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1. INTRODUCTION

Definition 1.1. Let X be a non-empty set and a function d : X x X — RBL. If d
satisfies the following conditions:
(i) d(z,x) =0, for all z € X
(ii) d(z,y) = d(y,x), for all z,y € X;
(iii) For each z,y € X and {z,,} C X such that lim d(z,,z) =0, and
n—oo
lim d(z,,y) =0, then x = y.

n—oo
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Then, d is a non-triangular metric and (X, d) is known as non-triangular metric space.
Theorem 1.2. [2] Let (X,d) be a JS-metric space, such that for each x € X, the
set C(d, X,x), is non-empty. Then, (X,d) is a non-triangular metric space, where
Cd, X, x) = {(zn)] li_>m d(x, , z) = 0}.

n—oo
Example 1.3. Let X =R and d: X x X — [0, 0o) defined as follows:

d(z,y) |z —y|, f £ =0ory=00rz =y.
:177 = .
Y 1, otherwise.

Then, the pair (X, d) is a non-triangular metric space but it is not a JS-metric space.
Example 1.4. Let X = [0,00) and d: X x X — R{ is defined as

Tty .
x+y+1,1x#y,
0, ifx=9y#0;
d(z,y) =
(@y) g, if y=0;
= ifx=0.

2 )
Then d is a non-triangular metric, but not a JS-metric.
Definition 1.5. (Property C) [2] Let (X, d) be a non-triangular metric space then
d is said to satisfy property (C) if for any sequence (x,) with d(z,,x) — 0, have
d(xy,y) = d(x,y) for every y € X.
Definition 1.6. Let (X, d) be a complete metric space, then the mapping f : X — X
is called orbitally S-operator if the following conditions hold:

(S1) The Picard sequence {x,} based on zg, is asymptotically regular for some
xg € X,

(S2) For any two sub-sequences oy, () and @y, (k) of {2y, } if d(y, (i), Ty(i)) converges
to some limit L > 0 and d(, (), Tmr)) > L for all k& € Ny, then L = 0, in
which, {z,} is the Picard sequence of f based on zy € X,

(S3) f is orbitally continuous.

Theorem 1.7. [5] Let (X,d) be a d—complete non-triangular metric space, and let
f: X — X be a map such that, [ satisfies the (S2) and (Ss) of Definition 1.6. If
there exists xo € X such that O(f,xg) is bounded, then [ has fixed point.

Example 1.8. Let (X,d) be a non-triangular metric space as given in Example 1.4

and f : X — X is given as fz = g Then the map f satisfies the condition of

Theorem 1.7, and hence it has a fixed point at z = 0.

In, 2021 V. Rakocevié¢ et al. [8] noticed that non-triangular metric space is not
a new concept, as it is nothing but symmetric space with the condition W3 (Haus-
dorffness of the topology induced by the symmetric structure). They introduced the
non-triangular metric-like space which they claimed to be a generalization of non-
triangular metric space.
Definition 1.8. (non-triangular metric-like space) [8] Let X be a non-empty set
and d : X x X — [0,00) be a mapping. Then (X,d) is said to be a non-triangular
metric-like space if for every x,y, z € X, the following conditions are satisfied:
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(NTML-3) if {z,} is a sequence in X such that lim d(z,,z) = d(z,2) and
n—oo

lim d(z,,y) = d(y,y), then d(z,y) < kmax{d(z,z),d(y,y)} for some fixed k > 1.

n—oo

Remark 1.9. If d(xz,z) = 0 for all z € X, then a non-triangular metric-like space

is a non-triangular metric space. Notice, also that a function d : X x X — Rg

satisfying (i) and (ii) in Definition 1.1 and the axiom (NTML-1) from above is called

a semi-metric.
Example 1.10. [8] Let X = {0} U{% :n>1} and d: X x X — R{ be defined as

11 1 1 1
d(0,0):l,d< ) =3, d(0,> :1+=d<,0> for all n € N
n n n

)
n n

and

d(171>=1— 1 Zd(171> for all n,m > 1.
n m n—+m m'n

Then (X, d) is a non-triangular metric-like space, for any k& > 1.

Definition 1.11. [8] In a non-triangular metric-like space (X, d), the map f: X — X
is said to have property S if for any Picard iterating sequence {f"zo},z9 € X,
converging to € X we have d(z, fx) < limsup d(f™xo, fx).

n— oo

Theorem 1.12. [8] Let (X,d) be a d-complete non-triangular metric-like space for
some k>1 and f : X — X be a mapping satisfying

d(fz, fy) < gmax{d(z,y),d(z, fz),d(y, fy),d(z, fy),d(y, fr)}

for all z,y € X and for some q € (0,1). If f has property S and for some xg € X the

orbit of f with respect to xg i.e. O(f,xg) is bounded then f has unique fized point.

Remark 1.13. From Remark 3.10 of [8], in a non-triangular metric-like space (X, d),

if a sequence {z,} is such that lim d(z,,z) =0 = d(z,z) and lim d(z,,y) =0 =
n—oo n—oo

d(y,y) for some z,y € X, then d(x,y) = 0,. That is = y, i.e., every convergent

sequence {z,} has a unique limit.

Now, from the proof of Theorem 1.12 in [8], the relation (3.2) implies
nl;ri;o d(xp,z) = d(xz,x) = 0 and here the sequence {z,} is Picard sequence which
has unique limit. Thus, every convergent sequence in non-triangular metric-like space
has a unique limit, so by definition, it is a non-triangular metric space. Hence, in the
context of fixed point theorems, the non-triangular metric-like space is nothing new.
it but fall in the class of non-triangular metric space.

In [9], the authors defined the pseudo non-triangular metric in order to to gener-
alize the non-triangular metric. However, in the context of a fixed point theorem,
pseudo non-triangular coincide with non-triangular metric, and hence non-triangular
metric space is the required minimal metrical structure for establishment of fixed
point theorem.
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2. MAIN RESULTS

In this section we re-establish some known fixed point theorems in the setting
of non-triangular metric space, using F-contraction, (A, S)- contraction and (1, ¢)-
contraction. The idea of the following lemma is well known and it was given by Boyd
and Wong [1]. We modified the proof of this lemma, by dropping the use of the
triangular inequality.

