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Abstract. This paper is devoted to determining the eigenvalue intervals of the parameters
A1, A2, ..., Ap, for which there exist positive solutions of the iterative systems of second-order with m-
point impulsive boundary value problem. We use the Guo-Krasnosel’skii fixed point theorem on the
cones in order to achieve our results. An example is also presented to demonstrate the applicability
of the main results obtained.
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1. INTRODUCTION

It is widely agreed that the theory and applications of differential equations with
impulsive effects are an important area of research, because it is significantly richer
than the corresponding theory of differential equations without impulsive effects. Sev-
eral models such as population, ecology, biological system, pharmacokinetics, biotech-
nology, and optimum control can be stated using impulsive differential equations. In
addition, impulsive differential equations provide for a more realistic approach to
modeling many real-world issues in areas including control theory, electronics, chem-
istry, mechanics, economics, medicine, electrical circuits, and population dynamics.
We recommend the reader to references [1, 2, 3, 15, 24, 25] for an introduction to
the general theory of impulsive differential equations, and [7, 18] for applications of
impulsive differential equations.

Many authors have investigated second-order impulsive boundary value problems
in the literature; for a list of such, see [5, 6, 9, 12, 13, 17, 16, 27, 28, 29, 30| in ref-
erences. See [12, 27] in the references for some recent studies on second-order with
m-point impulsive boundary value problems. In addition, some authors have been
interested in systems of second-order impulsive boundary value problems, for these,
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we refer to reader to [6, 9, 17, 16]. On the other hand, because of the importance of
both theory and applications, achieving optimal eigenvalue intervals for the existence
of positive solutions of iterative systems with nonlinear boundary value problems has
gained a lot of interest by an application of Guo—Krasnosel’skii fixed point theorem.
[4, 10, 14, 11, 19, 21, 20, 22, 23, 26] are a few papers in this line. However, there is no
work concerning the eigenvalues for iterative system of nonlinear second-order with
m-point impulsive boundary value problem.

Motivated by the mentioned above result, in this study, we consider the following
iterative system of nonlinear second-order with m-point impulsive boundary value
problem (IBVP):

2(t) + Nipi(t)gi(zis1(t)) =0, t € J =[0,1], 1 <i <,
Znt1(t) = 21(t),

Azili=t, = Nilig(zip1(tr)), t # e, k=1,2,...,p,
Azili=t, = —Nidir(zit1(tk)),

m—2 (11)
az;(0) — bz (0) = Z a;zi(&5),

e
czi(1) +dzj(1) = B;zi(&5)

j=1

where J =[0,1], t #tx, k=1,2,..,pwith0 <t; <te <..<t, <l Forl<i<n,
Azile=t, and Az|i—¢, represent the jump of z;(¢) and z(t) at t = t, i.e.,

Nzilimy, = 2i(t]) — 2i(ty ), Dzileme, = 2(t) — 2i(ty),

where z;(t]), 2i(t}) and z(t;,), z/(t; ) symbolize the right-hand limit and left-hand
limit of z;(¢) and z{(t) at ¢ = ty, k = 1,2, ..., p, respectively.

Throughout this paper, we suppose that the following conditions are provided.

(H1) a,b,c,d € [0,00) with ac 4+ ad + bc > 0; «;,8; € [0,00), & € (0,1), for
je{l,...,m—2},

(H2) g; : Rt — R* is continuous, for 1 <i < mn,

(H3) p; € C(|0,1],RT). On any closed subinterval of [0, 1], for 1 < i < n, p; does
not vanish identically.

(H4) I;x € C(R,RT) and J; € C(R,R*) are bounded functions such that
[d+ c(1 —tp)] T () > clip(T), t <tp, k=1,2,...,p, for 1 <i <n, where 7
be any nonnegative number.

(H5) Each of

_ 9i(z) o _ . lu(2) 0 _ Jir(2)
9i = zli}(r)lJr z Iik B zli}gl z Jlk N zl—lggr z
g = tim 9O e i D) ey ) ey
z—00 2 z—00 % z—00 2%

exists as positive real number.
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The goal of this study is to determine the eigenvalue intervals of A\;,1 < i < n, for
which the iterative system of nonlinear second-order with m-point IBVP (1.1) has
positive solutions. For this, the main tool relied upon is the Guo-Krasnosel’skii fixed
point theorem.

