
Fixed Point Theory, 25(2024), No. 1, 163-170

DOI: 10.24193/fpt-ro.2024.1.10

http://www.math.ubbcluj.ro/∼nodeacj/sfptcj.html

(α, β)-NONEXPANSIVE MAPPINGS AND PICARD

OPERATORS

A. AMINI-HARANDI∗, M. GOLI∗∗ AND H.R. HAJISHARIFI∗∗∗

∗Department of Pure Mathematics, Faculty of Mathematics and Statistics,
University of Isfahan, Isfahan 81746-73441, Iran

E-mail: a.amini@sci.ui.ac.ir

∗∗PostDoc Researcher, Department of Pure Mathematics,
Faculty of Mathematics and Statistics, University of Isfahan, Isfahan 81746-73441, Iran

E-mail: golimahdi@gmail.com

∗∗∗Department of Mathematics, Khansar Campus, University of Isfahan, Iran
School of Mathematics, Institute for Research in Fundamental Sciences (IPM),

P.O. Box 19395-5746, Tehran, Iran

E-mail: h.r.hajisharifi@sci.ui.ac.ir

Abstract. Let C be a nonempty closed bounded (not necessary convex) subset of a Banach space

X and let T : C → C be an (α, β)-nonexpansive mapping with α > 0, β > 0 and α+ β < 1. In this

paper, we show that T has a unique fixed point. Moreover, T is a Picard operator if and only if T
is asymptotically regular.
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1. Introduction and Preliminaries

Let C be a nonempty subset of a Banach space (X, ‖.‖) and let T : C → C. A
point p ∈ C is called a fixed point for T when Tp = p and the fixed point set of T is
denoted by Fix(T ). The mapping T is said to be a Picard operator, if Fix(T ) = {p}
and for each x ∈ C, Tnx→ p as n→∞, [13, 14]. The sequence (xn) in C is called an
approximate fixed point sequence for T provided that ‖xn−Txn‖ → 0 as n→∞. T is
said to be asymptotically regular provided that for every x ∈ C, ‖Tn+1x− Tnx‖ → 0
as n→∞, [11].
In recent years, several generalizations of nonexpansive mappings have been in-
troduced and their fixed point theory have been studied by many authors; see
[1, 3, 5, 6, 7, 8, 9, 10, 12, 11, 15] and the references therein.
Now we recall some definitions and results which will be used throughout the paper.
Let l∞ denote the Banach space of bounded real sequences with the supremum norm.
There exists a bounded linear functional µ on l∞, called Banach limit, that satisfies
the following conditions:
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(i) If (tn) ∈ l∞ with tn ≥ 0 for every n ∈ N, then µ(tn) ≥ 0.
(ii) If tn = 1 for every n ∈ N, then µ(tn) = 1.

(iii) For every (tn) ∈ l∞, µ(tn) = µ(tn+1).

It is well-known that for every Banach limit µ and every (tn) ∈ l∞,

lim inf
n→∞

tn ≤ µ(tn) ≤ lim sup
n→∞

tn.

In 2010, Aoyama et al. [4] introduced the class of λ-hybrid mappings in Hilbert spaces.
This class contains the class of nonexpansive mappings, nonspreading mappings, and
hybrid mappings in Hilbert spaces.
Defininition 1.1. [4] Let C be a nonempty subset of a Hilbert space H and let λ ∈ R.
A mapping T : C → H is said to be λ-hybrid if, for each x, y ∈ C,

‖Tx− Ty‖2 ≤ ‖x− y‖2 + 2(1− λ)〈x− Tx, y − Ty〉.

In 2011, the class of α-nonexpansive mappings was introduced by Aoyama and
Kohsaka [3] in the setting of Banach spaces.
Defininition 1.2. [3] Let C be a nonempty subset of a Banach space X and let α be
a real number such that α < 1. A mapping T : C → X is said to be α-nonexpansive
mapping if, for each x, y ∈ C,

‖Tx− Ty‖2 ≤ α‖y − Tx‖2 + α‖x− Ty‖2 + (1− 2α)‖x− y‖2.

Let H be a Hilbert space, let C ⊆ H, let T : C → H be a mapping and let
λ < 2. Aoyama and Kohsaka [3] showed that T is λ-hybrid if and only if T is an
α-nonexpansive mapping, where α = 1−λ

2−λ .

