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Abstract. In this paper, we introduce a new algorithm for solving split feasibility problems in
Hilbert spaces. The algorithm stems from the relaxed CQ method and the alternated inertial step
method. The proposed algorithm uses variable step-sizes which are updated at each iteration by a
cheap computation without linesearch. This step-size rule allows the resulting algorithm to work more
easily without the prior knowledge of the operator norm. Numerical experiments are implemented
to illustrate the theoretical results and also to compare with existing algorithms.
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1. INTRODUCTION

The split feasibility problem (SFP) is:
Find = € H; such that x € C and Az € Q, (1.1)

where C' and ) are nonempty closed and convex subsets of real Hilbert spaces
H, and H, respectively and A : Hy — Hs is a bounded linear operator. We
shall denote the solution set of SFP (1.1) by Q. The split-feasibility problem (1.1)
was first studied by Censor and Elfving [16]. The SFP has applications in many
important problems such as signal processing, image reconstruction, intensity
modulated radiation therapy (IMRT) treatment planning, and many well-known it-
erative algorithms for solving the SFP (1.1) has been established [6, 14, 16, 15, 17, 18].
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In [16], the authors used their multidistance idea to obtain iterative algorithms for
solving the SFP (1.1). Their algorithms as well as some other algorithms obtained
later (see [12]) involve matrix inverses at each iteration. Byrne [14, 13] was among
the first to propose the so-called CQ algorithm which generates a sequence {z,} by
the recursive procedure,

Tn+l = PC(xn - TnA*(I - PQ)A:ETL)7 (12)

where the stepsize 7,, is chosen in the interval (O,W)7 Pc and Pg are the
orthogonal projections onto C' and ) which are closed and convex subsets of R™ and
R™ respectively and A* is the transpose of the m x n matrix A. Compared with
Censor and Elfving’s algorithm [16] where the matrix inverse A~! is involved, the
CQ algorithm (1.2) seems more easily executed since it only deals with orthogonal
projections with no need to compute matrix inverses.

Now consider the nonempty closed convex subsets in (1.1) having the following form:
C={zeR":c(z) <0},Q ={y e R : q(y) <0},

where ¢ : R — R and ¢ : R™ — R are both convex functions. In this situation, the
efficiency of the CQ method is extremely affected because in general the computation
of projections onto such subsets is very difficult. Motivated by Fukushima’s relaxed
projection method in [21], Yang [44] suggested calculating the projection onto a half
space containing the original subset instead of the latter set itself. More precisely,
Yang [44] introduced the following relaxed CQ algorithm:

Tni1 = Po, (xn — 1 A*(I — Py, ) Az,), (1.3)
where C,, and @Q,, are constructed as follows
Cp={zeR":c(xy) < (&, xn—2)}, (1.4)
with &, € dc(zy,) and
Qn ={z eR™: q(Azy) < (Cn, Azp — )}, (1.5)

with ¢, € 0q(Az,). We note that both the CQ algorithm and the relaxed CQ
algorithm use a fixed stepsize related to the matrix norm, which sometimes affects
convergence of the algorithms especially if A is a dense matrix and has a high
dimension.

In order to remove this setback, Ldpez et al. [27] introduced a new method for
selecting the variable stepsize. They defined the stepsize A, as follows:
3Pl — Po, ) Awn|?
[A*(I = P, ) Azn|?

Ap = (1.6)

where {p,,} is a sequence in (0,4) such that iI€1£I on(4 — pn) > 0 and proved that the
sequence {x,} generated by (1.3) converges weakly to a solution of SFP (1.1).
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Recently, Kesornprom et al. [26] proposed the following algorithm which can be seen
as an improvement over the algorithm of Gibali et al. [22] in the sense that it only
involves one projection per iteration.

{ Un = Tn — M A*(I — Pg, ) Az, an
Tnt1 = P, (Yn — n(A"(1 — Pg,)Ayn), '
_ anH(I_P 7L)A$n||2 _ lPn”(I_P ”)Amnﬂz
where An = TRt R, Sheee, A0 o0 = Om A pres 0 < e <4
0<4,<l1.

In iterative methods, it is always desirable to develop more efficient and faster
iterative algorithms. In order to obtain iterative algorithms with better rate of
convergence than the previous ones in the literature, many authors have studied
inertial type algorithms ( see, e.g., [1, 2, 4, 3, 5, 7, 10, 8, 9, 19, 28, 29, 32, 34]). These
results analysed the convergence properties of inertial extrapolation type algorithms
and demonstrated their improved performance numerically on some imaging and
data analysis problems.

In particular, many authors have proposed a variety of inertial-type methods for
solving SFPs, see [20, 36, 38, 37] and some of the references therein. One thing that
is very evident with respect to the inertial-type methods in [20, 36, 38, 37], is that the
sequence {z,} generated does not yield Fejér monotonicity of {|z, — z*||}, z* € Q
and can move or swing back and forth around 2, see, for example, [7, 28]. This is
the reason such inertial extrapolation step sometimes does not converge faster than
its counterpart non-inertial methods, see, e.g., [30]. The alternated inertial method
introduced recently in [31] has partially resolved this problem as it has shown some
improvements over the vanilla inertial methods, see [24, 25, 35], for details.

