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1. INTRODUCTION

Let C be a nonempty closed convex subset of a Banach space E with norm ||.|| and
let E* denotes the dual of E. The variational inequality problem (VIP) is to find a
point € C such that

(Az,y—z)>0 V yeC, (1.1)
where A is a mapping of C into E* and (.,.) denotes the pairing between F and E*.
The solution set of (1.1) is denoted by VI(C, A).
It is well known that variational inequalities cover a variety of fields in optimal control,
optimization, mathematical programming, operational research, partial differential
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equations, engineering, and equilibrium models and hence, it have been studied by
many authors; see the recent papers [16, 24, 26, 6, 28, 11, 12, 18].

The operator A of C to E* is said to be
(i) monotone if

(x —y, Az — Ay) > 0, Va,y € C;
(ii) a—inverse strongly monotone if there exists a constant o > 0 such that
(x —y, Az — Ay) > a||Az — Ay||® Vz,y € C;
(i) L-Lipchitz continuous if there exists L > 0 such that
|Az = Ayl| < Lljz — yll, Yo,y e C.

Let f: C x C — R be a bifunction. The equilibrium problem (GEP) is as follows:
Find z € C such that

flz,y) + (Az,y —x) >0, YyeC. (1.2)

The set of solutions of (1.2) is denoted by GEP(f, A). Clearly, problem (1.2) is
equivalent to (VIP) if f = 0.

Korpelevich[15] proposed the following algorithm for solving the problem (VIP)

that is known as the extragradient method in (1.3). Let z; be an arbitrarily element
in H and
n — P n AA n)s
Y ol Tn) (1.3)
Tn41 = PC’(-Tn - >\Ayn)7
Tseng [25] proposed the following algorithm which was introduced using the mod-
ified front-to-back (F-B) method:

{yn = Po(x, — Axy,), (1.4)

Tn+1 = PX(yn - A(Ayn - Aﬂin)),

where X = C and X = H if A is Lipschitz continuous. Thong et al [23] proposed the
following convergent algorithm based on the Tseng algorithm:

Yn = PC('Tn - )‘nA-Tn)a
Zn = Yn — )\n(Ayn - Axn)v (15>
Toy1 = anf(@) + (1 — an)zn,

where the operator A is monotone and Lipschitz continuous, v > 0, I € (0,1), p €
(0,1) and ), is chosen to be the largest A € {v,~l,~I?,...} satisfying

MAzy, — Aynll < pllzn — yal|- (1.6)

In this paper, we present our algorithms in Banach spaces motivated by the Thong
algorithm and prove the strong convergence of the sequences generated by these al-
gorithms. Finally, using MATLAB software, we provide some numerical examples to
illustrate our claims.
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2. PRELIMINARIES

Let E be a real Banach space with norm ||.|| and let E* be the dual space of E.
The strong convergence and the weak convergence of the sequence {z,} to z in F are
denoted by x,, — = and z,, — x throughout the paper, respectively. The modulus §
of convexity of E is defined by

lz +
2

d(e) = inf{l — el < 3yl < 1l = yll = €}

for every e € [0,2]. A Banach space F is said to be uniformly convex if §(0) = 0 and
d(e) > 0 for every € > 0. It is known that a Banach space E is uniformly convex if
and only if for any two sequences {z,} and {y,} in E such that

lim ||z,|| = im |ly,|| =1 and lim ||z, + yal = 2,
n—00 n— 00 n—oo

lim;, o0 ||Zn — yn|l = 0 holds. Suppose that p is a fixed real number with p > 2. A
Banach space FE is said to be p-uniformly convex[22], if there exists a constant ¢ > 0
such that § > ceP for all € € [0,2]. It is also known that a uniformly convex Banach
space has the Kadec-Klee property, that is, z,, — u and ||z,|| — |Ju|| imply that
xn — u(see [10, 19]).

The normalized duality mapping J : E — E* is defined by

J(@) ={f € B*: {, ) = || = I fII*},

for each z € E. Suppose that S(F) = {z € E : ||z| = 1}. A Banach space E is
called smooth if for all z € S(FE), there exists a unique functional j, € E* such that
(x,j2) = |lz| and ||ja|| = 1( see [1]).

The norm of E is said to be Gateauz differentiable if for each x,y € S(E), the limit

Lzt iyl el

t—0 t
exists. In this case, E is called smooth and E is said to be uniformly smooth if the limit
(2.1) is attained uniformly for all z,y € S(F)[21]. If a Banach space E is uniformly
convex, then F is reflexive and strictly convex, and E* is uniformly smooth[1]. It
is well known that if F is a reflexive, strictly convex and smooth Banach space and
J* : E* — E is the duality mapping on E*, then J~! = J*, also, if F is a uniformly
smooth Banach space, then J is uniformly norm to norm continuous on bounded sets
of E and J~! = J* is also uniformly norm to norm continuous on bounded sets of
E*. Let E be a smooth Banach space and let J be the duality mapping on E. The
function ¢ : F x E — R is defined by

(2.1)

¢(x,y) = ||lz[|* = 2(z, Jy) + ly|*, Vz,y € E. (2.2)
Clearly, from (2.2), we can conclude that
(Il = ly)* < oz, y) < (llzll + 1yl)*- (2.3)

