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1. INTRODUCTION

Let (X,d) be a metric space. Let N, R and R* be the set of positive integers, real
numbers and nonnegative real numbers, respectively. Let C' be a nonempty closed
and convex subset of X. A mapping T : C' — X is said to be nonexpansive if for all
x,y € C, we have

d(Tz,Ty) < d(z,y).
In 2011, Aoyama and Kohsaka [3] introduced an important generalization of nonex-

pansive mappings called a-nonexpansive mappings. For a < 1, they said T : C' — X
is a-nonexpansive mapping if for any x,y € C,

d*(Tx, Ty) < ad*(Tz,y) + ad*(Ty,z) + (1 — 2a)d?(z,y) holds. (1.1)

Ariza et al. [4] noted that the case of o < 0 is trivial. Particularly, they showed that
T = I, the identity mapping, if @« < 0. Among various generalizations of nonexpansive
mapping, this class is important because it contains several nonlinear mappings with
application to minimization problem, variational inequality and zeros of maximal
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operators. Recently, Song et al. [27] defined T to be a-nonexpansive mapping if it
satisfies

d(Tz,Ty) < ad(Tx,y) + ad(Ty,z) + (1 — 2a)d(z,y) for all z,y € C. (1.2)

Using convexity of the mapping t — 2, it is easy to see that (1.2) implies (1.1). We
give an example to show that the class of mappings satisfying (1.2) is indeed a proper
subclass of the class of mappings satisfying (1.1). Define a mapping 7T : [0, 3] — [0, 3]

by
_J0, x#3
Tw = {27 r=3.
It is easy to see that 2Tz — Ty||? < |[|[Tz — y||* + ||z — Ty||*( See [11]). However,
there is no o < 1 such that for z,y € [0, 3], [Tz — Ty|| < o||Tz — y|| + o||Ty — )| +
(1 —2a)|lz — y|| holds. Indeed, for x =2,y =3

[Tz =Tyl =2, lz -yl =1, [[x =Tyl =0, ly - Tx| =3

and [Tz — Ty|| < a||Tz —y| + of|[Ty — x| + (1 — 2a) ||z — y|| holds only if a > 1.
In this paper, we consider a-nonexpansive mapping in the sense of Aoyama et al.
[4] i.e. mapping for which (1.1) holds.
Definition 1.1. A one-parameter a-nonexpansive semigroup is a family 7 = {T'(¢) :
t € RT} of mappings on a closed and convex subset C' of X satisfying :
(i) T(0)z =z for all z € C.
(ii) T(t+s) = T(t)T(s) for all s,¢ > 0.
(iii) for each ¢t > 0, T(t) is a-nonexpansive i.e. for some 0 < a <1 and z,y € C,

d*(Tx, Ty) < ad*(Tx,y) + ad?*(Ty, x) + (1 = 20)d*(z, y).

Finding common fixed point for classical nonexpansive semigroup has been extensively
studied by several authors in different spaces under different conditions. Xu [30]
studied the following implicit iteration for the nonexpansive semigroup in a Hilbert
space,
Tp = apu+ (1 — ap)oy, ()

for each n > 1, where o¢(x) is the average given by

1 [t

oi(x) = ;/ T(s)xzds for any t > 0.
0
Later, Benavides et al. [5] and Aleyner et al. [2] studied strong convergence of the
Halpern’s iteration
Tpt1 = Qptu+ (1 — )T (tn)xy

under the assumption that the semigroup 7 satisfies uniform asymptotic regularity
condition. Over the years, many researchers have extended the classical semigroup
of nonexpansive mappings for a wider class of nonlinear mappings and spaces using
various iterative schemes. For example, Cho and Kang [9] studied pseudo contrac-
tion semigroups in Banach spaces; Cho et al. [8] studied nonexpansive semigroup in
CAT(0) space and Zegeye et al. [32] studied asymptotically nonexpansive semigroup
in Banach spaces.
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Inspired by work of Naraghirad [22] and Song et al. [27], we consider Halpern’s type
iteration for an a-nonexpansive semigroup 7 and establish strong convergence of this
iteration in Banach spaces as well as C' AT'(0) spaces.

2. PRELIMINARIES AND NOTATION

Let X be a Banach space with dual X*. For sequences, we denote strong conver-
gence, weak convergence and weak star convergence by — ,— ,and —*, respectively.
X is said to be uniformly convex if for each r € (0, 2], the modulus of convexity of X,
given by

. 1
6(r) = inf{l — Sz +yl - 2 <1, llyll < 1, lz =y = 7}

satisfies the inequality 6(r) > 0. Let Sx = {z € X : |jz|| = 1}. X is said to be
smooth if the norm of X is Gateaux differentiable i.e. for each x,y € Sx, the limit

lz+tyll =1zl
—0 t

limy exists.

