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1. INTRODUCTION

For more than fifty-five years now, there has been a lot of research activity regard-
ing the fixed point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for
example, [2, 4, 5, 8, 9, 10, 12, 13, 14, 15, 16, 20, 21, 23, 24, 25, 26, 27, 28, 33, 34, 35]
and the references cited therein. This activity stems from Banach’s classical theorem
[1] concerning the existence of a unique fixed point for a strict contraction. It also
concerns the convergence of (inexact) iterates of a nonexpansive mapping to one of
its fixed points. Since that seminal result, many developments have taken place in
this field including, in particular, studies of feasibility, common fixed point problems
and variational inequalities, which find important applications in engineering, medical
and the natural sciences [3, 6, 7, 11, 29, 30, 31, 34, 35].

In this work we consider a contraction mapping of Perov type which maps a closed
subset of a generalized complete metric space into the space. The study of this class
of mappings is an important topic in the fixed point theory [17, 18, 19, 22, 32]. We
show the existence of a unique fixed point which attracts all (inexact) iterates of the
mapping uniformly on bounded sets.

2. MAIN RESULTS
Let R™ be an n-dimensional Euclidean space. In other words,
R"={x=(21,...,0,): 2 €ER", i=1,...,n}.

Let
R} ={x=(x1,...,2p) €ER": ; 20, i=1,...,n}
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and e = (1,1,...,1) € R*. We say that x = (z1,...,2), ¥ = (Y1,-.-,Yn) € R”
satisfy « <y if x; <y, for alli=1,...,n. For each z = (x1,...,2,) € R™ set

n
lzlly =) laal:
i=1

Let Y be a nonempty set and let S : Y — Y. We denote by S° the identity mapping
in Y, set S' =S and for every integer i > 0 define
St = 808"
We suppose that the sum over an empty set is zero.
Assume that X is a nonempty set and a function d : X x X — R} satisfies for
each z,y,z € X,
d(z,y) = 0 if and only if z =y,
d(z,y) = d(y, =),
d(z,z) < d(z,y) +d(y, 2).
The pair (X, d) is called a generalized metric space and d is called a generalized metric
[17, 18, 19, 22, 32].
For all z,y € X set
d(LE, y) = (dl(‘ra y)v e 7d7,($,’y))
Fix 0 € X. For each x € X and each r € R} set
B(x,r)={ye X : d(z,y) <r}.
We say that a sequence {z;}2, C X converges to z, € X if

lim |d(a, )11 = 0.
11— 00

We say that {z;}32, C X is a Cauchy sequence if for each € > 0 there exists a natural
number n(e) such that for each pair of integers p, m > n(e),

||d($pa3?m)||1 <e

The generalized metric space (X, d) is complete if every Cauchy sequence converges.
For all z,y € X set

d(z,y) = |d(z,y)|li = di(z,y) + -+ dn(z,y).
Clearly, (X, J) is a metric space and convergence in (X,d) is equivalent to the con-
vergence in (X, d). .
We assume that the metric space (X, d) is complete.
Assume that A : R} — RY and that the following properties hold:
(i) A(0) =0 and A is continuous at zero;
(i) for each 21,22 € R satisfying 0 < 21 < 2y,
A(z1) < A(z2);
(iii) for each 21,22 € R,
A(z1 + 22) < A(21 + 22);
(iv) A¥(e) — 0 as k — oc;
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(v) A(Az) = MA(z) for each A > 0 and each z € R’}.
Assume that K is a nonempty closed subset of X and T : K — X satisfies for each
z,y € K,
d(T(2), T(y)) < A(d(z,y)). (2.1)
It is natural to call the mapping T as a generalized contraction [24, 27]. This class
of mappings was introduced in [17]. A particular case when A is a linear mapping
was introduced in [18].

It is easy to see that the following auxiliary result holds.
Lemma 2.1. Let z,y € K, m > 1 be an integer and let T™(x), T™(y) exist. Then

d(T™ (), T™ (y)) < A™(d(x,y))-

Set
Ay =sup{[|[Ai(e)||l1: i=1,2,...} (2.2)

(see property (iv)).
In this paper we prove the following results.
Theorem 2.2. Assume that for each € > 0 there exists x. € K such that

d(ze,T(z.)) < ee.