If F is a reflexive, strictly convex and smooth Banach space, then for all z,y €

d(z,y) =0 z=y. (2.4)
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Also, it is clear from the definition of the function ¢ that the following conditions
hold for all x,y,z,w € F,

o(z,y) = ¢z, 2) + d(z,y) + 2(x — 2, Jz — Jy), (2.5)
2z —y, Jz = Jw) = ¢z, w) + ¢(y, 2) — ¢(x, 2) = P(y, w). (2.6)
o(x,y) = (v, Jo = Jy) + (y — =, Jy) < [lz[[[|[Jz = Tyl + lly — =[[[y]- (2.7)

Now, the function V : E x E* — R is defined as follows
V(a,z*) = ||zl* = 2(z, 2*) + [[«*]|?,

for all z € E and 2* € E*. Moreover, V(z,2*) = ¢(z,J 'z*) for all z € E and
r* € B*. If F is a reflexive strictly convex and smooth Banach space with E* as its
dual, we can conclude that

V(w,a*) +2(J 7" —a,y") < V(z, 2" +y"), (2.8)

for all x € E and all z*,y* € E*[14].

An operator A : C' — E* is hemicontinuous at z¢ € C, if for any sequence {z,}
converging to zo along a line implies that Tz,, — Tz, i.e., Tz, = T(xo+t,x) = Txg
ast, —»0forall z € C.

The generalized projection Il : E — C' is a mapping that assigns to an arbitrary
point z € E, the minimum point of the functional ¢(y,x); that is, [lcx = x(, where
2o is the solution of the minimization problem

Pz, ) = min o(y, ). (2.9)

The existence and uniqueness of the operator Il follows from the properties of the
functional ¢(z,y) and strict monotonicity of the mapping J[2]. Suppose that C is
a nonempty closed convex subset of E, and T is a mapping from C into itself. A
point p € C'is called an asymptotically fixed point of T if C contains a sequence {z, }
which converges weakly to p such that Tz, — x,, — 0[1]. The set of asymptotical
fixed points of T will be denoted by F(T). A mapping T from C into itself is said
to be relatively nonexpansive if F(T) = F(T) and ¢(p,Tx) < ¢(p,z) for all z € C
and p € F(T). The asymptotic behavior of a relatively nonexpansive mapping was
studied in [4, 5, 7].

We need the following lemmas for the proof of our main results.

Lemma 2.1. ([13]) Let E be a smooth and uniformly convex Banach space and let
{zn} and {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {z,} or {yn} is
bounded, then x, — y, — 0.

Lemma 2.2. ([2]) Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E, let x € E and let z € C. Then

z=Hex & (y—2z,Je—Jz) <0, forallyeC.

Lemma 2.3. ([2]) Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E and let y € E. Then

o(x, ey) + o(Ilcy,y) < d(x,y), Vo e C.
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Lemma 2.4. ([3, 27]) Let E be a 2-uniformly convex and smooth Banach space.
Then, for all x, y € E, we have that

2
lz =yl < Sz = Jyll,
where %(0 < ¢ < 1)is the 2-uniformly convex constant of E.

Lemma 2.5. ([27]) Let E be a uniformly convex Banach space and v > 0. Then
there exists a continuous strictly increasing convex function g : [0,2r] — [0,00) such

that g(0) =0 and
[tz + (1 = )yl* < tlz]* + 1 = )lyll* — 1~ t)g(llz — y),
forallz,y € B,(0)={z€ E:|z|| <r} andt € [0,1].

Lemma 2.6. ([13]) Let E be a uniformly convexr Banach space and v > 0. Then
there exists a continuous strictly increasing convex function g : [0,2r] — [0,00) such

that g(0) =0 and
9(llz —yll) < é(z,y),
forallz,y € B.(0)={z€ E:|z| <r}.

Throughout this paper, we assume that f : C' x C' — R is a bifunction satisfying
the following conditions

(Al) f(z,z)=0forall z € C,

(A2) fis monotone, i.e. f(z,y)+ f(y,z) <0, for all z,y € C,

(A3) ltiﬂ)lf(tz + (1 —-t)z,y) < f(z,y), for all z,y,z € C,

(A4) for each x € C,y — f(x,y) is convex and lower semicontinuous.

Lemma 2.7. ([17]) Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E. Let A : C — E* be an a—inverse-strongly
monotone operator and [ be a bifunction from C x C to R satisfying (A1) — (A4).
Then for all v > 0 the following hold

(i) for x € E, there exists u € C such that
1
f(u,x)+<Au,y—u>—|—;<y—u,Ju—Jﬂc>ZO, VyEC,
(ii) if E is additionally uniformly smooth and K, : E — C' is defined as

i) = fwe 0« fluy)+{Auy —u) + (y—u Ju—Ja) 20, ¥yeCl,

then, the following conditions hold:
(1) K, is single-valued,
(2) K, is firmly nonexpansive, i.e., for all x,y € E,
<er - Ky, JK,x — JKry> < <Krw - Ky, Jr — Jy>a
(8) F(K,) = F(K,) = GEP(f. A),
(4) GEP is a closed convex subset of C,
(5) o(p, Kyz) + d(Kpa, ) < d(p,x), YV p€ F(K;).
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The normal cone for C at a point v € C' is denoted by N¢(v), that is
Ne(w) :={z* € E*: (v—y,a*) > 0,Vy € C}.