The normalized duality mapping J : X — 2% is defined by
J(x)={fe X" (z,f) = |lz|? |z = I fII}, Ve X.

J is said to be weakly sequentially continuous if {z,} C X and z,, = = € X, then
J(xy,) —* J(z). If a Banach space X admits a sequentially continuous duality
mapping J from weak topology to weak-star topology, then J is single-valued and
X is smooth( See [15] for more details). If X = H, Hilbert space, then J = I, the
identity mapping on H.

A Banach space X is said to satisfy the Opial condition [14] if for any se-
quence {z,}, =, — x implies that limsup ||z, — z|| < limsup|z, — y|| for all

n—oo n—oo
y € X with y # x. It is well-known that all Hilbert spaces , all finite dimen-
sional Banach spaces and the Banach spaces IP(1 < p < oo) satisfy the Opial
condition. Moreover, if X admits a weakly sequentially continuous duality map-
ping, then X is smooth and enjoys the Opial condition(See [15], [28] for more details).

The class of a-nonexpansive mappings contains the classes of mappings defined
below:

Definition 2.1. Let C' be a nonempty subset of a metric space (X,d). A mapping
T:C—Xis:

(i) mean nonexpansive if there exists a,b > 0 with a + b < 1 and
d(Tz, Ty) < ad(z,y) + bd(z, Ty) Vx,y € C.

(i) Nonspreading if 2d?(Tx, Ty) < d?(x,Ty) + d*(y, Tx) Va,y € C.

(i) Hybird if 3d*(Tz, Ty) < d*(z, Ty) + d*(y, Txz) + d*(z,y) Vx,y € C.

The following lemmas would be instrumental for the development of our results.
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Lemma 2.2. [13] Let C be a nonempty subset of a metric space (X,d). Let T : C —
X be an a-nonexpansive mapping for some 0 < o < 1. Then

[ad(z,y)+d(Tx, Ty))d(z, Tz)+d*(z,y) Va,y € C.

1+« 2
(2, Ty) < ——d*(z, T

(5, Ty) < TP, T b
Lemma 2.3. [23] Let C be a nonempty subset of a uniformly conver Banach space
X with the Opial conditon. Let T : C' — C be an a-nonexpansive mapping for some
0<a<l.

(i) If F(T) # 0. then T is quasi-nonexpansive and F(T) is closed and convew.

(ii) If {xn} converges weakly to y and lim ||, — Txz,| = 0, then Ty = y.
n—oo

Lemma 2.4. [29] Let r > 0 be a fized real number. If X is a uniformly convex
Banach space, then there exists a continuous strictly increasing convex function g :
[0,00) — [0, 00) with g(0) =0 such that

A2+ (1= Nyl* < Ml + @ = NIyl = A1 = Ng(llz = y])

for any ||z|, [ly|| <7 and X € [0,1].
Definition 2.5. Let C' and D be nonempty subsets of a real Banach space X with
D C C. A mapping Qp : C — D is said to be :

(a) sunny if Qp(Qpz + t(x — Qpx)) = Qpx for each x € X and t > 0.
(b) a retraction if Qpx = x for each x € D.

If X = H (real Hilbert space), then Qp = Pp, the metric projection of C onto D.
Lemma 2.6. [26] Let C and D be nonempty subsets of a real Banach space X with
D cC C and Qp : C — D be a retraction. Then Qp is sunny nonexpansive if and only

if
(z=@p(2),J(y = Qp(2))) <0

for all z € C and y € D, where J is the normalized duality mapping of X.
Lemma 2.7. [26] Let X be a real Banach space and J be the normalized duality
mapping of X. Then,

lz+yl* < [l + 20y, J (x + y))

forallz,y e X.
Definition 2.8. A one-parameter semigroup 7 = {T'(t) : ¢ > 0} is said to be
uniformly asymptotically regular (u.a.r.) if for any s > 0 and any bounded subset K
of C, we have

lim sup d(T(s)T(t)x, T(t)x) = 0.

1—=00 e
The following are examples of uniformly asymptotically regular semigroup
Examples 2.9. ([5]) Let C be a nonempty bounded, closed and convex subset of a
Hilbert space H and T : C' — C' a contraction operator with Lipschitz constant k < 1.
Then 7 = {T™ : n € N} is a u.a.r. contraction semigroup.
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Example 2.10. ([1]) Let X = [?(N) be Hilbert space consisting of all functions x
from N into R satisfying > |z(k)|? < co with inner product
keN

(w,y) =Y w(k)y(k).

keN
Define a bounded, closed and convex subset C' of X by

C={reX:0<uzk)<pi}
where py = 27 . Then {T'(t) : t > 0} defined by

(T(t)a) (k) = max {(k) — tp2, 0}
is a u.a.r. nonexpansive semigroup.
The concept of uniform asymptotic regularity extends to a sequence of mappings as
follows:
Definition 2.11. A family {7},} of self-mappings on a nonempty set C is said to
be uniformly asymptotically regular (u.a.r.) if, for each positive integer m and any
bounded subset K C C, we have

lim sup d(Tp, (Thx), Thx) = 0.