The purpose of this paper is to propose an alternated inertial relaxed CQ algo-
rithm for solving SFPs in real Hilbert spaces. Our contribution in this paper includes:

(1) Our proposed inertial method regains the Fejér monotonicity of {||z, —z*||},
z* € ), in some sense.

(2) The algorithm can be considered as an alternated inertial relaxed version of
the splitting-relaxed projection method studied in [42] for solving SFPs.

(3) We give some numerical examples to show the comparative advantage of our
proposed method over some recent related methods.

2. PRELIMINARIES

Let Hy and Hj be real Hilbert spaces, w,(x,,) the set of cluster points of {z,} in the
weak topology, 7 — 7 strong convergence and ” — ” weak convergence. Let T be an
operator on H. Then T is called

(i) k-inverse strongly monotone (k-ism) if there is x > 0 such that

(Te —Ty,x —y) > &||Tx — Ty||2,a:,y € H;
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(ii) L-Lipschitz continuous if there is L > 0 such that
[Tz =Ty < Lllz - yll, 2,y € H;

(iii) firmly nonexpansive if it is 1-ism;
(iv) nonexpansive if it is 1-Lipschitz continuous.

Lemma 2.1. (Gobel-Kirk [23]). Let T be an operator on H. Then the following are
equivalent.

(i) T is firmly nonexpansive;

(i) I — T is firmly nonexpansive;

(iii) | Tz — Ty|]? < (x —y, Tz — Ty),x,y € H.

Let C be a nonempty closed and convex subset of a Hilbert space H. The projection
mapping from H onto C is denoted by Pc and defined by

Po(x) = argmin ||z — y||, = € H.
yeC
It is well known that the projection mapping is firmly nonexpansive and is character-
ized by the following variational inequality:
(Po(x) —x, Po(x) —y) <0,Vy € C. (2.1)

Lemma 2.2. (Byrne [14]). Let A : H;y — Hy be a bounded linear operator and Q) a
nonempty closed and convex subset of Ha, then the operator A*(I —Pg)A is W—ism

and hence || A||?-Lipschitz continuous.

Lemma 2.3. (See [39]) Assume that {a,} and {b,} are two sequences of non-negative
numbers such that

Gny1 < ap + by, Vn e N
If 307 1 by < 400, then limy, o0 ay, exists.
We recall that a function f: H — R is called convex if
flax+ (1 —a)y) <af(x)+ (1 —a)f(y),Ya € [0,1] and Vz,y € H.

A function f : H — R is called subdifferentiable at z if there exists at least one
subgradient at z. The set of subgradients of f at the point z is called the subdifferential
of f at x, and is denoted by Jf(z). A function f is called subdifferentiable if it is
subdifferentiable at all points in H. A convex function f : H — R is called weakly
lower semicontinuious at x if x,, — x implies

f(@) < liminf f(x,);
n—oo
weakly lower semicontinuous if it is weakly lower semicontinuous at all points in H.
Definition 2.4. A sequence {z,,} in H is said to converge weakly to Z € H if Vz € H,

nl;ngo(xn,z> = (T, 2).
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Lemma 2.5. ([33]) Let C be a non empty subset of H and {x,} be a sequence in H
such that the following conditions hold:

(i) for every x € C, lim,—, o ||xn — x| exists;

(ii) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

Lemma 2.6. ([17]) Let {C;}i_; and {Q;}}_, be nonempty closed and convex subsets
of Hy and Hs respectively and A : Hy — Hs a bounded linear operator. Let P(x) :=
22:1 li(x — P, () + Z;Zl NA(I — Pg;)Ax where 1;(i = 1,---,t) and \;(j =
1,---,r) are all positive constants. Then P(x) is Lipschitz continuous with L :=

Mo i+ AP T A

3. MAIN RESULTS

In this section we consider the nonempty closed convex subsets in the SFP (1.1) with
the following form:

C={xeH :c(x)<0},Q={ye€ Hy:qly) <0},

where ¢ : H;y — R and ¢ : Hy — R are both weakly lower semicontinuous convex
functions. Assume that both dc and dq are nonempty and bounded on bounded sets.
We note that in finite dimensional Hilbert spaces, every convex function is subdiffer-
entiable everywhere and its subdifferentials are uniformly bounded on bounded sets
(see [6]). So our assumptions are automatically satisfied in finite dimensional Hilbert
spaces setting. Define C), and @Q,, as follows:

Cp ={z € Hy : c(wy) < (&, w, — )}, (3.1)
where &, € dc(w,), and
@n =A{y € Ha : q(Awy) < (Cn, Awn — y)} (3.2)
where ¢, € 9q(Aw,,). Observe that for every n > 0, C C C,, and Q C Q,. We also
set fo(x) = A*(I — Py, )Ax.
Algorithm 3.1. Initialization : Choose four parameters 71 > 0,6 € (0,1], u € (0,1)
and «,, such that 0 < ¢, < (%)2 Select initial xg, 1 € Hy and set n := 1.

