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Abstract. Let C be a nonempty closed bounded (not necessary convex) subset of a Banach space
X and let T': C — C be an (a, 8)-nonexpansive mapping with o« > 0, 8> 0 and o+ 8 < 1. In this
paper, we show that T has a unique fixed point. Moreover, T is a Picard operator if and only if 7'
is asymptotically regular.
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1. INTRODUCTION AND PRELIMINARIES

Let C be a nonempty subset of a Banach space (X, ||.||) and let T : C — C. A
point p € C is called a fixed point for T" when Tp = p and the fixed point set of T is
denoted by Fix(T'). The mapping T is said to be a Picard operator, if Fix(T) = {p}
and for each z € C, T"x — p as n — oo, [13, 14]. The sequence (z,,) in C'is called an
approximate fized point sequence for T provided that ||z, —Tx,| — 0asn — co. T is
said to be asymptotically reqular provided that for every z € C, ||[T" oz — T"z| — 0
as n — oo, [11].

In recent years, several generalizations of nonexpansive mappings have been in-
troduced and their fixed point theory have been studied by many authors; see
[1,3,5,6,7, 8,9, 10, 12, 11, 15] and the references therein.

Now we recall some definitions and results which will be used throughout the paper.
Let [, denote the Banach space of bounded real sequences with the supremum norm.
There exists a bounded linear functional p on I, called Banach limit, that satisfies
the following conditions:
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(i) If (tn) € loo with ¢, > 0 for every n € N, then p(t,) > 0.
(ii) If t, =1 for every n € N, then p(t,) = 1.
(iii) For every (t,) € loo, pi(tn) = p(tnt1)-
It is well-known that for every Banach limit p and every (t,) € I,
liminf ¢, < u(t,) <limsupt,.
n—00 n—00
In 2010, Aoyama et al. [4] introduced the class of A-hybrid mappings in Hilbert spaces.
This class contains the class of nonexpansive mappings, nonspreading mappings, and
hybrid mappings in Hilbert spaces.
Defininition 1.1. [4] Let C be a nonempty subset of a Hilbert space H and let A € R.
A mapping T : C — H is said to be A-hybrid if, for each z,y € C,

T2 = Tyl* < llz — y)|* +2(1 = N)(z — Ta,y — Ty).

In 2011, the class of a-nonexpansive mappings was introduced by Aoyama and
Kohsaka [3] in the setting of Banach spaces.
Defininition 1.2. [3] Let C be a nonempty subset of a Banach space X and let « be
a real number such that o < 1. A mapping T : C — X is said to be a-nonezrpansive
mapping if, for each x,y € C,

1Tz = Ty|* < ally — T|* + aflz = Ty|* + (1 - 2a) = — y]|*.

Let H be a Hilbert space, let C C H, let T : C — H be a mapping and let
A < 2. Aoyama and Kohsaka [3] showed that T is A-hybrid if and only if T is an
a-nonexpansive mapping, where o = %

2. MAIN RESULTS

In [2], the authors introduced a two parametric class of nonlinear mappings which
is properly larger than the class of a-nonexpansive mappings.
Defininition 2.1. [2] Let C' be a nonempty subset of a Banach space X and let
a,f € R. A mapping T : C — X is said to be (a, 8)-nonexpansive mapping if for
each z,y € C,

[Tz — Ty|* < ally — Tz|* + allz — Tyl
+ Bz = Ta|* + Blly — TylI* + (1 - 2a — 26) ||z — y|*.

To obtain a characterization of («, §)-nonexpansive mappings in Hilbert spaces,
we now introduce the class of (A, u)-hybrid mappings in Hilbert spaces.
Definition 2.2. Let H be a Hilbert space and let C' be a nonempty subset of H. Let
A and g be two real numbers. A mapping T : C' — H is said to be (X, u)-hybrid if

1Tz = Ty|* < |z —yl* + 20 = \){z — Ta,y — Ty) +2(1 — p)(z — Ty,y — Tx),

for each z,y € C.
Proposition 2.3. Let C be a nonempty subset of a Hilbert space H and letT : C' — H

be a mapping. Let A and p be two real numbers such that A+p < 3 and put o = Si;iu

and B = 3i;ﬁu' Then T is (A, w)-hybrid if and only if T is («, §)-nonexpansive.
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Proof. Let z,y € C. Then we have
|z =yl +2(1 = N)(z = T2,y — Ty) + 2(1 — p)(z — Ty,y — Tx) — ||Tx — Ty||?
=z —yll* + @ = N(lz = Tyl* + | T2 - y|* — l|lz = ylI* - [Tz — Ty[*)