N0 zeK
Lemma 2.12. [31] If {a,} is a sequence of nonnegative real numbers such that
Ap41 S (1 - bn)an + bncn vn 2 1

where 0 < b, <1 and ¢, € R satisfy the following conditions:

oo oo
1. an:oo 2. limsupec, <0 or Z|bncn\<oo,
n=1 n—r00 n=1

then lim a, = 0.
n— oo

Lemma 2.13. [21] Let {a,} be a real sequence that has a subsequence {an,} which
satisfies Gy, < an,+1 for all k. Then there exists an increasing sequence of integers
{my} C N such that

1. lim mp =00 2. amy < Cmpt1 3. Ak < Gpnpt1
k—o0

for all (sufficiently large) numbers k € N.
Throughout this paper, we denote the set of fixed point of T'(t), ¢ > 0 by F(T(t))
and set F' = N> F(T'(1)).

3. CONVERGENCE RESULTS IN BANACH SPACE

Theorem 3.1. Let X be a real uniformly convexr Banach space which admits weakly
sequentially continuous duality mapping J and C' a nonempty closed and convex subset
of X. Let T = {T(t) : t > 0} be the u.a.r. semigroup of a-nnerpansive mappings
from C into itself with F # 0. Let {x,} be the sequence defined by

ueC, x1€C (chosen arbitrarily)
(3.1
Tpt1 = apt + (1 — an)[Anzn + (1 — M) T (tn)2s].
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Let {a,}, { ]} be sequences in [0,1] and t,, > 0 satisfy the following assumptions:

(i) 11_>1rr01<> an, =0

(i Zan—oo

i)
(iii) 0 < hm 1nf/\ <limsup A\, <1
iv) lim t =00

n—roo
n— oo

Then, the sequence {x,} defined in (3.1) converges to Qpu, where QpF is a sunny
nonexpansive retraction from X onto F.

Proof. By Lemma 2.3(i), it follows that T'(¢,) is a quasi nonexpansive mappping and
the sunny nonexpansive retraction from X onto F' is well defined. Define z = Qru.

Step 1: {z,} and {T'(¢t,)x,} are bounded.

Let yp, = M + (1 = Ap)T(tn)@n. Then x,11 = apu+ (1 — an)y,. Let p € F. By
Lemma 2.4, there exists a continuous strictly increasing convex function g : [0, c0) —
[0, 00) with g(0) = 0 such that

lyn = PI* = [An(@n —p) + (1 = X)) (T (tn)zn — p)|?

< )‘onn - p”2 + (1 — /\n)”T(tn)xn - pH2 - )‘n(l - /\n)g(Hxn - T(tn)an)
< Mallzn = plI? + (1 = A |zn = plI* = X (1= A)g(lzn — T(tn)znl))
(

= ||z, — sz = A (L= An)g([[zn — T (tn)znl)-
Hence,
[yn = plI* < 20 = 2l = Xa(1 = An)g([2n — T(tn)znll) (3:2)
and
[yn = pll < [lzn = pl|. (3.3)

Now, (3.3) implies that
[#ne1 =2l = llanu+ (1 = an)yn —pl|
= llan(u=p) + (1 = an)(yn = p)
anllu = pll + (1 = an)llyn = pl
anllu = pl + (1 = an)||zn = pll.

IN A

By induction, we have

[€n1 = pll < max{|lu —pl|, [z1 = pll}

for all n € N. Thus {x,,} is bounded. Since ||T(t,)zn — p|| < ||zn — p||, we also have
that {T'(t,)z,} is bounded.
Step 2: For any n € N, we prove that

Jnsr = 212 < (1= an)lzn — 2l + 200z — 2, H@nss — 2. (3.4)
By (3.1), we have
anu + (1 = an)yn — zHQ

41 — 2

IN

amlu— 2|7 + (1 = o) Iy — 2II*.
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Using (3.2), we get
msr — 212 < cnll— 22+ (1= ) [n — pI2 = A1~ An)g [l — Ttn)al)]. (3.5)
Setting M = sup{||u—z[|* — ||z, — 2]|*> + A (1 = An)g(|zn — T(tn)znl)) }, we have that
(1= A)g(llzn = T(tn)zall) < llzn = 2012 = 2041 — 2 + anM . (3.6)
By Lemma 2.7 and (3.1), we can deduce that

znt1 =2l = flawu+ (1= an)ys — 2|
< N+ (1= an)yn — 2 — (= 2)|* + 2an(u — 2), T @1 — )
= (1—an)llyn — 2[* + 200 (u — 2, J(xp 11 — 2))
< (1 —an)|zn = 2|* + 20 (u — 2, J(xpyq — 2)).