Lemma 2.1. Let (X,d) be a non-triangular metric space and (x,) be a sequence in
X which is not Cauchy and nh_}n;o d(p, Tn+1) = 0. Then there exist € > 0 and two

sub-sequences (ty,) and (T, ) of (xn) such that

nh%ngo ATy -1, Tmp—1) = nhﬁngo ATy, s Ty, ) = €. (2.1)

Proof. In the non-triangular metric space, let the sequence (z,,) which is not Cauchy,
then there exist € > 0 and two sub-sequences {x,, } and {x,,,} of sequence {z,} such
that

kE<ng<mp = d(@n,,Tme—1) < € < d(zp,,Tm,) for each k € N. (2.2)
since

ng — 1 <mp,d(Tn,—1,Tm,—1) < ¢, for every k € N;

= lim d(Tn,—1,Tm,—1) < €. (2.3)

k—o0

Alsong —1<myp —1, = e<d(@p,—1,Tm,—1), for every k € N

= €< liﬁm A Xy —1, Tmp—1) (2.4)
from (2.3) and (2.4)
lim d(zp, -1, Tm,—1) = €. (2.5)
k—o0

Now from (2.2), € < d(Zy,,, Tm, ) for each k € N

e < lim d(xy, ,Zm, ) for each k € N. (2.6)

k—o0

Since n, < my +1 = d(zp,, Tm,+1-1) < € for every k € N

lim d(zp,,Tm,) <e. (2.7)
k—o00

From (2.6) and (2.7)
lim d(2n,, Tm,) =€ (2.8)
k— o0

Now finally from the equation (2.5) and (2.8) we can say that

lim d(zp,—1,Tm,—1) = lim d(zp,,Tm,) = €
k—o0 k—o00
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2.1. F-contraction. In 2012, Wardowski [12] introduced a new concept for contrac-
tion mappings called F-contraction by considering a class of real valued functions.
Definition 2.1.1. [12] Let F be the set of all functions F' : (0,00) — R satisfying
the following conditions:
(F1) F is strictly increasing, i.e., for all a, 8 € (0, 00) such that a < 8, F(a) < F(8),
(F2) For each sequence {x,} of positive numbers

lim z, =0 < lim F(z,) = —o0,

n—oo n— oo
(F3) There exists k € (0,1) such that lim+ a*F(a) = 0.
a—0

Then a self mapping T of a metric space (X, d) is said to be F-contraction if there
exist F' € F and 7 > 0 such that

Ve,y € X,d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)). (2.9)

By condition (F'1) every F-contraction is a contractive mapping and hence it is
continuous. From the Banach and Edelstein fixed point theorems, we know that every
Banach contraction mapping on a complete metric space has a unique fixed point and
every contractive mapping on a compact metric space has a unique fixed point. That
is, passing from Banach to Edelstein fixed point theorem, when the class of mapping
is expending by contractive condition, the structure of the space is restricted. Now,
the following question arises naturally.

Is there any change of structure of the space while investigating the existence of
the fixed points of F-contractions? Therefore, Wardowski proved the following result
without restricting the structure of the space:

Theorem 2.1.2. [12] Let (X,d) be a complete metric space and let T : X — X be
F-contraction. Then T has a unique fixed point in X .
Property 2.1.3. Let (X,d) be a non-triangular metric space and {x,} be any given

sequence such that lim d(z,,xn41) = 0. Then, for any two subsequence {x,, } and
n—oo

{Zm,} of {zn}, if d(xn,,Zm,) converges to some limit L > 0 and d(zp, ,xm,) > L
for all k € N, then L = 0.
Property 2.1.4. A non-triangular metric d is said to be continuous if
lim d(z,,z) =0 and lm d(y,,y) = 0 imply lim d(x,,y,) = d(z,y) where xn,yn
n—oo n—oo n—oo
are sequences in X and x,y € X.

In the following theorem we assume that the non-triangular metric d satisfies the
Property 2.1.3 and Property 2.1.4.
Theorem 2.1.5. Let (X, d) be a complete non-triangular metric space and T : X —
X be an F-contraction. Then, T has a unique fived point in X.
Proof. First, let us observe that T has at most one fixed point. Indeed, if * # 2** €
X, with Tez* = 2* and Tx** = 2™ then we get

r < F(d(a*,2*)) — F(d(Ta*, Ta*)) = 0,

which is contradiction as 7 > 0. In order to show that T has a fixed point let zg € X
be arbitrary and fixed. We define a sequence {z,} in X as z,+1 = Tx, for every
n € N. Denote ~,, = d(zn41,2n) for each natural number n. If there exists ng € N
for which x,,4+1 = @p,, then Tz, = ,, and the proof is finished.
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Now suppose that x,1 # x, for each n € N. Then ~,, > 0 for all n € N. Using (2.9),
we get

F(vn) < F(yp—1) =7 < F(yp—2) — 27 < ... < F(v) — n1 (2.10)
From (2.10), we obtain lim F(y,) = —oc that together with (F'2) gives
n—oo
nl;rgoyn = nl;rrgo d(Tpt1,mn) = 0. (2.11)

Now, we are going to prove that sequence {z,} is Cauchy. By contradiction, we

assume that {z,} is not a Cauchy sequence. Then by Lemma 2.1 for ¢ > 0 and

subsequence {x,, } and {x,, } of {x,} we get klim d(Xn,,, Tm,, ) = €. Which contradicts
— 00

that {z,} satisfies Property 2.1.3. Hence € = 0 and which implies sequence {z,} is a
Cauchy sequence. Since X is complete there exist some z* € X such that z,, — z*
as n — o0o. Also, by the continuity of T, we have that T'z,, — Tz*. Hence

0= nh_)rI;C Ay, Tpy1) = nh_)rxgo d(xy, Txy) = d(a*, Tx*),

which implies Tx* = z*. This completes the proof.
Example 2.1.6. Let X = {0,1,2} and define the mapping d : X x X — R{ as

d(0,0) = d(1,1) = d(2,2) = 0
d(0,1) = 4,d(0,2) = 2,d(1,2) = 1,

Now define the mapping 7' : X — X define as T'(1) = 1,7(2) = 1 and T'(0) = 2 and
F(z) =log(z), then T is a F- contraction with respect to map F and 7 = §log2, As

5 108(2) + log(d(T(0), T(1))) = 1 lo(2) + log(1) < loa(d(0, 1)) = los(4).

