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1. INTRODUCTION

The concept of iterated function system (IFS for short) was introduced forty years
ago by J. Hutchinson in [9], popularized by Michael Barnsley in [1] and it repre-
sents one of the most important methods of constructing fractals. In the last years
there have been considered many generalizations of this concept. A first direction of
generalization consists of using weaker contractivity conditions. Along these lines of
research let us mention some papers. For example, in [10] L. Ioana and A. Mihail
introduced and studied IFSs consisting of ¢-contractions and in [19] I. Savu stud-
ied TF'Ss consisting of continuous functions satisfying Banach’s orbital condition. In
[6] F. Georgescu generalized the concept of IFS consisting of convex contractions
and in [21] N. A. Secelean introduced a new type of IFS, namely IFS consisting of
F-contractions. The fractal operator associated to IFSs with weaker contractivity
conditions could have the same properties as the component functions (see [12]) or
not (see [17]). In this case, it may appear some difficulties. For example, in [23] N.
Van Dung and A. Petrusel pointed out the problems in providing some results of IFSs
consisting of Kannan maps, Reich maps and Chatterjea type maps.
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A second way to generalize the notion of IFS was to consider systems with an
arbitrary number (finite or infinite) of functions. For example, in [5] H. Fernau
studied infinite IFSs, in [7] G. Gwézdz-Lukowska and J. Jachymski presented the
Hutchinson-Barnsley theory for infinite IFSs and in [4] D. Dumitru studied arcwise
connected attractors of infinite IFSs. Also, I. Jaksztas in [11] studied the infinite IF'Ss
depending on a parameter and F. Mendivil in [15] constructed a generalization of IF'S
with probabilities to infinitely many maps. The infinite IFSs were also studied in [2],
[8], [13] and [16].

Another way to generalize the IFSs was to change the structure of component
functions or the structure of space. For example, R. D. Mauldin and M. Urbanski
in [14] studied graph directed Markov systems and in [18] the authors studied the
canonical projection of generalized IFSs.

Related to the concept of IFS is the notion of shift (or code) space. The shift space
of an iterated function system and the address of the points lying on the attractor
of the IFS are very good tools to get a more precise description of the invariant
dynamics of the IFS and of the topological properties of the attractor. For example,
in [3] D. Dumitru studied the topological properties of the attractors of IFS and in
[22] F. Strobin studied this problem in the framework of generalized iterated function
systems.

In this paper we use the notion of parent-child contractivity condition to define the
notion of p-contractive parent-child possibly infinite iterated function system (pcl-
IFS). The parent-child contractivity condition was also used in [24] by R. Zaharopol
to study IFS with probabilities. Another notion introduced in this paper is that of
orbital p-contractive possibly infinite iterated function system (oIIFS).

In the first part of the main results we study the fractal operator associated to
a pclIFS and we prove that it is weakly Picard. Also, we construct the canonical
projection and we study its properties. We define a continuous function © (which is
uniformly continuous on bounded sets) which describes the dynamics of a possibly
infinite iterated function system (IIFS for short) better than the canonical projection.
Using the function ©, we obtain the canonical projection and we define an extended
canonical projection, t.

If we consider a pclIFS S = ((X,d), (fi);c;) such that the fractal operator as-
sociated to S is a Picard operator, then as Sy = (A(I),(Fi);c;) is a univer-
sal model for the pclIFS S restricted to its fixed point, we have that the system
Saery = (A'(I) x X, (F}),c;) is a universal model for the pcIIFS S (see Remark
3.27).

The second part of the main results is dedicated to the study of olIFSs. We study
similar properties with those presented in the first part.

We now present a simple example. Let us consider the normed space (R2, H||2),
I = {0,1} and the functions f; : R? — R? given by f; (x,y) = (% + %,y) for all
(z,y) e R* and i € I. Then, S = ((X,d), (fi);c;) is a pcIIFS. We note that

1 i1 19 in
fiyofiyo..ofi (x,y)= <4no:+3 <4 + = + ...+ 4n> 79)

for all n € N*, iy,ia,...,4, € I and (z,y) € R%
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If a = 4yi5...1p..., we have

. in
aa(z7y):nlggofhofizo“'ofin (x,y): 3247311
n>1

for all (z,y) € R2. Therefore,

B {aa (JC,y) ‘ (x,y) S B}, if o = dq92...0p...
O (o, B) = { fa (B), if o =iyig...ip

for all B € P (X).

2. PRELIMINARIES

Notations and terminology

Given a set X, a function f: X — X and n € N*, by f* we mean fo fo..of for
n times. By Idx : X — X we mean the function defined by Idx (z) = x for every
rzeX.

Given a metric space (X,d), by:

- diam (A) we mean the diameter of the subset A of X;

- Py (X) we mean the set of non-empty bounded subsets of X;

-Pyy(X)={Ae€ P (X) | Ais closed};

-B[A,;r]={ze X |d(A,z) <r}, where A € P, (X) and r > 0;

- a weakly Picard operator we mean a function f : X — X having the property
that, for every = € X, the sequence (f" (2)),,cy is convergent to a fixed point of f;

- a Picard operator we mean a function f : X — X having the property that the
sequence (f™ (z)),,cy is convergent to the unique fixed point of f, for all x € X;

- a continuous weakly Picard operator we mean a function f : X — X which is a
weakly Picard operator and the function z — nh_}rr;o " (z) for all z € X is continuous.

