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Abstract. In this paper, we study the following Schrodinger-Kirchhoff type equations involving the
fractional p-Laplacian M([u]zs)’p)(fA);u + (14 Ag(@)uP™! = H(z)u?™', u > 0, x € RN, where
s €(0,1), 2 <p < o0, ps < N and (—A)ISJ is the fractional p-Laplacian operator. M(t) = a + bt*,
where a,k > 0 and b > 0 are constants. A > 0 is a real parameter. p(k + 1) < ¢ < p}, where

P = NI\_] Z; S is the fractional Sobolev critical exponent. Under some appropriate assumptions on g(x)

and H(z), we obtain the existence of positive ground state solutions and discuss their asymptotical
behavior via the method used by Bartsch and Wang [Multiple positive solutions for a nonlinear
Schrodinger equation. Z. Angew. Math. Phys. 51 (2000) 366-384].
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the following equation:
_ P \
M // %dxdy (—A)yu+(1+ Ag(z)uP™t = H(z)ud™t,  (1.1)
RN |z —y| 7T
u >0, z € RN, where s € (0,1), 2 < p < o0 and ps < N. Here (~A)’ is the
fractional p-Laplacian operator which (up to normalization factors) may be defined
along a function ¢ € C;°(RY) as

lo(z) — ()P (o) — w(y))d% v RV,

(—A)f,(p(gc) =2 lim Nips

e=0" JRN\B, () |z —y|

399



400 CHAWEN XIONG, CHUNFANG CHEN, JJANHUA CHEN AND JIJIANG SUN

where B.(z) := {y € RY : |z —y| < €}. In relation to the fractional p-Laplacian
operator, we recommend readers to read [14, 19, 12] and the references therein.
When p =2 and M =1, Eq. (1.1) transform into the fraction Laplacian equation

(=AY u+V(x)u = h(z,u), reRY,

which can been seen as the fractional form of the following classical stationary
Schrodinger equation

—Au+V(x)u = h(z,u), r e RN,

In recent years, a great interest has devoted to studying the existence of solutions
via variational methods for the Kirchhoff equation:

Ugp — (a + b/ |Vu2dx) Ay = h(z,u).
Q

It comes from the well-known D’Alembert wave equation

2 L 2 2
8u_<p0 E dx)au:h(x,u)

Porr ~\'n 2L J, 0a?

Ju
ox

for free vibrations of elastic strings, see[15]. Here, u denotes the displacement of a
string, p is the mass density, pg is the initial tension, A is the area of cross-section,
E is the Young modulus of the material and L is the length of the string. For this,
Kirchhoff’s model takes into account the changes in length of the string produced
by transverse vibrations. For more details on the Kirchhoff equation, we recommend
readers to read [1, 9, 15] and the references therein. More recently, in [11], Fiscella
and Valdinoci provide a detailed discussion about the physical meaning underlying
the fractional Kirchhoff problems and their applications. Indeed, in Appendix, they
construct a stationary Kirchhoff variational problem which models, as a special sig-
nificant case, the nonlocal aspect of the tension arising from nonlocal measurements
of the fractional length of the string.

Nonlocal fractional problems have been appearing in the literature in many dif-
ferent contexts, both in the pure mathematical research and in concrete real-world
application. Indeed, fractional and nonlocal operators appear in many diverse fields
such as optimization, finance, phase transitions, stratified materials, anomalous dif-
fusion, crystal dislocation, soft thin films, semipermeable membranes, flame propaga-
tion, conversion laws, ultra-relativistic of quantum mechanics, quasi-geotrophic flows,
multiple scattering, minimal surface, materials science, and water waves, see [22, 10]
for more details.

Indeed, for the Schrédinger-Kirchhoff type equations involving the fractional p-
Laplacian, many people have made great contributions, see e.g. [7, 26, 24, 23, 16, 31,
30, 28, 27, 25, 3, 17, 18, 20, 2] and the references therein. For exmple, in [24], Pucci
and Xiang obtain two solutions for nonhomogeneous fractional p-Laplacian equations
of Schrodinger-Kirchhoff type

Max —-AYu z) ufP = f(z,u z), in RV
M(//Rzzv y‘N-*-ps d dy)( A)p + V(@) ul = f(z,u) +g(2), R

|z —
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by assuming the potential function V' (z) satisfies following conditions:

(V1) V(x) € C(RY) satisfies inf,cpny V() > Vo, where Vy > 0 is a constant;

(V2) there exists h > 0 such that lim,|_,., meas({z € Bp(y) : V(z) < c}) = 0 for any
¢ > 0, where meas(A) denotes the Lebesgue measure of A on RY.