Then the following assertions hold.

1. There exists a unique point xp € K such that T(xr) = x7.

2. For each € > 0 there exists § > 0 such that if x € K satisfies d(z,T(x)) < de,
then d(z,z7) < ee.

Theorem 2.3. Assume that ¢ > 0 and that for each integer m > 1 there exists
{acgm)}i”;o C K such that

d(z™, (™) < ce (2.2)
and that for each integer i € {0,...,m — 1},

d(z, (™)) < m~te. (2.3)

%

Then there exists a unique point xp € K such that T'(x7) = .

Theorem 2.4. Assume that xp € K satisfies T(x7) = x1 and ¢,e > 0. Then there
exist 0 € (0,€) and a natural number ng such that for each integer m > ng and each
sequence {x;}I", C K which satisfies

d(zo,z7) < ce,
d(@it1, T(z;)) <6, 1=0,...,m—1
the inequality
d(z;,zr) < ee

holds for all integers i = ng, ..., m.
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Theorem 2.5. Assume that xp € K satisfies T(xr) = xp and € > 0. Then there
exists 6 € (0,€) such that for each integer k > 1 and each sequence {z;}*_, C K which
satisfies

d(zg,z7) < de,

d($i+1,T(1‘i)) < 5, 1= O, .. .,]{1 -1

the inequality

d(z;, z7) < €e
holds for all integers i =0, ... k.

3. PROOF OF THEOREM 2.2

By property (iv), there exists a natural number k. > 4 such that for each integer
k Z k*;

AF(e) < (8n)7le. (3.1)
Proposition 3.1. Let € € (0,1), a positive number § satisfy
ko—1
62k, + 1) ZA% < (4n)"tee (3.2)

and let {x;}io, {vi}i=, C K satisfy

d(IO,T(l’O)) < 667 d(yOaT(yO)) < de (33)
and for each i =10,... k., — 1
d(@it1, T(x;)) < de, d(yit1,T(yi)) < de. (3.4)

Then
d(xo0,y0) < ee.

Proof. Assume that the proposition is not true. Then

d(z0,v0) > €. (3.5)
In view of (3.3) and (3.4),
d(zg,x1) < d(xo,T(20)) + d(T(x0), 1) < 2de
d(yo, y1) < d(yo, T(yo)) + d(T'(y0), y1) < 26e (3.6)
By (2.1), (3.4) and (3.6),
d(x1,22) < d(x1,T(20)) + d(T(z0), T(x1)) + d(T (1), 2)

20e + A(d(zo, 1)) < 2de + A(2d¢),
d(y, T(y )) d(T(yo), T (y1)) + d(T(y1), y2)
We show that for all p=10,...,k, — 17

<
<
d(y1,y2) <
<
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p
A1) < 3 A(20¢). (3.9)
=0
In view of (3.6) and (3.7), equations (3.8) and (3.9) hold for p =0, 1.
Assume that p € {1,...,k. — 2} and that (3.8) and (3.9) hold. It follows from
(2.1), (3.4) and (3.8) that

d(Tp+1, Tpy2) < d(@pi1, T(xp)) + d(T(2p), T(@p41)) + d(T(Tp41), Tpt2)
< 20 + A(d(ap, 7p01))

p+1
< 26e + A( ZAl (26¢)) <ZA1 (26¢).
1=0 1=0

Analogously, we show that
p+1

A(Yp+1, Yp+2) ZAZ 20e).