Step 1: Given z,,_1 and x,, (n > 1), compute

ZTn, N = even
o= { Tp + an(xn - xn—l)a n = odd, (33)

Step 2:
Yn = PCn (wn - Tnfn(wn))7 (34)

if y,, = w,,, then stop and w,, is the solution of the SFP. Otherwise,
Step 3: Compute

Tnt1 = (1 - e)wn + O0yn + eTn(fn(wn) - fn(yn)) (35)
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and update
=4 min {7 s b 1 () = falwn)l) # 0, (3.6)
Tn, Otherwise.

Set n :=n + 1 and return to Step 1.

Remark 3.2. The stepsize 7,41 is found at each iteration by a cheap computation
and does not depend on the operator norm. From the definition, we see that if
fr(wyn) = fu(yn), then 7,41 = 7,. Otherwise since f,, is Lipschitz continuous with
Lipschitz constant || A[|?, then

pllwn — yn | > ol wn — yn| __H
| fr(wn) = fr(yn)ll — ||A||2Hwn — Ynll [ All?

Thus, we have that {7,,} is bounded below by min{r, W} Moreover, from defini-

tion, the sequence {7,,} is monotonically non-increasing. Thus there exists 7 > 0 such
that lim,, o0 7 = 7.

Lemma 3.3. Ify, = w, for somen > 1, then w, is a solution of the SFP (1.1), i.e.
wy, € Q.

Proof. Let y, = wy, and pick z* € Q. Substituting w, = x in (3.1) yeilds c¢(w,) <
0,i.e. w, € C. Also, by (3.5) and (2.1), we have

(W, = A fn(Wn) — Wn,y —wy) <0, Vy € C.

Therefore,
(fn(wn), wy, —2*) <0. (3.7)
Since I — Pg,, is firmly nonexpansive, then
(7~ P, )Awn? = (T~ P, ) Aw, — (I - Po,)Az"

< (I = Pg,)Aw,, Aw, — Az™)

= (fu(wn),w, —z*) <0. (3.8)
Thus Aw, € @, by the definition of @, we have q(Aw,) < 0,i.e., Aw, € @ and
therefore w, is a solution of the SFP (1.1). O

Theorem 3.4. Let {x,} be the sequence generated by Algorithm 3.1 and Q # (.
Then {x,} converges weakly to a point in Q.

Proof. Let z* € Q. From the definition of y,, and (2.1), we obtain
(Yant1 — (Want1 — Tont1font1(Wany1))s Yon1 — %) <0,
which gives

2(want+1 — Yont1, Yon+1 — &) — 2Ton1 (font1(Want1) — font1(Y2nt1)s Yont1 — T°)
— 27241 (font1(Y2nt1), Yons1 — %) > 0. (3.9)
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Using the identity 2(a,b) = |ja + b||?> — |la||?> — [|b]|* with @ = wan11 — Y21 and
b=yont1 —x*, we get

2<w2n+1 — Yon+1,Yon+1 — 56*) = ||w2n+1 - 9C*||2 - Hw2n+1 - y2n+1H2 - ||3/2n+1 - 33*||2
(3.10)

Moreover, since z* € ), then fo,11(x*) = 0. Therefore, it follows from fs,.1 being
monotone that

(fan+1(y2n+1), Yant1 — %) = (font1(27), yant1 — 27) = 0. (3.11)
Combining the relations (3.9), (3.10) and (3.11), we obtain

ly2nt1 — 2% < lwangr — 2*[1* = [[wans1 — yanga |
—27on41(font1(Want1) — font1(Y2nt1), Yont1 — 7). (3.12)
But
[Z2ns2 — 272
= (1 = O)wans1 + Oyans1 + 072ns1 (font1 (Wong1) = font1(Yans1)) — 2|2
(1= 0)?lwans1 — 2*|* + 0% ||ly2ns1 — 27|
+60%73, 1 [ font1 (wang1) — font1 (Yans1) I
+20(1 — 0)(won41 — 2", Y2ns1 — T°)
+279,410(1 — 0)(want1 — =%, font1(Want+1) — fant1(Yon+1))
+2720 4102 (Y21 — T, font1(Want1) — font1(Yant1))- (3.13)
From the identity 2(a, b) = ||a||?>+||b]|*>—|la—b]||? for @ = wa, 41 —2* and b = ya,, 11— 2%,
we have
2want1 — % yon1 — %) = |wang1r — ¥ + y2ns1 — 2¥|?
—[lwans1 — yan1 - (3.14)

Substituting (3.14) into (3.13), we get

[zant2 — "> = (1 = 0)?||wantr — =¥ + 0% |ly2n1 — "
+ 0275, 1| fonsr (Want1) = fonsr (Y2ns1) 12

+0(1 — 0)[|[want1 — 9U*||2 + [ly2n+1 — 33*||2 — lwany1 — y2n+1||2]

+ 272041601 — 0)(want1 — 7, fant1(Wont1) — font1(Y2n+1))

+ 27201107 (Yant1 — 27, fang1(Want1) — fons1 (Y2ns1))

= (1= 0)[wans1 — =*[* + Ollyan1 — 2*?