%log(Q) +log(d(T(0),T(2))) = %10g(2) + log(1) < log(d(0,2)) = log(2).

It’s clear that the mapping d is a complete non-triangular metric on the set X, but
not usual metric as d(0,1) > d(0, 2) 4+ d(1,2).

Also the non-triangular metric d satisfies Property 2.1.3 and Property 2.1.4, so, by
Theorem 2.1.5, the mapping T has a unique fixed point T'(1) = 1.
Remark 2.1.7. By observing the Example 2.1.6 and Theorem 2.1.5 we shall conclude
that Wardowski’s theorem is improved significantly with respect to non-triangular
metric.

2.2. (A,S) contraction. Throughout this section, we shall use S to denote a binary
relation on X, which is nothing but a non-empty subset of the Cartesian product
X x X. The notation we shall use is that whenever (z,y) € S, we shall write Sy. If,
in addition to Sy, z # y, we will denote it as S*y. Two points are S-comparable if
xSy or ySx. A binary relation § on X is reflexive if xSz for all x € X. It is said to be
transitive if whenever Sy and ySz for some x,y,z € X, x5z holds. It is said to be
antisymmetric if whenever Sy and ySz for any z,y € X, x = y holds. A preorder is
a reflexive, transitive binary relation. If a binary relation is reflexive, transitive and
antisymmetric, it can be termed as a partial order. ! Thus, a partial order is simply
an antisymmetric preorder. Sx shall denote the trivial preorder given by xSxy for
all z,y € X.
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Definition 2.2.1. (S-nondecreasing sequence) [10] A sequence {z,} C X is S-non-
decreasing if x, Sz, for all n € N.

Definition 2.2.2. (S-increasing sequence [10]) A sequence {x,} C X is S-increasing
if £,8*xp 41 for all n € N.

Definition 2.2.3. ((T,S)-sequence [10]) Let {a,} and {b,} be two sequences of real
numbers. We say that {(an,bn)} is a (T,S)-sequence if there exist two sequences
{zn}, {yn} C X such that

TnSYn, an = d(Txy, Ty,) > 0 and b,, = d(zy, y,) > 0 for all n € N.

If S is the trivial binary relation Sx , then {(an,b,)} is called a T-sequence.
Definition 2.2.4. ((A,S)-contraction [10]) Let (X, d) be a non-triangular metric
space. Let T : X — X be a self-mapping into X and S be a binary relation on
X. We will say that T : X — X is an (A, S)-contraction if there exists a function
0:Ax A — R such that T and p satisfy the following conditions:

(A1) ran(d) C A.

(Az) If {x,,} is a Picard S-non-decreasing sequence of T such that

Ty # Tpt1, and o(d(Tnt1, Tga), d(Tn, Tny1)) > 0 for all n € N,

then {z,} is asymptotically regular on (X, d), that is, {d(zn,Tn+1)} — 0.
(As) If {(an,bn)} € A x Ais a (T,S)-sequence such that {a,} and {b,} converge
to the same limit L > 0 and verifying that L < a,, and o(ay,,b,) > 0 for all
n € N, then L = 0.
(Ag) o(d(Tz,Ty),d(x,y)) > 0 for all x,y € X such that xS*y and TxS*Ty.

The family of all (A, S)-contractions from (X, d) into itself with respect to ¢ can
be denoted by Ax 4,5,0,4, or, where no confusion is possible, by A,. If § is the trivial
binary relation S,, then T is called an A-contraction.

In some cases, the following properties shall also be important to us.

(Ay) If z1,29 € X are two points such that T"z;S*T"xs and
p(d(T™ g, T ay), d(Tm2y, T22)) > 0 for all n € N, then
{d(T"’a:l,T"xg)} — 0.

(As) If {(an,bn)} is a (T, S)-sequence such that b, — 0 and p(a,,b,) > 0 for all
n € N, then a,, — 0.

Remark 2.2.5. Condition A; implies that A is a non-empty set.

Remark 2.2.6. Asymptotic regularity of a contractive mapping is a useful property
in the study of fixed point theory. It is clear from Definition 2.2.4 that if T is an
(A, S)-contraction with respect to some function g : A x A — R such that its Picard
sequence is S-non-decreasing, with x,, # x,4+1 and o(d(zp+1, Tny2), d(Tn, Tpy1)) >0
for all n € N, then T is asymptotically regular at z¢, if z¢ is the initial point of the
Picard sequence.

Example 2.2.7. We consider X = {0,1,2,3}, endowed with the non-triangular
metric d : X x X — [0, 00) defined as

3 3

n’ n+1<|x7y|§%'

d(z,y) =
0, x=uy.
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Also consider S to be the trivial binary relation Sx on X. So, Sy for all x,y € X.
Define T : X — X by
0, x==14{0,1,2}.
Tx =
1, z=3.

Before moving on to the main section of the proof, let us quickly verify that the
considered (X,d) is a non-triangular metric space. (NT1) and (NT2) are obvious.
Thus, we examine (NT3).

Let {xn}nen be a sequence in X = {0,1,2,3} such that nli_)rr;od(x",x) =

lim d(x,,y) = 0. We want to show that © = y. If {z,}nen is eventually con-
n—oo

stant, lim d(z,,z) = 0 implies that x,, = z for all n > ny, for some n; € N.
n—o0

Similarly, nh_}rrgo d(xn,y) = 0 implies that x,, =y, for all n > nsy, where ny € N. Thus,
xn, =z =y, for all n > N, where N = max{ny,no}. Thus, z =y.