Lemma 2.8. ([20]) Let C be a nonempty closed convex subset of a Banach space E
and let T be monotone and hemicontinuous operator of C into E* with C = D(T).
Let B C E x E* be an operator defined as follows:

Bo — Tv + New, v e C,
0, v¢C.

Then B is mazimal monotone and B~1(0) = SOL(T, C).

3. MAIN RESULTS

In this section, we introduce new iterative algorithms for solving monotone vari-
ational inequality problems which are based on Tseng’s intergradient method. We
prove strong convergence theorems for generated sequences by presenting intergradi-
ent algorithms, under suitable conditions.

Throughout this section, we assume that C' is a nonempty closed convex subset of
a real 2-uniformly convex and uniformly smooth Banach space E and E* is the dual
space of E/, and A : C — E* is a a-inverse strongly monotone operator. Assume that
{An} is a sequence of real numbers such that 0 < A, < CZTO‘ for all n € N, where % is
the 2-uniformly convexity constant of F.

Theorem 3.1 Let xg € C, T':=VI(C,A)NF(f) #0 and

Yn = HCJ_l(an - )\nAxn)a
Zn = Jﬁl((]yn - AnAyn)a (31>
Tn+l1 = HCjil(Oén,lJmn + an,2Jf(xn) + an,SJZn)v
where {\,} C [0,1] such that lim X\, = 0. Let {ay;} C (0,1) for i = 1,2,3,
n— o0
0p 1+ an2+ apz =1 and liminf ay, 204, 3 > 0. Let f be a relatively nonexpansive

n—oo
self-mapping on C and |Az|| < ||Ax — Aul| for all x € C and u € T'. Consider the
sequence {x,} generated by the algorithm (3.1). Then the sequence {x,} converges
strongly to q = Iy (¢ ay © f(q), where Pyyc,.ayo f: H — VI(C,A) is the mapping
defined by Pyc,ay o f(x) = Pyic,a)(f(x)) for each x € H.

Proof. Let 4 € T'. From the definition of the function V' and the inequality (2.8), we
conclude that

O(11, zn) =¢(it, T~ (Tyn — AnAyn))
SV(’&, ']yn) - 2<J_1(Jyn - /\nAyn) -, /\nAyn>
= 2(yn — U, A Ayn), (3.2)
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then from Lemma 2.4 and the condition |Az|| < ||Az — Adl| for all x € C, it follows
that
2<J71(Jyn_/\nf4yn) - Jﬁl((]yn)a —AnAyn)

S2“‘]_1(Jyn - )\nAyn) - J_I(Jyn)”” - )‘nAynH

4)2
<—* Ayl
C

472 .
<22 Ay, — Ad?. (33)

Since A is a-inverse strongly monotone and the fact that 4 € VI(C, A), we have
_2<yn - ﬁv)\nAyn>

= — 20 (Yn — G, Ay, — AG) — 20, (yn — G, Al))
< =2\, (yn — @, Ay, — All)
S - 2)\na||Ayn - AQAI,||2,

(3.4)
substituting (3.3) and (3.4) in (3.2) and using our assumptions, we obtain
. . 402 2
¢(u7 Zn) §qz5(u, yn) + (7 - 2)‘na)HAyn - AUH
. 2M, 2
=i yn) + 2Ma (5~ — )| Ay — Ad|
<¢(@, yn),
hence,
O(1, 2n) < G(1, Yn).- (3.5)
From Lemma 2.3 and the inequality (2.8), we have
gf)(ﬁ, yn) :(b(ﬁ, chil(‘]xn - /\nAIn))
<o(it, J Ty — MAxy)) = V (a0, Jx, — ApAxy,)
<V (t, Jxn) — 2(T N (Jan — MAxy) — @, Ay Ay,
=¢(U, Tp) — 2An(Ty — G, Axy,)
+2(J N Ty — MAzy) — TN (Jxy), =M Azy,), (3.6)

since A is a—inverse strongly monotone and 4 € VI(C, A), it follows that
=2\ (T, — G, Axy,)

= =2\, (z, — U, Az, — AQ) — 20, (x,, — G, Ad)
< =2\, (x, — G, Az, — Al)
< — 2\l Az, — Al
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From Lemma 2.4 and our assumptions, we can conclude that

2J " H(Jxn — AMAxy) — T HJ ), A Azy)
TN Ty — MpAzy) — T 1Tz ||| = AnAzy ||

422
SCTHA%HQ

422 )
By applying (3.7) and (3.8) in (3.6) and our assumptions, we have that

. . 2\, .
(i, yn) < @it ) + 200 (=5 — @)l[Ayn — Awn||* < G(@, ). (3.9)
Hence, from (3.5) and (3.9), we have