Let (X,dx) and (Y, dy) be two metric spaces. By

- C(X,Y) we mean the set of continuous functions from X to Y

-G (X,Y)={feC(X,Y) | fis bounded};

- dmax we mean the metric on X x Y defined by dmax ((z1,21), (22,y2)) =
max {dx (z1,22),dy (y1,y2)} for all (z1,y1),(x2,92) € X x Y.

Given a metric space (X,d) and f,g: X — X, by d, (f,g) we mean the uniform
distance between f and g, namely d,, (f,g9) = sup d(f (z), g (z)).

reX

Definition 2.1. Let (X, dx) and (Y, dy) be two metric spaces. A family of functions
(fi);ey 1s said to be

1) bounded if the set U;erf; (B) € P, (X) for every B € P, (X),

2) equi-uniformly continuous if for every £ > 0 there exists . > 0 such that for all
x,y € X with dx (x,y) < . we have dy (f; (z), fi (y)) <e, for alli € I.

Definition 2.2. For a metric space (X, d), we consider the generalized Hausdorff-
Pompeiu pseudometric h : P, (X) x P, (X) — [0, 00) defined by

h(A,B) =max{d(A,B),d(B,A)}
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for all A,B € P, (X), where d (A, B) = sup inf d(z,y).

zcAYEDB
Definition 2.3. The restriction of h to Py (X) is called the Hausdorff-Pompeiu
metric and it is also denoted by h.

Results regarding the Hausdorff-Pompeiu semidistance

Proposition 2.4. [see [20]] For a metric space (X,d), we have:
1)IfH, K € Py(X), then

h(H,K)=h(H,K); (2.1)

2) If (H;);c; and (K;),c; are families of elements from Py (X) such that Ujer H; €
P, (X) and Uie1 K; € By (X), then

h(UierHi, Uier K;) < suph (H;, K;) ; (2.2)
icl
3) If f: X — X is a uniformly continuous function, A € Py, (X) and (A,),cy C
P, (X) with li_>m h(A,,A) =0, then li_>m h(f(A),f(A)=0.

Proposition 2.5. [see [20]] If the metric space (X,d) is complete, then the metric
space (P p (X), h) is complete.

Notations and terminology for the shift space

N denotes the natural numbers, N* = N\ {0} and N, = {1,2,...,n}, where n € N*.
Given two sets A and B, by B4 we mean the set of all functions from A to B.

For a set I, by A (I) we mean the set I"'. The elements of A (I) can be written
as infinite words, namely w = wjws...wy... . For w € A(I) and n € N*| by [w],
we mean the word formed with the first n letters from w. By A, (I) we mean the
set INn. The elements of A, (I) are finite words with n letters: w = wiwy...w,. In
this case, n is called the length of w and it is denoted by |w|. For w € A,, (I) and
n € N*, by [w],, we mean the word formed with the first n letters from w if m > n,
or the word w if m < n. For two words a € A, (I) and g € A,, (I) or 8 € A(]),
by af we mean the concatenation of o and (3, i.e. aff = ajas...a,8152...0, and
aff = ares...an152...0mBm+1... respectively.

For a family of functions (f;);c;, where f; : X — X and w = wywa..w, € Ay, (1),
we use the following notation: f,, = f,, o...o f, . Foraset B C X and w € A, (I)
we use the notation B, = f, (B). For y,z € B, we say that z is a child of y (or
y is a parent of z) if there exist n € N*| wq,wa,...,wp41 € I and ¢ € B such that
Y= fu, 0.0 fu, (@) and 2 = f,, 0...0 fo,, 0 fu,, (2).

By A* (I) we mean the set of all finite words, A* (I) = (Upen<Ayn (1)) U{A}, where
A is the empty word. By A!(I) we mean the set of all words with letters from I,
namely the set A* (I) U A (I).

For a fixed element 7 ¢ I, we denote by I = TU{7}. Let us consider ¢ € [0,1). We
define d, : A(T) x A(I) — [0,00) by de (o, 8) = Y ¢"d (v, ) , for all o, 8 € A(I),

n>1
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where by a,, we mean the letter on position n in a and

| 0,if o, = By,
4 (an, ) = { 1, if ay # B

for all n € N*. A’ (I) can be seen as a subset of A(T), by defining the injective function
v AT = A(D),
a, if a € A(I)
t(a) =19 arr.r.ifae A*(])
TT.T... ifa= A\

(At (I), d.) is a complete metric space, A (I) is a closed subset of A (I) and A* (I)
contains only isolated points.

Possibly infinite iterated function systems

Definition 2.6. Let (X,d) be a metric space. A function ¢ : [0,00) — [0,00) is
called

1) comparison function if ¢(r) < r for all » > 0 and ¢ is an increasing function on
[0, 00);

oo
2) summable comparison function if ¢ is a comparison function and Z ©" (r) is
n=0
convergent for every r > 0;
3) right continuous function if lim ¢ (r) = ¢ (r¢) for all rq € [0, 00).
=70
r>rq
Remark 2.7. If ¢ : [0,00) — [0,00) is a summable or right continuous comparison
function, then ¢ (0) = 0 and lim ¢" (r) = 0 for every r > 0.
n—oo

Definition 2.8. Let (X, d) be a metric space and ¢ : [0,00) — [0,00) a comparison
function. f: X — X is called @p-contraction if for every z,y € X

d(f (z),f(y) <ed(z,y)).

