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Abstract. The well-known Kirk [8] fixed point theorem for nonexpansive mapping relies on the

geometric notion called normal structure property. Göhde [5] provided sufficient conditions for the
existence of a fixed point of a nonexpansive mapping without using normal structure property. In

[4], Kirk et.al. introduced a notion called relatively nonexpansive mapping and provided sufficient
conditions for the existence of best proximity points for such mappings using the proximal normal

structure property. The main result of this manuscript provides the existence of best proximity points

of a relatively nonexpansive mapping without using the proximal normal structure property. Also,
our main result extends Göhde’s fixed point theorem in best proximity point setting. An example is

given to illustrate our main result.
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1. Introduction

Let X be a metric space and K be a nonempty subset of X. A mapping T : K → X
is a nonexpansive mapping if d(Tx, Ty) ≤ d(x, y), for all x, y ∈ K. A point x ∈ K is a
fixed point of T if T (x) = x. It is easy to see examples of a nonexpansive self mapping
on a closed bounded convex subset of a normed linear space having no fixed points.
In 1965, Browder [3], Göhde [6] independently proved that if K is a nonempty closed
bounded convex subset of a uniformly convex Banach space, then any nonexpansive
self-mapping T : K → K has at least one fixed point in K. At the same time, in [8],
Kirk furnished a generalized version of Browder and Göhde’s result using a geometric
notion called “normal structure property”, which was introduced by Brodskii and
Milman in [2]. Kirk’s theorem states that
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Theorem 1.1. [8] Let K be a nonempty weakly compact convex subset of a normed
linear space X and f : K → K be a nonexpansive mapping. Suppose that K has
normal structure property. Then f has at least one fixed point in K.

Since every nonempty closed bounded convex subset of a uniformly convex Ba-
nach space enjoys normal structure property, Kirk’s theorem generalizes the results of
Browder and Göhde and Theorem 1.1 is considered to be the fundamental fixed point
theorem for nonexpansive mapping. One may find an interesting proof technique for
Theorem 1.1 due to Jachymski [7], using partial ordering argument without invoking
Zorn’s lemma. Kirk’s theorem drew attention of many researchers in the direction of
finding conditions which relaxes normal structure property. Many authors attempt to
approximate the fixed points of a nonexpansive mapping by iterative method. Let us
consider a nonexpansive mapping f : K → K and x0 ∈ K. Then the sequence {xn}
of iteration of f starting at the point x0 is defined as xn = f(xn−1), for all n ∈ N.
It is well-known fact that if a sequence of iteration of a continuous self-mapping f
converges, then the limit of it must be a fixed point of f . This motivates many au-
thors to construct an iterative type convergent sequence of a nonexpansive mapping
f : K → K to obtain a fixed point of f . Ishikawa, Mann and Krasnoselskii iterations
were developed in this direction. In [5], Göhde proved an interesting result (Corollary
3.1) which provides sufficient conditions on the sequence of iteration which assure the
existence of at least one fixed point of a nonexpansive self-mapping, without using
the normal structure property.

On the other hand, Kirk [4] et.al. introduced a notion called relatively nonex-
pansive mapping and a geometric concept called proximal normal structure which are
proper generalization of nonexpansive mapping and normal structure property respec-
tively. Using proximal normal structure property, the authors established sufficient
conditions for the existence of generalized fixed points, called best proximity points
for such mappings. In this manuscript, we provide sufficient conditions for the exis-
tence of best proximity points of a relatively nonexpansive mappings without using
proximal normal structure property. The main result of this manuscript generalizes
Göhde fixed point theorem in best proximity point setting.