(U, 2n) < AU, ). (3.10)
Next, we will show that the sequence {¢(d,x,)} is decreasing. From the relatively
nonexpansiveness condition of f, the convexity of ||.||?, Lemma 2.3 and the inequality
(3.10), we have that
gb(ﬁ, In—&-l) §¢(ﬂ7 Jﬁl(an,ljxn + O‘n,2jf(xn) + an,3JZn)
=[|a)|* = 2(it, an1JTn + anod f(2n) + anzdzn)
+ ||04n,1t]93n + O‘n,QJf('Tn) + Ofn,?)JZnHz
<||al|? = 2001 (@, Jxp) — 2000 20, T f(20)) — 200, 310, J 2,)
+ Ofn,lHl'nH2 + O‘n,2||f(517n)||2 + O‘n,BHZn”z
=0, 10U, Tn) + O 20(@, f () + an 30(1, 2n)
San,lqj)(ﬁa mn) + an,2¢(aa xn) + an73¢(a7 xn)
=b(th, ), (3.11)
so {¢(t, xy)} is decreasing. Then {¢(4,x,)} is bounded, hence 1i_>m (U, xy,) exists.
n (oo}

Then from (2.3), {z,} is bounded. It follows from the relatively nonexpansiveness
condition of f, (3.9) and (3.10) that {f(z,)}, {yn} and {z,} are bounded. From
Lemmas 2.3, 2.4, the inequality (2.8) and the condition 1i_>m An = 0, we have

n—oo

Onstn) < 0, T (T — AnAzy))
=V (xpn, Jr, — A\Axy,)
<V (@, Jan) — 2(J H(Jxp — MAxy) — 20, A\ Ay
=p(Tn, Tn) — 20T (T2 — MAzy) — T H(Jzp), \nAy))
L2 J (T2 — AAzn) — T (T An Az

422 5
<—lAz,[|" = 0 asn — oco. (3.12)
c
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From Lemma 2.1, we have that
nILrI;O |xn — yn]l = 0. (3.13)
Next, from (2.7), (3.13), the boundedness of the sequences {z,} and {y,}, and using
uniformly norm-to-norm continuity of J on bounded sets, it is clear that
OWn ) < ynllllJyn — Jzn| + [[2n = yullllzn] = 0 as n — oco. (3.14)

From Lemma 2.4, the inequality (2.8) and the condition lim \, = 0, we have

i
(Yn, 2n) = ¢(Yn, " (Jyn — AnAyn))
=V (Yn, Jyn — AnAyn)
<V (Yns Jyn) = 20T (Jyn — AnAYn) = Yn, AnAyn)
=Y, yn) — 207 (Jyn = AnAyn) — T (Jyn), AnAyn))
<2 T (Tyn — AnAyn) — T (Jyn) [l An Aya|

W
§C—2|\Ayn|| —0 asn — oo. (3.15)

From Lemma 2.1, we have that
nhﬁngo |y — 20|l = 0. (3.16)

Since {f(zn)} and {z,} are bounded, now, setting r1 = sup{||f(zn)l, |zxll}, from
Lemma 2.5 there exists a continuous strictly increasing and convex function ¢; :
[0,2r1] — [0, 00] with ¢g1(0) = 0. From (3.10), Lemmas 2.3, 2.5 and the condition
relatively nonexpansiveness of f, we conclude for each 4 € I' that

Oty Tns1) <O, J a1 Iy + anad f(25) + an 3 2,)

=[la)? = 2, a1 Txn + an 2 f(20) + an st zn)
+ a1 Jxy + o 2 f2) + anngan2

<[ a)l* = 20,1 (G, Jn) — 200, 2(10, J f(20)) — 200,3(t, J2p,)
+ O‘n,lenH2 + O‘n,2||f(mn)||2 + O‘n,BHZn”z
— an 20,391 (| f(zn) — Jzn)

=0, 10U, Tn) + A 20(U, f(T0)) + an30(T, 2n)
— an 200391 ([ f(2n) — Jznl])

<o 19(t, Tpn) + n 20(0, Tn) + n 30(U, )
— an 20,391 (| f(zn) — Jzn)

=p(U, Tp) — an 200391 ([ f(2r) — J2nl]),

therefore

an,Qan,Bgl(||Jf($n) - JZnH) S d)(aa zn) - ¢(ﬁ7xn+1)-
Since lim inf,,_, o 0y 20,3 > 0, we have

Jim g1 (| f(2n) = Jzal]) = 0, (3.17)
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because {¢(@,x,)} is Cauchy and liminf o, s, 3 > 0. Since g; is a continuous
n— o0

function, so

Gl [T f(@a) ~ Jzall) = T gu(|7f(2a) = Jzl) =0= u(0),  (3.18)
and also g is strictly increasing, hence
li_>m |Jf(xn) = Jzn|| = 0. (3.19)

On the other hand, since J ! is uniformly norm-to-norm continuous on bounded sets,
we obtain that

T [[f(@a) = 2l = lim TS @) — T ) =0, (3.20)
Next, from (2.7) and (3.20), we have
lim_ (. f(a)) = 0. (3.21)
Similarly, from (2.7), (3.13) and (3.16), we obtain
Tim (g, 2) = 0. (3.22)

Moreover, from Lemma 2.3, the inequalities (3.21), (3.22) and the convexity of ||.||2,
we conclude that

320y Tns1) <O(2n, I an 1 JTn + anod f(20) + anadzn))