Theorem 2.9. Let (X,d) be a complete metric space, ¢ : [0,00) — [0,00) a right
continuous comparison function and f : X — X a p-contraction. Then, f has a
unique fized point denoted by n. For every xo € X, the sequence (" (20)),cy 18
convergent to n and for all m € N, we have

d(f™ (o), m) < ™ (d(x0,m)) -

Definition 2.10. Let (X,d) be a complete metric space and (f;);c; a family of
functions, where f; : X — X for all i € I. The pair denoted by S = ((X,d), (fi);c;)
is called possibly infinite iterated function system (IIFS) if

i) fi : X — X is a continuous function for every i € I,

ii) the family (f;);c; is equi-uniformly continuous on bounded sets, i.e. for every
B € P, (X) and every € > 0 there exists d. p > 0 such that for all z,y € B with
d(z,y) < 0c,p we have d(f; (z), fi(y)) <e, for all i € I,

iii) (fi);c; is a bounded family of functions.
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Given an IIFS S = ((X,d), (fi);c;), we consider the fractal operator Fs : P, (X) —
P, (X) defined by

Fs(B) = Uier fi (B)
for every B € P, (X). Fs restricted to P, ; (X) will still be denoted by Fs.
Notation 2.11. For a set B € P, (X), by the orbit of B we mean the set O (B)
= UpenF¢ (B). If B = {x}, we denote its orbit by O (z).
Definition 2.12. Let S = ((X,d), (f;);c;) be an IIFS. S is called
1) ¢-contractive parent-child possibly infinite iterated function system (pcIIFS) if
¢ : [0,00) = [0,00) is a summable comparison function and
d(fo (@), fui (2)) < 91 (d (2, f (2))) (2:3)
for every i € I, w € A*(I) and z € X;
2) orbital @-contractive possibly infinite iterated function system (oIIFS) if ¢ :
[0,00) — [0, 00) is a right-continuous comparison function and
d(fi (), fi(2)) < ¢ (d(y,2))
foreveryi € I,z € X and y,z € O (x).

Remark 2.13. If S = ((X,d), (fi);c;) is an olIFS, then

d(fu(y), fu (2) < 1 (d(y,2)), (2.4)
for every w € A* (I), z € X and y,z € O (x).
Remark 2.14. If B € P, (X) and (By,),,cy C Py (X) such that 1Lm h(B,,B) =0, we

deduce that the sequence (B,,),, is bounded. Therefore, there exists a set M € Py, (X)
such that (UpenBpn)UB C M.

Let S = ((X,d),(fi);e;) be an IIFS. Using ii) and iii) from Definition 2.10, we
deduce that the family (fa),ea, (1) is equi-uniformly continuous on M and as a con-
sequence, F¢ is uniformly continuous on Py (M) for every n € N.

3. MAIN RESULTS

p—Contractive parent-child possibly infinite iterated function systems
(pcIIFSs)

Theorem 3.1. For a pcllFS S = ((X, d)7(fi)i€I), Fs is a weakly Picard opera-
tor. More precisely, for every B € P, (X), there exists Ap € Py (X) such that
lim Fg (B) = Ap and Fs (Ap) = Ap. Moreover, for all m € N,

n— o0

h(FZ (B), Ap) < 3 ¢* (diam (BU Fs (B))). (3.1)

k>m

Proof. We note that sup (supd (x, fi (x))) is finite for all B € P (X).
zeB \iel

Claim 3.2. For all n € N and =z € B, we have

h(Fg ({a}), Fg™ ({2})) < " (Supd(:v,fi (fv))) : (3.2)

iel
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Justification: Indeed, for all n € N,
h(Fg ({2}), F§*' ({2})) = b (Vaen, (1) Vier {fa (€)} ,Uaen, () Yier {fa (fi ())})

L wp swph ({fa @) fa (i (2))) < o (Supd(x,fi(w)))

a€M, (1) i€l i€l
Claim 3.3. (Fg (B)),,cy is a Cauchy sequence. Moreover,
n—1
h(F§ (B),F&(B)) < Y ¢" (diam (BU Fs (B))) (3-3)
k=m

for all B € Py (X) and m,n € N, m < n.
Justification: Let B € P, ; (X). For each n € N, we have
h(Fg (B),F§* (B)) = h (UsepFE ({2}), UsenF5H ({2}))

(2.2) (3.2)
< sup h (B2 (=) FoH ({2}) < sup o (supd<x,fi<x>>)
r€EB TrEB iel

T o (supsupd o £ 0)) < o (diam (B U Fs (5)).

zeB i€l
From the triangle inequality we obtain (3.3) and from Definition 2.6 2) we deduce
that (Fg (B)), ey is Cauchy.

Claim 3.4. O (C) is bounded for every C € P, (X).

Justification: It follows from

(2.2)

S (2.1) n 2.2 o
1 (0(C),C) ) h (UnenF% (C),Unen€) < suph(F% (C),C)

neN
(3.3) n—1 e
< sup Z ©" (diam (C' U Fs (C))) = Zgok (diam (C'U Fs (C))) < o0.
neN k—o k=0

Claim 3.5. For every B € P, (X), there exists Ag € Py (X) such that
lim Fg (B) = AB and FS (AB) = AB-
n—oQ

Justification: We have that (Fg ((B))),,cy is @ Cauchy sequence. From Proposition
2.5 and Definition 2.10 iii), there exists Ap € Py (X) such that lim Fg (B) = Ap.
n—oo

Definition 2.10 ii) implies that Fis is continuous on O (B). Thus, Fs (Ag) = Ap. By
passing to limit as n — oo in (3.3), we obtain (3.1). O

Remark 3.6. If we consider B = {z}, then there exists A,y € Py p (X) such that
li_}rn Fg ({z}) = Aay. For the sake of simplicity, we will denote A,y by A;. In this
n oo

case, for every m € N, we have

h(FE ({2}), As) < Y " (diam ({2} U Fs ({23))). (3-4)

k>m
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Proposition 3.7. Let S = ((X, d), (fi)z‘el) be a pclIFS. Then, Ap = UgecpA, for
every B € Py (X).