+ (1= p)(lz = Tl + ly = Tyl* = o = yll* = |72 = Tyl|*) - |Tz — Ty|*
=1 =N(lz = Tyl* + 1Tz = y*) + 0 = p)(lz = Tz|* + lly — Tyll*)

+ (1 A+ p)llr =yl = (3 = A — )| T — Ty|?
= (

3= A—p)(a(lz = Tyl* + [Tz — y*) + B(llz = Tz||* + [ly — Tyl*)
+(1-2a = 26) |z — y|* — Tz — Tyl*).
Since 3 > A + u, we get the conclusion. O

The following theorem is the main result of this paper.
Theorem 2.4. Let C' be a nonempty closed bounded (not necessary convex) subset of
a Banach space X and let T : C — C be an («, B)-nonexpansive mapping with o > 0,
B8 >0and a+ B < 1. Then T has a unique fized point x* € C. Furthermore, the
following statements hold:
(i) for each x € C, (T™x) has a subsequence which is convergent to x*.
(ii) T is a Picard operator if and only if T is an asymptotically regular mapping.
(i) f a+p < %, then T is a Picard operator.

Proof. Let M = diam(C) and set K,, := {x € C: ||z — Tz| < 1}, for each n € N.
By Theorem 2.1 of [2], inf,ec || — Tz| = 0, and therefore K,, # 0, for each n € N.
We first show that diam(K,) — 0 as n — oo. Since T is («, f)-nonexpansive, then
for each z,y € K,, we have

o —y|* < (|lz — Tz + | Tz — Tyl + ||y — Tyll)?

2 4 4AM
<G+ T =Tyl < o5+ == + [Tz - Tyl
n n n

4 AM 2
< —2+—+—5+ally Ta|?
n
+afz - TyH2 + (1= 2a = 28)||z -yl

4+2ﬁ
- n?

e =yl + o — Tal)?

+a(lle =yl + IIy = Tyl)* + (1 - 2a = 28) |z - y?

. 4+2(§+5) +4M(;+a) +(1—28)|z - y%,

n

and so

1<2+o¢+ﬂ+2M(1+a)

|z —y||* < 3 >, for each z,y € K. (2.1)

n? n

From (2.1), we get that diam(K,,) — 0asn — oo. Since K41 C K, and diam(K,,) =
diam(K,), for each n € N, then (K,) is a decreasing sequence of closed sets and
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diam(K,) — 0 as n — oo. Thus, by the Cantor’s intersection theorem, 1, oy Kp =
{z*}, for some z* € C. Hence, for each n € N, there exists z,, € K, such that
| #, — z* [|< L. Then () in C, is an approximate fixed point sequence for T', and
X, — x* as n — oo. Since T is («, B)-nonexpansive then for each n € N, we have

|Tz* — Tx,|? < oz, — Tx*||> + aljz* — Tz, || (2.2)
+Blla* = Ta™|? + Bllzn — Tza | + (1 - 200 = 28) [l — wn|.
Since z,, — z* asn — oo and lim, o ||€n —T2,| = 0, then Tz, — x* asn — oo, and
so we get lim, o0 || T2* — Tz, || = || T2* — 2*| and lim,, o0 ||z, — T2*|| = ||J2* —Tx*||.
Thus by taking limit from both sides of (2.2), we get
|z* — Tz*||> = lim ||Ta* — Ta,|? (2.3)
n—oo

<a lim ||z, — Tz*||* + a lim ||2* — T2, |* + B|jz* — Tz*|]?
n— 00 n—oo

+ B lim |z, — Tz, |* + (1 — 2 — 28) lim ||z* — 2, |?
n— 00 n—oo

< (a+ B)llz” — Ta*||*.

Since « + 8 < 1, then from (2.3), we obtain Tz* = x*.
Since
{a*} € Fiz(T) € [ K, = {"},

neN
then Fix(T) = {«*}, that is, T has a unique fixed point.
Now we prove the statements (7), (i7) and (#ii).
(i) Let € C and let u be a Banach limit. By the proof of Theorem 2.1 of [2], we
have

u(| T — T7a]?) = 0. (2.4)
Also by the definition of Banach limit
p(|T" e —a*|?) = p(| T — 2*|%). (2.5)

Since T is («, 8)-nonexpansive and Tz* = x*, then for each n € N, we have
[T e —a*|* < o| T 2 — ™ |* + a| T e — 2| + BT e — Tz

+(1 = 2a — 28)|| Tz — =*||*.