Now, upon examining the function d closer, we find that ran(d) = {0,1,3}. Thus,
{Zn}nen is a convergent sequence if and only if it is eventually constant, for the
current example. This is easy to see since for a convergent sequence, for all € > 0,
there exists ng € N such that whenever n > ng, d(z,,x) < €. In this case, if we
consider € = 1, there must exist some ng € N so that whenever n > ng, d(z,,z) <
1 = d(zn,x) = 0. This means that for all n > ng, , = . In other words,
{Zn}nen is eventually constant. That eventually constant sequences are convergent
is obvious. Thus, (NT3) holds, since we have already elaborated the case wherein
{z, }nen is eventually constant.

Now that we have established that (X,d) is a non-triangular metric space, we
choose a function g : A x A — R to be able to move ahead with the proof. Let it be
defined as o(t,s) = 1, for all s,t € A =0, 00).

It is clear that ran(d) = {0,1,3} C A. Thus, (A;) holds. For our choice of g, (A4)
is also very obvious. We check the other two conditions.

For (As), if {z,} C X is a Picard sequence of T, such that =, # z,4+1 and
o(d(zni1, Tnt2), (@, Tni1)), for all n € N; we want to show that {x,, }nen is asymp-
totically regular. Here, if 29 € X, 21 = Txg € {0,1} = a2 = 0. Thus, =, = 0,
for all n > 2. This means that the hypothesis x, # z,41 is not satisfied, which
means that (Az) is vacuously true. However, it can be seen that {d(z,,xn+1)} — 0,
nevertheless.

We check (Asz). We consider a (T, S)-sequence {(an, bn) }nen such that {a,} — L
and {b,} — L for some L > 0. We further assume L < a, and o(ay,b,) > 0, for
all n € N. By definition, there exist {zp}nen and {yn}tneny in X such that a, =
d(Txz,,Ty,) > 0 and b, = d(zn,y,) > 0. Now, a, = d(Tx,,Ty,) € {0,1}, Since
an > 0,a, =1 for all n € N, which implies that lim a, =1 = L. However, this is a

n—oo
contradiction, since the hypothesis requires that L < a,,. Thus, (Aj3) is also vacuously
true.
Thus, all the four conditions for T to an (A, S)-contraction hold.
Next, we state the two fixed point results based on theorems presented in [10],
whose beauty lies in the fact that neither of the two makes any use of the triangle
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inequality. Thus, they happen to hold well in the context of non-triangular metric
spaces as well. However, they do rely on uniqueness of limits of convergent sequences,
which is a natural characteristic of non-triangular metric spaces.

Theorem 2.2.8. Let (X, d) be a non-triangular metric space equipped with a transi-
tive binary relation S and let T : X — X be an S-non-decreasing (A, S)-contraction
with respect to o : A x A — R. Suppose that T(X) is (S, d)-strictly-increasing-pre-
complete and there exists a point xg € X such that voSTxg. Assume that, at least,
one of the following conditions is fulfilled:

(a) T is S-strictly-increasing-continuous.
(b) (X,d) is S-strictly-increasing-regular and condition (As) holds.
(c) (X,d) is S-strictly-increasing-regular and o(t,s) < s —t for allt,s € AN (0,00).

Then the Picard sequence of T based on xy converges to a fixed point of T.

In particular, T has, at least, a fixed point.

Proof. Let g € X be a point such that z¢STzq and let x,, 11 = Tz, be the Picard
sequence of T" based on z(. If there exists some ng € N such that x,,,41 = zp,, then
Zn, 18 a fixed point of T, and {z,} converges to such point. On the contrary case,
assume that z,, # x,41 for all n € N. As T is S-non-decreasing and zoSTxg = 21,
then z,Sz,11 for all n € N, and as S is transitive, then

Tn STy, for all n,m € N such that n < m. (2.12)

In fact, as z,, # x,41 for all n € N, then
nS*epy1 and Tz, 8*Tx,4q foralln €N, (2.13)

Let consider the sequence {d(zn,Zn+1)}. Taking into account (13) and the fact that
T is an (A, S)-contraction, condition (A4) implies that, for all n € N,

o(d (T"+1m0,T”+2x0) ,d (T"x07T"+1:1:0)) =o(d(Txpn, TTnt1),d(Tn, Tpny1)) > 0.

Applying (Az) we deduce that {x,, = T"x¢} is an asymptotically regular sequence on
(X,d), that is, {d(xn,zn41)} — 0. Let us show that {z,} is an S-strictly-increasing
sequence. Indeed, in view of (12), assume that there exists ng,mp € N such that
ng < mo and Tp, = Tmy. If po = mo —ng € N\{0}, then z,, = @n,4+kp, for all
k € N. In particular, the sequence {d(zy,Zn+1)} contains the constant subsequence

{d(mno+kpoaxno+kpo+l) = d(xnovxno+1) > O}keN’

which contradicts the fact that {d(zn,zn+1)} — 0. This contradiction guarantees
that z, # =, for all n # m, so x,S8*x,, for all n,m € N such that n < m, that
is, {z,} is an S-strictly-increasing sequence. Next we show that {z,} is a Cauchy
sequence reasoning by contradiction. If {x,} is not a Cauchy sequence, then by lemma
(2.1) there exist ¢g > 0 and two sub-sequences {2} and {@p,x)} of {z,,} such that

k < n(k) < m(k), d(l’n(k),xm(k),ﬁ <g < d(mn(k),xm(k)) for all k € N,

li =1l = £p.
A d(@n ey, Tmry) = B d(@nie) 15 Tmry-1) = €0
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Let L =0 > 0, {ar = d(zn(k), Tm(x))} = L and {bx = d(zn()—1, Tmk)-1)} = L.