Proof. Let us consider B € Py, (X). We have

(2.1),(2.2)
h (FgI (B), UmeBAm) < sup h(Fg ({z}), Az)

(3.4) Def 2 6 1)
< sup 3 ¢F (diam ({z} U Fs ({2})) S 4 (diam (B U Fs (B)))
€8>0 k>n
for all n € N. Hence,
h(Fg(B),UrepAs) <> " (diam (B U Fs (B))) (3.5)
k>n

for all n € N. We deduce
(ABauatE ) ABvFS (B))+h(F£ (B) UzEBAm)
.5)

(3.1),(3
< 2-) ¢F(diam(BUFs(B))),

k>n
for all » € N. By passing to limit as n — oo and applying 2) from Definition 2.6, we
conclude that Agp = UzepA,. O
The following result shows that Fls is a continuous weakly Picard operator.

Proposition 3.8. Let S = ((X7 d), (fi)iel) be a pclIFS and F : Py (X) — Poyp (X)
given by F (B) = Ap, for all B € Py, (X). Then, F is continuous on Py (X) and
uniformly continuous on Py, (B), for all B € Py (X).

Proof. Using relation (3.5) and Proposition 3.7, we deduce that (Fg), .y converges
uniformly to F on P, (B), for all B € Py, (X). As Fs is continuous on Py, (X)) and
uniformly continuous on P 4 (B), for all B € P (X), it results that F' is uniformly
continuous on P (B), for all B € P, (X). Applying Remark 2.14, we obtain that
F' is continuous on P p (X). O

Proposition 3.9. Let S = ((X, d), (fi)z'el) be a pcIIF'S. Then, for every B € Py, (X)
and a € A (I), the sequence (f[a]n (B)) s convergent. If we denote by

a (B) = lim fi, (B),
then, for all m € N, we have

B (Tt (B, a0 (B) = h (fial,, (B) 100 (B) £ Y ¢* (diam (O(B))).  (3.6)

k=m

Proof. Let B € P, (X). We have
h(Fet B). Fals B)) = h (Vses {fial, @}, Uses {Fiapor @)})

(2.1),(2.2)

< ilelgh ({fra1, @} s {f1a1nrs @)}) = sup d (fla1, (@), flalns, (@)

rEB
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Def 2.12 1) Def 2.6 1)
< owet (swa @) S o dam© @), 6)
rz€B el
for every n € N. Applying (3.7) and Definition 2.6, we have that (f[a]n (B)) is

Cauchy and from Proposition 2.5 we obtain that ( fialn (B)) is convergent. Using
Definition 2.10, we deduce that there exists a, (B) € P, (X) such that

nlL)II;O f[a]n (B) = Qg (B) .
Let m,n € N, with m < n. We have

)37)n1

b (Tt (B): Fietn (B)) <3 4" (diam (0 (B))

for every m,n € N, m < n. By passing to limit as n — oo and using the fact that
oo

Z ©" (diam (O (B))) is convergent, we obtain (3.6). O

Remark 3.10. If B = {z}, then there exists a set a,({z}) such that
Jim T, () = e ({2).

Since flo), ({2}) = {fla), ()} and this set has one element, it follows that a. ({z})
has one element denoted by a, ().

Lemma 3.11. Let S = ((X,d), (fi);c;) be a pcIIFS. Then, aq (B) = Uyep {aq (2)}
for every B € Py (X) and o € A(I).

Proof. Let B € P,(X) and « € A (I). We have
b (aa (B), Usep {aa @)}) < b (a0 (B), Fiat, (B)) +h (i, (B), Uses {aa (2)})

(3.6),(2.1),(2.2 0

Zso (diam (O (B))) + sup h ({ fia), («)} . {aa (2)})

(3.6)
< 2. Z " (diam (O (B)))
k=n
for every n € N. By passing to limit as n — co, we obtain the conclusion. O

Lemma 3.12. Let S = ((X,d), (f;);,c;) be a pcIIFS. Then, for every o € A (I) and
B e P, (X), the function ay is uniformly continuous on B.

Proof. Let B € Py (X) and a € A(I). Since

d (aa (2), fia,, (x Zw (diam (O (B)))

for every m € N and = € B, we have f,),, “$ a,. Applying ii) from Definition 2.10,
it results that fj,,, is uniformly continuous on B for all m € N. We obtain that the
function a, is uniformly continuous on B. U
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Lemma 3.13. Let S = ((X,d), (fi);e;) be a pclIFS. Then, f, (aq (B)) = awa (B)
for everya € A(I), we Ay, (I), n € N* and B € P, (X).

Proof. Let B € Py (X),i € Tanda € A(I). As ILm fia], (B) = aq (B), applying Def-
inition 2.10 and Proposition 2.4 3), we deduce that 1i_>m fi (flag, (B)) = fi (aa(B)).