—0(1 = 0)[Jwant1 — y2n+1||2

+ 6273, 1|l font1 (wang1) = fang1(Y2nt)

+ 2724101 — 0)(wan41 — =%, font1(Want1) — font1(Y2nt1))

+ 279410% (Yant1 — T, fant1(Want1) — font1(Yant1))- (3.15)

I
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Thus from (3.12) and (3.15), we have

[#2nse — 2% < (1= 0)|wantr — 2% + 0 lwanr — 2 [|* = [lwani1 — Yonia |
—279n41(fon1(W2n11) = fant1(Y2nt1), Yant1 — 7))
—0(1 — 0)[Jwant1 — :U2n+1||2
+0°75, 11 | font1(wont1) = fans1(yant1)
+2725410(1 — 0)(want1 — 7, fant1(Wont1) — fant1(Y2n+1))
2725 410° (Yan+1 — °, fons1(Wans1) = fans1 (Y2ns1))-
= Jlwans1 —2*|* = 0(2 = 0)[|wany1 — y2nsa|?
+0° 75 1 | fang1(won 1) = font1(yanta) |
2795 410(1 — 0)(Want1 — Yont1, fons1(Want1) = fong1(Y2nt1))

I?

< wanst — 272 = 02 — 0)|wanst — Yons|?
2
+02T22n+12u7”w2n+1 — yant1|?
Ton+2
+279,416(1 — 0) | want1 — Yot
2n—+2
= |lwont1 — ¥ - 0{2 —60—2u(l— 9)%
Toan+2
2722n+1 9
—0n" = } [want1 — yonal|”. (3.16)
Ton+2
Moreover,
[wansr — 21> = ||z2nt1 + azng1(Tong1 — z2n) — 2|17

(1 + Q2n41)(Tans1 — ) — Qongr (T2 — )|
= (1+ agng1)ll@2ns1 — 2% — agpill@an — 2*|?

tazn41(1 + a2n1)|| 2041 — T2n . (3.17)

Using similar arguments in showing (3.16), we have

* * T
[znsn =22 < flwan — 2|2 = 0[2 - 0 — 201 — )
Ton+1
7_2
_gﬂZ 22n }szn—anH?
2n+1
= oz — 2"~ 02— 0 - 2u(1 - 0) 2
Ton+1
2 7'22 2
0122 =220 — o (3.18)

2n+1
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Substituting (3.17) and (3.18) into (3.16), gives

T2n

2212 — 2|1 <[22y — 21> = (1 + azn11)0 [2 —6—2u(1-0)
Ton+1

2
- Huzfin} w2n — yonll” + 2n41(1 + a2ni1) || 2041 — T2n ||
T2n+1

0|:2 0 2 A T2n+1 0 27_22n+1 _ 2
- —0—2u(1=0)—— — 0p" 5 |[lwant1 — y2nt1[”. (3.19)

T2n+2 Tan+2
Also,
||x2n+1 - x?n” = ||(1 - 9)w2n + 9y2n + 07—2n(f2n(w2n) - f2n(y2n)) - x2n||

S 9||w2n - y2n|| + 07—2n||f2n(w2n) - f2n(y2n)H

< Ollwan — yaull + O7on—"— w2 — youll

T2n+1
= 014 mon =) w20 — g2l (3.20)
T2n+1

Therefore, from (3.19) and (3.20), we have

* Ton
[T2ni2 —2*[* < |lwgn —a* > — (1 + O‘2n+1)6[2 —0—2u(1—0)—>
Ton+1
2 2
T n
—Op® 2 —a2n+19(1+7'2n ) ]szn — yau|?
Ton+1 T2n41
T2n+1 2T22n+1 2
—0[2- 02001 = ) 2" — 22 gy — o
Ton+2 Ton+2
* Ton
< Jaan =272 = (1 + a2041)0[2 = 0 = 2u(1 — 0)

T2n+1

2 1 — 2
70,&2 ;_271 70( ,LL) (1+T2n

2
[ 22n — yonll®
Tont1 14+ p ) } " "

Toan+1
2
T T
—9[2 — 0 —2u(1 — ) =22tL 9/;2%} [want1 = yanta .
Ton+2 Ton+2

(3.21)

Since 7, — 7 > 0, we have

2 1— 2 2
lim [2-9-2;;(1—0) Ton_ _py2_2n —0( “) (1+m s )]
n— o0 Ton+1 Ton+1 1+M T2n+1

- [gfafguuw%eute(i—z)%lw)z]

=[2-0—2u(1-6) - p® = 0(1 — )’
= (1— p)[2 — 20 + 204]
—2(1— w)[1 — 0(1 — p)] > 0. (3.22)
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Also,
2
lim [2 g 2u(1—g) 2t g2 722"“]
n—00 Ton+2 Ton+2
=2—0—2u(1—0)—0u>
=(1—p)(2—-60+46u) >0. (3.23)