This paper’s main structure is as follows. We present several definitions and basic
lemmas in Section 2, which are important tools for our main result. In Section 3,
we find the eigenvalue intervals for which the iterative system of the IBVP (1.1) has
positive solutions. We provide an example in Section 4 to show the applicability of
our main results.

2. PRELIMINARIES

In this section, we first introduce some background definitions in Banach spaces,
and then present auxiliary lemmas that will be useful later.
Let J' = J\{t1,t2,...,t,}. C(J) indicate the Banach space of all continuous mapping
z:J — R with the norm |z|| = sup |2(t)|, PC(J)={z:J = R:2z€ C(J), 2(t])
teJ

and z(t,) exist and z(t, ) = 2(tx), k = 1,2,...,p} is also a Banach space with norm
|zl pc = sup |z(t)|. Let B = PC(J)NC?(J'). A function (21, ..., 2,) € B" is referred a
teJ

solution of the iterative system of the IBVP (1.1) provided that it yields the iterative
system of the IBVP (1.1).

We will first consider the case of i = 1 in the iterative system of the IBVP (1.1).
So, we will give the solution z; of the IBVP (2.1). Then, we can find z,, since z; is
known. If this argument continues, we can obtain z,_1, then z,_s etc. and finally
zo. As a result, the solution (21, ..., z,) for the iterative system of the IBVP (1.1) is
obtained.

Let h € C[0, 1], then we consider the following IBVP:

—2/(t) =h(t), te J=[0,1],t # ty,k=1,2,...,p,
Azili=t, = Mg (22(tr)),
A=, = *AlJlk(Zz(tk))

az1(0) — b21(0 Z ;21 (&), (2.1)

cz1(1) +dz (1 Z Bjz1(&5)-

The solutions of the corresponding homogeneous equation are denoted by 6 and ¢.
—2/(t) = 0,t € [0,1], (2.2)

under the initial conditions

6(0) = b, 0'(0) = a,
{<z><1> —d, $(1)=c 23
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Using the initial conditions (2.3), we can deduce from equation (2.2) for 6 and ¢ the
following equations:

0(t) =b+at, ¢t)=d+c(l—1t). (2.4)
Set
p = ad + ac+ be, (2.5)
and
-2 m—2
= ajb+ag)  p— Y ajld+c(l—§)
p= D Bilb+a&) =) Bild+c(l—§)
Jj=1 j=1
Lemma 2.1. Let (H1)-(H5) hold. Suppose that
(H6) A # 0.

If z1 € B is a solution of the equation

() :/O Gt 5)h(s)ds + 3 Wit ta) + (b + at) A1 (h) + (d -+ c(1 — 1) By (h),(2.7)

k=1
where
_1)(+as)d+c(l-t)], s<t,
Glt.s) = p {(b +at)[d+c(l—s)], t<s, (28)
71 (b+at)[—c)\lflk(zg(tk))+(d+c(1 — tk)))\lJlk(ZQ(tk))], t < tk,
Wikt )= {(d + el — D)adh(z(t) + O+ at) ()], <t
m—2 m—2
S aiKyy p— Y ajld+c(1-¢))]
Ay (h) = % I 5 : (2.10)
B K1 *Zﬂj[d+c(1*§)]
m—2 m—2
- Z a;(b+ a&;) Z a; Ky
By(h) = % L =1 : (2.11)
pP— B;(b+a;) ZﬁjKu
and
Ky = / G(&j, 9)h(s)ds + > Wir(&, th), (2.12)
0 k=1

then z1 is a solution of the IBVP (2.1).
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Proof. Let z; satisfies the integral equation (2.7), then we get

A(t) = /0 G(t,)h(s)ds + > Wan(t,ta) + (b+ at) Ay (h) + (d + e(1 — £)) By (h),

k=1
1/t 1/t
21(t) = p /0 (b+as)[d+ c(1 —t)]h(s)ds + p /t (b+at)[d+ c(1 — s)]h(s)ds
—|—1 Z (d+c(1 —1t)a Ik (z2(tr)) + (b + aty) Jik(z2(tr))]
0<trp<t
-i-1 Z (b + at)[—c)\lllk(zg(tk)) + (d + C(l — tk)>)\1J1k(22(t}g))]
+(b+at)Ai(h) + (d+c(1 —t))Bi(h),
' = 1 t —C as S)as 1 ' a C — S S)as
40 = = [0+ [ @ld - slhsa
+% Z (—o)adi Lk (z2(tr)) + (b + aty) Jik(22(tk))]
0<tp<t
+% > (@l=ehlig(za(tn) + (d + e(1 = 1))\ Jig(z2(tr))]
t<trp<l
+aAy(h) + (—c)Bi(h).
Thus
A0 = (et = (d+ L= )0 = b
21 (t) + h(t) = 0.
Since