Uniqueness of the limit assures us that a;q (B) = f; (ao(B)). By mathematical in-
duction, we have

Jw (aa (B)) = awa (B) (3.8)
for every a« € A(I), w e A, (I), n € N* and B € P, (X). O

Lemma 3.14. Let S = ((X,d), (fi);c;) be a pclIFS. Then, aq (x) = aq (y) for every
re€X,ye O(x) anda € A(I).
Proof. Let x € X,y € O(x) and a € A(I). As

O (2) = UpenFE ({2}) = UnenUuen,, (1) {fw (®)} = Unen Usen,. () {fw ()},

we distinguish two cases.
Case 1. There exist m € N* and w € Ay, () such that y = f,, (x). For all n € N, we
have

d(aa (7), aa (fu ())) < d (a0 (2), fla), (7))

+d (f[a]n (J?) ) f[oc]n ((fw (I)))) +d (f[a]n (fw (.Z‘)) y G (fw ($))) . (39)
Using the triangle inequality and (2.3), we deduce

d (f ( ) f[a]n Z d oc n w]k f[a]n [wW]kt1 (z ))
n+m—1
< Z * (diam (O (2))) (3.10)

for every n € N. Applying relation (3.6) for B = {f, ()} and B = {z}, relations
(3.9) and (3.10), we have

d(aa (2),aq (fu (@ Zs@ (diam (O (2)))

for every n € N. We conclude that a, () = aq (fo (2)).

Case 2. There exists a sequence (Ym),en C Unen Uwen, (1) {fo ()} such that
lim d(Ym,y) = 0. For every m € N, we have

m—00

d(aa (y),aa (7)) < d(aa (y),aa (Ym)) +d(aa (Ym) , aa (2)) -

Using the first case, we have aq (Ym) = aq (2) for every m € N. Hence,

d(aa (y);aa () < d(aa (Y) s aa (ym))
for every m € N and applying Lemma 3.12 we infer that a, (y) = aq (). O
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Theorem 3.15. Let S = ((X, d), (fi)iel) be a pclIFS. Then,

Ap = Uaen(1)@a (B) = UzeB Uaen) {0a ()}
for every B € Py p (X).
Proof. Let us consider B € P, (X) and « € B. We have

(2.1),(2.2)

h(F (@) Taa @ Ta€XMY) ~ 2 s b({fia, @)} {00 ()})

— swp d(fi, (0)s00 (@) £ 3 ¢ (diam (O (B)) (3.11)
aeA(I) k—n

for every n € N. We deduce
B (A, Taa @) [a €AD}) < h(As FE (o))

+h (F2 ({2}), {oa (@) [a € A(D]})

LM S o diam (BU Fs (B) + 3 (diam (0 (B)

for every n € N. By ;z;szmg to limit as n — oo, we ko_brfcain that
Ay ={an () |a€e A(D)} (3.12)
and
Ap Prop 3.7 m (3;2) UIEB{% (x) ‘ ac A (I)} Lemma 3.11 —UQEA(I)% (B)

O
Proposition 3.16. Let S = ((X, d), (f) ) be a pcllFS. Then, Ag = A, for every

x € X and B € Pyy (W)

icl

Proof. Let © € X and B € Py ((’) (x)) As lim Fg ({z}) = A, we deduce
n— 00
that li_>m UrsnFE ({2}) = A,. But Ups, FE& ({x}) = FZ (O (x)) and we obtain that

li_>m Fg ((9 (x)) = A,. As B C O(z) it results that Fg (B) C Fg ((9 (x)) for every
n € N. As li_>m Fg (B) = Ap, we infer that Ag C A,. Now, let us consider y € B.
Using Lemma 3.14 and relation (3.12), it results that A, = A,. As y € B, we have

that A, C Ap and we deduce that A, C Ap. The conclusion holds from the two
inclusions. O

Proposition 3.17. Let S = ((X,d), (fi);c;) be a pclIFS. Then, for every z,y € X

such that O (z) N O (y) # &, we have A, = A,. In particular, if O (x) N O (y) # @
for all x,y € X, we have that Fs is a Picard operator.

Proof. Let z € O (z) N O (y). It results that z € O (z). From Proposition 3.16 we
have A, = A,. Similarly, A, = A,. We conclude that A, = A,. O
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Proposition 3.18. Let § = ((X,d),(fi)iej) be a pcllFS. Then, the sequence
(diam (A[a]ml))neN 1s convergent to 0.

Proof. We are using the notation C' = {as (z) | @« € A(I)}. We have

3.12)

diam (Aja), o) = diam (fia), (€)) = diam ( fia, (C))

= diam (f[a]n (C)) = diam (f[a]n (C)) = usgg)cd (f[a]n (u), fraln (v))

for every n € N. As u,v € C, we deduce that there exist 8,y € A (I) such that
u=ag (z) and v = a, (z). For every n € N, we obtain

3.8)

A (fiag, (W), fial, ) = d (Jial, (a5 @) , fiag, (ay @))) Z d (aga),5 (2) @10, ()

(3.6)

< d(aga,s (2), fiag, (2)) +d (fa), (@) afa),y (2)) < 20 ) " (diam (O (x))).

[M]8

=
Il

By passing to limit as n — oo, we have lim diam (A[a}mm) =0. O
n—oo

Proposition 3.19. Let S = ((X,d), (fi);c;) be a pcIIFS. Then

el
{aa (x)} = nh_)néo A[a]n,z

for every x € X and v € A(I).