Thus the assumption made for p also holds for p+ 1. Thus we showed that (3.8) and
(3.9) hold for all p=0,...,k, — 1. Equations (3.8) and (3.9) imply that

ku—1 k-1 p ku—1
d(zo,7k,) < Y dl@p,mpi1) < (O AY20e)) <k, Y A'(20¢) (3.10)
p=0 p=0 =0 =0
and analogously
d(yo, yr.) Z “(26¢) (3.11)

By (2.1) and (3.4),
d(z1,y1) < d(z1, T (20)) + d(T(x0), T(y0)) + d(T (y0), y1)
< 20e + A(d(zo,y0))- (3.12)
We show that for all p=1,..., k,,
p—1

d(p, yp) < AP(d(z0,90)) + Y _ A'(20e). (3.13)
i=0
In view of (3.12) equation (3.13) holds for p = 1.
Assume that p € {1,..., k. — 1} and (3.13) holds. It follows from (2.1), (3.4) and
(3.13) that

d(Tp+1, Yp+1) < d(@pi1, T(wp)) + d(T(2p), T(yp)) + d(T(Yp)s Yp+1)

p
< 20 + A(d(xy, yp)) < AL (d(wo,50)) + D A¥(20¢)
=0
and (3.13) is true for p+ 1 too. Thus (3.13) holds for all integers p =0, ..., k. and
k-1
) < A" oo, ) + 3 A/28e) (3.14)
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By (3.1), (3.2), (3.10), (3.11) and (3.14),

d(zo,y0) < d(zo,zx.) + d(@k,, Yr.) + d(Yk., Yo)
ko—1 ko—1
<2k, Y Al(20e) + Y A'(26e) + A™ (d(x0,0))
i=0 i=0
kool )
< 20(2k. +1) Z Al(e) 4 d(zo,y0) AF (e)
i=0

< (2n)"ee + (4n) " d(wo, yo)e, d(x0, yo)
< 27+ 47V d(x0, o)
and ci(:co,yo) < e. Proposition 3.1 is proved.

Proof of Theorem 2.2. For each integer k > 1 there exists x € K such that
d(xy, T(zg)) < k™ 'e.
By Proposition 3.1, {z},}%2 | is a Cauchy sequence in (X, d). There exists
T = kli_}rgo Tk.
By (3.15) and (3.16), for each integer k > 1,
d(zr,T(z7)) < d(x7,2) + d(28, T (21)) + d(T(28), T (27T))
<d(xr,zr) + d(zg, T(xr)) + A(d(xr, T(2)) = 0

(3.15)

(3.16)

as k — oo. Thus zp = T'(zr). Now Assertion 2 follows from Proposition 3.1. The
uniqueness of the fixed point of T" follows from Assertion 2. Theorem 2.2 is proved.

4. PROOF OF THEOREM 2.3

Let € € (0,1). In view of Theorem 2.2, it is sufficient to show that there exists

z. € K such that
d(xg, T(x)) < ee.

Property (iv) implies that there exists a natural number ng > 4 such that
cA™ 1 (e) < 87 Lee.
Choose an integer
m > ng + 2
such that

no—1

m~? Z Al(e) < 8 Lee.
i=0

We show that for all integers p=1,...,m — 1,

p—1
d(z{™, T(x{™)) < cAP(e) +2) " A'(m~'e) —m e
=0

(4.2)
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By (2.1)-(2.3),
d(z{™, T(x™)) < (=™, T(z{™ >>+d< (™), (™))
<m le+ A(d( a:(lm))) <m e+ A(ce)

and (4.3) holds for p = 1.
Assume that p € {1,...,m — 2} and that (4.3) holds. By (2.1), (2.3) and (4.3),

Al T(yh) < gy, Ta™)) +d(T (™), T ()

<m~ e+ A(d(z(™ (m)))

(
p 2 Tp+1
(

(
< m~le+ A(d(ef™, T(a™)) +d(T(f™). 2)))
(

<mle+ A(d T(:v m ) :cém)) +mfle)
p—1
<mle+ A2Y A(mle)) + AP (ce)
i=0
P

= cAP(e) + 2 Z Al(m™te) —m e

and (4.3) holds for p 4+ 1 too. Thus (4.3) holds for all p =1,. — 1. In particular
for p =ng — 1, in view of (4.1) and (4.2),
no—1
d(mgﬁhT( ; ™) D)) <cA™ L (e) 2 Z Al(m™te) < 8 tee + 87 tee < ee.

This completes the proof of Theorem 2.3.