1 1
2(0) = ;/0 bld + c(1 — 5)]h(s)ds

D bl=ehiTig(za(tk)) + (d+ e(1 — tx)) M Jag (22 ()]
k=1

+

=

+bA1(h) + (¢ + d)By(h)
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and
R
40 = < [ @l = slh(s)ds
+%Z [—eA 1Tk (22(tk)) + (d+ (1 — tp)) A1 Tk (22(tr))]
k=1
+adi(h) + (—¢)Bi(h),
we get

a21(0) — b2 (0) = pBy(W) = 3 o U G5, 9)h(s)ds + 3 Wik(&, )
=1 = (2.13)

Since
1 1
z1(1) = ;/O(b—i—as)(c—i—d)h(s)ds
%2 (c+ d)[adi L (22(tr)) + (b + aty) Jig(22(tr))]
k=1
+(a+b)Ai(h) + dBi(h)
and
‘ = 1 ' —C as s)as
40 = = [+ (e
+%Z &) o Ik (2 (1)) + (b + at)Jug (22 (1)
k=1
+adi(h) + (—c)Bi(h)
we get
cz1(1) + d2' (1) = pAi(h Z ﬂj{/ G(&,9)h(s)ds + > Wi(&), t)
=1 =0 k=1 (2.14)
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From equations (2.13) and (2.14), we have the following equations:

m—2 m—2
_[Zaj(b—i—afj)]/h(h [ Zaj d+c(1-¢) ]Bl Z%K1J7
Jj=1

j=1

[ Zﬁ]b—ka@)]Al [ 25]d+ 1—@] Z@KU

j=1
which yields that A;(h) and By (h) satisfy (2.10) and (2.11), respectlvely. O
Lemma 2.2. Let (H1)-(H6) hold. Suppose that
m—2 m—2
(HT) A <0, p=Y Bilb+a&) >0, p— Y aj(d+c(1—=¢&)) >0
Jj=1 j=1

Then for zy € B with h > 0, the solution z; of the IBVP (2.1) satisfies z1(t) > 0 for
t€0,1].

Proof. Firstly, it is clear that the Green’s function G, is positive for ¢, s € [0, 1] x [0, 1].
In addition, with the condition (H7), A;(h) and B;(h) are positive. Lastly, since I,
and Jyj are positive, we obtain the positivity of Wi. As a result, 21 (¢) is positive for

teo,1]. O
Lemma 2.3. Let (H1)-(H7) hold. Suppose that
m—2
(H8) c¢— Y _ B; <.
j=1
Then the solution z1 € B, of the IBVP (2.1) satisfies z{(t) > 0 for t € [0, 1].
Proof. The proof of this lemma is presented in [11]. O
Lemma 2.4. Assume that (H1)-(H8) hold, then for any t,s € J, we have
0 < G(t,s) < G(s,9). (2.15)
Proof. Tt is easily obtained from equation (2.8). O
Lemma 2.5. Let (H1)-(H6) hold. Let o € (0,%). Then for any t,s € J, we have
G(t,s) > vG(s,s) (2.16)
where v := min btao dtco
T b+a’ d+c |’
Proof. [11] provides the proof for this lemma. O

Let P = {2z € PC(J) : z1(t) is nonnegative, nondecreasing and concave on J}. So,
P is a cone of PC(J).
Lemma 2.6. Let (H1)-(H8) hold and z(t) € P, o € (0,%). Then,

min z1(t) > o||z1llpc (2.17)
t€lo,1—o]

where ||z1]|pc = SUIJ) |z1(t)].
te
Proof. We know that z;(t) is concave on J because of z; € P. As a result,

min 21(t) = z1(0) and ||z1||pc = sup|z1(t)| = z1(1).
t€lo,1—o] teJ
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Because the graph of z; is concave down on J, we obtain
21(1) - 21(0) < 21(0') - 21(0)
1-0 - o—0
ie, z1(0) > 0z1(1) + (1 — 0)21(0). So, z1(0) > 021(1). The proof is completed. O