In addition, in [31], Zhang et al. get the existence of infinitely many solutions for
fractional p-Laplacian Schrédinger-Kirchhoff type equations with sign-changing po-
tential

p—1
|u )|p s 2 . N
<a+b//RzN - N+ps —— == dzdy (A)yu+ V() |ul’"u= f(z,u), in R

They assume the potential function V(z) satisfies following conditions:

(V}) V(z) € C(RN,R) and inf,cpn V(z) > —00;

(V,) There exists d > 0 such that lim|y| 4o meas({z € By(y) : V(z) < M}) =0 for
any M > 0.

However, to our knowledge, there is no study for elliptic equations of Schodinger-
Kirchhoff type involving the fractional p-Laplacian and steep well potential V(z) =
1+ Ag(x) yet.

In this paper, we are interested in the existence of positive ground state solutions of
problem (1.1) and the asymptotical behavior of the solutions as A — +o0. To obtain
these results, the potential in (1.1) needs some restricted conditions to overcome the
loss of compactness caused by RY. Specifically, for Vy(z) = 1 + Ag(z), we can have
some compactness by letting the parameter A large enough, while any limit is not
needed to be posed on the potentials. The method above is first proposed by Bartsch
and Wang[4, 5]. In relation to the steep well potentail, we recommend readers to read
[21, 29] and the references therein.

Throughout this paper, we make the following assumptions:

(M) M(t) = a+bt*" with a,k > 0 and b > 0;

(A1) 2<p<p(k+1) <q<ps;

(A2) g(x), H(z) are two nonnegative, locally Holder continuous, and bounded poten-
tial functions. Moreover, 0 < g(z) < goo and 0 < H(x) < Hoo;

(A3) There exists My > 0 such that the set A = {x € RY : g(z) < My} is nonempty
and meas(A) < oo;

(Ay) Q:=int{g~1(0)} is nonempty, bounded, and has smooth boundary, Q = (0).

Before stating our main results, we give the variational setting for (1 The
fractional Sobolev space W*P(RY) defined by

WHP(RY) = {u € LP(RY) : [u]s, < oo},

\u u(y)[”
JJ R2N x N+ps ’

and W*P?(R¥) is equipped with the norm

oy = ([0l2, + lullh) "

9-
1).

where
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It is clear that W*P(RY) is a uniformly convex Banach space (see Appendix in [24]).
For more basic properties of fractional Sobolev space, we refer the readers to [10].
The nature energy functional associated with (1.1) is given by

= (M@z)+ [ v@w?) -3 [ a@ur. o)

p

where M(t) = at + k—j’rl th+1 and Vi(z) = 1+ Ag(z). It is well known that Iy (u)
is well defined. Furthermore, I(u) € C'(W*?,R) and for any v € C§°(RY), there
holds

’ P u(z) — u(@)P~* (u(@) — u(y)) (v(@) — v(y))
I, (u),v) = U
B0} = Mz, [ P »
+ [ va@) Pt —/ H) [l o, Ve W @R,
RN RN
Define /
= {u e W*P(RY)\ {0} | (I, (u),u) = 0}
and
ey = uiemj\f/A I (u).

We call that uy is ground state solution of (1.1) if uy € W*P(RY) is a critical
point of Iy (u) such that ¢y is achieved.
The following Dirichlet problem is a kind of ‘limit’ problem for (1.1):

M ([ulf,) (=A)yu+uP~' = H(zx)u™! inQ,

5P

u>0 in €, (1.4)
u=20 on 0N.