Clearly, {(ax,bx)} is a (T, S)-sequence. Since L = ¢ < d(Zn(k)> Tm(k)) = ax and
0 (ak, bi) = 0 (A(Tn(i)s Tim(k))> ATn(k)—1> Tm(k)—1))
= 0 (d(Txn)—1, TTmk)—1), A(Tp(k)—15 Tm(r)—1)) > 0

for all k € N, condition (Ajg) guarantees that eg = L = 0, which is a contradiction. As
a consequence, {x,,} is a Cauchy sequence. Since {x,,},>1 C T(X) and T'(X) is (S, d)-
strictly-increasing-pre-complete, there is a subset Z C X such that T(X) C Z C X
and Z is (S, d) -strictly-increasing-complete. In particular, as {z,} is an S-strictly-
increasing and Cauchy sequence, there exists z € Z C X such that {z,} — 2. Let us
show that z is a fixed point of T" distinguishing three cases.
Case 1. Assume that T is S-strictly-increasing-continuous.
In this case, {11 =Txn}t — Tz, 80 Tz = z.
Case 2. Assume that S-strictly-increasing-regular and condition (As) holds. In this
case, as {x,} is an S-strictly-increasing sequence such that {x,} — z, it follows that

xSz forallm e N. (2.14)
Since T is S-non-decreasing,
Tz,STz foralln e N. (2.15)

Let ap, = d(xp41,T2) = d(Txy, Tz) and b, = d(zy, z) for all n € N.
Clearly, {b,} — 0. Notice that

bp=0 = a, =0 (2.16)
because
bp,=0 & z,=2 = zpn=Tr,=T2z & a,=0.
Let consider the set
Q={neN:a, =0} ={neN:dxy,41,T2) =0}.

Subcase 2.1. Assume that 2 is finite. In this case, there exists ng € N such that
d(xpy1,T2) = a, > 0 for all n > ng. By (16), d(xy,z) = b, > 0 for all n > ng. In
this case, {(an,bn)}n>n, i a (T, S)- sequence. In particular z,, # z and T, # Tz
for all n > ng. By (14) and (15), we deduce that x,S*z and Tz, S*T'z for all n > ny.
It follows from (A4) that

0(an,byn) = 0(d(Txy,Tz),d(zy,2z)) >0 forall n > ny.

As a consequence, as (As) holds, we conclude that {a, = d(zn4+1,T%)} — 0, that is,
{zn+1} — Tz, which guarantees that Tz = z.

Subcase 2.2. Assume that €2 is not finite. In this case, there exists a subsequence
{@n)} of {x,} such that

d(n(k)+1,T2) =0 forall k € N.

Hence @,,(1)+1 = T’z for all k € N. Since {x,,} — z and {mn(k)ﬂ} — Tz, thenTz = 2.
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Case 3. Assume that S-strictly-increasing-regular and o (¢,s) < s — ¢ for all ¢,s €
AN (0,00). Then item(b) is applicable.

In any case, we conclude that z is a fixed point of T
Theorem 2.2.9. Under the hypotheses of Theorem (2.2.8), we further assume that
the following properties hold:

(a) Condition (A5) holds (refer to Definition 2.2.4).
(b) For all x,y € Fiz(T), which is the set of all fixed points of T in X, there exists
z € X such that z is S-comparable to both x and y.

Then, T has a unique fized point.
Proof. Let x,y € Fix(T) be two fixed points of T'. By hypothesis, there exists zg € X
such that zg is, at the same time, S-comparable to x and S-comparable to y. Let
{zn} be the Picard sequence of T based on zg, that is, z,+1 = Tz, for all n € N. We
will prove that = y by showing that {z,} — z and {z,} — y. We first use z, but
the same reasoning is valid for y.

Since zg is S-comparable to x, assume that zgSx. As T is S-non-decreasing, z,Sz
for all n € N. If there exists ng € N such that z,, = x, then 2, = x for all n > ny.
In particular {z,} — = and the proof is finished. On the contrary case, assume that
zn # « for all n € N. Therefore z,5*x and T2z, S*Tx for all n € N. Using the contrary
condition (Ay), for all n € N,

0 < o(d(Tzn, Tx),d(2n, 7)) = o(d(T" 20, T"  2), d(T" 20, T")).
It follows from (A%) that {d(T"zp,T"x)} — 0 that is {z,} — =.

2.3. Fixed point theorems for (i, ¢)-contractions. In this section first we see
some lemmas which will be used to prove our main result.
Lemma 2.3.1. Let ¢ : (0,00) = R. Then the following conditions are equivalent:
(i) %r;fw(t) > —oo for every € > 0.
(ii) ligriinfw(t) > —oo for every e > 0.
(i) lim (t,) = —oo implies lim ¢, = 0.
n—00 n—o00
Proof. (i) = (ii) : Let (z) hold and 7%r>1f P(t) = A for some € > 0. Then 9(t) > A
for every ¢t > e. Therefore, liminf; . ¥(¢t) > A, i.e., (#) holds.
(14) = (i) : Let (i4) hold and li_)m P(t,) = —oo for a sequence (t,) C (0,00).
n (oo}
Assume that (¢,,) does not converge to zero. Then there exists ¢ > 0 and a subsequence
(tn, ) such that t,, > e for every k > 1. Since lim (¢,) = —oc implies klim Y(tn,) =
n—oo — 00

—o0, we conclude that liItn inf1(t) = —oo which is a contradiction to (ii). Hence,
—e

lim (¢,,) = 0 which means that (iii) holds.

n—oo

(#91) = (i) : Let (4i7) hold. Assume that }r;fw(t) = —oo for some € > 0. Then there

exists a sequence (t,,) C (0, 00) such that t,, > € for every n > 1 and li_>m Y(tn) = —o0.

From (#ii), we get that lim ¢, = 0 which contradicts ¢,, > e. Therefore, (i) holds.
n—o0

We are going to provide a fixed point theorem for a self-mapping 7" on a complete
non-triangular metric space (X, d) satisfying a contractive-type condition
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Definition 2.3.2. Contractive type condition:
Y(d(Tz, Ty)) < ¢(d(x,y)) for all x,y € X with d(Tz,Ty) > 0, (2.17)

where ¥, ¢ : (0,00) = R are two functions such that ¢(t) < ¢(t) for t > 0.