=llznll® = 2(z0, @n1 2 + an2J f(@n) + ana S 2n)
+ len 1 J2n + an o d f(25) + an 3z ||

<lznll? = 20,1 (20, JT0) — 200,220, T f(20)) — 200320, T 20)
+ an,1||xn||2 + O‘n,QHf(xn)”Q + Oén,3||ZnH2

=0, 10(2n, Tn) + O 20(2n, f(T0n)) + an30(2n, 21)

=, 10(2n, Tn) + On20(2n, f(2n)) = 0 asn — oo,

then using Lemma 2.1, we get

lim ||z, — Zp41]] = 0. (3.23)

n—oo
It follows from (3.13), (3.16) and (3.23) that
[Znt+1 = Znll < lTnt1 — znll + (20 — Ynll + lyn —2znll >0 as n—o0.  (3.24)

Thus {z,} is a Cauchy sequence, so {x,} converges strongly to a point ¢ € C. It
follows from (3.13) and (3.16) that the sequences {y,} and {z,} are convergent to gq.
Next, we show that ¢ € VI(C, A). Let B C E x E* be an operator defined as follows:

| ApAv + New, v € C,
B { 0. v C. (3.25)
Since A\, A is A\ja-inverse strongly monotone, it follows that A, A is M%—Lipschitz

continuous, hence A\, A is hemicontinuous. Therefore, by Lemma 2.8 B is maximal
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monotone and B~1(0) = VI(C,\,A) = VI(C, A). Let (v,w) € G(B) with w € Bv =
AnAv + Neo(v). Then w — A\, Av € N¢o(v), hence

(U= Yn, w — Ay Av) > 0, (3.26)
because y,, € C. On the other hand from Lemma 2.2, we conclude that
(0 = Y, J(T (T — My Azy)) — Jyn) <0,
SO
(U = Yn, MAxy + Jyn — Jxy,) > 0. (3.27)
From (3.26), (3.27) and using the definition A, we get

<U - y’l’b, >
>An (U = Yn, AV) = (U = Yn, A ATy + Jyn — Jo0)
n<U yn7AU Ayn> + A < — Yn, Ayn>
— (U = Yny MAxy + Jyn — Jxp)
n7Ayn _A$n> <U_yn7Jyn _J$n>

>An (v —
Z = Anllv = ynlllAzn — Aynll = llv = ynlll| J2n — Jyall. (3.28)

Hence, using uniformly norm-to-norm continuity of J on bounded sets and (3.13),
(U= Yn,w) > 0asn — oo, i.e. (v—gq,w) > 0. Therefore (¢ —v,0 —w) > 0, and
we conclude from Lemma 2.8 that ¢ € B~1(0) = VI(C, A), because B is a maximal
monotone operator.

Next, we show that ¢ € F(f). From (3.13), (3.16) and (3.20), we have

[ (@n) = znll < [1f(2n) = 2znll + 120 = yull + Iy =20l =0 as n = o0, (3.29)

and since x, — ¢, then ¢ is an asymptotic fixed point of f. Moreover, F( f) =
F(f), because f is a relatively nonexpansive mapping, hence ¢ € F(f). Therefore

My rc,ay0f(q) =y c,a)(q) =g

Theorem 3.2. Suppose that F is a bifunction from C' x C to R which satisfies the
conditions (A1) — (Aq). Let f be a relatively nonexpansive self-mapping on C' and
|Az|| < ||Az — Aul| for all z € C and u € Q := VI(C,A)NGEP(F, A) N F(f). Let
xo be an arbitrary point in C and {x,} be a sequence generated by

un € C 5.t F(up,y) + (Atp,y — un) + 7=y = tp, Jun — Ja,) > 0,
wy, = Hed " H(Jup — A Auy,),

yn = o ~H(Jzym — M Axy,),

Cn={veC:p(v,w,) < p(v,zy)},

zn = Ue, J N Jyn — MAyn),

Tpi1 = Hod  Han 1y + anod f(2n) + an 3z + apaJwy).

where ry, € [a,00) for some a > 0, {\,} C [0,1] such that li_>m An =0, and {r,} C

[a,00) for some a > 0. If {ay,;} C [0,1] for i = 1,2,3,4 such that Z? 10 =1

and liminf ap, g0, 3 > 0 and liminf oy, 2 4 > 0 then the sequence {x,} generated by
n—oo n— o0

(3.30) converges strongly to q = Iy 10, aynGEP(F,A) © flq).

