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Abstract. The ultimate goal of this paper is to investigate the approximation of involution in fuzzy
C*— algebra. If A is fuzzy Banach algebra and f is function which defined on it, we prove that
under conditions A has unique involution. In this case, fuzzy Banach algebra A can be evolute to
Fuzzy C*— algebra. For this purpose, we use the Hyers-Ulam-Rassias stability method and the fixed
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1. INTRODUCTION

The subject of stability has many applications in various fields such as mathe-
matics, engineering and economics. This issue has been addressed in mathematics in
several ways. S. M. Ulam [20] suggested a problem of stability in his own lecture in
1940. He posed, ”Suppose that a function satisfies in a functional equation approxi-
mately according to some convention. Is it then possible to detect near this function
a function satisfying the equation accurately?” Next, Ulam brought up a problem of
stability on group homomorphisms in metric groups. D. H. Hyers is the first mathe-
matician who answered the question of Ulam in 1941. He demonstrated the following
theorem in [8].

Theorem 1.1. [8] Let X and Y be two Banach spaces and f : X =Y be a function
so that
If(@+y) = flz) = fyl <6
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for some § > 0 and for every x,y € X. Then the limit

A(z) = lim f2)

n—o00 on

exists for each x in X, moreover A(x) is a linear transformation, and the inequality

If(2) = A(z)|| <6

is true for every x € X, furthermore A(x) is the only linear transformation satisfying
this inequality.

So far, many mathematicians have developed the Hyers theorem. By changing the
control function, space, functional equation, etc., new theorems arise that need to be
proven [19]-[17].

Fuzzy norm on vector space was defined in 1984 by Katsaras. Using it, a fuzzy

vector topological structure on the space was constructed [10]. Later, some mathe-
maticians from different perspectives defined fuzzy norms in a linear space [6]-[22].
Bag and Samanta [2], following Cheng and Mordeson [4], proposed the idea of a fuzzy
norm in such a way that the corresponding fuzzy metric was of the Kramosil and
Michalek type [11]. They also prove the theorem of the fuzzy norm decomposition in
a family of crisp norms and examined some properties of fuzzy norm spaces.
Recently, considerable attention has been paid to the problem of fuzzy stability of
functional equations. Several fuzzy stability results have been investigated in relation
to the Cauchy, Jensen, quadratic and cubic functional equations. [14]-[13].
In this research work, we prove that for a function which is approximately Cauchy
Jensen in fuzzy Banach x-algebra, there is a unique involution near it. Next, we
show that under what conditions the involution will be continuous, the fuzzy x-algebra
becomes fuzzy C*-algebra and the fuzzy Banach %-algebra will be self-adjoint.

Definition 1.1. [2] Let X be a real vector space. A function N : X x R — [0,1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R

(N1) N(z,t) =0, for all t <O0;

(N3) x—O1fandonly1fN(x t) =1 for all t > 0;
(N3) N(cx,t) = N(z ,lcl)lfc;é()
E 4% N(z+y,s+t) > min{N(z,s), N(y,t)};
(N

Ns5) N(z,.) is a non-decreasing function on R and thm N(z,t) =1,
— 00

s) For x # 0, N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Definition 1.2. Let (X, N) be a fuzzy normed vector space.

(1) A sequence {z,} in X is said to be convergent if there exists an x € X such
that lim N(x, —z,t) =1, V¥t > 0. In this case, x is called the limit of the
sequeT;l—égo {z,} and we denote it by N — n11_>1r010 Xy = T

(2) A sequence {z,} in X is called Cauchy if for each ¢ > 0 and each ¢ > 0

there exists an ng € N such that for all n > ng and all p > 0, we have
N(zptp — Tnyt) >1—e.
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It is known that every convergent sequence in fuzzy normed space is Cauchy. If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the
fuzzy normed space is called a fuzzy Banach space. We say that a mapping f: X — Y
between fuzzy normed vector spaces X and Y is continuous at a point zg € X if for
each sequence {z,} converging to xg in X, then the sequence {f(x,)} converges to
flzo). If f: X — Y is continuous at each xg € X, then f : X — Y is said to be
continuous on X.