We note that an n- tuple (z1(t), 22(¢), ..., 2,(t)) is a solution of the iterative system
of the IBVP (1.1) if and only if

z1(t) =M /01 G(t,s1)p1(s1)g1 <)\2 /01 G(s1,52)p2(52)92 (A3 /01 G(s2,53)p3(53)g3-.-

n— 1( / G Sn lasn)pn(sn)gn(zl(sn d3n+ZWnk Sn latk})

k=1

+ An(b + asnfl) + Bn(d + C(l - snl))) d8n71 + Z anl,k(snfb tk)
k=1

+ Ap—1(b+ asp—2) + Bp—1(d + ¢(1 — Sng))) dsp_o + ...

p
+ Z Wi (s2,tr) + A3(b+ ase) + Bs(d + ¢(1 — 82))>d82
k=1

D
+ ZWQk(817tk) + Ag(b + asl) + Bz(d+ C(l - 81))>d81
k=1

i k(t,te) + A1 (b+ at) + Bi(d + ¢(1 —t)).
k=1

=y / Gt s)pe(s)a(ze (5))ds + 3 Waa(tot) + Acfb -+ at)
k=1

+Bi(d+e(l—1), ted,
Znt1(t) = 21(2),

and

Ai = AAipi(1)9i(zi+1(.))), Bi = B(\ipi(1)gi(zi41(.))),

where

ANipi()gi(zi+1(.)))

—2

3

it

m—2
a][/ G(&), )Nipi ()95 (2541(5) ds+ZWm(s],tk)} o= 3 asld+e(l— &)
Jj=1

3
[

1
Z 2 m—2 ’

ﬁ] [/ G(&]? zpz(s)gz(zz+1 )ds + Z Wik £]7tk):| Z ﬁ] [d+ c 1 - 5])]

1 k=1 j=1

<.
Il
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B(X\ipi()gi(ziy1(.)))

3
|
™)
3

-2

= > a;(b+ag)+

i

o [/01 G(&, $)Aipi(s)gi(zit1(s))ds + i Wik (&, tk)]

3l
|

N

3

|

2

p— D Bilb+ag;) B; {/0 G (&5, 8)Aipi(9)gi(zir1(s))ds + > War(&5, tk)}

j=1 j=1 k=1

)

W'k(t tk) _ 1 (b + at)[—c)\ilik(ziﬂ(tk)) + (d + C(l - tk)))\iJik(ZiJrl(tk)ﬂ, t<tg,
R P (d + C(l — t))[a/\ilik(ziﬂ(tk)) + (b =+ atk)Jik(ziH (tk))], tr <t.

To identify the eigenvalue intervals for which the iterative system of the IBVP (1.1) has
at least one positive solution in a cone, we will apply the following Guo-Krasnosel’skii’s
fixed point theorem [8].

Theorem 2.1. [8] Let X be a Banach space, and P C X be cone in X. Assume
that 1 and Qg are two bounded open subsets of X with 0 € Q1,01 C Qp. Let
A: PN (Q\Q1) = P be a completely continuous operator, satisfying either

()| Az|| < ||z||, v € PNODQ, |[Az| > ||z||, x € PN 0Ny,
or

(ii)||Az|| > ||z||, = € PNOQ, |Az| < ||z|, z € PN oQs.
Then A has at least one fived point in P N (Q2\Q).