Step 3: If nhﬁngo |2 — T(tn)zn| = 0, then nl;ngo |z — T(s)xn|| = 0 for any s > 0.
By(3.1), we have that
Yn —Tn = (L= Ap) (0, = T(tn)xy) and Tpi1 — Yn = an(u — yn).
With the aid of the assumption nh_)rrgo |xn — T(tn)z,|| = 0 and condition (i), we can
deduce that as n — oo,
lyn — znll = 0 and ||zp41 — ynl — O. (3.7)
Since [|[Tn+1 — Tl < |Tnt1 = Yull + |yn — 2], we have that
nh_}rr;o |Zn+1 — znll = 0. (3.8)
Using 7 is w.a.r. and condition (iv), it follows that for any s > 0
Jim ([ T(8)T(tn)wn = T(tn)zn|| < lim Sup IT(s)T(tn)z = T(tn)xl| =0 (3.9)
where K is any bounded subset of C' containing {x,} and {T'(¢,)z,}.
For any s > 0, let x = T(ty)2n, y=2,, T =T(s) and
V= sup{al|T(tn)wn — zull + IT(s)T (tn)zn — T(s)T (tn)nl

Now by Lemma 2.2, we have

T (tn)wn = T(s)aal® < 1 : ZIIT(tn)xn — T(8)T(tn)xn|? + | T (t0) 20 — 20
+ %HT(%)% — ||| T (tn) 20 — T(8)T(ty)n]
b 25}t~ T T ()l [T () — (T (1)
< O, - DT + [T ()~
b VTt~ T ().

Using the assumption lim ||z, — T(¢n)zy] = 0 of Step 3 above and (3.9), we have
n—oo

ILm 1T (tn)xn — T(8)xy| = 0. (3.10)
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Also,
|znt1 = T()zall® = llanu+ (1 = an)yn = T(s)za]?
o + (1 = ) [Anzn + (1 = X)) T (t) 0] — T(8) ||
llom (u — T'(tn)zn) + (1 — an)An(zn — T(tn)zy)
+T(tp)zn — T(8)2,|?
200, || — T(tp)zn|| +4(1 — @) Anl|zn — T(tn) x|
+ AT (tp)zn — T(s)zn]|?
By nl;rréo |xn — T'(tn)zn| = 0, condition (i) and (3.10), we get

IN

lim ||zp1 — T(8)zy| = 0. (3.11)
n—oo
Hence for any s > 0,
|20 —T(s)znll = |zn — 2Tpt1 + Tng1 — T(s)z4]|
< lzn = znga|l + [2ng1 — T(s)znll-

From (3.8) and (3.11), we conclude that
lim |z, — T(s)zy| = 0. (3.12)

n—oo

Step 4: We prove that z,, — z as n — oco.
Case 1: Suppose that there exists ng € N such that {[|z,, — z|[};Z,,, is nonincreasing.
Then lim ||z, — z|| exists. Using conditions (i),(iii) and (3.6), we deduce that

n—oo

nh—>H;o 9([|zn — T(tn)znl) =0
By the properties of g, we have that
lim ||, — T(tn)zn] = 0. (3.13)

n—roo
Thus By Step 3, (3.12) holds. Since {z,} is bounded, there exists a subsequence
{zp,} of {x,} such that {x,, 1 }converges weakly to y. It follows from (3.12) and
Lemma 2.3 that y € F. We have that

lim sup(u — z, J(xp41 — 2)) lim (v — 2z, J(zp, 41 — 2))

n—o0 koo
= (u—z,Jy—2)).
Using Lemma 2.6, we conclude that
limsup(u — z, J (X411 — 2)) < 0. (3.14)
n—00
Let a, = ||ttt — 2||%, by = an and ¢, = (u — 2, J (X471 — 2)) in (3.4). Then, we

deduce by conditions (i), (ii) and Lemma 2.12 that x,, — z.
Case 2: Suppose {[|z, — 2[[};Z,,, is not nonincreasing, i.e. that there exists a subse-
quence {ng} of {n} such that

||$nk - ZH < ||xnk+1 - Z” Vk € N.
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Then by Lemma 2.13, there exists an increasing sequence of integers {my} C N such
that

Lolim me =00 2 [fem, — 2l < Jemrn — 2l 3. ok~ 2l < i — 2]
for all (sufficiently large) numbers k& € N. This, together with (3.6) implies that
)‘mk(l - )‘mk)g("mmk - T(tmk)xmkH) < mek - z||2 - mek-i-l - Z||2 + amkM
<