Definition 1.3. [18] Let A be an algebra and (A, N) a fuzzy normed space. The
fuzzy normed space (A4, N) is called a fuzzy normed algebra if

N(ad',st) > N(a,s).N(a',t)  Va,a’ € A, s,te€RT

Complete fuzzy normed algebra is called a fuzzy Banach algebra.
If (A, N) be a fuzzy Banch algebra and {a,}, {b,} be convergent sequences in (A4, N)
such that N — lim a, =a and N — lim b, = b. Then
n— oo

N(anby, —ab,2t) > min{N((a, — a)by,t), N(a(b, —b),t)}
> min{N(a, —a,t), N(b, — b, 1)}

for all £ > 0. Therefore N — lim,, . a,b, = ab
Let A be a an algebra over C. An involution on A is a mapping
*:A— A
a— a*

such that
(i) (aa+ Bb)* = aa* + Bb* Ya,be A, Voa,Be€C
(#7) (ab)* =b*a* Va,be A
(ii7) a** =a VYa € A
1. A complex algebra with an involution is a *x-algebra.
2. A C*-algebras is a (non-zero) Banach algebra with an involution, such that
lla*al| = [lal]*.

Definition 1.4. Let A be an x-algebra and (A, N) a fuzzy normed algebra. The
fuzzy normed algebra (A, N) is called a fuzzy normed *-algebra if
N(a*,t) = N(a,t) Ya,a' € A, Vs, t € R
A complete fuzzy normed *-algebra is called a fuzzy Banach x-algebra.
Definition 1.5. Let (A, N) be an fuzzy Banach *-algebra. The (A, N) is a called a
fuzzy C*-algebra if
N(a*a,st) = N(a*,s)N(a,t) Va€ A, Vs teR"T

Definition 1.6. Let X be a set. A function d : X2 — [0, 00] is a called a generalized
metric on X if and only if d satisfies:

(M) d(z,y) =0 if and only if z = y;

(M) d(z,y) = d(y,z), for all z,y € X;

(M3) d(z,z) < d(z,y) +d(y,z) for all z,y,z € X.
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We now introduce one of the fundamental results of the fixed point theory.

Theorem 1.2. ([3, 5]) Let (X,d) be a generalized complete metric space. Assume
that G : X — X is a strictly contractive operator with the Lipschitz constant L < 1.
If there exists a mon-negative integer ng such that d(G™*lz, G™x) < oo for some
x € X, then the following statements are correct:
(i) The sequence {G™x}converges to a fived point xy of G;
(i4) x is the unique fized point of G in Y ={y € X | d(G™x,y) < oo};
(#it) Ify €Y, then

1
d < ——d(G .
(waO) =1_1 ( 1179)
In this article we assume that ng is natural number. We also assume that

; 2
T'={2€C:|z]=1} and T, := {ew;OSHSW}.
mo mo

Moreover, we suppose that (A, N) is fuzzy Banach algebra. For a given mapping
f:A— A we define

Diy f(a,b) = Af (‘“;Vb)+Af (‘“271’) —f(a) VabeA and VYAyeC
(1.1)

2. MAIN RESULTS

Theorem 2.1. Let 1 : A> — [0,00) be a function such that there exists an L <
with ¥ (a,b) < %w(2a,2b) for all a,b € A. In addition, suppose that f : A — A be a
mapping satisfying

t
N(Dx f(a,b),t) > YD) (2.1)
N(F(ah) = FO) (@) > e (22)
N - lim 2k f(27%(N — Jim 28 f(27%a))) = a, (2.3)

for all a,b € A, allt > 0 and all \,y¥ € T', . Then there ezists a unique involution
H: A — A such that ? a
o . k
HG) = N = Jim 2 ()

and
(1-L)t
N(f(a) — H(a),t) > 0= L)+ 00 Yae A Vt>0. (2.4)
Also, if
t
N([N(f(a),t) — N(a,t)]a,t) > T 0@0) Ya € A, Vt>0, (2.5)

then (A, N) is a fuzzy Banach x-algebra.
Moreover, if for all s,t > 0,
t

N(IN(f(a)a,st) — N(f(a),s)N(a,t)]a,t) > t+0(a,0)