(3.30)
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Proof. Clearly, by part (i) of Lemma 2.7, the sequence {u,} exists. Now, we check
that C,, is closed and convex for each n > 1. Obviously, by the definition of C,, it is
clear that C,, is closed. Applying the definition of ¢, the inequality ¢(v, w,) < ¢(v, z,)
is equivalent to

2(v, Jxy, — Jwy) < Han2 — Hwn”2 (3.31)

It is clear from (3.31) that C,, is convex for all n > 1.
Now, we verify that {z,} is well defined. Suppose that p € Q. By Lemma 2.7, we
may put u, = K, x,. So, by condition (5) of Lemma 2.7, we conclude that

d(p, un) = d(p, Kr,w0) < $(p, T0)- (3.32)

Moreover, from Lemma 2.3 and the inequality (2.8), it follows that

¢(p, wn) =¢(p, M~ (Jup — ApAun))
<o(p, J 7 (Jun — A\pAuy))
<V(p, Ju, — ApAuy,)
<V (p, Juyn) — 2(J " (Jup — My Auy) — p, ApAuy,)
=0(p; un) — 2An(Un — p, Auy)
+ 20T (Jup — MAuy) — T H(Juy), =M Auy,), (3.33)

since A is an a—inverse strongly monotone operator, and we have that
=2\, (up, — p,Auy,)
= =2\, {uy, — p, Au,, — Ap) — 20, {u,, — p, Ap)
< =2\l Au, — Apl|*. (3.34)
From Lemma 2.4 and the condition ||Az|| < ||Axz — Ap]| for all z € C, it follows that
2T (Juy — MAuy) — T (Juy,), = Auy,)
<2[|T 7 (Jup = AnAun) = T (Tug) [ An Aus |

ANz
:072”14%”2

4N2
<51 Au, — 4p|* (3:35)

By substituting (3.34) and (3.35) in (3.33) and the assumption 0 < A, < 0270‘, we
have that

2
P(pswn) < d(pyun) + 2An(gAn = )| Auy, — Ap||* < d(p, up). (3.36)
From (3.32) and (3.36), it is clear that

O(p;wn) < D(p; Tn).- (3.37)

Then p € C,, and hence {z,} is well defined.
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Let Q # () and @ € Q. From Lemma 2.3, the convexity of ||.||? and the relatively
nonexpansiveness of f, it follows that

O(t, xpt1) < &(t, Jfl(anlexn + an o f(xn) + ans3dzn + anaJwy))
= |lal? - 2(h, a1 Ty + an o f(xn) + ans3dzn + anaJw,)
+ a1 zn + anod f(an) + an sz, + Ozn,4an||2
< )| =20 1 (@, J2n) =200 2 (T, T f(20)) — 200 3(i0, T 20,) — 200, {0, Jwy,)
+ O‘n,lnmnn2 + O‘n,2||f(xn)||2 + an,3||ZnH2 + O‘n,4||wn||2
0, 19(0, Tp) + A 20(U, f(20)) + an3(@, 2n) + 198, wy,)
< 1 (T, ) + Qp 2B(T, T) + A 30(T, 21) + Q4P (T, W)
= (O‘n,l + an,2)¢(d, xn) + Oén,g(b(’ljt, Zn) + O‘n,4¢(aa wn)

N

Similarly, using Lemma 2.3, the inequality (3.10) holds for the algorithm (3.30), too.
Hence, from (3.10) and (3.37), we have that
Oty Tpy1) < O(0, ). (3.38)
We conclude that {¢(4@, z,)} is decreasing, so from the boundedness of the sequence
{6(t,zy)}, lim ¢(4,x,) exists. Also from (2.3), {x,} is bounded and hence from
n—oo
(3.32) and the relatively nonexpansiveness of f, {u,} and {f(z,)} are bounded.
Similarly, using Lemma 2.3, the inequalities (3.13) and (3.16) hold for the algorithm
(3.30). Hence, we conclude from (3.13) and (3.16) that the sequences {y,} and {z,}
are bounded, now, let ry = sup{||z.||,||f(zn)||}, from Lemma 2.5, there exists a
continuous strictly increasing and convex function g : [0, 2r;] — [0, 00) with g1(0) =
0. We get
¢(’LA’/> xn+1) S ¢('LA’/7 J_l(an,ljxn + an,2Jf((En) + an,BJZn + an,4an))

= ||al|* = 2{it, tn1 Ty + n 2 f(T0) + n 3T 20 + s Jwy)

+ ||an,1J$n + an,ZJf(xn) + an,BJZn + an,4anH2

< Jal|? = 201 (@, Jon) — 200 9(00, T f () — 200 3(10, T 2,)
f(xn)HQ + an,3||zn||2

+ O‘n,4||wn||2 — an2an 301 (| f(2n) — Jznl])

= an, 10U, Tp) + an20(4, f(20)) + an30(1, 2n) + o ad(d, wn)

— an2an 391 (|7 f(2n) — Jznl))

S Oén,1¢>(ﬂ, an) + Oén,gqb(ﬁ,, xn) + an,3¢(a7 Zn) + an,4¢(aa wn)

— an 20391 ([[Jf (2n) — Jzul))

- (an,l + an,2)¢(ﬁa l'n) + an,3¢(aa Zn) + Oén,4¢(a7 wn)

- an,2an,3gl(”‘]f(xn) - Jzﬂ”)
Now from (3.10) and (3.37), we have

(U, 1) < (U, 1) — O‘n72an,391(||‘]f(xn) — Jzl)), (3.39)

- 2an’4<ﬁ, Jwp) + an 1 HanZ + O‘n,2|
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S0
an20m 391 ([ Jf(zn) — Jzn|) < ¢(0, 20) — S(, Tny1).
Since liminf, o ap 2043 > 0, using the reasoning as in the proof of Theorem 3.1,
we conclude that the inequality (3.21) and (3.22) hold.
By Lemma 2.3 and convexity of ||.||?, we obtain that
O (2ns Tnt1) < O(2zn, Jﬁl(anyljxn + anod f(xn) + ansdzn, + anaJwy))
= |lznll® = 2(zn, On 1 J T + Qo f(20) + an 3 zn + anaJw,)
+ lan 1 zn + an o f(xn) + 0 320 + 047,,74an||2
< lznll? = 20n.1 (20, J2n) — 200 2{2n, J f () — 200320, T 2n)
— 20, 4(2n, Jwn) + O‘TLJH:CVL”2 + O‘mQHf(xn)Hz + an,3||zn||2

Jwa|?