Conditions (i),(iii) and properties of g imply

klim ||xmk - T(tmk)xmk ” =0.
— 00
As shown before, we have
lim sup(u — z, J (X, +1 — 2)) < 0. (3.15)
k—o0
From (3.4), we obtain
[Zmg+1 = 212 < (1= amy)[@m,, — 2[° + 200, (x — 2, T (T2 — 2)). (3.16)

This together with ||z, — z|| < ||@m,+1 — 2| implies that
Qmy, ||xmk - Z||2 < 2amk <'7; - J(mmk-‘rl - Z)>
and thus,
= 2* < 2@ — 2, T (@mes1 = 2))
It follows from (3.15) that

lim ||z, — 2| =0.
k—o0
Consequently, (3.16) ensures that
lim ||#m,+1 — 2] =0.

k—o0

Recalling that for sufficiently large k € N,

lor = 2l < ll@m, 41— 2],

and so we conclude that lim ||z — z|| = 0. Hence, x,, — z as n — 0.

n—
Corollary 3.2. Let X be a real uniformly convexr Banach space which admits weakly
sequentially continuous duality mapping J and C a nonempty closed and convex subset
of X. Let T = {T(t) : t > 0} be the u.a.r. semigroup of a-nnexpansive mappings
from C into itself with F # 0. Let {x,} be the sequence defined by

u€ C, x1 €C (chosen arbitrarily)

(3.17)

Tnt1 = Qpt + (1 — ) Sx(tn)Tn,
where Sxx = Ax + (1 = N)T(t)x for any A € (0,1) and t > 0. Let {a,} in [0,1] and
tn, > 0 satisfy the following assumptions:

(i) nlgr;o an =0

(ii) 21 QU = 00
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(iii) lim ¢, = o0
n—oo

Then, the sequence {x,} defined in (3.17) converges to Qpu, where QF is a sunny
nonezrpansive retraction from X onto F.
Proof. Put A\, = X for all n in Theorem 3.1.
Corollary 3.3. Let X be a real uniformly convexr Banach space which admits weakly
sequentially continuous duality mapping J and C' a nonempty closed and convex subset
of X. Let T = {T(t) : t > 0} be the u.a.r. semigroup of any of the following self
mappings on C :

(1) Mean nonexpansive mappings.
(2) Nonspreading mappings.
(3) Hybird mappings.

Suppose that F # (. Let {x,} be the sequence defined by

(3.18)

u€C, x1 €C (chosen arbitrarily)
Tpntl = QpU + (1 - O‘n)[/\nxn + (1 - An)T(tn)xn]

Let {an},{ .} in [0,1] and t,, > 0 satisfy :
(i) nh_{rgo an, =0
&)
(ii)) > ap =00
n=1
(i) 0 < liminf A, <limsup A, <1
(iv)

n—0o0 n—00
lim ¢, = oo
n—oo
Then, the sequence {x,} defined in (3.18) converges to Qpu, where Qp is a sunny
nonexpansive retraction from X onto F.
Proof. (1). Put o = & in Theorem 3.1 .
(2). Put = £ in Theorem 3.1 .
(3). Put = £ in Theorem 3.1 .
Remark 3.4. Theorem 3.1 and Corollaries 3.2- 3.3 extend and improve Theorem 3.3
of Song et al. [27], Theorem 3.2 of Benavides et al. [5] and Theorem 20 of Aleyner et
al. [2].
Replacing the terms T'(t,) and T'(s) of Theorem 3.1 with the terms T, and T,,,
respectively, we have the following result which improves and extends ([27], Theorem
3.4) and ([24], Theorem 4.1).
Theorem 3.5. Let X be a real uniformly convexr Banach space which admits weakly
sequentially continuous duality mapping J and C' a nonempty closed and convex subset
of X. Let {T,} be the sequence of u.a.r. a-nonexpansive mappings from C into itself
with F # 0. Let {x,,} be the sequence defined by

ueC, x1 €C (chosen arbitrarily)
(3.19)
Tni1 = apt + (1 — o) [Anxn + (1 = Ap) Ty
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Let {an}, {An} be sequences in [0,1] and satisfy the following conditions:

1. lim a, =0, 2. Zan—oo 3. 0 < liminf A\, < limsup A, < 1.

n— oo =1 n—oo n— o0

Then, the sequence {x,} defined in (3.19) converges to Qpu, where Qp is a sunny
nonexpansive retraction from X onto F.