Va € A, (2.6)
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then (A, N) is a fuzzy C*-algebra with involution X* = H(a) for all a € A.
Proof. Putting A =1 and b=0in (2.1), we get

a t
N(2f(=) - > — 2.
( f(z) f(a)’t) = t+4(a,0) 2.7)
Consider the set S := {g: A — A} and introduce the generalized metric on S

d(g,h) = inf{6 € R" : N(g(a) — h(a),dt) ,Va € A,Vt > 0},

t
>
~ t+(a,0)
where, as usual, inf ¢ = 4o00. It is easy to show that (S,d) is complete (see [12]).
Now we define mappings J : S — S by

Jg(a) :=2g (%) Yae A
Let g, h € S be given such that d(g, h) # +o0. Then for some € > 0

N(g(a) — h(a), et) > m Va € AVE> 0
Therefore
N(Jg(a) — Jh(a),Let) = N(2g (g) —2h (g) ,Let) = N (g (g) —h (g) ,get)
Lt Lt t

2 2 _
2 I (=00 Ty Lg(a,0)  E+9@0)

for all a € A and all t > 0. Therefore, using the definition of d metric, we can conclude
that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g,h)  Vg,h €S

It follows from (2.7) that d(f,Jf) < 1. Now, It follows from Theorem 1.2 (i) that
there exists a function H : A — A which is a fixed point of J i.e.,

a 1

(3) - o

5) = 3H(a)

such that le d(J"f, H) = 0. Therefore, it can be concluded that
N — lim 2°f (;in) =H(a) VacA

n—oo

Since the integer ng of theorem 1.2(i4) is 0, then H € X*, where:
X*={geS:d(f g) < oo}

By Theorem 1.2(éi¢) and d(f, Jf) < 1 we obtain

1 1

i.e, the inequality (2.4) is true for all a € A.
Suppose A =~ =1 in (2.1), then for all a,b € A and t > 0, we have

a-+b a—>b a t
N(Zkf<2k+1> +2kf(2k+1) _zkf(%)gkt) Ziﬁ—i—’(ﬂ(i Iy

2k
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Thus,

a+b a—2b a L
N<2kf(2k+1) +2kf(2k+1> —2kf (216)’0 > —%4—5—%@0(&,17)7

im ——=—— =1
koo L4 Liap(a,b)

for all a,b € A, allt > 0 and
b —b
N(H(“; >+H<“2 >H(a),t>_1 Va,be A, Vit > 0.
We get for all a,b € A the equality

H<a;b)+H<a;b)—H(a)—0,

that shows, the map H is a Cauchy additive.
If b=0in (2.1), then for alla € A, A € T!, and ¢ > 0, we have

1
mo

N (2k;\f (21::1) 20N (21511) -2 ()‘%) ’th) = W’

Since

Thus,

¥ (51 (gfie) 234 (585) =25 (050 0) 2 ey

Since .
ok

lim ——2°
koo L4 Liap(a, 0)

for all a € A, t > 0, then
N<2/\H(§) —H(/\a),t) —1 VYacA VAET., W>0

[¢]

It follows by last equation and additivity of H that H(\a) = AH(a), for all a € A
and all A € T, .

mq

Now, we show that H is conjugate linear. We have to show that H(«a) = aH (a)
for all « € C, a € A. To this end, let & € C. If a belongs to T', then there
exists 0 € [0,27] such that o = e?. We set a; = e’:Teo7 thus a; belongs to T!, and
H(aa) = H(a!™a) = @™ H(a) = GH(a) ’

If a belong to nT! = {nz; 2z € T'} for some n € N, then by additivity of H,
H(wa) = aH(a) for all a € A.