Hence
1—a—2
e — ot < T By g s e ()
— -
for each n € N. Thus by (2.4), (2.5) and (2.6), we obtain
n * n * l—a- 25 n *
(T = a*|?) = p(IT™ e - 2*|?) < (" — 2|,

which yields (note that 8 > 0)
u(| Tz — 2*|*) = 0.

Then
0 < liminf |7z — 2*||*> < p(|T"z — z*||*) = 0.
n—oo
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Thus there exists a subsequence of (T"x) which is convergent to x*.

(ii) We first assume that T' is asymptotically regular and let x € C. To prove the
claim, we show that each subsequence (T*x) of (T™z) has itself a subsequence which
is convergent to x*. Let (T*"x) be a subsequence of (T™z), then we have (note that
T is asymptotically regular)

u(| T4+ e — Thee]?) = o, (2.7)
and so
p(| Tz — 2% |1?) = p(|| T @ — 2*|%). (2.8)

From (2.6), we have

l—a-2
e e IS L2 LARCY)

for each n € N. Thus by (2.7), (2.8) and (2.9), we obtain
B N 1l—a—-2p N
p(IT e = *2) = p(ITo i — 2 |P) < == 2L (T — 27|,
which yields
u(||T™ 2 — 2*|*) = 0.
Then
0 < liminf HT’“"JC —2*]? < M(HT’“"JC —2*[]?) = 0.
n—oo

Thus there exists a subsequence of (T*7x) which is convergent to x*. Therefore
Trx — x* as n — oo, for each x € C' and so T is a Picard operator.
Conversely, assume that T' is a Picard operator, let Fiz(T) = {z*} and let = €
C. Since lim, o [|[T"2 — 2*|| = 0, then lim, ,o |77 2 — T"z|| = 0 and so T is
asymptotically regular.
(iil) If we replace p by the limit superior in the proof of Theorem 2.1 of [2], we obtain
(note that 1 — 2o — 28 > 0)

limsup || 7" 2 — T"z| = 0.

n—roo

Thus |77tz — T"z| — 0 as n — oo and by (i4), T is a Picard operator. O

Now, the following problem naturally arises.

Problem. Let C be a nonempty closed bounded subset of a Banach space X and let
T : C — C be an (a, 3)-nonexpansive mapping with a >0, 3> 0and 1 <a+8 < 1.
Is T" a Picard operator? or equivalently, is T" asymptotically regular?

From Proposition 2.3 and Theorem 2.4, we derive the following corollary.
Corollary 2.5. Let C' be a nonempty closed bounded subset of a Hilbert space H
and let T : C — C be a (A, p)-hybrid mapping with A < 1 and p < 1. Assume that
A+ pu>1orT be an asymptotically regular mapping. Then T is a Picard operator.

To prove our next result, we need the following lemma.

Lemma 2.6. Let C be a nonempty closed bounded subset of a Banach space X, and
let T : C — C be a mapping. Assume that there exists N € N such that TV is a
Picard operator. Then T s also a Picard operator.
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Proof. Let p € C be the unique fixed point of the Picard operator TV : C — C. We
first show that p is also the unique fixed point of 7' : C' — C. Since TV (p) = p then
Tp = TTN(p) = TN(Tp) and so Tp is a fixed point of T?. Since p is the unique
fixed point of TV, we get that Tp = p. To prove that p is the unique fixed point of
T, assume that T'q = ¢, for some ¢ € C. Then ¢ = Tq = T?q = ... = TV (q) and so ¢
is a fixed point of TV, which yields p = q.

Now, we show that for each x € C, x,, = T"x — p as n — oco. To show the claim, it
suffices to prove that zny,4+; — p as n — oo, for each j =0,1,..., N — 1. Since T is
a Picard operator and p € C' is the unique fixed point of TV, then

(TN (2) = TN™(2) — p as n — oo, for each z € C.
Let z = T7x, then we have
TNy = TN (2) = TN™(TIx) — p as n — 0.
U

The following is a slight improvement of Theorem 2.4.
Theorem 2.7. Let C be a nonempty closed bounded subset of a Banach space X
and let T : C — C be a mapping. Assume that there exists N € N such that T
is (o, B)-nonexpansive with o > 0, B > 0 and a + B < 1 and TN is asymptotically
reqular. Then T is a Picard operator.