Proof. Let x € X and a € A(I). Easily, one can prove that Ay, ., » C Afal,,» for
every n € N. From lim diam (A[u]ml.) = 0, it results that there exists an element
n—oo

Ca (x) € X such that Np>14(4), 2 = {ca (2)}. Thus, le fial, (Az) = {ca (z)}. We

prove that ¢, () = aq (). We consider a = ayag...a,pt1... and wy, = Qpi1Qpta....
€ A(I) for every n € N*. As a,,, () € {an(z) |a€ A(I)} for every n € N*,
applying relation (3.12) we deduce fia), (aw, () € A}, « for every n € N*. But
Jialn (@w, (7)) = aq (z) for every n € N* and we obtain a (x) € Ap,, » for alln € N*.

Therefore, {aq (¥)} C Mp>144),.2 = {ca (¥)} and in conclusion ¢, (z) = aq (). O

Theorem 3.20. Let S = ((X,d), (fi);c;) be a pcIIFS. Then the function © : A* (I) x
Py (X) = Puyp (X) defined by

ao (B), ifa e A(I)
O, B) =14 foa(B), ifacA*(I)\{)\}
B, ifa= X\

for all (a, B) € A* (I) X Pup, (X) is uniformly continuous on bounded sets. In partic-
ular, © is continuous.

Proof. For a € A*(I) we make the notation ao (B) = fo (B). Let us consider
M e Pcl,b(X)a B,C S Pcl,b(M) C Pcl,b(X)7 a,ﬂ S At(I) and € > 0.
Remarks.
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1) If @ € A(I), then using (3.6), we have that for every m € N,
o0
h(8(eB), fio),. (B)) = h (aa (B). fla),. (B) < D " (diam (O (M)).
k=m

2) If o € A*(I), then using again (3.6), we have that for every m € N,

h (@ (a»B) 7f[o¢]m (B>) =h (fa (B> 7f[a]m (B))

0if o] <m

i o (diam (O (M) = Y " (diam (O (M) .
k=m

For o, 8 € AY(I) and B,C € P (M), using the triangle inequality, we obtain
h(@ (avB)79 (570)) =h (aa (B) B (C)) < h (aa (B) 7f[or]m (B))
+h (fiad (B) s fig),, (B)) + 1 (fig),. (B), fiay,, (C)) + h (fg),, (), a5 (C))

for every m € N. Applying the above remarks, we deduce

h(©(a,B),0(8,0) < Y ¢* (diam (O (M))) + h (fia),. (B fig),. (B))
k=m

oo

+h (fi31,, (B), fig,, () + Y " (diam (O (M))) (3.13)

k=m

for every m € N. We take m. such that

> @ (diam (O (M) < (3.14)
k=m

W ™

for every m > m.. Let us fix m > me. If d.(a, 8) < ¢™, we have [a],, = [8]m which
implies

h(fo.. (B) fig),, (B)) = 0. (3.15)
As M is bounded, the function f|,),, is uniformly continuous on M. So, there exists
dc > 0 such that for all z,y € M with d(z,y) < 0. we have

d(fig),. (@), fig),, (W) <
Hence, for h(B,C) < §. we deduce that
h(f181 (B): fi1,, (C)) <

Therefore, if d.(a, ) < ¢™ and h(B,C) < é., using relations (3.13), (3.14), (3.15)
and (3.16), it results

€
5

. (3.16)

Wl ™

h(e(a,B),@(ﬁ,C)R§+0+§+§:5.

In conclusion, © is uniformly continuous on M. (]
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Corollary 3.21. Let § = ((X, d), (fi)z'el) be a pclIF'S. We consider the functions
g: X — Py (X) defined by g (x) = {x} for every x € X and h: g(X) — X defined
by h({z}) = z. We now consider a function m : A(I) x X — Py (X) given by
m=ho®Bo (IdA(I) X g). This function is uniformly continuous on bounded sets.

Remark 3.22. 1) We note that

T (o, x) =ho®©o (Idy) x g) (a,2) =ho O (o, {z}) = h({aa (2)}) = aa (z).

2) If S has only one attractor, then 7 is independent of = and it represents the
canonical projection for a classical ITFS.
Corollary 3.23. Let S = ((X, d), (fi)iel) be a pcllFS. Let us consider the function
IdAt(]) x F A (I) X Pcl,b (X) — Al (I) X Pcl,b (X) deﬁned by

IdA(I) X F(OA,B) = (Ot,AB)
for all (o, B) € A'(I) x Puyp, (X). We define U : A* (I) X Py (X) — Py (X) given
by V=0 o ldpg) x F. Then ¥ is continuous.
Remark 3.24. We note that for all (a, B) € A" (I) x Py (X),
U (a,B) = (©o0ldyg) x F)(a,B) =06 (a, Ap)

aa(Ap) if a € A (I)
=4 fa(4p) ifac A" (I)N\A{A} .
AB ifa=A

Corollary 3.25. Let S = ((X,d),(fi);c;) be a pclIFS. We consider the functions
g : X — Puyp(X) defined by g(z) = {z} for every x € X and h : g(X) - X
defined by h({z}) = x. Then, the function 7" : A'*(I) x X — Py, (X) given by
mt =ho®o (Idxe(r) X g) is continuous.

Remark 3.26. We note that for all (a,z) € A* (I) x X,
7 (o, x) = ho©o (Idpe(r) X g) (o, z) = ho O (o, {z})

aq (z),if ae A(I)
=< fal(z),if qfe A*g\[)\{)\} .