4. PRELIMINARIES FOR C'AT(0) SPACES

Let (X,d) be a metric space and I = [0,1] C R. A mapping ¢ : I — X with the
property that ¢(0) = a, ¢(1) = b, and d(p(s),¢(t)) = |s —t| for all 0 < ¢, s < 1
is known as a geodesic path from a to b. Geodesic segment connecting a and b is
the image of ¢. If a geodesic segment connects any two points of X, then (X,d) is
called a geodesic space. Moreover, X is uniquely geodesic if such a segment is unique
for every pair of elements of X. The unique segment joining a to b is represented by
[a,b]. A geodesic triangle A(y1, y=2,ys) comprises of three points y1, y2, y3 in X as well
as geodesic segments connecting any two of the points y1,y2,y3 . For any geodesic
triangle A(y1,y2,y3) in (X, d), a comparison triangle is defined as A(y1,y2,y3) :=
Ay, Y2, 73) in R? with dr2 (77, 75) = d(yi,y;) for i,j = 1,2,3. A CAT(0) space is a
metric space in which every two points are connected by a geodesic segment and for
every x,y € A(y1,v2,y3) in X and Z,7 € A := A(y1, %, 73) in R?,

d(z,y) < dg2(7,7) holds.

By u = (1 — t)z1 ® tza, we mean u is a point on the geodesic segment joining x; to
x9 where d(za,u) = (1 — t)d(z1,22) and d(z1,u) = td(x1, z2).

Some well-known examples of C'AT'(0) space are complete,simply connected Riemann-
ian manifold having nonpositive sectional curvature, Pre-Hilbert spaces, R-trees, Eu-
clidean spaces, the complex Hilbert ball with a hyperbolic metric (See [18] for more
details). Complete C AT (0) spaces are often called Hadamard spaces.

In 2008, Berg and Nikolaev[6] introduced the concept of quasilinearization as follows:
Denote a pair (a,b) € X x X by ab and call it a vector. The quasilinearization is the
map (.,.) : (X x X) x (X x X) — R defined by

(ab, d) = % [d2(a,b) + d2(b,c) — d*(a,c) — d2(b,d)] , (a,b,c,c,d € X).  (4.1)

It is easy to verify that for any a,b,c,d,z € X,
(ab, cd) = (cd, ab), (ab, cd) = —(ba, cd) and (@2, cd) + (zb, cd) = (ab,cd)  (4.2)

Moreover, we say that X satisfies the Cauchy-Schwartz inequality if (c@,;i) <
d(a,b)d(c,d) for all a,b,c,d € X. It is known ([6]) that a geodesically connected
metric space is CAT(0) space if and only if it satisfies the Cauchy-Schwartz inequal-
ity.

Recently, Dehghan and Rooin [10] introduced the duality mapping in C AT (0) spaces
and studied its relation with subdifferential, by using the concept of quasilinearization.
Then they presented a characterization of metric projection in C'AT(0) spaces as
follows:
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Let (X, d) be a complete CAT(0) space and C' a nonempty closed and convex subset
of X. Let u € C'and x € X. Then u = Ppx if and only if

(i, ut) > 0 for all y € C.

The concept of A-convergence was introduced by Lim [20]. Kirk and Panyanak[19]
showed that A-convergence in CAT(0) space is similar to weak convergence in Banach
space setting.
Next, we explain the concept of A-convergence and collect some of its basic properties.
Definition 4.1. Let {z,} be a bounded sequence in a CAT(0) space (X,d). For
z e X, we set

r(z,{z,}) = limsupd(z, z,).

n—oo

The asymptotic radius of {z,} is given by

r({zn}) = inf{r(z, {z,}) : x € X)}

and asymptotic center of {z,} is the set

A({zn}) ={z € X ir(z, {zn}) = r({zn})}-

Definition 4.2. A sequence {x,} in X is said to A— converge to z € X if x is the
unique asymptotic center of every subsequence {u,} of {z,}. In this case, we write
A — lim z, =z and call z, the A—limit of {x,}.

n—oo
The following known lemmas are needed to prove our result in C' AT(0) space.
Lemma 4.3. [19] Every bounded sequence in a complete CAT(0) space X has a
A-convergent subsequence.
Lemma 4.4. [17] Let X be a complete CAT(0) space, {xn} a sequence in X and
x € X. Then {x,} A-converges to z if and only if limsup,,_, .. (xxn, xy) < 0 for all
ye X.
Lemma 4.5. [25] Let X be a complete CAT(0) space, {x,} a sequence in X and
x € X. Suppose there exists a nonempty subset K of X satisfying :