+ Qp 4
- an,l(z)(zna xn) + an,2¢(zna f(xn)) + an,3¢(zna Zn) + an74¢(zn7 wn)
< (Oén,l + an,4)¢(zn7 xn) + an,2¢(zn7 f(In)),

because z, € C,. Using (3.21), (3.22) and taking the limit in the above as n — oo,
we deduce that

&(2n, Tnt1) — 0.

Then, from Lemma 2.1, we have
nh_%o [#n41 = 2n] =0,
therefore, it follows from (3.13), (3.16) that
[Znt1 = @nll < l2n1 = 2ol + 120 = ynll + lyn — 2all =0 as n — oo,

hence, {z,} is a Cauchy sequence. Thus, {z,} converges strongly to a point ¢ € C'.
Obviously, the relations (3.25), (3.26), (3.27) and (3.28) are valid for the algorithm
(3.30). Hence, as in the proof of Theorem 3.1, we see that ¢ € VI(C, A).

Now, we prove that ¢ € GEP(F, A). From (3.22) and the fact that z, € C,, we
have that ¢(z,,w,) — 0 as n — co. Therefore, by Lemma 2.1, we have

nh_)n;o |z, — wy| = 0. (3.40)
From (3.13), (3.16) and (3.40), it is clear that

nh_}n;o lzn, — wy|| = 0. (3.41)
Assume that ro = sup{||u,||, ||zx||}. From Lemma 2.6, there exists a continuous,
convex and strictly increasing function gs : [0, 2r5] — [0, 00) such that g2(0) = 0 and

g2(lun — 2nl)) < G(un, zn). (3.42)
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Since u, = K, (x,) and by using (3.36), (3.42) and condition (5) of Lemma 2.7, we
have that

<P(tn, xn)

<¢(u, xn) — d(u, up)

<¢(u, zn) = ¢(u, wn)

=llull® = 2(u, Jan) + lznl® = Jull* + 2(u, Jwn) — w, |
=llznll* = llwall® + 2(u, Jwp — Jon)

<zl = llwnll® + 2llull| Jwn — T

<l = wall + lwall)® = llwa | + 2llull | Jw, — Tz |

ga([[un — xnl])

<lzn = wll® + 2wl l2n = wall + 2lulll| Jw, = Jza],

from (3.41) and the condition uniformly norm-to-norm continuity of J on bounded
sets, we have lim go(||up, — x,||) = 0. Then it is followed from the conditions that go
n— oo

is a strictly increasing and continuous function that ||u, — z,|| — 0 as n — oo. Then
lim ||Ju, — Ja,| — 0. (3.43)
n—oo

Since u, = K, x,, we conclude that

1
F(un,y) + (Aup,y —u,) + r—(y — Uy, Juy, — Jzp) >0, (3.44)

for all y € C. From the condition (As), we have
F(y,up) < —F(un,y) forally e C. (3.45)
From (3.44) and (3.45), we have that
- . 1
F(yvun) S _F(unay) S <Aun7y - un> + 7<y — Unp, Jun - an);
T

n

for all y € C. Letting n — oo, using condition (A4) and by (3.43), we conclude that

F(y,q) < (Aqy —q) forally e C. (3.46)

Put yy = Ay+ (1 = N)g for all y € C and X € (0,1). Now from the conditions (4y),
(A4), the inequality (3.46), the monotonicity of A and the convexity of F', we have
0 =F(yx, y») + (Ayx, y» — y»)

< AF(ya,y) + (1= N F(yx, 0) + (Aya, Ay + (1= Mg — yx)

= AF(ya,y) + (1= N E(yr,9) + MAya,y —92) + (1 — A){Ayxr, ¢ — yr)

= AF(yr,9) + (1= N F(yx, @) + MAyx, y — ya) + (1= A (Aya — Ag, g — 4»)

+ (1= A){(4g, 9 —y»)

< AF(ya,y) + MAya,y —ua),
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for all y € C. So 0 < F(yx,y) + (Ayx,y — y»). Now by taking the limit as A — 0 and
by using the condition (As), it follows that 0 < F(q,y) + (Aq,y — ¢) for all y € C.
Therefore q € GEP(F, A).