Remark 3.27. Let us consider S = ((X,d), (fi);c;) a pclIFS such that the fractal
operator associated to S is a Picard operator. We denote its fixed point by A. For
every i € I, we consider the functions F; : A(I) — A (I) defined by F;(a) = ia, for
all € A*(I) and F! : A (I) x X — A'(I) x X given by F! (a,x) = (ia, x) for all
(a,z) € A*(I) x X. Then the following diagrams are commutative:
A(I) F; A(I) A (D) x X F! A x X
- s -

A LA X fi X

ey
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This fact reveals that as Sy(;y = (A (1), (Fi);¢;) is a universal model for the pcIIFS
S restricted to its fixed point, the system Sye;y = (A" (I) x X, (F}),;) is a universal
model for the pcIIFS S.

Orbital p— contractive possibly infinite iterated function systems (oIIFSs)
Proposition 3.28. [see [12]] Let S = ((X,d), (fi);c;) be an olIFS. For every x € X,
we consider the IIFS denoted by Sy = <<m7 d) »(fi)z'g) and let Fs, be its fractal
operator. Then, S, is a system consisting of w—contractions and for all B,C €
Py (O()), we have h(Fs, (B), Fs, (C)) < ¢ (h(B,C)).

Remark 3.29. Applying Proposition 3.28, we obtain that Fs_ is a p-contraction on
Py (W) As (X,d) is a complete metric space, it results that (W7 d) is a
complete metric space. From Proposition 2.5 and Theorem 2.9 we deduce that Fis,

has a unique fixed point (which will be denoted by A,). Moreover, the sequence
(F§, (B)), oy 15 convergent to A, and

h(FE (B),As) < ¢" (h(B,Ay)) (3.17)

foreveryn € Nand B € Py ((’) (x)) In particular, for every z € X, (F§ ({m}))neN
is convergent to A, and it results that O (x) is bounded.
Remark 3.30. If S = ((X,d), (fi);c;) is an olIFS, then (diam (f[a]n (0 (m)))) N
ne

is convergent to 0 for every x € X. Hence, there exists an element a, () € X such
that li_>m Jia], (O (7)) = {aq (z)}. In this case, for all m € N, we have

h (fia),, (O (@), {aa (2)}) < ™ (diam (O (z))).- (3.18)
Lemma 3.31. [see [12]] Let S = ((X,d), (fi);e;) be an olIFS, x € X and aq () €
X such that li_>m Jial, (O (2)) = {aa (x)}. Then, li_>m Jia], (B) = {aq (2)} for all
aeA(l) and B € P, ((’)(x))
In particular, if B = {y} C O(z), we have li_)m Jial, (¥) = aq (x) and for every

m €N,
d(fio]m (¥) s a0 () < @™ (diam (O (z))). (3.19)

Let B € P,(X). Cp :={f: B — X | f is continuous and bounded}. On Cp we
consider the metric d,, defined by d, (f,g) = supd (f (z),g(x)). For every i € I, we
rEB

define the function F; : Cp — Cp given by F; (f) = fiof forevery f € Cp. The
orbit of a function h € Cp is defined by O ({h}) = Up>oF3 ({h}), where Fs is the

fractal operator associated to the system S = ((C’B, dy), (Fl)lg) .

Proposition 3.32. Let S = ((X,d),(f);c;) be an oIIFS. Then the system
S = ((637du)> (Fz‘>i61)

is an olIF'S.
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Proof. Let h € Cp and g € O ({h}).
Claim 3.33. g(z) € O ({h(x)}) for every g € O ({h}) and x € B.
Justification: As g € O ({h}), we have

g€ UpsoF2 ({h}) = UnonaeAn(I)Fa ({h}) = Un>0Uaen,. (1) {fa © h}.

Thus, there exists ng € N such that g € Uae,, (1) {fa o h}. We distinguish two cases:
1) g € Uaen,, (1) {fa © h}. It results that there exists o € Ay, (I) such that

g:fozoh~

Hence, g (z) = fo (h(2)) C Fg* ({h(2)}) € O ({h(2)}). So, g(z) € O({h(2)}).

2) g ¢ Uaen,, ) {faoh}. In this case, there exists a sequence (gm),ey C
UaeAn, (1) {fa o h} such that W}gnoo dy (gm,g9) = 0. We have that for every m € N,
there is ay, € Ay, (I) such that g,, = fo,, o h. We have g, () = fo,, (h(z)) €
F§° ({h(x)}) and using the fact that F{° ({h(x)}) is a closed set, we deduce that
g9(x) € Fg" ({h(z)}) € O({h(x)}). So, g (x) € O ({h(z)}).

Claim 3.34. § = ((C‘B,du), (Fi)ie,) is an olIFS.

Justification: Let us consider h € Cz and f,g € O ({h}). Then,
f(@),g(z) € O({h(2)})

for all x € B. Using this, we have

du (Fovcio (1) B (9) = 590 d (fvt (F () i (9/2))

(2.4)
< sup " (d(f (x),9(2)) = ¢" (du(f.9))
for every n € N. We deduce that S = ((C’B, dy), (Fi)ie[) is an olIFS. O

Remark 3.35. The set O ({h}) is bounded for every h € Cp.

Lemma 3.36. Let S = ((X,d),(fi);c;) be an olIFS. Then, O (B) is bounded for
every B € P, (X).