Idea of following lemmas is taken from the [7].
Lemma 2.3.3. Let (X, d) be a non-triangular metric space and T be a self-mapping
on X satisfying condition (2.17), where the functions ¥, ¢ : (0,00) — R are such that

(i) 6(t) < ¥(t) for any t > O;
(i) %gf@/}(t) > —oo for any e > 0.
Suppose also that at least one of the following conditions holds:
(iii) v is non-decreasing and limsup ¢(t) < 1(e) for any € > 0;
t—e

() if (W(tn)) and (¢(t,)) are convergent sequences with the same limit and (V¥ (ty,))
is a strictly decreasing, then lim t, = 0.

n—oo
Then T is an asymptotically regular mapping.
Lemma 2.3.4. Let (X,d) be a metric space and T be a self-mapping on X satisfying
condition (2.17) with the functions ¢, ¢ : (0,00) — R which satisfy at least one of the
following conditions:

(i) v is non-decreasing, ¢ < v, and limsup ¢(t) < ¢ (e) for any € > 0;
t—e
(ii) limsup ¢(t) < liminfep(t) for any € > 0.
t—e t—e

If T is asymptotically reqular at a point x € X, then (T"x) is a Cauchy sequence.
Proof. Let T be an asymptotically regular mapping at a point z € X. Assume that
the sequence (T™x) is not Cauchy. Set x,, = T"z for each n > 0. Let ¢ and ¢
satisfy condition (i). It follows from Lemma (2.1) that there exist € > 0 and two sub-
sequences (zp, ) and (2, ) of (z,) such that the limits (2.2) and (2.3) hold. It follows
from (2.3) that d(zn,,,,Tm,,,) > € for all k> 1. Applying (2.17) with = = x,,, and
Y = Ty, , We get

w(d(xnwrlaxmkﬂ)) < d(d(wpy,, Timy,))- (2.18)
for all k > 1. We set ap = d(wpn,,,Tm,,) and By = d(Tn,, Tm, ). Then 2.18 takes
the form

Y(ak) < B(Br). (2.19)

Hence, taking into account that ¢ < 1), we obtain

Y(ar) < o(Br) < Y(Br).

From this and monotonicity of 1, we deduce that oy < Bx. Then it follows from 2.2
that ap — € and By — €. Taking the limit superior in 2.19, we get
(€)= lim (ay) < limsup ¢(8) < limsup (1)
k—oc0 t—e

k—o0
which is a contradiction to the third part of condition (i). Let ¢ and ¢ satisfy condition
(ii). Note that we have proved (2.19) without using condition (i). It follows from (2.2)
that ap — € and 8y — €. From (2.19), we get
lirtn infy(t) < likm inf ¢ (ay) < limsup ¢(Br) < limsup ¢(t)
—e — 00

k—oc0 t—e
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which is a contraction to (ii). Therefore (T™z) is Cauchy.
Lemma 2.3.5. Let (X,d) be a non-triangular metric space which satisfies the prop-
erty C and T be a self-mapping on X satisfy condition (2.17), with the functions
P, ¢ : (0,00) = R which satisfy at least one of the following conditions:
(i) v is non-decreasing and ¢(t) < ¢ (t) for any t > 0;
(ii) lil? S(l)lp o(t) < lirtrLinf P (t) for any e > 0.
— €

If nh_{rgo T"x =& for some x € X, then € is a fized point of T

Proof. Let x,, = T"x, then (T™z) converges to a point £ € X. As d(T"z,£) — 0 as
n — oo and d satisfies the property C, d(T"z,T¢) — d(&,T€). If d(T™x,TE) =0 for
infinitely many values of n, then d(&,T¢) = 0. This means T¢ = &, that is £ is a fixed
point of map T'.

Now suppose that d(T"x, T¢) > 0 holds for infinitely many values of n. Then applying
(2.17) with = z,, and y = £, we conclude that

Y(d(Tn11,TE)) < d(d(n,§)) (2.20)

holds for any values of n. Let ¢ and ¢ satisfy condition (i) and (ii). Then it follows
from (2.20) that

P(d(zni1, TE)) < d(d(zn,§)) < P(d(zn, E)).

This implies that d(x, 1, TE) < d(x,, ). Taking the limit n — oo, we get d(£,T¢) <0
which implies that ¢ is a fixed point of T. Let ¢ and ¢ satisfy condition (ii). From
(2.20), we have

Y(an) < 6(Bn) (2.21)

for infinitely many values of n, where «,, = d(z41,T¢) and 3, = d(x,, ). Obviously,
ay, — €(by property C) and 8, — 0 as n — oo, where € = d(§,T¢). It follows from
(2.21) that
liminf ¢ (¢) < liminf ¢ (ay,) < limsup ¢(ay,) < lim sup ¢ (¢),
t—e n— 00 t—0

n—oo

If € > 0, then the last inequality is a contradiction to condition (ii). Hence, d(¢,T¢) =
0, which implies that £ is a fixed point of T'.

Now we are ready to state and prove the theorem for self-mappings that satisfy
contractive-type condition (2.17).
Theorem 2.3.6. Let (X, d) be a complete non-triangular metric space which satisfy
the property C and T : X — X be a mapping satisfying condition (2.17), where the
functions ¥, ¢ : (0,00) — R satisfy the following conditions:

(i) ¢ is non-decreasing;
(ii) o(t) < 9(t) for any t > 0;
(iii) limsup ¢(t) < 9(e) for any € > 0.
t—e

Then T has a unique fized point £ € X and the iterative sequence (Tx,) converges to
& for every x € X.

Proof. It follows from conditions (i)-(iii) and Lemma 2.3.3 that T is asymptotically
regular. Let = be an arbitrary point in X. It follows from conditions (i)-(iii) and
Lemma 2.3.4 that the sequence {T"x} is Cauchy. Since the space X is complete,
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then {T"x} converges to a point & € X. Then by conditions (i),(ii) and Lemma 2.3.5
we conclude that & is a fixed point of T. The uniqueness of the fixed point follows
trivially from conditions (2.17) and (ii).

Example 2.3.6. Let X =[0,1] and d: X x X — [0,00) be defined by

1 1

_ if il z.
x4+ 2 1 1
T if =57 59
y+2 . 1 7él
I = z.