Similarly, we define a functional &g on W*?(§2) by

oa(u) = 3 (M) + [ 1) =3 [ Gl (15

and for any v € C5°(€2), there holds

, () — (@)~ (u(e) — u(y))(v(z) — v(y))
l? ) / /Q B

(g (u),v) =

N+ps
lz =yl o (1.6)

—I—/ |u|p_1v—/ H(z)[u|" v, YueWP(Q).
Q Q
Moreover, we define the Nehari manifold Ng by

No = {u € WP(Q)\ {0} | (®g(u), u) = 0}
and cq by

= inf @ .
cQ ulEnNS2 a(u)

We call that u is ground state solution of (1.4) if u € W*P(Q) is a critical point of
@ (u) such that cq is achieved.
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Now we state the first result of this paper.

Theorem 1.1. Assume that (M), (A1) — (A4) hold. Then, for X > 0 sufficiently
large, cy is achieved by a critical point uy of I such that uy is a ground state solution
of problem (1.1).

In fact, in order to get the ground state solution, another aim of this paper is to
show that the energy of the ground state solution of (1.1) is equal to the energy of the
mountain pass type solution.To this end, we need to obtain that there exists a unique
t(u) > 0 such that t(u)t € Ny, In(t(u)t) = max;>o Iy (tu) and limy_, oo Ix(tu) = —oc0
for any u € W*P \ {0}. Hence, we need to assume that g(z) is bounded.It is easy to
check that V' (x) = 1+g(z) is not satisfying the coercivity condition.Then it will cause
the lack of compactness. In order to overcome the difficulty, we let V(z) = 1+ Ag(x)
and A is sufficiently large, where ) is a real parameter. Thus, we obtain the existence
of ground state solutions of problem (1.1) for every A > A*, where A* is a constant
as in Lemma 3.9. Because of the introduction of A, a natural question is whether the
ground solutions of problem (1.1) have asymptotical behavior when A — +o00. Then,
we give the second result of this paper.

Theorem 1.2. Assume that (M), (A1) — (A4) hold. Then, for any sequence
An — +00, uy, has a subsequence converging to u in WP(RN) such that u is a
ground state solution of problem (1.4).

Remark 1.1. As mentioned above, for \ large enough, we can prove that the
functional I satisfies (PS). condition when c lies in suitable range (see Lemma 3.9

below).

Remark 1.2. In this paper, we extend the results of Chen and Guo [8] to the
Schrodinger-Kirchhoff type equations involving the fractional p-Laplacian. Moreover,
comparing with [24, 7, 31], we consider the steep potential well question. Our results
are new. Therefore, the results of this paper can enrich and supplement the previous
one in the literature.

This paper is organized as follows. In Sect. 2, we give some basic properties of
the space W*P?(RY) and Nehari manifold Ny. In Sect. 3, using the Mountain Pass
theorem and comparing some energy levels, we obtain the existence of ground state
solutions of problem (1.1). In Sect. 4, we complete the proof of Theorem 1.2.

Notations. In this paper, we make use of the following notations:
e we use C' and C; to denote various positive constants in context;
o W*P denotes WP (RN);
e L"(RY) denotes the Lebesgue space with norm [|ul|, = ([, [u"dz)*, where 1 <
r < 00;
e the weak convergence is denoted by —, and the strong convergence is denoted by
-
e G (t) denote the i-order derivative of G/(t);
o [zn % denotes [,y dodz.



404 CHAWEN XIONG, CHUNFANG CHEN, JJANHUA CHEN AND JIJIANG SUN

2. PRELIMINARIES

In this section, we give some properties of the fractional Sobolev spaces W*P and
energy functional I (u).

Lemma 2.1. (Theorem 6.7 and Corollary 7.2 of [10]) If v € [p,p%], then the em-
bedding W*P(RN) — L¥(RN) is continuous. In particular, there exists a constant
C, > 0 such that

[ull vy < Cullullyysrn, VueWr. (2.1)
Ifv € [1,p%), then the embedding W*P(Bg) <~ LY(Bgr) is compact, where Br(x) :=
{y e RN : |z — y| < R} and we simply write Bg when x = 0.
Lemma 2.2. For any u € Ny \ {0}, there exists o € (0,1) which is independent of A
such that

e >0, Ty > E=2EAE D o (29)
Proof. By u € Ny \ {0}, we have (I, (u),u) = 0. Then
Mtz + [ V@ o = [ HG@) . (2.3

By (A43) and (2.1), we have
O fullyor = [ H@)Jul
RN
= M)z, + [ Vi@ ol

> afulf , + /RN V() |ul|?