Proof. Let B € P,(X) and a € A* (I). We have F, (Idg) = fo 0 Idg € O ({Idg}).
As O({Idp}) is bounded, we deduce that Uyecp«(1){fa o Idp} is bounded, so

Uaea=(1) {fa 0 Idp (B)} is bounded. But Uyep«(ny {fa o ldp (B)} = O(B) and we
infer that O (B) is bounded. O

Theorem 3.37. Let S = ((X,d), (fi);c;) be an oIIFS and Fs the associated fractal
operator. Then, Fs is a weakly Picard operator. Moreover,

h(Fg (B), Ap) < ¢" (diam (O(B))) (3.20)

for alln € N and B € Py (X), where Ap = UgepAs.
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Proof. Let us consider B € P, (X) and Ap = UzepA,. We have

B(FE ({2) . An) S " (h({a} . Ay) < " (diam (O () (3:21)
for every n € N. We deduce

BFS (B). Ap) = b (Usen S ({ah) Urends) < sup h(FE ({2} 4.)

" s e (som (91)) L o (diam (78

for every n € N. By passing to limit as n — oo, we have lim h(Fg (B),Ap) = 0.
n—oo

Using ii) from Definition 2.10, we deduce that Fs is uniformly continuous on bounded
subsets of X. Hence, Fs (Ap) = Ap. O

Remark 3.38. If § = ((X, d), (fi)iel) is an olIFS, then Ag = A, for every v € X
and B € P, (o (:17)).

Proposition 3.39. Let S = ((X,d),(f;);c;) be an olIFS. Then, for all B € P, (X)
and o € A(I), the sequence (fla), (B))
aq (B), then for all m € N, we have

h (fia), (B)aa (B)) < ¢™ (diam (O (B))). (3.22)
Proof. Let us consider B € P, (X) and o € A (I). We use the notation
(o (B) = Ugep {aq (2)}.

neN is convergent. If we denote its limit by

Then, for all n € N,
h (f[a]n, (B) y Qo (B)) =h (UmGB {f[oz]n ((E)} yUzeB {aa (1’)})

(2.2) (3.19)

< Slégd(f[“]" (x), a0 () < sup ¢ (diam (O (2)))

We deduce that for all n € N,

Def 2.6 1)
h (fia), (B);aa (B)) < sup " (diam (O (2))) < ¢" (diam (O (B))).
S
Thus, we obtain that the sequence (fq),, (B))neN is convergent to a, (B). O

Using (3.19), (3.20) and a technique similar with the one used for a pcIIFS, one
can prove the following:

Proposition 3.40. Let S = ((X,d),(fi),c;) be an olIFS and F : Py, (X) —
Py (X) defined by F (B) = Ap for all B € Py (X). Then, F is continuous.

Lemma 3.41. Let S = ((X,d), (f);e;) be an oIIFS. For every a € A(I) and B €
Py (X), the function aq is uniformly continuous on B.

Lemma 3.42. Let S = ((X7 d)’(fi)iel) be an olIFS. Then, f;(ay (B)) = aiq (B)
for every Be P, (X), a € A(I) and i € I.
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Theorem 3.43. Let S = ((X,d), (fi);c;) be an olIFS. Then,

Ap = Ugen(1)0a (B) = UzeB Uaen) {0a ()}
for every B € Py (X).

Proof. Using a technique similar with the one used for a pcIIFS, one can prove that

(3.22)
h(F2 (), Toa @) Ta€AD]) < ¢ (@diam(O(@)  (323)

and

h(As Taa @) Ta € ADT) < h(As, FE ({2})

4 (FE (2)).Tan (@) Ta €A D) 211029

for every n € N. Hence,

2" (diam (O (x)))

Ay ={an (z) |ae A(I)} (3.24)

and we obtain that

Ap = Uzeplaa (z) [ @ € M)} = Usep Uaea) {@a (2)}

= UaeA(l){aa () |z € B} = UaeA(r)Ga (B).

O
Using Remark 3.38, relations (3.18), (3.24) and a technique similar with the one
used for a pclIIFS, one can prove the following:

Lemma 3.44. Let S = ((X,d), (fi);c;) be an olIFS. Then aq (x) = aq (y) for all
y € O(z). Moreover, for every z,y € X such that O (z) N O (y) # &, we have

Ay = A,

Proposition 3.45. Let § = ((X, d)a(fi)z'el) be an oIIFS. Then the sequence
(diam (A[a]ml'))neN 18 convergent to 0.

Proposition 3.46. Let S = ((X,d),(fi);c;) be an oIIFS. Then

i€l
{aa ()} = lim A[a]n,w

n— oo

for every x € X and o € A (I).

Theorem 3.47. Let S = ((X,d), (fi);c;) be an olIFS. Then the function © : A* (I)x
Pcl,b (X) — Pcl,b (X) deﬁned by
aq (B), ifae A(I)
O(a,B) =19 fa(B), if a € A"(I)\{A}
B,ifa=\

for all (o, B) € A* (I) x Pup (X) is uniformly continuous on bounded sets.



PARENT-CHILD IIFSS AND ORBITAL IIFSS 247

Proof. Let B € P, (X). We have

h(aa (B), fla),, (B)) < @™ (diam (O (B)))
for every m € N, (o, B) € A(I) X Py (X) and

h (foc (B)7f[04]m (B)> < { wm?;faﬁ|(é?;))) <™ (diam (O (B)))

for every m € N and (o, B) € A* () x P (X). Using these relations and a tech-
nique similar with the one used in Theorem 3.20, one can prove that © is uniformly
continuous. O

Remark 3.48. Corollaries 3.21, 3.23 and 3.25 remain true for an olIFS.
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