3. MAIN RESULTS

In this section, we establish criteria to determine the eigenvalues for which the
iterative system of the IBVP (1.1) has at least one positive solution in a cone.
Now, we define an integral operator P — B, for z; € P, by

1

1 1
TZ1(t):>\1/O G(t781)p1(81)91()\2 ; G(s1,52)p2(52)92 <>\3/0 G(s2,53)p3(83)93---

In—1 (An /0 G(Sn—la Sn)pn(3n>gn(21 (sn)>d5n + Z Wnk(sn—la tk:)

k=1

p
—l—An(b + (J,Snfl)—l—Bn(d—‘rC(l _Snl))) dSn—1 +Z anl’k(5n72, tk) (31)
k=1

+ Anfl(b + asn,g) + anl(d + C(l — Sng))>d8n2 + ...

p
+ Z W3k(82,tk) + A3(b + CLSQ) + Bg(d+ C(l — 52)))d$2
k=1
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P
+ ) War(s1,t) + Aa(b+ asy) + Ba(d + c(1 — 51)))dsl
k=1
P
+ ) Wak(t k) + Ar(b+ at) + Bi(d + ¢(1 — 1))
k=1

Notice from (H1)-(H8) and Lemmas 2.2, 2.3 and the definition of T that, for
21 € P, Tz(t) >0, (Tz)'(t) > 0 and (Tz1)'(t) is concave on J. Therefore, T(P) C
P. In addition, the Arzela-Ascoli theorem shows that the operator T is completely
continuous.

Now, we investigate the appropriate fixed points of T" which belong to the cone P.

The following notations are presented for the convenience. Let

1—p -1
Ny = llél%xn{ [VM/H G(s,5)pi(s)dsg; ] }

and
Ny = 11<nll£n{[(/ G(s,s)pi(s)ds + p(2a+b)(c+d)—|—A i(a+b)+ B; (c+d))
—1
'(max{ggv[gkﬂ‘]iok}>:| }7

where

D S R - G0 IVED SETCER )
B ﬁﬁﬁ [/1G<s P <>ds+9<2a+b><c+d>} —mj2ﬂ~[d+c<1—s>] |

< i o 7 P s 3 J

) —iaj(b+a§j)+ Zaj[/ G(&;,8)pi(s)ds + = (2a+b)(c+d)}
B = — j=1 j=1

A m—2 m—2

p- 3 Bb+ag) ) BU G165 s s + L 20 + (e + )]

1

<
|
—

.
Il

It also appears that

Ai = ANipi(8)gi(zi41(5))) < XA max{gi(zis1), Lir(zit1), Jir(2i41) }
and

B := B(Aipi(s)9i(2i+1(s))) < X Bimax{g;(2i+1), Lin(2i+1), Jir (2i41) }-

Theorem 3.1. Assume that conditions (H1)-(H8) are satisfied. Then, for each
A1, A2, ..y Ay Satisfying

Ny <A< Ny, 1<i<mn, (32)

there exists an n-tuple (z1, 22, ..., 2n) satisfying (1.1) such that z;(t) >0, 1 < i < n,
on J.
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Proof. Let A\, 1 <r <mn, be as in (3.2). Now, let £ > 0 be chosen such that

- 1-u —1
, 0o _ < mi
1glia<xn{ G /H G(s, s)pi(s)ds(g; 6)] } < mig A

and

1<r<n 1<i<n

max A, < min { (/OlG(s,s)pi(s)ds—l—];(2a+b)(c+d) + Ay(a +b) +B¢(c—|—d))

i —1
~(max{g?+s,ffk+s,<f?k+e})] }

The fixed points of the completely continuous operator 7' : P — P defined by (3.1)
are investigated. Based on the definitions of g9, I9., J5, 1 <i < n, there is a K1 >0
such that, for each 1 <i <n,

gi(2) < (90 +e)z, Lin(2) < (IS + )z, Jin(z) < (J% +€)z, 0< z < K.
Let z; € P with ||z1|| = K;. We obtain from Lemma 2.4 and the choice of ¢,
for 0 <s,_1 <1,

1 p
)\n / G(snflv sn)pn(sn)gn (Zl (sn))dsn + Z Wnk(snflvtk)
0 k=1

+ A, (b+aspn—1)+ Bp(d+ (1 —s,-1))
1
<, K/ G552 )pm(5n)dsn + g(Qa ) (et d)+ An(a+b)+ Bule+ d))
0
- (max{gz Lo e ot })] ]
< Kj.