> min{a, 1} ||ul[fy .. -

Then,
min{a,1}\ 77
ullyysn = <HOOC§ > >0 > 0.
On the other hand, by (1.2) and (2.3), we have
1 1
nw = (M) + [ w@r) -2 [
p RN q Jry

== (M) + [ @ Il = - (M, + [ VA P
j (M + [ wer) - R

(3 g () e
> (; - 61]) min{a, 1} [uly..,
> (¢ — p)min{a, 1}

pq
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Lemma 2.3. For any u € WP\ {0}, there ezxists a unique t(u) > 0 such that
t(w)u € Ny, L(t(u)u) = rilggch(tu).

Proof. Let

a
G(t) = —[u? thriup(kH)tpk“Jr /V upf—/ H(z) |ul?
() = St + sl " [ @ )ul”

G (t) = afu]? tP~ + blulpF D et =1 4 o= 1/

Vaa) fuf? — 197 / H(z) |ul?
RN RN

6(0) = (o~ Vlalule + LLEE a1y [ o) P

(pk)! P
_ (q—l)! 2) lul? ) #a—p
(q—p)!<an()|)7f ’
(Pk+p) (4) — _ ulPE+1D) (¢—1)! 2) |lul? ) pa—p+1)
G 1) = (e p 1l - L ([ e ) v,
P _ (¢—1)! q)\ tq—p -
GO0 =~y ([ i) et <o

So, there exists t; > 0, such that

t<t;, GO(t)>0,
t=t;, GOt)=0, (i=1,2,...,pk+p).
t>t;, GO <0,

Therefore, there exists a unique t(u) > 0, such that ¢(u)u € Ny and I(t(u)u)
max¢>( I,\(tu).

ol

3. PROOF OF THEOREM 1.1.

Lemma 3.1. (i) There exist n > 0, 0 < p < 1 both independent of A, such that
In(u) > n for all v € WP with ||ul|y.., = p-
(i) For any u € W#P\ {0}, lim;_, o0 I (tu) = —00.
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Proof. By (1.2) and (2.1), we have
— a1 b k+1 / P _ 7/ q
In(u) = Zlulsy + (k+1) Va(@) |ul H{(z) [ul

ab p(k+2) 1 p(k+2) C9H
> 2 ———[ulsp® 4+ =|ull, 2 — -2 Ul pyre.p
> p2(k+1)[ Js,p pll I, [l
> Lomind 2, [ L
min T s,p
9% p2(k+1)" p w

Since ¢ > p(k + 1) > p(k+2)

that I(u) > n.
On the other hand, for any u € W*5? \ {0}, we have

b

, then there exists ||ul/;., = p > 0 small enough such

a
Iy(tu) = ;[tu]’;’p +

atP ptp(k+1) ft1 (1 + )\g
< Z P o+ wptetn) 4 A2 T AoV P / H(z) |ul?.
<l “ el - )l
Since ¢ > p(k + 1) > p, then I)(tu) — —oo as t — oo.
Let
A= uevvlpf\{o}glggch(tu) A= gelfrt:l[épl] I(v(t)),
where

I'={y(t) € C([0,1],R) : v(0) = 0, Ix(v(1)) < 0}.
Lemma 3.2. For A >0, ¢y = ¢} = c}".

Proof. We divided the proof into three steps.
Step 1 ¢} = ca.

By Lemma 2.3, we have

Y= inf I (tu) = inf  I)(¢ = inf [ = cy.

X uem/lgp\{o} I?Zag( A( U) ueVVlRp\{O} A( (U)U) ulenNA )\(U) A
Step 2 ¢} > c}*.

Form Lemma 3.1, for u € W*P \ {0}, there exists ¢y large enough, such that
I\ (tou) < 0. Define vo(t) = ttou for t € [0,1]. Then ~o(t) € I', and thus,

&y =1inf sup In(vy(t)) < sup In(y0(t)) < max Iy (tu).
7€l te(0,1] te[0,1] t20

Then, ¢} > c}*.
Step 3 c* > ca.