3 ) 27y 27
0, ife=y= %

Let T : X — X be defined as T'x = % Consider the functions ¢, : (0,00) — (0, 00)

defined by ¢(z) = 12z and ¥(x) = 14x. It’s easy to verify that the given mapping
d is a complete non-triangular metric on a set X at it has the property C. Now, for
checking the map T satisfies the condition (2.17), we required few cases as:

1 1
Case (i). = # 7Y #* 3 For this case

ot 1) =14 Y| < 12l =] = o(d(o.)

i.e. In this case we obtain ¥ (d(Tx,Ty)) < ¢(d(z,y)).

Case (ii). x = 2 # 3 For this case
1 1

é(d(x,y)) = 12d (;y) _ 12y3i2 — 4y +2).

1
Now for each y € X, 14'6 —y| < 4(y + 2), which implies that

P(d(Tz, Ty)) < ¢(d(x,y)).

As here d(z,y) = d(y,x), for all the x € X,T satisfies the condition (2.17). Also,
the maps T, ¢ and 9 satisfy all the conditions of Theorem 2.3. Hence T has a unique
fixed point £ € X.
Corollary 2.3.7. Let (X,d) be a complete non-triangular metric space which satisfies
property C and the map T : X — X satisfies the condition (2.17), where the functions
Y, ¢ : (0,00) = R are defined by ¥(x) = x and ¢(x) = kx, for some k < 1 and all
x € X. Then T has a unique fized point in the set X.
Theorem 2.3.8. Let (X,d) be a non-triangular metric space with property C. Let
T :X — X be a mapping satisfying the condition (2.17), where the functions ¥, ¢ :
(0,00) = R satisfy the following conditions:

(i) o(t) < (t) for any t > 0;

(ii) %giw(t) > —oo for any € > 0;
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(iii) of (¢¥(tn)) and (P(t,)) are convergent sequences with the same limit and
(¥(tn)) is strictly decreasing, then t,, — 0 as n — 0o;
(iv) limsup ¢ (t) < liminf 4 (¢) or limsup ¢(¢) < liminf ¥ (t) for any € > 0;
t—e t—e t—se t—e

(v) T has closed graph or limsup ¢(t) < liItIl inf ¥ (t) for any e > 0.
t—0 —E€

Then T has a unique fized point £ € X and the iterative sequence (T™x) converges to
&, for everyx € X.
Corollary 2.3.9. Let (X,d) be a non-triangular metric space and let T : X — X be
a mapping satisfying condition (2.17), where the functions 1, ¢ : (0,00) — R satisfy
the following conditions:

(i) o(t) < (t) for any t > 0;

(ii) ¢ is lower semi-continuous and ¢ is upper semi-continuous;

(iil) if (¥(tn)) and (P(t,)) are convergent sequences with the same limit and

(¥(tn)) is a strictly decreasing, then (ty) is a bounded sequence;
(iv) T has closed graph or limsup ¢(t) < ¥(€) for any € > 0.
t—0

Then T has a unique fized point £ € X and the iterative sequence (T™x) converges to
& for every x € X.

3. APPLICATIONS TO OPERATOR EQUATIONS

3.1. Application to high-order fractional differential equations with non-
local Boundary conditions. Motivated by [11], we investigate the existence of a
unique solution for a class of high-order fractional differential equations with non-local
boundary conditions given by

“Dfu+ f(tut)) =0, te(01), (3.1)
W'(0) = u"(0) = =ul™ D =0, u(0)=A [ u(s)ds, '
where m — 1 <a <m,m €N, 0< X< 1, “Dfu is the Caputo fractional derivative

and f:(0,1) x R — R is a given continuous function.
Theorem 3.1.1. Let m — 1 < a < m. Assume y € C[0,1]. Then, the problem (3.1)

has a unique solution u € C0,1], given by

u(t) = /0 G(t, s)y(s)ds, (3.2)

where
(1—35)*—(1—Na(t—s)> !
Git.s) = 0 1 )—a)\)I‘(a 1) = = (3.3)

— S

1-ND(a+1) =t=8s

Consider C10,1], the Banach space of all continuous functions from [0, 1] to R,
equipped with the norm [[u|]| = sup |u(x)| + sup |u'(z)]. Replacing y(z) by

z€[0,1] z€[0,1
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f(t,u(t)) in Theorem 3.1, an operator T' : C[0,1] — C]0, 1] associated with prob-
lem (3.1) can be defined as

1 ¢
Tu(t) :/0 G(t,s)f(s,u(s))ds := 7L/0 (t — )1 f(s,u(s))ds

['(a)
tu / (1= 5)* f(s, u(s))ds, (3.4)
where
= —1 3.5
P A Nra+1) (3:5)

Now, by Theorem 3.1, the fixed points of operator T are exactly the solutions of
problem (3.1). Therefore, it remains to investigate the fixed points of operator T, by
using Corollary 2.3.

We are now ready to prove the main theorem. For computational convenience, we
put

1 + W
MNa+1) a+1°

ANsR
Let B, = {u € C[0,1] : |lu|| < r}, where r > ——I—_ with Ny = sup |f(¢,0)].
1_‘ll’fR t€[0,1]

and d(u,v) = ||u—v||?, then it is clear that (B, d) is a complete non-triangular metric
space but not a classical metric space.

Theorem 3.1.2. Assume that the following contraction condition holds: There exists
Ly >0, such that

vVt e [0,1],u,v € R:|f(t,u) — f(t,v)| < Ly|lu—v|. (3.6)

1
Then, if LR < 3 then the BVP (3.1) has a unique solution in B,.
Proof. First, we show that T : B, — B, i.e. T(B,) C B,. Take u € B,, t € [0,1].