It continues in a similar manner from Lemma 2.4, for 0 < s,,_5 < 1, that

1 1
)\nfl / G(sn72a Snfl)pnfl(snfl)gnfl <>\n / G(Snfla Sn)pn (Sn)gn(zl (Sn))dsn
0 0

p
+ Z Wnk(sn—la tk) + An(b + asn—l) + Bn(d + C(l — Sn—l))) dsn—l
k=1

p
+ Z anl,k:<sn727 tk) + Anfl(b + a5n72) + anl(d + C(l - 5n72))
k=1

1
< As K/ G (51, $n1)Pro1(5n—1)dSn_1 + %(m L b)(c+d)
0

T Aua(at )+ Bs(et d)) ~ (max{g,%_l Fedl e 0t })] Il

<|la1ll = K.
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If we continue this bootstrapping argument, we get, for 0 <¢ <1,

)\1 /1 G(t, sl)pl(sl)gl()\g...)dsl + i Wlk(t,tk) + Al(b + at) + Bl(d+ C(]. — t))
0 k=1

<\ [(/0 G(s1,51)p1(s1)ds1 + %(2a +b)(c+d) + Ai(a+b) + By(c+ d)>

. (max{g? +e, I +e, I + 5})} K

< Ky = [z
Thus, ||Tz1]] < K1 = ||21||. If we established Q1 = {z € B: ||z|| < K1}, then
T2 < ||z1]| for z1 € PN OQ. (3.3)

Next, from the definitions of ¢;°, 1 < ¢ < n, there is a K5 > 0 such that, for each
1<1<n,

Let

K.
Ky = 1113@({2[(17 2}.
I

Let z; € P and ||z1]] = K2. Therefore, from Lemmas 2.5 and 2.6,

min z(t) > || > Ko
te(p,1—p]

is obtained.
As a consequence, with the help of Lemmas 2.5, 2.6 and the choice of ¢,
for 0 < s,_1 <1, we get

)\ / G Sn lvsn)pn(sn)gn(zl(sn d3n+ZWnk Sn— lvtk)
k=1

(b asp—1) + Bn(d+ c(1 — sp—1))
-

v

AnY Sn,Sn pn(sn)gn(zl(sn))dsn

vV
7;

1
)‘n'Y/ Sn,Sn pn(sn)(goo E)Zl(sn)d‘gn
m

1—p
ZMW/ G ($1s 50)Pn (52)dsn (9 — €)1
n

2 |21 = K.
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It continues in a similar manner from Lemmas 2.5, 2.6 and the choice of ¢,
for 0 < s, <1,

1 1
)\n—l / G(Sn_g, Sn—l)pn—l(sn—l)gn—l ()\n / G(Sn—la Sn)pn(sn)gn(zl(sn))dsn
0 0
p
+ Z Wk (Sn—1,tk) + Ap(b+ asp—_1) + Bp(d + c(1 — 5n1))) dsn_1

k=1

p
+ Z anl,k(snfb tk) + Anfl(b + CLsnf2) + anl(d + C(l - Sn72))
k=1

1—p
> )\n—w/ G(Sn—1,8n-1)Pn—-1(Sn—1)dsn—1(g;> 1 — ) K>
m

> )\n_lw/lu G(8n—1:8n-1)Pn-1(Sn—1)dsn—1(g9,71 — €) K>

> Ko. '
Again, if we use a bootstrapping argument, we obtain

1 P
A /0 G(t,s1)p1(s1)g1(A2...)ds1 + Z Wik(t,tr) + A1(b+ at) + Bi(d+ ¢(1 —1t))

- k=1
thus,
Tz (t) > Ko = ||21]]
Therefore, ||Tz1]| > ||z1]]. If we put Q2 = {z € B: ||z|| < K2}, then
|Tz1|| > ||z1]| for z1 € P NOQ,. (3.4)

We can see that 7" has a fixed point z; € PN (Q2\;) by applying Theorem 2.1 to (3.3)
and (3.4). As a result, by setting z,41 = 21, we get a positive solution (21, 22, ..., 2
of the iterative system of the IBVP (1.1) given iteratively by

W) = A /0 G(t, $)pr(5)90 (2rs1(9))ds + S Won(t, 1) + Ar(b -+ at)
k=1
+By(d+c(1-1), r=nmn—1,..,1

The proof is completed.
The positive numbers N3 and N, are defined as follows for our next result:

m



302 DONDU OZ AND ILKAY YASLAN KARACA

and

N, = mln{[(/ G(s,8)pi(s )ds+p(2a+b)(c+d)+A(a+b)+B( +d))