The manifold N separates W*P into two component. By Lemma 3.1, the com-
ponent containing the origin also contains a small ball around the origin. Moreover,
Ix(u) > 0 in this component, because

GV (t) >0, Vtel[0,t(u).
Thus, every v € I' has to cross Ny. Therefore, c}* > cy. O

Lemma 3.3. For any A > 0, we have c) < cq.
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Proof. For each u € Ng, we have (®,(u),u) = 0. Then

lu(@) —u@)l” / p / g
ul = | H(z)|u|".
w //QXQ |z — y|N+pS Q‘ | Q i

By Via(z) =1in Q and u = 0 in RY \ €, the above equality can be written as

// |u )|p / LA(IHUJ‘p / H(‘T) |U|q
,p R2N gg N ps RN RN
Thus, u e NA.

On the other hand, we can easy to see
@Q(U)ZI)\(U), Yu € Nq.
Therefore, ¢y < cq. O

Lemma 3.4. For any A > 0, there exists a constant K > 0 independent of \ such
that ¢y < K.

Proof. Let v € C§°(Q) \ {0}. By Lemma 2.3, we have

) = (M([m]f;p) + [ n@ |m”) I
(e, + [ o) - / H() ftof

at? btp(kJrl)
_ p p(k+l) p_ Y H(z) |v|?
it =L wr =% [ @

< K.

Then, by Lemma 3.1, there exists ¢; large enough such that I\ (t;v) < 0.
Define 1 (t) = ttyv for ¢ € [0,1]. Then, v1(¢) € I' and thus

= < < < K.
o=\ tren[%fx(%())_nggh(tv)_ff

The proof is completed. O

Lemma 3.5. Any of the (PS). sequence {u,} for I is bounded and

. pgc v
1 3 n s S i . -
nL%Osup||u s, ((q—p) mln{a71}) .

Proof. Suppose that {u,} is a (PS). sequence of I, we have

L(un) = ¢, Iy(un) — 0.
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Then,

¢+ o(1) +o(1) [lunllysr = In(un) — %(f;(un), Un)

S funlty + gy bl 5 [ @l =2 [ @)

a
p
a b k+1
S funlty = 220 =2 [ Vi@l 2 [ @)
a a b k41) 1 1
> === ) [u.? +< )u p( +<>/ V() [un|?
(p q>[ e p(k+1) ¢ lenlip P q) Jry 3@ funl

> (; - ;) <a [unls, + /RN V() |un|p) :

It follows that

min{a, 1} ||un|[fy. < a@[un]g, +/RN V(@) [un|” < ) +0(1) + o(1) [lunlyye.n -
(3.2)

Then, {u,} is bounded in W*? and (3.1) holds. O

Lemma 3.6. Let K > 0 is the number given in Lemma 3.4. Then for any ¢ > 0,
there exist Ae, Re > 0 such that if {uy} is a (PS). sequence of I with A > A, ¢ < K,
then

lim sup/ lun|” <€, ve(ppl).
nee RN\Bp, (0)
Proof. For all R > 0, let
A(R) = {z € R | [a] 2 R, g(x) = My},
B(R) := {z ¢ RY | |z| > R, g(x) < My}.
When n large enough, by (3.2) we have

1
unpgi/ Ag(@) + 1) Jun?
[ 18 < S 000+ D
1 -
< — P 1 P

L (3.3)
pgc
< 4+ o(1) 4+ o(1) ||un||virs.p
T | 2 o)+ o0 fan s
1 [ pgK

<
AMo+1 (¢ —p)
On the other hand, by the Holder inequality and the boundedness of {u, } in LPs (RN),

we have
[opwr=(/
B(R) B(R)
o

+1].

*

s

P Pg—P
2\ PR P3
Ps / 1
) ( B(R) ) (3-4)
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By using the interpolation inequality, there exists o € (0,1) such that % =
and
v(1—0)

/‘ ] < / | / i) (3.5)
RN\ Bp RN\Bp RN\Bg

for any v € (p,p%). Let A and R large enough. For any ¢ > 0, by (3.3), (3.4), (3.5),
(A3) and the boundedness of {u,} in LPs (RY), we obtain

lim sup/ lun|” <e. O
n—oo RN\Bp,
Corollary 3.1. Let L > 0 be a constant, and let \,, — 0o as n — oco. If
alwll,+ [ Vi@l < L
, BN

and u, — 0 in WP then

lim lun|” =0, v e (p,pl).