Let € be fixed such that
0<e<2—0—2u(1—0) =0 =001 —p)*><2—0—2u(1—0)—06u>

Then, it follows from the relations (3.22) and (3.23) that there exists ng > 1 such
that

2
.
20— 2u(1 — 0)2tL _ g2 20kt

T2n+2 Ton+2
n 2 1— N2 2
> 20 2u(1-0) 2 — g2 2 (L) (147 )
Tont1 Ton+1 +u Ton+1
>e>0,Yn > nog. (3.24)

This together with (3.21), implies that
lz2nse =212 < llwan — 2%)* = (1 + aznq1)fel|z2n — you|
—0¢||wani1 — Yani1l?, ¥n > ng, (3.25)
which implies
|zonio —2*|? < |l@on — ¥, VR > no. (3.26)

Therefore, we have that lim,_, o |22, — *|| exists and that {xs,} is bounded. Fur-
thermore, we get from (3.25) that

nh_)rr;o lz2n — ya2nl =0 (3.27)
and
Jim jwani1 = Y241 = 0. (3.28)
Again, from (2.1) and the definition of y,,, we have

<w2n - T2nf2n(w2n) — Yon, QE* - y2n> S Oa

which implies

* 1 .
<f2n(w2n), Yon — > < 7<U}2n —Y2n,Y2n — T >
T2n
1 *
< lwan — Y2nlllly2n — |- (3.29)
T2n

Furthermore, since fa,, is || A||?>-Lipschitz, then

[ f2n (w2n) = fon (2")ll|y2n — wanl|
AN [[wan = 2 [[I[y2n — w2al. (3.30)

<f2n(w2n)7 Won — y2n>

INIA
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Combining (3.29) and (3.30), we have
(fon(wan), wan — ) < M||yan — wanl, (3.31)

where M = sup{||A|?|wan — 2*|| + =||yan — 2*||}. However, since fa, is W—ism,

T2n

we have

<f2n(w2n) - f2n(x*)aw2n - $*>
Wnbn(w%) ~ fonla®)I?
1

= WHan(an)HQ (3.32)

<f2n(w2n)7 Wan — $*>

%

From (3.31) and (3.32), we get

| fon(wa)l® < [ AIPM lyzn — wanl
JAI2M lyn — 20l] = 0,7 = ox. (3.33)

Now, since I — Pg,,, is firmly nonexpansive, it follows that

(I = Pqy, ) Awa | I(I = Pg,,)Awzn — (I = Po,,)Az"|?

< (I = Pg,, )Away, Aws,, — Az™)
= (A"(I — Pg,,)Awz,, wa, — z7)
< |l fen(wan)|llwen — || = 0,n — co. (3.34)
Similarly, one can show that
Jim [(1 = Pgs, i, ) Awana || = 0. (3.35)

Since, dq is bounded on bounded sets, we have that there exists ( > 0 such that
[I¢2n|l < ¢. Since Pg,, Away, € Qap, we obtain from (3.2) and (3.34) that,

Q(Aw2n) S <<2n7 Aw2n - PQQ-,L Aw2n>
< (|| = Pg,, )Awa,| = 0,n — oo. (3.36)

Since {x2,} is bounded, there exists a subsequence {2y, } of {22, } such that za,, —
7 € Hy. Thus, the weak continuity of A yields that Axs,, — AZ, which together
with the weak lower semicontinuity of ¢ yields

q(Az) < liminf g(Azay;) = liminf g(Awan,) <0,

j—o0 Jj—o0
that is AT € Q. Since y2,,; € Cap;, then by definition of Cs,,;, we have

C(wan) + <§2n]~7y2nj - w2nj> < 07
where &2,;, € Oc(wan;). By the boundedness of {2, }, there exists £ > 0 such that
|€2n, || < €. Thus form (3.27), we have
<£2nj ) U)an - y2nj>
”52%]' || ||w2nj — Yon; ||

§||w271j - anj ||
EllTon, — yon, || = 0,5 — oo. (3.37)

c(T2n;) = c(Wan,)

IN A IA
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Since w2,, — T, then by the weakly lower semicontinuity of ¢ and (3.37), we have

c(z) < liminf ¢(2g,;) <0,
j—o0

which implies € C. Thus, we have Z € Q and from Lemma 2.5 it follows that {z2,}
converges weakly to a point in 2.

On the other hand, from (3.20) and (3.27), we have
Ton

a1 = z2ull < 0(1+
Ton+1

>||a:2n — Yonl = 0,m — o0, (3.38)

Suppose {2} converges weakly to z € Q and {z2,} converges weakly to z* € Q.
Then

*||2

|z —x (Z — 2",z —x%)

(Z, 2 — ™) — (", — x™)
=  lim (x2,,Z — ") — lim (z2,,% — z™)
n— oo n—oo

=  lim (x2, — T2, — z¥) = 0.
n—oo

Therefore, the weak limit Z is unique. By definition, we have that for all y € H,
lim (x2, — Z,y) = 0.
n—oo

Thus, from ||z2p+1 — Z2n|| = 0,7 — oo, we have for all y € H;