1<i<n
-1
'(max{gi ’ zk:v‘]zoko >:| }

Theorem 3.2. Assume that conditions (H1)-(H8) are satisfied. Then, for each
A1, Aa, .., Ay satisfying

]\/vg-,<)\i<1\747 1<1<n, (35)

there exists an n-tuple (21, 22, ..., 2n) satisfying (1.1) such that z;(t) >0, 1 < i < n,
on J.
Proof. Let A, 1 <k <mn, be as in (3.5). Now, let £ > 0 be chosen such that

wax { [ / T G, pu(s)dsa? — 2 } < min A,

1<i<n 1<r<n

wax A, < min {K/ (s, $)ps(s)ds + 2 (2a+b)(c+d)+A(a+b)+B(c+d)>

-1
. (max{gfo +e, IX +e, J¥ —l—e})} }

Let T' be completely continuous, cone-preserving operator defined by (3.1). From
the definitions of g?, Izok7 J?k, 1 < i < n, there exists an K3 > 0 such that, for each
1<1<n,

0:(2) = (6 — )2 Ln(2) = (I% — )2, Ju(2) = (J% — )z, 0 < 2 < K.
Besides, from the definitions of g?, I?k, Jiok, it follows that
9i(0) = I;x(0) = Ji,(0) =0, 1 <i <n,
and so there exist 0 < M,, < M,,_1 < ... < My < K3 such that

i max{g; (¢),Lix(zip1(tr)), Jie(Zig1 (te))
M; 4

)

— 1
/ G(s, s)pi(s)ds + = (2a+b)(c+d)+ﬁi(a+b)+Bi(c+d)
0
for te0,M;], 3§z§n

and
Ao max{ga(t),Iox (23(tx)), Jor (23(tx))}

< Ks

7

/1 G(s, s)p2(s)ds + %(2@ +b)(c+d) + As(a + b) + Ba(c + d)
0
for t €0, Ms].
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Let z; € P with ||z1|| = M,,. We obtain from Lemma 2.4, for 0 < s,,_1 <1,
1 p
)\n / G(Snflv Sn)pn(sn)gn (Zl (Sn>)d5n + Z Wnk(snfla tk)
0 k=1

+Ap(b+asn-1) + Bp(d+c(1 — sp-1))

1
p — _
<\, [(/0 G(Sn, 8n)Pn(sn)ds, + ;(Qa +b)(c+d)+ A(a+b)+ By(c+ d)>
-max{||gn (z1) |, [ Lnk (21)]], IIJnk(Zl)II}]

</01 G5, 5n)pn(5n)dsn + %(2(1 1) (ct+d)+ Ap(a+b) + Bulc+ d)) M,_,

( 01 G(8n, 8n)pn(sn)dsy, + %(2(1 +b)(c+d)+ Ay (a+b)+ By(c+ d)>

n—1-

If we continue with this bootstrapping argument, we have

1 1
)\2/0 G(51,52)p2(52)92<)\3/0 G(s2,53)p3(83).--gn(21(8n))dsp...dss3

P
+ Z Wik (s2,t) + As(b+ asa) + Bs(d + ¢(1 — 82))) dss
k=1

p
+ ) War(s1,te) + Aa(b+ asy) + Ba(d + (1 — 51))
k=1

< K.
Then

Ta() > A / Gt 51)p1(s1)01 (AQ / G(51, 52)P2(52)---Gn (21 (5n) A5 053

14
+ Z ng(sl, tk) + Ag(b + asl) —+ Bz(d + C(l — 81)))d51
k=1

+ zp: Wik (t,t) + A1 (b + at) + Bi(d + c(1 — 1))
k=1

1—pn
> M / G(s, 8)p1(51)(e? — &) 1dsy
“w

2 [|zl-
Thus, ||Tz]| > ||z1]. If we set Q3 = {z € B|||z|| < K.}, then
|Tz1|| > ||z1]| for z1 € P NOQs. (3.6)

Because each ¢7°, I, J¥ are assumed to be a positive real number, it follows that
9i» Lire, Jir., 1 < i < n, is unbounded at oo.
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For each 1 < i < mn, set

9: (2) = sup gi(s), Ij(z) = sup Iix(s), Jip(2) = sup Jir(s).
0<s<z 0<s<z 0<s<z

Then, for each 1 < ¢ < n, g, I}, Jj; are nondecreasing real-valued functions,
9i < g7 L < Iy, Jik < Jj,, and