n—oo RN

Lemma 3.7. There exists § > 0 such that any (PS). sequence {u,} of In with A > 0,
¢ > 0 satisfies

liminf/ lun|? > de.
RN

n—oo

Proof. From Lemma 3.5 and (A4z), we have

¢ =lim inf (I,\(un) - %(I;\(un), un>>

n—oo
b 1 1
p(k+1) Z_z H a
K (k+1) p>[“n]s,p +<p q> RN (IHU"'}
<lim inf (1 )/ H(z) |un|?
n—roo p
(b5 f o
RN

Then, there exists ¢ > 0, Such that

=liminf
n— oo

< lim inf
n—oo

. pgc
lim inf up|? > —————— > de. O

il o el . 2
Lemma 3.8. For any (PS). sequence {un} of I, there exists w € WP such that

I:\(u) = 0. Moreover if u # 0, then

[un]€7p — [u]g,p .

(3.6)

Proof. Assume that {u,} is a (PS). sequence of Iy. By lemma 3.5, we know that
{un} is doubded in W*P. Then there exists u € W*? such that u,, = u in W*? and
[un]gp — B. If u = 0, the proof is complete. If v # 0, then by Fatou lemma, we have

[uf, < 8.
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!
Suppose that [u]f , < 8. Then, by I, (u,) — 0, we have

a// Ju(z) — u(y)["~* (u(x) = uly))(v(z) = v(y))
R2N |

z—y VP
K Ju(@) — u(y)|"~* (u(x) — u(y))(v(z) — v(y))
+bp //Rw WL

+/ Va(z) [ulP " o —/ H(z)[u|" "v=0, VYveW*?RN).
RN RN
Taking v = u, then (I, (u),u) < 0. From the proof of Lemma 2.3, we can easy to

see that (I} (tu),tu) > 0 for small ¢ > 0. Hence, there exists a to € (0,1) such that
(I;\(tou),tou> = 0. Moreover, I (tou) = maxsso I (tu). So, we have

1
<I -
¢ <Ix(tou) p(k+1)

) o5 ) s
(et £) o

< (Z . M) wl?, + (; - p(klﬂ)) [ vt
; (p(le) - 2) [ H@

< (Z - p(k‘ll)) lim inffu, ]2, + (11, - p(klﬂ)) timinf [ VA(@ fual”

1 1
—  liminf [ H(@) |un|®
(o 5 )t [ )

(I, (tou), tow)

1 ’
=lminf[Iy(u,) — ——— (I (un), Uy
7 () — s U ). )]
<ec.
Which is a contradiction. Then, [u,]%,, — [u]} , and I, (u) = 0. O

Lemma 3.9. For any A > A*, I satisfies (PS). condition with ¢ < K.
Proof. Let {u,} € W#P? be any (PS). sequence of I, that is

In(ug) = ¢, Iy(uy) — 0.
By Lemmas 3.5, {u,} is bounded. Then, up to a subsequence, we have

Uy, = u in WP,
Up — u ae. in RY, (3.7)
u, —u in LY (RN), v € [p,pl).
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Define w,, = u,, — u. Thus,
n — 0 in WP,
wy, — 0 ae. in RY, (3.8)
wy, — 0 in LY (RY), v e [p,pl).

By the Brézis-Lieb Lemma (see [6]), Lemma 3.8 and (3.8), for any ¢ € Cg°(RY), we
have

lim (I3 (w,), )

n—roo

M ({ . Sp //]R2N |[wn (2) — wn(y )‘ B |(wn(m) —wn(y))(p(x) — o(y))

w—y N

+ /RN Va(@) |wal? o — /RN H(z) |wn|* o4 o(1)

b
2~ s = 0 4 VA~ ul?
P JrN

P P p(k+1) P
1
—— | H(z)|up —ul? +o(1)
q JrN
:E[U ]P _ E[U]P +_ b [t ] p(k+1) L[u} p(k+1) Jrl/ Va(z) |u |P
prsP g (k‘—l—l) p(k+1) D Jry "

_ ! NVA(x)|u|P77 NH(:v)|un|q H(@) [ul” +0(1)
217 R qJr

= lim I(u,) — Ix(u).
n—oo
Then we know that {w,} is also a (PS) sequence for I and

I(wy) = ¢ — In(u) :=c1, Iy(wy) — 0.