Proof. By Theorem 2.4, TV is a Picard operator and by Lemma 2.6, we get that T
is also a Picard operator. O

The following example shows that Theorem 2.7 is a real generalization of Theorem
2.4.
Example 2.8. Let T': [0,1] — [0, 1] be defined as follows:

§7 x =1,
T _ i _3
@=11 ==z
s {1
Assume first that T is («, 8)-nonexpansive, for some «, 8 > 0, with o + 8 < 1. Let
T = % and y = %. Then, we have
1Tz — Ty|I* < ally - Tz|* + allz — Tyl
+ Bz — Ta|* + Blly — Tyll* + (1 - 2a — 26) ||z — ]|,
and so 24 < 24a + 148 < 24(«a + B) < 24, a contradiction. On the other hands
1
1 -1
T2 ) = { 1 x ’
(@) %, x #£ 1.
Then by Example 2.1 of [2], T2 is (74, 5 )-nonexpansive and it is clear that 72 is an

1000° 9
asymptotically regular mapping. Thus, T satisfies the assumptions of Theorem 2.6,

but we can not invoke Theorem 2.4 to prove that T is a Picard operator.

Acknowledgments. The authors would like to thank the associate editor and re-
viewers for their constructive comments, which helped us to improve the paper. The
third author was in part supported by a grant from IPM (No. 1400460423).



(o, B)-NONEXPANSIVE MAPPINGS AND PICARD OPERATORS 169

REFERENCES

(1] A. Amini-Harandi, M. Fakhar, H.R. Hajisharifi, Weak fized point property for nonezpansive

mappings with respect to orbits in Banach spaces, J. Fixed Point Theory Appl., 18(2016),
601-607.

[2] A. Amini-Harandi, M. Fakhar, H.R. Hajisharifi, Approzimate fized points of a-nonerpansive

mappings, J. Math. Anal. Appl., 467(2018), 1168-1173.

[3] K. Aoyama, F. Kohsaka, Fized point theorem for a-nonexpansive mappings in Banach space,

(4]

[9]
(10]

[11]
(12]

(13]
[14]
(15]

Nonlinear Anal., 74(2011), 4378-4391.

K. Aoyama, S. Lemoto, F. Kohsaka, W. Takahashi, Fized point and ergodic theorems for \-
hybrid mappings in Hilbert space, J. Nonlinear Convex Anal., 11(2010), 335-343.

T. Dominguez Benavides, P. Lorenzo Ramirez, A further generalization of nonexpansivity, J.
Nonlinear Convex Anal., 15(2014), 299-311.

H. Fetter, E. Llorens-Fuster, Jaggi nonexpansive mappings revisited, J. Nonlinear Convex Anal.,
18(10)(2017), 1771-1779.

J. Garcia-Falset, E. Llorens-Fuster, E. Moreno-Gélvez, Generalized nonexpansive mappings and
a Krasnosel’skii theorem for the De Blasi noncompactness measure, J. Nonlinear Convex Anal.,
16(6)(2015), 1041-1053.

J. Garcia-Falset, E. Llorens-Fuster, T. Suzuki, Fized point theory for a class of generalized
nonezxpansive mappings, J. Math. Anal. Appl., 375(2011), 185-195.

H.R. Hajisharifi, On some generalization of multivalued nonexpansive mappings, Bull. Iran.
Math. Sco., 46(2020), 557-571.

W.A. Kirk, N. Shahzad, Normal structure and orbital fized point conditions, J. Math. Anal.
Appl., 463(2018), 461-476.

E. Llorens-Fuster, Orbitally nonexpansive mappings, Bull. Aust. Math. Soc., 93(2016), 497-503.
E. Llorens-Fuster, E. Moreno-Galvez, The fized point theory for some generalized nonexpansive
mappings, Abstr. Appl. Anal., (2011), Article ID 435686.

L.A. Rus, Generalized contractions, Univ. Cluj-Napoca, Preprint no. 3(1983), 1-30.

I.A. Rus, Picard mappings, I, Studia Univ. Babes-Bolyai, 33(1988), 70-73.

T. Suzuki, Fized point theorems and convergence theorems for some generalized nonexpansive
mappings, J. Math. Anal. Appl., 340(2008), 1088-1095.

Received: May 20, 2021; Accepted: February 3, 2022.



170

A. AMINI-HARANDI, M. GOLI AND H.R. HAJISHARIFI