[(Zon+1 —Z,y)| = [(Tan41 — T+ Ton — Z2n, )]
< [won — Z,9)| + 2241 — 220, )|
< [z2n — T, y)| + [[22n41 — 220l |ly]l = 0,1 — oo
Hence, {x2,+1} converges weakly to Z € Q2 and therefore, {z,} converges weakly to
a point T € (. O

We now give an extension of our results to the multiple-sets split feasibility problem
(MSFP) [17], which is mathematically formulated as the problem of finding a point
x* such that:

ot e C:=ni_,C;, Az* € Q :=N}_,Q;, (3.39)

where ¢t > 1 and r > 1 are given integers, {C;}{_; and {Q; }i—1 are nonempty closed
and convex subsets of Hilbert spaces H; and Hs respectively and A : H; — Hy is
a bounded linear operator. Let us denote the solution set of the MSFP (3.39) by
Qprsrp. Our results in this paper can easily be extended to solving the MSFP (3.39)
where the nonempty closed and convex subsets C;(i =1,--- ,t) and Q;(j =1---,7)

are level sets of convex functions given are follows:
Ci:={x € Hy : ¢;(x) <0}
and
Q; ={y € Hy: q;(y) <0},

where ¢; : Hi =+ R,i =1,--- ,tand ¢; : Ho = R,j = 1,--- ,r are convex functions
such that ¢;(i = 1,---,t) and ¢;(j = 1,--- ,7) are subdifferentiable on H; and H,
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respectively and Oc; (¢ = 1,--- ,t) and ¢;(j = 1,--- ,r) are bounded on bounded sets.

Define C; ,, and Q;,, as follows:

Ci,n = {.13 S Hl . cz(wn) S <§i,nawn - .13)}, (340)
where &; ,, € Oc;(wy,), and
Qj.,n ={y € Hy: Qj(Awn) < <Cj1na Aw, —y)} (3.41)

where (;,, € 0g;(Aw,,). Observe that for every n >0, C; C C; ,, and Q; C Qj -
We then modify Algorithm 3.1 accordingly for solving the MSFP (3.39) as follows:

Algorithm 3.5. Initialization : Choose four parameters 1, > 0,6 € (0,1], u € (0,1)
2
and «,, such that 0 < o, < (1_—“) . Select initial xzg,z1 € Hy and set n := 1.

1+p
Step 1: Given x,,_1 and x, (n > 1), Compute
Tpn, M = even
Wn = { Ty + @ (xy — 1), n = odd, (3.42)

Step 2:
Yn = Wy — T Py (wy), (3.43)

if y,, = w,,, then stop and w,, is the solution of the MSFP. Otherwise,
Step 3: Compute

Tn41 = (1 - e)wn + 0y, + eTn(Pn(wn) - Pn(yn)) (3-44)
and update
: U'Hwn*yn” 3 _
=4 min {ro s et 3 1P wn) = Palon) | # 0, (3.45)
Tn, Otherwise,
where

P,(z) = Z li(z — Po, () + Y NAT(I = Py, ) Ax.

j=1
Set n :=n + 1 and return to Step 1.

Remark 3.6. Since P, is Lipschitz continuous, then just as in Remark 3.2, we
have that {7, } is monotonically non-increasing and is bounded below by min{r, %}

(L= Li+]Al? >i—1Aj). Thus there exists 7 > 0 such that lim, e 7, = 7.

Lemma 3.7. If y, = w, for somen > 1, then w, is a solution of the MSFP (3.39),
i.e. wy € Qusrp.

Proof. Let y, = wy, and pick x* € Qprspp. Then from (3.43), we have
<wn - /\nPn(wn) - wan* - wn> =0,
which implies

(Pp(wp), wy — %) = 0. (3.46)
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Since I — Pg¢, ,,(i =1,---,t) and I — Pg, ,,(j = 1,--- ,r) are firmly nonexpansive,
then

t T
DLl = Po, Jwall® + Y NI = Po,, ) Aw,|?
i=1 j=1

IN

t r
> LI = Po, wn,wn — 2%) + Y N (T = Py, ) Awy, Aw, — Az”)

i=1 =1

t T
_ <Z LI~ Pe,, Jwa + 3 NA*(I = Py, ) Aw,, Aw, — Ax*>
=1

j=1

= (Py(wyn),w, —2%) = 0. (3.47)

Thus, w, € Cjp, (1 =1,---,t) and Aw, € Qjn,(j =1,---,7). It then follows from
the definitions of C;,,, (i = 1,---,t) and Qjn,(j = 1,---,7) that ¢;(w,) < 0,(i =
1,---,t) and ¢j(Aw,) < 0,(j = 1,---,r), which implies w, € C;( = 1,--- ,t) and
Aw, € Qj,(j = 1,---,7). Thus, we have w, € N{_;C; and Aw, € N’_,Q; which
means w,, is a solution of MSFP (3.39). O

Theorem 3.8. Let {z,} be the sequence generated by Algorithm 3.5 and Qprspp # 0.
Then {x,} converges weakly to a point in Qprspp.