(i) For every z € K, lim d(x,,z) exists,
n— oo
(ii) If a subsequence {xn, } of {xn} is A-convergent to x € X, then x € K.
Then {x,} A-converges to x € K.
Lemma 4.6. [12] Let X be a CAT(0) space. For any x,y,z,w € X and A € [0,1],
we have the following:
(a) dAz @ (1= Ay, 2) < Ad(z,z) + (1 = A)d(y, 2).
(b) Az & (1 - Ny, 2) < Ad*(z,2) + (1 = Nd*(y, 2) — A1 = N)d*(z, y).
The above inequality (b) is called the (CN) inequality of Bruhat and Tits(For more
details, see [T]).
Lemma 4.7. (see [16], [12] ) Let X be a CAT(0) space. For any z,y,z,w € X and
te [0 1] with uy = Az @ (1 — t)w, we have the following:
(ugd, ug)) < tzE, ugd)) + (1 — t)(wit, wgd)).
ﬂz@ <tz7,,7q l—t ?@).
<m> m 7 @,7/ (1 —t (wt, w).
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Lemma 4.8. [10] Let X be a CAT(0) space and x,y, z,€ X. Then for each A € [0, 1],
we have

Dz ® (1 =Ny, 2) < XNd%(x,2) + (1 = N\)2d%(y, 2) + 271 — )\)<ﬁ7?ﬁ>

Lemma 4.9. [23] Let C be a nonempty subset of a CAT(0) space X. Let T : C — X
be an a-nonexpansive mapping for some 0 < o < 1.

(i) If F(T) # 0, then T 1is quasi-nonexpansive. Moreover, F(T) is closed and
convezr.
(ii) If{zn} is a sequence in C such that lim d(x,,Tx,) =0 and A— lim z, =z

n—oo n—0o0

for some z € X, then z€ C and Tz = z.

5. CONVERGENCE RESULTS IN CAT(0) SPACE

Theorem 5.1. Let X be a complete CAT(0) space and C a nonempty closed and
convez subset of X. Let T = {T(t) : t > 0} be the u.a.r semigroup of a-nonexpansive
mappings from C into itself with F # 0. Let {x,} be the sequence defined by

ueC, x1€C (chosen arbitrary)
(5.1)
Tnt1 = At B (1 — ) [Anxn @ (1 — M) T (t0) 0]

Let {an},{ .} in [0,1] and t,, > 0 satisfy the following conditions :

(i) lim an =0

(ii) Z Q= 00
(iii) 0 < liminf A,, <limsup A, <1
)

n—oo n—oo

lim ¢, = o0
n—oo

(iv
Then, the sequence {x,} defined in (5.1) converges to T = Ppu, where Pp is the
metric projection of X onto F.

Proof. Let z € F and y,, = Apzp, @ (1 — X)) T (tn) .
Step 1: {z,} and {T'(¢t,)x,} are bounded.

By Lemma 4.6 and Lemma 4.9(i), we obtain

d* (T (tn

(yn,2) < And?(zn,2) + (1
(1 —An)d (@,
(1

+ T, 2) = An(1 = N d? (20, T(tn)20)
And? (2, 2) +
A

)
z) -

< An(1 = An)d? (2, T(tn)2n)
= dZ(xnv ) n(l—As )d2( (tn)xn)
< d(zy, 2).

By replacing ||. — .|| with d(.,.) in Step 1 of the proof of Theorem 3.1, we have

d(xpy1,2) < max{d(u,z),d(x1,2)}

Hence, {z,} and {T'(t,)x,} are bounded.
Step 2: If lim d(zy,T(tn)xs) =0, then lim d(z,,T(s)z,) =0 for any s > 0.
n—oo n—oo
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By replacing ||. — .|| with d(.,.) in Step 3 of the proof of Theorem 3.1 and using
properties of d in a CAT'(0) space, it is easy to verify that
nlgl;o d(xp,yn) =0 and nl;ngo d(xp, Tpy1) = 0. (5.2)

Moreover, using arguments similar to those in Step 3 of the proof of Theorem 3.1 and
replacing ||. — .|| with d(.,.), we get

li_>m d(T(tp)xn, T(s)x,) =0 and 1i_>m d(T ()T (tn)xn, T(tn)xs) = 0. (5.3)
Now,

d(yn, T(s)2n)

IN

A(Yn, T(tn)xn) + d(T(tr)Xn, T(8)Tn)
= Md(@n, T(tn)xn) + d(T(tn)xn, T(s)zy).

Taking limit as n — oo, we have

li_>m A(yn, T(s)xn) =0 (5.4)
By Lemma 4.6, we have
d2(xn+1,T(s)xn) = d2(anu (1 — an)yn, T(s)zn)
< and(u, T(s)zp) + (1= an)d (yn, T(s)zn)
_an(l - an)dQ(ua yn)
)

INA

Q
3

ISH

[\v]

£
=
NP

8
3

+ (1 - an)dZ(ynv T(S)xn)
By condition (i) and (5.4), it follows that
lim d(xp41,T(s)x,) =0. (5.5)

n—oo

Hence, for any s > 0,
A2, T(8)xn) < d(Tn, Tni1) + d(@nt1, T(8)Ty)

and
lim d(x,,T(s)x,) =0. (5.6)

n—roo

Step 3: z, 2T € Fasn—o0.