From Lemma 3.5, we have ¢; > 0. Hence, if ¢; = 0, by Lemma 3.5, we have w, — 0
in W#%P_ then u, — uin W*P_ the proof is completed. Now, we assume ¢; > 0. Then,
by Lemma 3.7, we obtain

n—r oo

liminf/ |wp,|? > dey.
RN

Next, if we choose € = 5% and A* = A, and R, as in Lemma 3.6, then we have

lim sup/ |w,|? < e= 6&
n— o0 RN\Bp, 2

This implies w,, — w in L9(Bp,) such that w # 0, which contradicts (3.8). Therefore,
¢1 = 0. Then u,, = u, and the proof is completed. O
Proof of Theorem 1.1. From Lemma 3.1, I satisfies the conditions of the Mountain
Pass lemma. We can find a (PS), sequence {u,} € W#? for the functional Iy. By
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Lemma 3.9, for A sufficiently large, there exists uyx € WP such that In(uy) = c}*.
Then Iy(uy) = ¢y by Lemma 3.2. Therefore, ¢y is achieved by a critical point uy of
I, and uy is a ground state solution of problem (1.1). The proof of Theorem 1.1 is
completed. O

4. PROOF OF THEOREM 1.2.

In this section, we give a asymptotical behavior of ground state solutions for prob-
lem (1.1) when A, — +o0.
Proof of Theorem 1.2. By Theorem 1.1, suppose that A\, — +0co as n — oo and
{uy, } C Ny, is a sequence such that

U, > 0, I)\R(U)\n) =C)\,> I;\n(U)\n) =0.

By Lemmas 3.4 and 3.5, there exists C' > 0, such that ||uy, ||;., < C. Thus, there
exists u € W*P such that

uy, —u in WP,
uy, — u ae. in RV, (4.1)
uy, —u in LY _(RY), v e [p,pl).

We claim that u|ge = 0, where Q¢ := {z | x € RN \ Q}. If not, we have u|ge # 0.
Then, there exists a compact subset D C Q° with dist{D, 92} > 0 such that u|p # 0

and
/|u)\n|p%/ [ul” > 0.

Moreover, there exists €y > 0. such that g(x) > ¢y for any z € D.
By the choice of {uy, }, we have

0= (I}, (un, ), ur,)

4.2
= Mzl + [ @l [ G

a_a P _b p(k+1) (1 1> / P
=|-—- + - - —= v
<p q) [Ukn]s ( k+1) g v ) Jan A (@) [n, |
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as n — +o0o, which contradicts Lemma 3.4. Then u|ge = 0 and u € W*P((QQ).
Now, we show u # 0. If not, uy, — 0 in W*P(RY). By the choice of {uy, }, we have
(4.2). From Corollary 3.1 and (As3), we have

H(z)|ux,|? =0
RN

as n — +00. Then
Ml 2l 2+ [ Vo (@), [P 0
R

as n — 4oo. This implies |Juy,| — 0, which contradicts Lemma 2.2. Therefore,
u Z 0.

Next, we prove &g, (u) = 0. Consider a test function ¢ € CP(Q).

By the (I;\n (ux, ), ) =0, we have

0= M([u,J7,) // [, () =, @) (r, (@) =, @) (2(2) = £(9)

|z —y| VTP
+ / Van (@) fua, [P~ o / H(z) fux, | .
RN RN

It follows from uy, — u in W*? that

M J7,) [ = |iui” ;@u ) (e) = ol)
a? Jule) — u(y)"2 (ue) — () ((x) ~ o)
M([ ]s,p) /AXQ ‘ZZJ 7y|N+ps )

[ @l e s [
RN Q
and
/ H(z) fu, | ¢ / H(a) lul" .
RN Q
Thus, we obtain

o=z, [[ Jur) — w2 (ulz) — u(m)) (@) ~ o(y))

N «
|z — y[N TP

+ / ™t o — / H) u™ o, Vg e CE(Q),

which means <I>/Q(u) = 0. By using the strong maximum principle, we have u > 0
in Q.
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Next, we prove ®g(u) = cq. From the above discussion, we know u € Ng. Then,
from Lemma 3.3, we have

co < &g (u)

m (P (u),u)