Proof. Let x* € Q. From the definition of y,,, we obtain
<y2n+1 - (w2n+1 - Tzn+1P2n+1(w2n+1))vy2n+1 —z%) =0,
which gives
2(W2n+1 = Yon+1, Y2nt1 — T°) = 272041 (Pont1(W2nt1) — Pont1(Y2n+1), Y2nt1 — 27)
— 272041 (Pont1(Y2n+41)s Y2nt1 — ) = 0. (3.48)

Using the identity 2(a,b) = |ja + b||*> — |la||?> — [|b]|* with a = want1 — Y241 and
b= yont1 — =¥, we get

2(w2n41 = Y2nt1, Yons1 — ) = [Jwant1 — 2| = lwzn 1 = Yontal® = ly2n1 — "%

(3.49)
Moreover, since z* € 0, then fa,+1(z*) = 0. Therefore, it follows from fa,4+1 being
monotone that

(fen1(Y2n+1), Y2n+1 — 2°) 2 (fon41(27), y2nt1 — %) = 0. (3.50)
Combining the relations (3.9), (3.10) and (3.11), we obtain
[y2nt1 — &*[I* < lwant1 —2*|* = want1 — y2nsa|®
—27on 41 (fons1(Wont1) — font1(Y2ns1), Yons1 — 27). (3.51)
Thus by similar steps as in (3.13) to (3.26), we have

|zonso —2*||? < ||@on — ¥, VR > no. (3.52)
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Therefore, we have that lim, . |22, — 2*|| exists and that {z3,} is bounded. Fur-
thermore, we get from (3.25) that

Jim [z2n = y2nll = 0 (3.53)
and
nh_{{)lo lwant1 — y2nt1ll = 0. (3.54)
Again, from the definition of y,, we have
(Wan — T2n Pon(W2n) — Yon, " — Y2n) = 0,

which implies

* 1 *
<P2n(w2n)ay2n - > = - <w2n —Y2n,Y2n — T >
2n
1 *
< —lwan = yaullllyen — 2. (3.55)
T2n

Furthermore, since Py, is L = Y"t_, I; + || A||? > j=1 Aj-Lipschitz, then

<P2n(w2n)7 Wan — y2n> S ||P2n(w2n) - P2n(x*)|| ||y2n - an”
< Lljwan — 2" ||[ly2n — wanl- (3.56)
Combining (3.55) and (3.56), we have
<P2n(w2n)7w2n - J}*> S K||y2n - w?n”a (357)

where K = sup{L|lwa, —2*|| + —~|lyan — 2*||}. However, since Py, is -ism, we have

(Pon(wayn) — Pop (), wap — ™)

1 *
ZHPQn(an) - PZn(x )H2

<P2n(w2n)7 Wan — 13*>

%

1
7 [1Pan (w2n) |1 (3.58)
From (3.57) and (3.58), we get

| Pon(wan) [ < LK |[y2n — wanl|
= LK||y2n - 332n|| — 0,n — oo. (3.59)
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Since I — Pc, ,,,(i=1,---,t)and [ — Pg,,,,(j = 1,--- ,r) are firmly nonexpansive,
then

t T
D LI = Poy ) wonl® + D NI = Po, ) Awa |
i=1 j=1
t T
< D LI = Poy ) wan, wan — %) + Y NI = Py, ,, ) Awan, Awg, — Az”)
i=1 j=1
t r
_ < N U~ Py, wan + Y NAYI — P, ,, ) Awny, Aws,, — Am*>
i=1 j=1
= <P2n(w2n)7 Won — .T*>
< N Pon(wan)|l[lwzn — 27| = 0,n — oo, (3.60)

which gives

(I = Pg,,, )wan| — 0,n —o00,(i=1,---,t) (3.61)

and
(I = Pg,,,)Awwm| —0,n—oc0,(j =1,---,7). (3.62)
Since, d¢;, (i = 1,--- ,t) are bounded on bounded sets, we have that there exists

& >0,(i=1,---,t) such that || 2] < &. Since Po
(3.40) and (3.61) that,

Way, € Cj 2y, we obtain from

i,2n

ci(wan) < (&i2n,won — Po, 5, Wan)
&ll(I = Py, )wan| — 0,n = 00, (i =1,--- ,t). (3.63)

A

Similarly, we have

q;j (Aan) < <Cj,2n7 Aw?n - PijgnAw2n>
< Gl = Py, ., ) Away|| = 0,n — 00, (j = 1,---,7).  (3.64)

Since {z2, } is bounded, there exists a subsequence {zay, } of {x2,} such that zo,, —
Z € Hy. Therefore by the weakly lower semicontinuity of ¢; and (3.63), we have

¢i(Z) < liminf e(zay,,) <0,
k—o0
which implies 7 € Cy, (i = 1,--- ,t), that is z € N{_,C;
Also, the weak continuity of A yields that Axa,; — AZ, which together with the weak
lower semicontinuity of g;, (j =1,---,r), yields
¢;(AZ) < liminf ¢(Axg,, ) = liminf g(Awsy,, ) < 0,

k—o0 Jj—oo

that is Az € Q;.(j = 1,---,r), that is AZ € N_1Qj. Since z2,, — 7, and

Z € Qumsrp, then from Lemma 2.5 it follows that {x9,} converges weakly to a point
in Qusrep.
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Suppose {2y} converges weakly to € Q and {z2,} converges weakly to z* € Q and
since just as in (3.38), we have