Let t € (0, 00) then by Archimedes property of C, there exists a positive real number n
such that the point (¢,0) lies in the interior of circle with centre at origin and radius

n. Putting t; := t + vVn? — t%i,ts := t — vV/n? —t?i. Then we have t = % and
ti,to € nTL. It follows that

H(ta) = H (“;%> _ %H(a) + %H(a) _iH(a) = tH(a) VacA
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On the other hand, there exists 6 € [0, 27] such that a = |ale?. It follows that
H(aa) = H(|a|ea) = |ale P H(a) = aH (a) Va € A

Hence H : A — A is conjugate C-linear.
By (2.2),

(Y i () g (9 i) s
N<4 f<4k> 2f<2k> 2f(2k>,4t)t+w(2al”2bk) Va,be A, Vt> 0.
Since
i
T
koo e + Sri(a,b)
for all a,b € A and all ¢t > 0, therefore
N(H(ab) — H(b)H(a),t) =1 Ya,be A, Vi>0

Thus, we get for all a,b € A the equality
H(ab) = H(b)H (a)
On the other hand by (2.3)
H(H(a)) = N — Jim 28 f(27F(N — Jim 2k f(27%a))) = a
for all @ in A. Hence H : A — A is an involution satisfying (2.4).

In addition, we must prove the uniqueness of H. In fact, assume the existence of
another such involution H’ satisfies (2.4); hence, H'(%) = 5 H'(a), according to

(2.4),
¥ (@1 () -2 (5)0) =3 (1 (5) -7 () )

for all a € A and t > 0. Thus

V(S () -2 () 1) > s YacA s

2k )QLIC + LTd’(‘%
Since
1-L)%
lim ; )L%f =1
k=oo (1 —L)gr + 5r¥(a,0)

for all a € A, all t > 0, then
N(H(a) — H'(a),t)=1 Va€eA, Vt>0

Therefore, H(a) = H'(a) for all a € A.
Now, suppose H satisfies (2.5), then we have

N ([N (Qkf (%) ,2‘%) - N(a,Q’%)} a,th) > m Vae A, Vt>0
2k )
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Thus
V(¥ (2 () ) = N ) 2 s e d, W
Since

for all @ € A and all t > 0, therefore
N([N(H(a),t) — N(a,t)]a,t) =1 YaeA, t>0
= [N(H(a),t) — N(a,t)]Ja=0 YVae A, t>0
= N(H(a),t) — N(a,t) = 0(or N(H(a),t) = N(a,t)), YVae A, t>0

Therefore, (A, N) is a fuzzy Banach *-algebra.
Finally, we assume that H satisfies (2.6). Then we have

N ([N <2kf (%) a, 2%515) _N (Qkf (%) ,2%) N(a, 2’%)} a, 2’%) T EmE
DLRI
for all a € A and ¢,s > 0. Thus

¢
N ([N(2kf (;—k) x,st) — N (2kf (%) ,s) N(a,t)} a,t) > #’;}(%,0)7
for all a € A and s,t > 0. Again similar to the above can be concluded
N([N(H(a)a,st) — N(H(a),s)N(a,t)]a,t) =1 Yae A, t>0
= [N(H(a)a,st) — N(H(a),s)N(a,t)ja=0 YVac A, t>0
= N(H(a)a,st) — N(H(a),s)N(a,t) = 0(orN(H(a)a,st) = N(H(a),s)N(a,t)).
Then A is a C*-algebra with involution ¢* = H(a), for all a € A.
Theorem 2.2. Let ¢ : A? — [0,00) be a function such that there exists an L < 1
with ¥(a,b) < 2LyY(%, %) for all a,b € A. In addition, suppose that f: A — A be a

mapping satisfying
t

N(D)\’yf(avb)vt) 2 W, (28)
N(F(ah) = FO) (@) > e (29)
N — lim 27k f(2F(N — Jim 27%f(2%a))) = a, (2.10)

for all a,b € A, allt > 0 and all \,y € T', . Then there exists a unique involution
H: A — A such that ’

and
(1-L)t

N(f(a) — H(a),t) > (1 — L)t + Liy(a,0)