This means ||u|| = sup |u(z)]+ sup |[u/(z)] <7
z€lo, z€[0,1]
We need to show that ||Tu|| = sup [Tu(z)|+ sup |TW'(z)] <.
z€[0,1] z€[0,1]
1 t 1
(Tult)) gy [ I sl s u)lds 4 [ 1ol u)lds
(@) Jo 0
1 14
< @ .
<t
1 1%
< . 3.7
<I7l <F(a+1)+a+1> (3.7)

In a similar manner

T O1< 1 (s * ) (5.9
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By (3.7) and (3.8) we get

[Tull = sup [Tu(t)|+ sup [Tu'(t)] < [fIR+|fIR=_2]fIR, (3.9)
t€l0,1 t€[0,1]
However
Lt u(@)] <IF(Eu(t)) — f(E,0)] + |f(2,0)]
<Ly([u(®)]) + (2, 0)]
Similarly
(80 (8)] < Lyllull + Ny (3.11)
From (3.10) and (3.11), we get
I < 2{Lgllull + Np} < 2{Lsr+ Ny} (3.12)
Therefore, by the inequalities (3.9) and (3.12), we get
|Tu|| <2(Ljr + Nj)2R < 4{Lsr + Ny}. (3.13)

So, by choosing sufficient r > 4(L¢r + N¢)R we get T(B,) C B,. Next, we show that
T is a contraction. Notice that, for arbitrary u,v € C[0,1] , we have

1t o
(T’u)(t)(T’v)(t)lér(a)/0 [t —s|*7H f(s,uls)) — f(s,0(s))|ds + p

A|1—ﬂﬂﬂau@»—f@ww»m5

1
< Lylu—vl {F( + -t }

a+l) a+l
< Lyllu — || R. (3.14)
Similarly
() = @O < Lol v | gy +
MNa+1) a+1

< L¢|ju —v||R. (3.15)

From 3.14 and 3.15 we get
|Tw—Tv|| <2L¢|ju—v|R (3.16)

If we square inequality (3.16), then we get
|Tu — To||* < 4LF|lu — v|*R?
= d(Tu,Tv) < 4L} R*d(u,v). (3.17)

1
Now define ¢(u) = u and ¢(u) = (2L;R)*u, where LR < 3 which implies

Y(d(Tu,Tv)) < ¢(d(u,v)). Hence T,¢ and v satisfy all the assumptions of the
Corollary 2.3.7. Hence the problem (3.1) has a unique solution in B,.
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Example 3.1.3. Consider the following fractional differential equation:

_ 1+ u(t) B
C’l)é3 5u+ﬁ (]_—I—C()S2(t)> =0, te (?,1) and 8 > 0, (318)

W'(0) = u"(0) =u" =0, u(0)= ! / u(s)ds,

As we can see a = 3.5, A = % and f (¢, u(t (1 1—’;;;2 ) It is easy to observe
that
£ ul) — £t 0(8))] = ]ﬁ (M) i (”)‘
[u(®)] ()]
<p (’1 F cos2(t) 1 ¥ cos2(t) ) < Blu(t) —v(t)].

Therefore by setting Ly = 3, the hypothesis (3.6) of Theorem 3.1.2 is satisfied. By

8 64
,R= and Ny = sup t,0)| =p
35/ 315/ f te[m]'f( )
315/7

1
123 then the LyR < 5 holds. Thus, we get the result
concerning the existence of the unique solution in the ball 8, = {u € C[0,1] : |Ju| <
48R
1—-48R’

768
= 1] : < — 5.
b= {ue o ul < g}

3.2. Application to non-linear integral equation. In this section we present an
application of our fixed point results for non-linear integral equations.

Let X = C[0,1] and d : X x X — R* define by d(z,y) = ||z — y||%,. Now consider
the integral equation

routine calculations we can find p =

Now, if we consider 5 <

r}, where r > As an example, if we set § = 3, then the unique solution

belongs to

1
—|—/ E(t,s)f(s,z(s))ds (3.19)
0
and let T: X — X, defined by

1
Tz(t) = g(t) +/O k(t,s)f(s,z(s))ds,

where f is a function on [0,1] x C[0,1] — R, and & : [0, 1] x [0, 1] — R{ is a continuous
map.

1
For smooth calculation we take p = max / k(t,s)ds.
t€[0,1] Jo

Theorem 3.2.1. Assume that the following contraction condition holds for the map-
ping f: for some Ly > 0, we have

|f(t,u) — f(t,v)| < Llu—v],Vt € [0,1],u,v € R. (3.20)

Then, if Ly < 1, then non-linear integral equation (3.19) has a unique solution.
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Proof. For the arbitrary x,y € C[0, 1], we have
KTﬁ)@)*(TyXﬂISEA k(t, )| f (s, 2(s)) — f(s,y(s))|ds

1
< Ly|z — y|/ k(t, s)ds
0
< Lylz — y|p. (3.21)
Taking supremum on the both the side we get
T — Ty|) < Lyule -y, (3.22)

Now, define (z) = z and ¢(z) = Lyux, where Lyp < 1. Then T, ¢ and 1 satisfies all
the assumption of Corollary 2.3.7. Hence, the equation (3.19) has a unique solution.

4. CONCLUSION

Motivated by the rich literature on fixed point theorems and applications, in this
paper, we possibly provide the answer to the question:

What would be the minimal metric structure to prove fixed point theorems for con-
tractive type mapping?

In connection to above question, from observing many abstract metric structure in
the book [3] and [6] some how we realized that non-triangular metric space is the min-
imal metric structure to establish fixed point theorems for various contractions (we
have established new fixed point theorems for F-contraction, (A, S)-contraction,and
(1, ¢)-contraction).

On the other hand, a careful study of solution procedure of operator equation
problems reveals that the method of application of fixed point theorem to operator
equations consists of following main steps:

(i) Since integrals are easier to handle than differential, first the given operator
equation is converted into an equivalent equation via theory of differential
and integral calculus and then obtained integral equation is written in the
form of corresponding equation in a suitable metric space.

(ii) Depending upon the nature of nonlinear involved in a operator equation, a
fixed point theorem on a suitable metric space is used to prove the existence of
solution for the so obtained equivalent operator equation which theory implies
the existence results for the operator equation.

In the present article, we demonstrates the applicability of fixed point theorems
proved under weaker metrical structure in solving (i) high-order fractional differential
equations with non-local boundary conditions (ii) nonlinear integral equation.

One can apply the technique used in Corollary 2.3.7 for proving the existence and
uniqueness of solutions of various mathematical models(differential, integral, ordinary
and partial differential equations, variational inequalities), the same technique could
be applied in other fields e.g. Steady-state temperature distribution, Chemical re-
actions, Neutron transport theory, Economic theory, Game theory, Optimal control
theory, Fractals, etc.
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