2. Main results

In [2], the authors introduced a two parametric class of nonlinear mappings which
is properly larger than the class of α-nonexpansive mappings.
Defininition 2.1. [2] Let C be a nonempty subset of a Banach space X and let
α, β ∈ R. A mapping T : C → X is said to be (α, β)-nonexpansive mapping if for
each x, y ∈ C,

‖Tx− Ty‖2 ≤ α‖y − Tx‖2 + α‖x− Ty‖2

+ β‖x− Tx‖2 + β‖y − Ty‖2 + (1− 2α− 2β)‖x− y‖2.

To obtain a characterization of (α, β)-nonexpansive mappings in Hilbert spaces,
we now introduce the class of (λ, µ)-hybrid mappings in Hilbert spaces.
Definition 2.2. Let H be a Hilbert space and let C be a nonempty subset of H. Let
λ and µ be two real numbers. A mapping T : C → H is said to be (λ, µ)-hybrid if

‖Tx− Ty||2 ≤ ‖x− y‖2 + 2(1− λ)〈x− Tx, y − Ty〉+ 2(1− µ)〈x− Ty, y − Tx〉,

for each x, y ∈ C.
Proposition 2.3. Let C be a nonempty subset of a Hilbert space H and let T : C → H
be a mapping. Let λ and µ be two real numbers such that λ+µ < 3 and put α = 1−λ

3−λ−µ
and β = 1−µ

3−λ−µ . Then T is (λ, µ)-hybrid if and only if T is (α, β)-nonexpansive.
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Proof. Let x, y ∈ C. Then we have

‖x− y‖2 + 2(1− λ)〈x− Tx, y − Ty〉+ 2(1− µ)〈x− Ty, y − Tx〉 − ‖Tx− Ty||2

= ‖x− y‖2 + (1− λ)(‖x− Ty‖2 + ‖Tx− y‖2 − ‖x− y‖2 − ‖Tx− Ty‖2)

+ (1− µ)(‖x− Tx‖2 + ‖y − Ty‖2 − ‖x− y‖2 − ‖Tx− Ty‖2)− ‖Tx− Ty‖2

= (1− λ)(‖x− Ty‖2 + ‖Tx− y‖2) + (1− µ)(‖x− Tx‖2 + ‖y − Ty‖2)

+ (−1 + λ+ µ)‖x− y‖2 − (3− λ− µ)‖Tx− Ty‖2

= (3− λ− µ)(α(‖x− Ty‖2 + ‖Tx− y‖2) + β(‖x− Tx‖2 + ‖y − Ty‖2)

+ (1− 2α− 2β)‖x− y‖2 − ‖Tx− Ty‖2).

Since 3 > λ+ µ, we get the conclusion. �

The following theorem is the main result of this paper.
Theorem 2.4. Let C be a nonempty closed bounded (not necessary convex) subset of
a Banach space X and let T : C → C be an (α, β)-nonexpansive mapping with α > 0,
β > 0 and α + β < 1. Then T has a unique fixed point x∗ ∈ C. Furthermore, the
following statements hold:

(i) for each x ∈ C, (Tnx) has a subsequence which is convergent to x∗.
(ii) T is a Picard operator if and only if T is an asymptotically regular mapping.
(iii) if α+ β ≤ 1

2 , then T is a Picard operator.

Proof. Let M = diam(C) and set Kn := {x ∈ C : ‖x − Tx‖ ≤ 1
n}, for each n ∈ N.

By Theorem 2.1 of [2], infx∈C ‖x − Tx‖ = 0, and therefore Kn 6= ∅, for each n ∈ N.
We first show that diam(Kn) → 0 as n → ∞. Since T is (α, β)-nonexpansive, then
for each x, y ∈ Kn we have

‖x− y‖2 ≤ (‖x− Tx‖+ ‖Tx− Ty‖+ ‖y − Ty‖)2

≤ (
2

n
+ ‖Tx− Ty‖)2 ≤ 4

n2
+

4M

n
+ ‖Tx− Ty‖2

≤ 4

n2
+

4M

n
+

2β

n2
+ α‖y − Tx‖2

+ α‖x− Ty‖2 + (1− 2α− 2β)‖x− y‖2

≤ 4 + 2β

n2
+

4M

n
+ α(‖x− y‖+ ‖x− Tx‖)2

+ α(‖x− y‖+ ‖y − Ty‖)2 + (1− 2α− 2β)‖x− y‖2

≤ 4 + 2(α+ β)

n2
+

4M(1 + α)

n
+ (1− 2β)‖x− y‖2,

and so

‖x− y‖2 ≤ 1

β

(
2 + α+ β

n2
+

2M(1 + α)

n

)
, for each x, y ∈ Kn. (2.1)