Case 1: Suppose that there exists ng € N such that {d(xy, 2)};2,, is nonincreasing.

Then lim d(z,, z) exists. With the aid of Lemma 4.6 and reasoning as in Step 2 of
n—oo

the proof of Theorem 3.1, we can show that
M (1= M)A (2, T(tp)wn) < d* (2 — 2) — d*(Tpy1,2) + an M.

Since lim d(zy,,z) exists, it follows from conditions (i) and (iii) that
n—oo

lim d(x,, T(ty)z,) = 0. (5.7)

n—oQ

Consequently, we deduce from Step 2 above that
lim d(x,,T(s)x,) =0 and lim d(zy,y,) =0. (5.8)
n—oo n—oo
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Since {x,} is bounded, it follows by Lemma 4.3 that there exists a subsequence {z, }
of {z,,} that A-converges to T € X. Using (5.6) and Lemma 4.9, we have that T € F.
Now, Lemma 4.5 ensures that {z,} A-converges to Z € F.

Exploiting properties of quasilinearization in (4.2), Cauchy-Schwartz inequality and
Lemma 4.8, we have

A (xp41,T) = d*(anu® (1 — an)yn,T)
< Q2Pw,T) + (1 — an)2d(yn, T) + 2(an(l — an) (@, yud)
< 2w, ) + (1 — an) A (20, T) + 200 (1 — ) (0, Gu) + (W, 7,7)]

IN

(1= @)d(2n, @) + an [and? () + 2(1 = @) [d(w, D)d(ynza) + (i, 2,3)]]

Since {z,} A-converges to T, it follows by Lemma 4.4 that limsup(uZ, z,Z) < 0.
n—oo

This inequality, (5.8) and condition(i) imply

lim sup [and2(u,x) +2(1 — an)[d(u, T)d(ynan) + (a7, E%n} —0.

n—oo
By Lemma 2.12, we have that hm d(mn, Z)=0. Hence z,, > T € F as n — 0.

Case 2: Suppose {d(zn, 2z )}n:no is not nonincreasing. So, there exists a subsequence
{n} of {n} such that

d(xn,,2) < d(Tp,+1,2) Yk eN.

Then by Lemma 2.13, there exists an increasing sequence of integers {my} C N such
that

1. lim mp =00 2. d(Tm,,2) <d(@mu+1,2) 3. d(Tk,2) < d(@my 41, 2)

k—o0

for all (sufficiently large) numbers k& € N. As shown before, we have
A (1= X )2 @, Tty )Ty ) < A2 (T 2) — A2 (T 11, 2) + 0 M.
This inequality, condition (i) and d(x,, , 2) < d(Zm,+1, 2) imply
klirréo ATy, Tty )Tm,,) = 0.
Moreover, we have from Step 2 that for any s > 0,
kli_)nolo ATy, Ym, ) =0 and kli_glo ATy, T(8) T, ) = 0.
As in Case 1 above, {z,, } A-converges to T € F and

dQ(mkarl?f) < (1 - amk)d2(xmmf)

|

— d
+ Qg O‘mkdz(uvf) + 2(1 - amk)[d(u7f)d(ymk7xmk) + <USC, xmkx>] .

Since d(xm,,, 2) < d(Tm,+1, %), we have that
@ (01, ) < Qo (0, T) - 2(1 = ) [, D) Yoy T,) + (0 210, ).
Condition (i) and the fact that lim sup(uZ, z,,,Z) < 0 imply that hm (T, ,T) =0

n— oo
and consequently, lim d(2m,+1,7) = 0. Finally,
k—o0

d(z, @) < d(@m,+1,T) implies that klim d(z, ) =0
—00
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Hence the desired result follows.

Step 4: Now we show that T € F is the nearest common fixed point of T to u i.e.
T = Pru.

For any z € F, it follows by Lemma 4.6(ii) that

d*(zp, 2) = d*(apu ® (1 — an)yn, 2)
< and®(u, 2) + (1 — ap)d* (Y, 2) — (1 — o) d>(u, yn) (5.9)
< d*(u, 2) + d* (2, 2) — an(1 — an)d?(u, yn).

Since d(yn,T) < d(zn,T), we have that y, — T as n — oo. Taking limit as n — oo in
(5.9), we have

d2(T, Z) < dz(uv Z) + dQ(Zm Z) - an(l - O‘n)dQ(uv yn) .

This implies d(u,T) < d(u,z) Vz € F. Hence T = Ppu.
Remark 5.2. An analogue of Theorem 3.3 for a sequence of u.a.r. a-nonexpansive
mappings on a CAT'(0) space can be easily established on the lines of its proof.
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