {rn} C (a,00) for some a > 0.
Let {xz,} C Hy be a sequence generated by the iterative algorithm
{ d)(un’y) + i<y — Up, Up — In> > 0? fOT all ye H17

Tyl = anfa,) + (1 — ozn)Jfl (I —~yA*(I - JfZ)A)un, (42)

for n > 0, where the starting point xo € Hy is arbitrary. Then, the sequences {x,}
and {u,} converge strongly to q € F, where ¢ = Pp f(q).

Proof. The resolvents J f ! and Jf 2 are firmly nonexpansive operators, and I — J f !
and I —J f 2 are demiclosed at zero. Also, J f ! is 1-strongly quasi-nonexpansive and

J f 2 is 0-demicontractive. Consequently, the strong convergence of the algorithm (4.2)
immediately follows from Theorem 3.6. t

Remark 4.2. Theorem 4.1 is a generalization of [4, Theorem 4.5] when we take ¢ = 0
and the contraction f(z) = u to be constant.
5. NUMERICAL TEST

In this section, we give a numerical example to illustrate the convergence of the
algorithm (3.15) in Theorem 3.6.

Example 5.1. Let H; = H, = R? and define

(2, )", (u,0)") := —6(2® + y*) + zu + yv + 5(u® + v?). (5.1)
It is easy to verify that ¢ satisfies the conditions (A;)-(A4). First, we deduce a formula
for Q,((z,y)?). For any (u,v)! € R? and r > 0,

¢((z,9)", (u,v)") + %((u —zv—w), (z —z,w—y)") >0, (5.2)
if and only if

5r(u? + %) + ((r+ 1)z — 2)u+ ((r + Dw — y)v + z2 + yw (5.3)

— (6r +1)(2* +w?) > 0.
Set

G(u) =5ru® + ((r + 1)z — x)u + xz — (6r + 1)22,

and

J() = 5rv? + ((r 4+ Dw — y)v + yw — (6r + 1)w?.
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Therefore, from (5.3), it is clear that (5.2) holds if and only if
G(u) + J(v) > 0 for all u,v € R. (5.4)
Also, we know G(u) is a quadratic function of u with coefficients
a:=5r, b:=(r+1)z—x, c:=xz— (6r+1)2°

The discriminant of G(u), A = b? —4ac, is given by Ag = [(11r+1)z —z]%. Similarly,
J(v) is a quadratic function of v and its discriminant is Ay = [(117+1)w —y]?. Hence
Ag >0 and Ay > 0. Next, we will show (5.4) is true if and only if

G(u) > 0 for all w € R and J(v) > 0 for all v € R. (5.5)

Obviously, (5.5) concludes (5.4). Inversely, suppose (5.4) holds and there exists up € R
such that G(ug) < 0. From (5.4), we get J(v) > 0 for all v € R. So, the discriminant
of J(v) should be negative. This is a contradiction with A; > 0. Hence, G(u) > 0
for all u € R. By the same argument as above, we can prove J(v) > 0 for all v € R.
This shows (5.4) derives (5.5).

Now, from (5.5), we have Ag < 0. That is, [(11r + 1)z — 2] < 0. So, z = TTE
Similarly, we get w = %H By Lemma 2.3, @, is single-valued for r > 0. Hence
Qr((x,9)") = (3557, 1)t Thus, from Lemma 2.3, we get EP(¢) = {(0,0)'}.
Let a, = 1 and r, = 1, for all n € N, T((z,y)") = (0,9)", f((z,y)") = 3(z,y)’
and S((z,y)") = (z,y)t, A = { _12 :1} ], v =+ and z, = (an,by)". Hence F =
'NEP(¢) = (0,0)". Then, from Theorem 3.6, the sequences {z,,} and {u, }, generated
iteratively by

Un = (%ana %bn)ta ( )
5.6

[ (202n—12)an+(n—1)b, (881n—41)b,+2(n—1)a, \'
Tnt+l = 560n ) 1680n )

converge strongly to (0,0)! € F, where (0,0)" = Pr(f)((0,0)").

Il
N

0 5 10 15 20 25 30
Number of iterations (n)

FIGURE 1. The convergence of {z,,} with initial value zo = (—3,2)"
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TABLE 1. The values of the sequences {a,}, {b,} and {||z, — q||}

MARYAM YAZDI AND SAEED HASHEMI SABABE

Numerical results for z; = (—3,2)°

n Qn by ||1'n — q”
1 -3 2 3.6056

2 -1.1625 1 1.5334

3 -0.46203 0.51151 0.68929
14  —1.7602—5 0.00038738 0.00038778
15 —6.5285¢6 0.00020245 0.00020255
16 —2.323¢=% 0.00010583 0.00010585
28 5.7821e7'0  4.4568¢7%  4.4572¢78
29  3.1275¢710  2.3333¢78  2.3335¢78
30 11.6789¢710  1.2217¢7%  1.2218¢78

Table 1 indicates the values of the sequences {a, }, {b,} and ||z, — ¢|| for algorithm
(5.6), where z1 = (—3,2)" and n = 30.

Figure 1 shows the behavior of ||z, — ¢| that corresponds to Table 1 and also the
convergence to 0 € F of the sequence {x,}.
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