From (2.1), we get that diam(Kn)→ 0 as n→∞. SinceKn+1 ⊆ Kn and diam(Kn) =
diam(Kn), for each n ∈ N, then (Kn) is a decreasing sequence of closed sets and
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diam(Kn) → 0 as n → ∞. Thus, by the Cantor’s intersection theorem,
⋂
n∈NKn =

{x∗}, for some x∗ ∈ C. Hence, for each n ∈ N, there exists xn ∈ Kn such that
‖ xn − x∗ ‖< 1

n . Then (xn) in C, is an approximate fixed point sequence for T , and
xn → x∗ as n→∞. Since T is (α, β)-nonexpansive then for each n ∈ N, we have

‖Tx∗ − Txn‖2 ≤ α‖xn − Tx∗‖2 + α‖x∗ − Txn‖2 (2.2)

+ β‖x∗ − Tx∗‖2 + β‖xn − Txn‖2 + (1− 2α− 2β)‖x∗ − xn‖2.
Since xn → x∗ as n→∞ and limn→∞ ‖xn−Txn‖ = 0, then Txn → x∗ as n→∞, and
so we get limn→∞ ‖Tx∗−Txn‖ = ‖Tx∗−x∗‖ and limn→∞ ‖xn−Tx∗‖ = ‖x∗−Tx∗‖.
Thus by taking limit from both sides of (2.2), we get

‖x∗ − Tx∗‖2 = lim
n→∞

‖Tx∗ − Txn‖2 (2.3)

≤ α lim
n→∞

‖xn − Tx∗‖2 + α lim
n→∞

‖x∗ − Txn‖2 + β‖x∗ − Tx∗‖2

+ β lim
n→∞

‖xn − Txn‖2 + (1− 2α− 2β) lim
n→∞

‖x∗ − xn‖2

≤ (α+ β)‖x∗ − Tx∗‖2.
Since α+ β < 1, then from (2.3), we obtain Tx∗ = x∗.
Since

{x∗} ⊆ Fix(T ) ⊆
⋂
n∈N

Kn = {x∗},

then Fix(T ) = {x∗}, that is, T has a unique fixed point.
Now we prove the statements (i), (ii) and (iii).
(i) Let x ∈ C and let µ be a Banach limit. By the proof of Theorem 2.1 of [2], we
have

µ(‖Tn+1x− Tnx‖2) = 0. (2.4)

Also by the definition of Banach limit

µ(‖Tn+1x− x∗‖2) = µ(‖Tnx− x∗‖2). (2.5)

Since T is (α, β)-nonexpansive and Tx∗ = x∗, then for each n ∈ N, we have

‖Tn+1x− x∗‖2 ≤ α‖Tnx− x∗‖2 + α‖Tn+1x− x∗‖2 + β‖Tn+1x− Tnx‖2

+(1− 2α− 2β)‖Tnx− x∗‖2.
Hence

‖Tn+1x− x∗‖2 ≤ 1− α− 2β

1− α
‖Tnx− x∗‖2 +

β

1− α
‖Tn+1x− Tnx‖2, (2.6)

for each n ∈ N. Thus by (2.4), (2.5) and (2.6), we obtain

µ(‖Tnx− x∗‖2) = µ(‖Tn+1x− x∗‖2) ≤ 1− α− 2β

1− α
µ(‖Tnx− x∗‖2),

which yields (note that β > 0)

µ(‖Tnx− x∗‖2) = 0.

Then
0 ≤ lim inf

n→∞
‖Tnx− x∗‖2 ≤ µ(‖Tnx− x∗‖2) = 0.
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Thus there exists a subsequence of (Tnx) which is convergent to x∗.
(ii) We first assume that T is asymptotically regular and let x ∈ C. To prove the
claim, we show that each subsequence (T knx) of (Tnx) has itself a subsequence which
is convergent to x∗. Let (T knx) be a subsequence of (Tnx), then we have (note that
T is asymptotically regular)

µ(‖T kn+1x− T knx‖2) = 0, (2.7)

and so

µ(‖T kn+1x− x∗‖2) = µ(‖T knx− x∗‖2). (2.8)

From (2.6), we have

‖T kn+1x− x∗‖2 ≤ 1− α− 2β

1− α
‖T knx− x∗‖2 +

β

1− α
‖T kn+1x− T knx‖2, (2.9)

for each n ∈ N. Thus by (2.7), (2.8) and (2.9), we obtain

µ(‖T knx− x∗‖2) = µ(‖T kn+1x− x∗‖2) ≤ 1− α− 2β

1− α
µ(‖T knx− x∗‖2),

which yields
µ(‖T knx− x∗‖2) = 0.