2. Notations and Known Results

Let A,B be nonempty subsets of a normed linear space X and we fix the following
notations for our further discussion.

dist(A,B) := inf{‖a− b‖ : a ∈ A, b ∈ B}
A0 := {x ∈ A : ‖x− y‖ = dist(A,B), for some y ∈ B}
B0 := {y ∈ B : ‖x− y‖ = dist(A,B), for some x ∈ A}

In general A0 and B0 may be empty. In [9], Kirk et.al., provided sufficient conditions
for the nonemptiness of A0 and B0. A mapping T : A ∪ B → A ∪ B is cyclic
if T (A) ⊆ B and T (B) ⊂ A. A point x0 ∈ A is a best proximity point of T if
‖x0 − Tx0‖ = dist(A,B). If A = B, then best proximity points are nothing but
the fixed points of T . Some interesting best proximity point theorems in metric space
setting can be found in [1] and reference therein. A cyclic mapping T : A∪B → A∪B
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is relatively nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖, for all x ∈ A, y ∈ B. If A = B,
then relatively nonexpansive mapping reduces to the usual nonexpansive mapping.

In [4], Kirk et.al. introduced a geometric notion called proximal normal structure
and used it to prove the following theorem.

Theorem 2.1. Let A and B be nonempty weakly compact convex subsets of a normed
linear space X and T : A∪B → A∪B be a relatively nonexpansive mapping. Suppose
that the pair (A,B) has proximal normal structure property. Then there is a point
x0 ∈ A such that ‖x0 − T (x0)‖ = dist(A,B).

Note that Theorem 1.1 is a particular case of Theorem 2.1 by considering A =
B = K in Theorem 2.1. A cyclic mapping T : A ∪ B → A ∪ B is cyclic contraction
if there is a constant q ∈ (0, 1) such that ‖Tx− Ty‖ ≤ q‖x− y‖+ (1− q)dist(A,B),
for all x ∈ A, y ∈ B. It is worth mentioning that relatively nonexpansive mappings
and cyclic contraction mappings are need not be continuous. In this manuscript, we
provide sufficient conditions for the existence of best proximity points of a relatively
nonexpansive mapping without using proximal normal structure property.

3. Main Results

Now, let us state and prove a generalization of Göhde’s fixed point theorem for a
non-convex domain.

Theorem 3.1. Let A,B be nonempty closed bounded convex subsets of a normed
linear space X with A0 6= ∅ and T : A ∪ B → A ∪ B be a relatively nonexpansive
mapping. Let M be a compact subset of A0 such that for each x ∈ A0 the iterated
subsequence

{
T 2n(x)

}
has a limit point in M . Suppose that T is continuous on M .

Then there exists x∗ ∈ A such that ‖x∗ − Tx∗‖ = dist(A,B).

Proof. Choose (u0, v0) ∈ A0×B0 such that ‖u0−v0‖ = dist(A,B). For each q ∈ (0, 1),
define a mapping Tq : A ∪B → A ∪B by

Tq(x) :=

{
qTx+ (1− q)v0 if x ∈ A,
qTx+ (1− q)u0 if x ∈ B.

Since A,B are convex, the function Tq is well-defined. It is easy to verify that

‖Tq(x)− Tq(y)‖ ≤ q‖x− y‖+ (1− q)dist(A,B),

for all x ∈ A, y ∈ B and Tq(A) ⊆ B, Tq(B) ⊆ A. i.e., Tq is a cyclic contraction on
A ∪B. Then for any x ∈ A ∪B, the iterated sequence {Tnx} satisfy

‖Tn
q x− Tn+1

q x‖ ≤ qn‖x− Tqx‖+ (1− qn)dist(A,B).

Thus, for any x0 ∈ A,

‖T 2n
q x0 − T 2n+1

q x0‖ → dist(A,B) as n→∞.

We can find n0 ∈ N such that ‖T 2n0
q x0 − T 2n0+1

q x0‖ < (1− q) + dist(A,B).
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Put z0 = T 2n0
q x0. Then ‖z0 − Tq(z0)‖ < (1− q) + dist(A,B). Also,

‖z0 − Tz0‖ ≤ ‖z0 − Tqz0‖+ ‖Tqz0 − Tz0‖
≤ (1− q) + dist(A,B) + (1− q)[‖v0‖+ ‖Tz0‖]
≤ (1− q)R+ dist(A,B)

where R > 2diam(B) + 1. Since B is bounded such R > 0 exists. Since T is relatively
nonexpansive and z0 ∈ A, Tz0 ∈ B, we conclude that, for any n ∈ N,

‖T 2nz0 − T 2n+1z0‖ ≤ . . . ≤ ‖Tz0 − T 2z0‖ ≤ ‖z0 − Tz0‖.