5. AUXILIARY RESULTS FOR THEOREMS 2.4 AND 2.5

Lemma 5.1. Assume that xp € K satisfies

T(Q?T> =xT, (51>
5 €(0,1), m > 1 is an integer and {z;}1*, C K satisfies
d(xH_l,T(xi)) < 5, ) =O,...,m— 1. (52)
Then for allp =10,...,m,
p—1
d(zp, v7) < AP(d(20,27)) + »_ A (de). (5.3)
i=0

Proof. Clearly, (5.3) holds for p = 0. By (2.1), (5.1) and (5.2),
d(z1,zr) < d(zp, T(x0)) + d(T(20), 1) < A(d(x7,T0)) + e
and (5.3) holds for p = 1.
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Assume that p € {0,...,m —1} and (5.3) holds. It follows from (2.1), (5.2) and (5.3)
that

d(@ps1,27) < d(@ps1, T(xp)) + d(T(2p), 1)
< de + A(AP(d(zo, 7)) + Y A'(de))

=0

P
< AP (d(zg,27)) + Y A'(de)
i=0
and (5.3) holds for p + 1. This completes the proof of Lemma 5.1.

Lemma 5.2. Assume that x7 € K satisfies
T((ET) =T,

¢>0 and e € (0,1). Then there exist a natural number k and § € (0,€) such that for
each finite sequence {x;}¥_o C K which satisfies

d(zg,z7) < ce, (5.4)

d(xit1,T(x;)) < de, i =0,...,k—1 (5.5)
the inequality
d(zp, xr) < ee.
holds.

Proof. Property (iv) implies that there exists a natural number k such that
cAk(e) < 47 tee. (5.6)

Choose a positive number 6 € (0, €) such that
k=1
5 Z A'(e) < 4 tee. (5.7)
=0

Assume that {z;}F_, C K satisfies (5.4) and (5.5). By Lemma 5.1 and (5.4)-(5.7),

k—1
d(zy, xr) < AM(d(z0, 7)) + > A'(de)
k—1 =
< A¥(ce) + 52 Al(e) < ee.

=0

Lemma 5.2 is proved.
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6. PROOFS OF THEOREM 2.4 AND 2.5

Proof of Theorem 2.5. We may assume that € € (0,1). Properties (iv) and (v) imply
that there exists

€1 € (0,¢)
such that
A'(ere) <8 tee, i =0,1,.... (6.1)
By property (iv), there exists an integer ko > 1 such that
AFo(e) < 87 Lee. (6.2)
Choose ¢ € (0, €;) such that
ko
52 Al(e) < 87 teqe. (6.3)
i=0
Assume that m > 1 is an integer, {z;}1", C K,
d(zg,z7) < e, (6.4)
and that for all: =0,...,m — 1,
d(xip1, T(z;)) < 4. (6.5)
Assume that j € {0,...,m},
j+ko<m (6.6)
and that
d(zj,,z7) <e. (6.7)
Set
Yi = Tigjy, 0 =0,...,ko. (6.8)

Lemma 5.1 and equations (6.2), (6.3), (6.7) and (6.8) imply that

(T 1o, 27) = (Yo, 217) < A (d(Yno, 7))
ko—1
+ Z A'(de) < 8 tere + 8 teqe.
i=0
Thus we have shown that the following property holds:
(a) if j € {0,...,m} satisfies (6.6) and (6.7), then d(z ;4 z1) < 4™ €e.
Property (a) and (6.4) imply that the following property holds:
(b) if an integer s > 0 satisfies skog < m, then d(x,, 1) < 47 Lere.
Assume that p € {1,...,m}. There exists an integer s > 0 such that

sko < p < (s+ 1)ko. (6.9)

Property (b) implies that
d( ko, x7) <47 lere. (6.10)
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Lemma 5.1, (6.1), (6.3), (6.5), (6.9) and (6.10) imply that

ko
d(mllv Z‘T) S Apisko (d(xé‘ko ) Z‘T)) + Z AZ((SB)
=0
<47 e APTE0(e) + (€1 /8)e < e

Theorem 2.5 is proved.

Theorem 2.4 follows from Theorem 2.5 and Lemma 3.2.
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