Then
0 ≤ lim inf

n→∞
‖T knx− x∗‖2 ≤ µ(‖T knx− x∗‖2) = 0.

Thus there exists a subsequence of (T knx) which is convergent to x∗. Therefore
Tnx→ x∗ as n→∞, for each x ∈ C and so T is a Picard operator.
Conversely, assume that T is a Picard operator, let Fix(T ) = {x∗} and let x ∈
C. Since limn→∞ ‖Tnx − x∗‖ = 0, then limn→∞ ‖Tn+1x − Tnx‖ = 0 and so T is
asymptotically regular.
(iii) If we replace µ by the limit superior in the proof of Theorem 2.1 of [2], we obtain
(note that 1− 2α− 2β ≥ 0)

lim sup
n→∞

‖Tn+1x− Tnx‖ = 0.

Thus ‖Tn+1x− Tnx‖ → 0 as n→∞ and by (ii), T is a Picard operator. �

Now, the following problem naturally arises.
Problem. Let C be a nonempty closed bounded subset of a Banach space X and let
T : C → C be an (α, β)-nonexpansive mapping with α > 0, β > 0 and 1

2 < α+β < 1.
Is T a Picard operator? or equivalently, is T asymptotically regular?

From Proposition 2.3 and Theorem 2.4, we derive the following corollary.
Corollary 2.5. Let C be a nonempty closed bounded subset of a Hilbert space H
and let T : C → C be a (λ, µ)-hybrid mapping with λ < 1 and µ < 1. Assume that
λ+ µ ≥ 1 or T be an asymptotically regular mapping. Then T is a Picard operator.

To prove our next result, we need the following lemma.

Lemma 2.6. Let C be a nonempty closed bounded subset of a Banach space X, and
let T : C → C be a mapping. Assume that there exists N ∈ N such that TN is a
Picard operator. Then T is also a Picard operator.
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Proof. Let p ∈ C be the unique fixed point of the Picard operator TN : C → C. We
first show that p is also the unique fixed point of T : C → C. Since TN (p) = p then
Tp = TTN (p) = TN (Tp) and so Tp is a fixed point of TN . Since p is the unique
fixed point of TN , we get that Tp = p. To prove that p is the unique fixed point of
T , assume that Tq = q, for some q ∈ C. Then q = Tq = T 2q = ... = TN (q) and so q
is a fixed point of TN , which yields p = q.
Now, we show that for each x ∈ C, xn = Tnx→ p as n→∞. To show the claim, it
suffices to prove that xNn+j → p as n→∞, for each j = 0, 1, ..., N − 1. Since TN is
a Picard operator and p ∈ C is the unique fixed point of TN , then

(TN )n(z) = TNn(z)→ p as n→∞, for each z ∈ C.
Let z = T jx, then we have

xNn+j = TNn+j(x) = TNn(T jx)→ p as n→∞.
�

The following is a slight improvement of Theorem 2.4.
Theorem 2.7. Let C be a nonempty closed bounded subset of a Banach space X
and let T : C → C be a mapping. Assume that there exists N ∈ N such that TN

is (α, β)-nonexpansive with α > 0, β > 0 and α + β < 1 and TN is asymptotically
regular. Then T is a Picard operator.

Proof. By Theorem 2.4, TN is a Picard operator and by Lemma 2.6, we get that T
is also a Picard operator. �

The following example shows that Theorem 2.7 is a real generalization of Theorem
2.4.
Example 2.8. Let T : [0, 1]→ [0, 1] be defined as follows:

T (x) =


3
4 , x = 1,
1
4 , x = 3

4 ,
7
8 , x /∈ { 34 , 1}.

Assume first that T is (α, β)-nonexpansive, for some α, β > 0, with α + β < 1. Let
x = 3

4 and y = 7
8 . Then, we have

‖Tx− Ty‖2 ≤ α‖y − Tx‖2 + α‖x− Ty‖2

+ β‖x− Tx‖2 + β‖y − Ty‖2 + (1− 2α− 2β)‖x− y‖2,
and so 24 ≤ 24α+ 14β < 24(α+ β) < 24, a contradiction. On the other hands

T 2(x) =

{
1
4 , x = 1,
7
8 , x 6= 1.

Then by Example 2.1 of [2], T 2 is ( 1
1000 ,

8
9 )-nonexpansive and it is clear that T 2 is an

asymptotically regular mapping. Thus, T satisfies the assumptions of Theorem 2.6,
but we can not invoke Theorem 2.4 to prove that T is a Picard operator.
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