Thus,

‖T 2nz0 − T 2n+1z0‖ ≤ (1− q)R+ dist(A,B), for all n ∈ N. (3.1)

Let ε > 0. Since {T 2nz0} has a limit point in M , there exists yq ∈M and k ∈ N such
that ‖T 2kz0 − yq‖ ≤ ε. By the continuity of T at yq, we can find δ > 0 such that

‖x− yq‖ < δ ⇒ ‖Tx− Tyq‖ < ε.

Choose δ > 0 small enough so that δ < ε. Since yq is a limit point of {T 2nz0}, there
exists m ∈ N such that ‖T 2mz0 − yq‖ < δ < ε. Then ‖T 2m+1z0 − Tyq‖ < ε. Now,

‖Tyq − yq‖ ≤ ‖Tyq − T 2m+1z0‖+ ‖T 2m+1z0 − T 2mz0‖+ ‖T 2mz0 − yq‖
≤ 2ε+ (1− q)R+ dist(A,B)

Thus, for any q ∈ (0, 1), we obtain yq ∈M such that

‖Tyq − yq‖ ≤ 2ε+ (1− q)R+ dist(A,B),

where ε > 0 is arbitrary. Since M is compact, there is a convergent subsequence {yqi}
of {yq} converges to a point x∗ ∈ M as qi → 1 and hence Tyqi → Tx∗ as qi → 1.
Thus,

dist(A,B) ≤ ‖Tx∗ − x∗‖
≤ ‖Tx∗ − Tyqi‖+ ‖Tyqi − yqi‖+ ‖yqi − x∗‖
≤ ‖Tx∗ − Tyqi‖+ 2ε+ (1− qi)R+ dist(A,B) + ‖yqi − x∗‖
→ 2ε+ dist(A,B).

i.e., dist(A,B) ≤ ‖Tx∗ − x∗‖ ≤ 2ε+ dist(A,B). Since ε > 0 is arbitrary,

‖Tx∗ − x∗‖ = dist(A,B). �

Let us illustrate the above theorem by the following example.

Example 3.1. Consider the Banach space `1 with ‖x‖1 :=
∑

n |x(n)|, for all x ∈ `1.
Let A := {(0, x) : ‖x‖1 ≤ 1}, B := {(1, y) : ‖y‖1 ≤ 1}. Clearly, A and B are nonempty
closed bounded convex subset of `1. Let T : A∪B → A∪B be a mapping defined as
follows:

T (x, y) :=

{
(1, y2 ) if x = 0,

(0, y2 ) if x = 1.
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Clearly, T (A) ⊆ B and T (B) ⊆ A. Also,

‖T (0, x)− T (1, y)‖1 = 1 +
∑
n

∣∣∣∣x(n)

2
− y(n)

2

∣∣∣∣
≤ 1 +

∑
n

|x(n)− y(n)| = ‖(0, x)− (1, y)‖1

i.e., T is a relatively nonexpansive mapping. Since

‖T (0, 0)− T (1, 0)‖1 = ‖(0, 0)− (1, 0)‖1,
T is not a contractive type mapping. Let M be a compact subset of A containing

(0, 0). It is easy to verify that for any (0, x) ∈ A, T 2n(0, x) =
(

0,
x

22n

)
. i.e., T 2n(0, x)

has a limit point in (0, 0) ∈M . By Theorem 3.1, T has a best proximity point (0, 0)
in A.

Since every nonexpansive self mapping can be considered as a relatively nonexpan-
sive mapping, we can obtain the following Göhde’s fixed point theorem for nonexpan-
sive mapping as a corollary to the Theorem 3.1 by taking A = B = K.

Corollary 3.1. (Göhde’s Fixed Point Theorem) Let K be a nonempty closed bounded
convex subset of a normed linear space X and T : K → K be a nonexpansive mapping.
Suppose there is a compact subset M of K such that for each x ∈ K, the iterated
sequence {Tnx} has a limit point in M . Then T has at least one fixed point in M .
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