Now, we show that ¢ € F(f). Let r3 = sup{||wn|, ||f(xx)||}, hence, in a similar
way with (3.39), there exists a continuous, convex and strictly increasing function
g3 : [0,2r3] — [0, 00) with g3(0) = 0, such that

¢(a>$n+1) < d)(ﬂ, xn) - O‘n,2an7493(||']f(xn) - an||)7
hence

200,493 f(zn) — Jwn|l) < ¢(d, 2pt1) — S0, 70).
Let n — 0o and using our assumptions, we obtain

lim g3 ([.Jf(zn) — Jwall) =0,
n— 00

since g3 is a continuous function, it is easy to see that

1i_>m | f(xn) — Jwyl| = 0. (3.47)
Therefore
i (| () — wall = lim [T @) — 7w =0, (3.48)

because J~! is uniformly norm-to-norm continuous on bounded sets. From (3.41)
and (3.48), we conclude that

[ f(zn) — 2n|l <[ f(2n) —wnll + [wn — 20| = 0 asn — oo,

and since x,, — ¢, then ¢ € F(f) = F(f). Hence {z,} is strongly convergent to a
point ¢ € Q, and also we have ¢ = HVI(C,A)OGEP(F,A) o f(q).

4. NUMERICAL EXAMPLE

Now, some examples are given to illustrate Theorem 3.2. Then the behavior of the
sequences {x,},{yn}, {2n} and {w,} are investigated which were generated by the
algorithm (3.30).

Example. Let E=R, C = [-55, A=1,\, =1, c=1a=1and f be a self-
mapping on C defined by f(x) = § for all z € C. Consider the function F:CxC—=R
defined by

ﬁ‘(u, y) := 16y> + uy — 25u?,
for all u, y € C. We see that F satisfies the conditions (A1) - (A4) as follows:
(A1) F(u,u) = 16u> 4+ 9u® — 25u2 = 0 for all u € [-5, 5],
(A2) F is monotone, because F(u,y)+ F(y,u) = —9(u—y)? <0 for all y,u € [-5,5],
(A3) for each u,y, z € [-5,5],

lim F(Az 4+ (1 — Au,y) = lim (16y% + 9(\z + (1 — Mu)y — 25(\z + (1 — Nu)?)
A—0 A—0

= 169> + uy — 25u°

= F(u,y).
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(A4) For each u € [-5,5], y — (16y%+9uy—25u?) is convex and lower semicontinuous.
Let u € K,x, hence, we conclude from Lemma 2.7 that

F(u,y) + (Au,y — u) + %(y —u,Ju—Jz) >0,
for all y € [-5,5] and r > 0, i.e.,
0 < 167y> + 9ruy — 25ru+ruy — ru® + uy — u® + uz — zy
=16ry? + (10ru + u — )y — 26ru® — u® + uz.

Let @ = 16r, b = 10ru +u — = and ¢ = —26ru® — u? + ux. Then, we have that
A =b>—4ac <0, ie.,
0> (10ru + u — x)? — 64r(—26ru® — v + ux)
=17647*u? + 84ru® + u? — 84rux — 2ux + 2°
=((42r + Du — z)2.
It follows that u = ;5755. We conclude from Lemma 2.7 that K, is single valued.
Hence, K,z = z3777. Now by applying it in Theorem 3.2, we have that u, = 42:3”“
where {z,} is a sequence generated by the algorithm (3.30). Since F(K,,) = {0},
from condition (3) of Lemma 2.7, we have GEP(F,I) = {0}.
Obviously, F(f) = {0} and ¢(0, f(z)) < ¢(0,z), for all x € C. Now, let x, — ¢

and also limy, o0 (f(zn) — 2n) = 0, hence ¢ = 0 and F(f) = {0} = F(f). Therefore,
f is a relatively nonexpansive mapping. Moreover, it is obvious that 0 € VI(C,I).

Therefore, 0 = Ilyo10f(0) = Iy 1 0. nreep@E,nof (0 )

[——x,

Figure 1. Convergence behavior of generated sequences by Example 4
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Next, assume that

Lo 11 Lo 11 1
Qn,1 = — - Qp2=— — —, Qp3 = —~ o Cpna =7 — —, 'n = —7,
AT T TP T e T T 4 T 12 T T 4 6n 42

for all n € N and ug = 0. So clearly {a,,;}}_; satisfy in the conditions of Theorem
3.2. Since x,, € C, we have

wy, = ed " Hu, — %un) = "T_lun = ”2;196”,

Yn = HCJ_l(xn - %xn) = HCHT_l'rn = n;l

Ch={velC:|v—w,< |v—icn|}7
n—2

= HC"LJ_1(1yn1_ %yln) - n 1yn :1(1T xnl 1 142
a1 = o7 (g + 30)0n + (3 = 67)30n + (3 + 07 (57 ) om
(1 = 60) "5 Tn)-

See Table 1 and Figure 1 with the initial point 21 = 5 of the sequence {z,}.

Table 1. Numerical results of convergence for £1=>5 in Example 4

Ln Yn Zn, Wn,
5.0000 0.0000 0.0000 0.0000

2.6389 0.0000 0.0000 0.0000
1.4386 0.3596 0.5547 0.3596

W | B

13 0.0178 0.0163 0.0150 0.0082
14 0.0120 0.0111 0.0103 0.0056
15 0.0082 0.0076 0.0070 0.0038

28 0.0001 0.0001 0.0001 0.0000
29 0.0000 0.0000 0.0000 0.0000
30 0.0000 0.0000 0.0000 0.0000
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