* I* J*
Z—> 00 A Z—>00 z Z—>00 z

Then, according to the definitions of ¢, %, J3,1 < ¢ < n, there exists K, such
that, for each 1 <i < n,

9; (2) < (97° + )z, Ii(2) < (I¥ +e)z, Ji(2) < (J +¢e)z, 2 > K.
As a result, there exists K, > max{2K3, K} such that, for each 1 <i < n,

9i (2) < g; (Ka), Ly (2) < I.(Ka), Jj,

K2 3

(Z) < ,Zkk(K4), 0<z< Ky

Let z; € P with ||z1|| = K4. Then, with the help of the bootstrapping argument,
we get

Ta(t) < M /0 Gt s)p1 (51)91 - )dst + 3 Wikt 1)

k=1

<\ (/01 G(s1,51)p1(s1)dsy + %(2(1 +b)(c+d)+ Ay(a+b) + By(c+ d))
-max{g; (22), I1x(22), Jix(22)}

<\ (/01 G(s1,51)p1(s1)dsy + Z*;(QG +b)(c+d)+ Ay(a+b) + Bi(c+ d))
-max{g7 (Ka), [T, (Ka), J1p(Ka) }

<n </01 Glsr,su)p(s1)dsy + 220+ D) +d) + Ay(a+) + B(e+ d)>
-max{(g7° + ) Ky, (I} +€)Ka, (Jii +€)Kq}

< Ky= |z

Thus, | T21]| < ||z1]]. So, if we put Q4 = {z € B||z|| < K4}, then
T2 < ||z1]| for z1 € P NOQy. (3.7)

By applying Theorem 2.1 to (3.6) and (3.7), we can see that T includes a fixed point
21 € PN(24\Q3), whereby we can get an n-tuple (z1, 29, ..., 2,,) satisfying the iterative
system of the IBVP (1.1) for the chosen values of \;,1 < i < n, by using z,+1 = 21.
The proof is completed.
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4. AN EXAMPLE

Example 4.1. In the iterative system of the IBVP (1.1), suppose that n =m =p =

3, pi(t) =2for 1 <i<3, a:c:47b:d:2,§1:§,u:g,alzlandﬂlzﬁi.e.,

2 () +2Xigi(2i41(t)) =0, t € J = [0,1], ¢ # t5,1 < i,k < 3,

Azili=t, = ANilin(zit1(tr)),
Azili=t, = —Nidir(zit1(tr)), (4.1)
42;(0) — 22[(0) = zi(%),
4z;(1) +22{(1) = 62,(3).
where
91(22) = 22(10* — 9999e7%2), go(23) = 23(2.10* — 19999e~2%3),
g3(z1) = 21(10* — (9999, 5)e1),

222 + 329 23 4+ 225 32342
I =22 10 (e) = 222 T — 2T E
1% (22) 6+ 29 2k (23) 4—}—2% y I3g(21) 1+32
422 4+ 629 223 + 4z 622 4+ 221
J —r2 7 g it BN A ) St Lt
1k(22) 170 21 (23) 1422 3k (21) 5137,
It is clear that (H1)-(H8) has been satisfied. By simple calculation, we get
704 5 < 3656 = 1828
p=32, 0(t) =2+4t, ¢(t) =6—4t, A**77 1= Az‘*m, i = 319

for 1 <i<3and

1 2+4s)(6 — 4t <t
Gits) - L (a6 a0, s<t
32 | (24 4¢)(6 —4s), t<s.
We obtain 1
g? = 13 98 = 1, 9(3) = 57 gi)o = 1043 ggo = 2‘1047 9§O = 1047

1 1 1
I?k:57‘[3/1::57ng:Z7Ifg:27Ig]3:17I§g:1’
Jo =6, J9 =4, J% =1, Jx% =4, Jgx =2, J5p =2,
N; = max{0,0016351401869159, 0,0008175700934579439}

and
N> = min{0, 003885552808195, 0, 0233133168491699, 0, 0058283292122925}.

Using Theorem 2.1, we obtain the optimal eigenvalue interval of
0,0016351401869159 < A; < 0,003885552808195, i = 1,2, 3,

which has a positive solution to the impulsive boundary value problem (4.1).
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