Vae A Vit>o0. (2.11)
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Also, if
t
N(|N t) — N(a,t t) > ————. A t 2.12
(NG(@.0) - Nt > ot vaca, s, @12)
then (A, N) is a fuzzy Banach x-algebra.
Moreover, if
t

N(IN(f(a)a,st) — N(f(a),s)N(a,t)]a,t) > t 1 ¢(a,0)

Va € A, Vs,t>0,

(2.13)
then (A, N) is a fuzzy C*-algebra with involution X* = H(a) for all a € A.

Let (S, d) be the complete generalized metric space defined in the proof of Theo-
rem 2.1.
Consider the linear mapping J : S — S by

1
Jg(a) := 59(2@) Yae A
It follows from (2.8) that

1 1 t t
N (ﬂa) — 5/, 2t) = t +(2a,0) “iF 2Ly (a,0) vacd t>0,
therefore
1 2Lt t
N <f(“) - zf(2“)’”> 2 it oLv(a0) oo o4 >0

So d(f,Jf) < L and thus
L
d(f.H) < T2
which implies that the inequality (2.11) holds.
The rest of the proof is similar to the proof of Theorem 2.1.
We prove the following Hyers-Ulam-Rassias stability problem for involutions on
Banach algebras. O

Corollary 2.1. Letp € (0,1) and 8 € [0,00) be real numbers. Suppose that f : A — A
with f(1) =1, satisfies satisfying

t
N(Dxyf(a,),t) > t+0(l[al[ + [b]|P)’

t
N (f(ab) = FO) @) 2 s g+ o)

N — lim 27%f(2%(N — lim 27%f(2%a))) = a,
k—o0 k—o0

for all a,b € A, allt > 0 and all \,y € T', . Then there exists a unique involution
H: A — A such that ’
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and

N(f(a) - H(a),t) > (120t Vac A V>0

“ Wt = op 1)t 1 2014 [af|P “ '
Also, if
t
N(|N t) — N(a,t)]a,t) > ————. A t
(N (@) = N tont) > g Vae A Ve,
then (A, N) is a fuzzy Banach x-algebra.
Moreover, if
N(IN(f(a)a, st) — N(f(a), s)N(a, t)]a,t) > W Vo€ A, Vs t>0,

then (A, N) is a fuzzy C*-algebra with involution X* = H(a) for all a € A.

Proof. Tt follows of Theorem 2.2 by putting v (a,b) = 6(||a|[P + ||b||?) for all a,b € A
and L = 2P~ 1, (|

Corollary 2.2. Letp € (0,1) and 0 € [0,00) be real numbers. Suppose that f : A — A

satisfies satisfying .
SE(rIEIER

t
N(f(ab) — f(b)f(a)) > W;

N — lim 2% f(2¥(N — lim 27%f(2%a))) = a,
k—oo k—o0

N(D)\'yf(a7 b)v t)

for alla,b€ A, allt >0 and all \,y € T', . Then f is an involution on A.

mo

Moreover, if

t
N([N(f(a)a,st) — N(f(a),s)N(a,t)]a,t) > T Olal VYa € A, Vs,t >0,

Then A is a C*-algebra with involution f.

Proof. We put 9(a,b) = 0(||a||?||b][P) for all a,b € A and L = 2%~ in Theorem 2.2,
and then, the result is obtained. O
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