_(e__a p 1 / Py / q
(p p(k+1)>[u]s’p+<p k+1) ful” + H(@)[ul
a a
< (%% )iiminflu, P . lim inf P
(p p(k+1)> tm i +<p p(k >ITLI21£/|UA"|
1 q
(e ) tmat [ o
<<“ a )1 Fus, )2 +<1 1 )1' 'f/ Vi (@) us |”
- - —— 1IIllIl u - - — 11m 11, ) |Uu
“\p plk+1)) o p plk+1)) nooe Jpn A

1
- liminf [ H(x a
" (p(k+1) q) e / e,

:liminf [I,\n(uA ) — m(] (un, ), ux, >]

=liminfcy,
n—roo
gcﬂv

which implies that
lim 7y, (uy,) = lim ¢y, = co = Po(u). (4.3)

n— oo n—oo

Finally, we prove uy, — u in W*P(RY). Let us now recall the following equations:

In, (ux, — u) :9[ L+ (ka) [ux, — ul? U
(4.4)
/ Vi, () |ux, —u|p—7/ H(z) |ux, —ul?,
a p b p(k+1)
I, (ux,) == [UA lsp (k;+ 0 [un,To, + (@)
R (4.5)
-2 @l
_a P b (k+1) p q
én(u)—;[u] + 0= (k+1) + |u| - - H ) [ul®, (4.6)
(I, (un, — u),ux, —u) =afuy, —ul? , +buy, —uf/%H
(4.7)

[ V@, —af - [ HE@) o, -l
RN RN
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(T (unn)yn,) =afun, ]2, + b fux, 24D + / Vo, (@) [us, |”
RN

(4.8)
[ H@) |7,
]RN
and
(D (u),u) = au]?, + b[uPUH) + / Juf” — / H() |ul?. (4.9)
By the Brézis-Lieb Lemma (see [6])and Lemma 3.8, we obtain
[U’/\n - u]zs),p = [ukn]zs),p - [u]g,p + 0(1)’ (410)
/ Vi, (2) [us, — uf” = / Vi () [un, — uf” + / Vi, (2) [us, — uf?
RN RN\Q Q
- / Vi, (2) [un, [P + / fur, — ul” + o(1)
BM\Q @ (4.11)
= [ @+ [ Ju = [l o)
RN\Q Q Q
- / Vi, () fun, [P — / [l + o(1)
RN Q
and
/ H(z)|uy, —u|?= / H(z) |uy, |* - / H(z) |u|? + o(1). (4.12)
RN RN Q

Hence, according to (4.4)-(4.12), we have

I, (u,\n — u) =1, (U)\n) — @Q(u) + 0(1),

’

(I, (un, = w),un, —u) = (I (ux,),un,) — (@g(u),u) + o(1).
Thus, by (4.3), we have
Iy, (ux, —u) =o(1).

From I;\n (uy,) = 0 and &g (u) = 0, we obtain

<I;\n (u)‘n - ’U,), Ux, — U> = 0(1)
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Then,

’

dnzaanfmféuMwM—ummn—w

b 1
_ P v _op(k+1) L P
» [ua, u]&p + Y [ua, u]sm + ’ /]RN W, (z) Jux, — ul

1 qg @ p b p(k+1)
== H@ s, —ul’ ~ p [ux, —ulg, — p [u, —ulg,

q Jr
1 p 1 q
—= | V(@) |ux, —ul’+ = [ H(z)[uy, —ul
q JrRN q JrN
b b

_(*_¢a P p(k+1)
= _— = — + _ = —
(2= 2) ton, =ty + (s — o) o, — w2
1 1
+(—)/ Va, (@) ux, — ul?
p q RN

1 1
vy —uly V, _ P
el (p q) (a/ [uAn u]s,p + /RN An (.T) |U)\n u| )

1 1
> | = — = ) min{a, 1} [Jux, — ul/5yen
(p q) (a1} Jur, — ully,

which implies that [Juy, — ul[}.., — 0 as n — co. Therefore, the proof of Theorem
1.2 is completed. U
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