T2n
T2n+1

[ Zons1 — Tan < 9(1 + )||:132n — Yol = 0,n — oo, (3.65)

Then

Iz — 2| (T —a" T —2a7)

= (z,z—a")— (a*, 2 — ")

= lim (x9,,T —2*) — lim (x9,,T — x*)
n—oo n—oo

= lim (x9, — xo,,T —z*) = 0.
n—oo
Therefore, the weak limit Z is unique. By definition, we have that for all y € Hy,
lim (zo, — Z,y) = 0.
n—oo

Thus, from ||z2,4+1 — T2, || = 0, — 00, we have for all y € Hy

(Tont1 — Z,y)] = [Tong1 — T+ Ton — T2n, Y)|
< xon — 29| + [(Tons1 — T2n, y)|
< Ko2n — T,y + [22n+1 — 220 lllyll = 0,m — oo.

Hence, {xa,+1} converges weakly to T € Q and therefore, {z,,} converges weakly to
a point = € Q. O

4. NUMERICAL EXAMPLES

In this section, in order to show the validity of Algorithms 3.1 and 3.5, we present
some preliminary numerical results for solving the SFP and MSFP respectively in
the setting of finite dimensional Hilbert spaces. All the codes are written in MAT-
LAB R2015a and run on HP Intel(R) Core(TM) i3-5005U CPU @ 2.00GHz 2.00GHz;
4.00GB Ram laptop.

Example 4.1. Let H; = Hy = R?. We take

1
C={r= ($1,$2,$3)T e R3|zy + §x§ —|—x§ < 0},

1
Q= {z = (x1,22,23)" € R¥a] + a5+ 573 < 0}

and
3 1 -2
A= 3 2 2
2 0 1
2
For this example, we take o, = (%) Z—ié, = %7 0 = 0.6, m; = 1 and stopping

rule ||w, — yn|| < €. For the algorithm (1.3) of Yang [44], we take 7,, = |\OAO|\42 and for

the algorithms Lépez et al. [27] and Kesornprom et al. [26], we take p, = 0.01 and

On = 7. We for the algorithms of Yang [44], Ldpez et al. [27] and Kesornprom et

al. [26], we take the stopping rule ||2,11 — z,| < €.
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TABLE 1. e =10"°

No. of iterations CPU Time.

Alg. 3.1 144 0.045504

Yang [44] 287 0.033093
Lépez et al. [27] 820 0.092272
Kesornprom et al. [26] 498 0.088831

TABLE 2. ¢ = 1077

No. of iterations CPU Time.

Alg. 3.1 237 0.045504

Yang [44] 557 0.064735
Lépez et al. [27] 1740 0.19157
Kesornprom et al. [26] 3085 0.54775

. J ;
a 100 200 300 400 500 600 700 800 900 a 500 1000 1500 2000 2500 3000 3500
Number of iterations Number of iterations

FIGURE 1. e =10"° FIGURE 2. e =107

Example 4.2. In this example, we compare the performance of Algorithm 3.5 and
Algorithm of Tang et al. [40] Let H; = Hy = R® and r = t = 2. We take

Cr={z= ($17$27$3)T S R3\x1 +a:§ + 2z3 < 0},
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T 355% 33% x%
Cy = {z = (21, 22, x3) €R|E+§+Z_1SO}’

Q1 = {z = (z1,22,23)" € R*|2} + 25 — 25 < 0},

x? 23 a3
Qs = {x = (z1,20,23)T e R L + 2 423 _1<0}
4 4 9
and
3 1 =2
A= 3 2 2
2 0 1

For this example, we take

1—p\2 1 1
an:( u) ne aN:gvaz()'GaTl:]-a

1+u) n+5
1
11212:/\12/\225
and stopping rule |lw, — y,| < 1072. Algorithm of Tang et al. [40], we take
1 1
k_ gn s A —— = = = = —
P1=P1 = P2 5 ar =az =1 =P 5
and stopping rule ||2,41 — zp || < 1072 We choose z = [3, 5,3]7, 21 = [1,1,1]" for
each case but take z1 = [1,1,1]7 and zo = [3, 3, 2]7 respectively.

TABLE 3. 71 = [1,1,1]7 for Tang et al. [40]

No. of iterations CPU Time.

Alg. 3.5 9 0.0039859

Tang et al [40] 16 0.0054634

TABLE 4. z1 = [3, 5, 2] for Tang et al. [40]

No. of iterations CPU Time.

Alg. 3.5 9 0.0061113

Tang et al [40] 12 0.0023727
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FIGURE 4. 1 =

[1,3,3]7 for Tang et
al. [40]

FIGURE 3. z; = [1,1,1]7
for Tang et al. [40]
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