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1. INTRODUCTION

In this paper, our concern is to find a common nearest fixed point of continuous
pseudo-contraction mappings in a Hadamard space. The motivation of this problem is
the strong relationship between pseudo-contractions and accretive operators which has
a connection with equations of evolution (see [3, 5]). Physically, significant problems
can be modelled as initial value problem of the form:

u'(t) + Bu(t) = 0, uw(0) = ug (1.1)
where B is an accretive operator on a given Banach space. Examples where such
evolution equations occur are heat, wave or Schrédinger’s equations (see [37]). If

u(t) is independent of ¢, then (1.1) becomes Bu = 0, the solution of this problem
corresponds to the equilibrium point of (1.1). Since generally B is nonlinear, there is
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no closed form solution of this equation. The standard technique is to introduce an
operator T := I \ B where I is the identity map on the Banach space. Such a T is
known as pseudo-contraction mapping. Clearly, any zero of B is a fixed point of T.
One of the first fundamental results in the theory of monotone operators by Browder
[5], states that the solution of initial value problem (1.1) exists if B is locally Lipschits
and accretive on a Banach space. An operator B on a subset C' of a Hilbert space H
into itself is accretive if (Bx — By,z —y) > 0 for any x,y € C. A mapping T on C
into itself is called a pseudo-contraction if

(Tx — Ty,x —y) < ||z —y|?, for all z,y € C.
The mapping T is called Lipschitian if there exists L > 0 such that
1Tz =Tyl < Lz —yl|,

for all z,y € C. If L = 1, then T is called nonexpansive, and if L € [0,1), then T
is called a contraction. We observe that B is accretive if and only if T := I\ B is
pseudo-contraction; thus a zero of monotone operator B which is defined as

N(B):={z € D(B): Bx =0},

is a fixed point of T', that is Tx = z. This describes a strong relationship between
an accretive operator and a pseudo-contraction mapping. Also a zero of a monotone
operator is a solution of a variational inequality associated with the monotone map-
ping and denoted VI(C; B). If the monotone operator is subdifferential of a convex
function, then a zero of the monotone operator is also a solution of a minimiza-
tion problem for a convex function [17, 22]. Thus, considerable research efforts have
been devoted for approximating zero of monotone operators, fixed points of pseudo-
contraction mappings (see, for example [17],[8] and the references contained in them).
A general iterative formula for approximation of fixed points of pseudo-contraction
mappings and nonexpansive mappings was introduced by Mann [23]. The sequence
generated by Mann iterations only converges weakly to the fixed point of the given
mapping. Genel and Lindenstrass’s [12] showed by means of a counterexample that
the sequence generated by Mann iteration does not necessarily converge strongly to a
fixed point of a nonexapansive mapping. In the framework of Hilbert space, Halpern
[14] was the first one to introduce a modified Mann iteration formula which converges
strongly to a fixed point of a nonexpansive mapping. Later in 2000, Moudafi [24]
introduced the Viscosity approximation in a Hilbert space to generalize the ideas
of Halpern work. Zegeye [36] continued that work to extend the result of Moudafi
to the class of Lipschitz pseudo-contraction mappings in Banach spaces. Since then
viscosity approximations have been extensively studied in the context of convex opti-
mization, linear programming, monotone inclusions and elliptic differential equations
(see [26, 30, 33]). One of the obstacles in carrying out results from Banach space to
complete CAT(0) space setting lies in the substantial use of linear structure of the
Banach spaces. In 2008, Berg and Nikolaev [2] introduced the notion of an inner
product-like notion (quasilinearization) in complete CAT(0) spaces to resolve these
difficulties.

Question: Can we give an analogue of the above results in a nonlinear domain,
namely, complete CAT(0) space?
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Motivated by the work of Kakavandi and Amini [16] and Khatibzadeh and Ranjbar
[18], we first give affirmative answer to the above question. Secondly, inspired by
the work of Moudafi [24], Zegeye [35], Ugwunnadi and Ali [31] and Kumam and
Chaipunya [20], we study a viscosity approximation algorithm for finding a nearest
fixed point of a continuous pseudo-contraction mapping in a Hadamard space.

2. PRELIMINARIES

Let (X,d) be a metric space and z,y € X with d(z,y) = 1. A geodesic path from
to y is a function v from a closed interval [0,!] to X such that v(0) = z and v(I) = y.
The image of v is called a geodesic segment from the point x to y. A metric space
X is a (uniquely) geodesic space, if any two points of X are joined by (only one)
geodesic segment.

CN-Inequality: Let z,z0,z1,22 € X. If d(z0,21) = d(z0,22) = %d(xl,xg), then

1 1 1
dz(x,mo) < idz(x,xl) + §d2(x,x2) - Zd2(x1, x2).

If a geodesic space X satisfies CN-inequality, then X is known as a CAT(0) space.
So, every CAT(0) space is a uniquely geodesic space. A complete CAT(0) space is
known as a Hadamard space. For more definitions and basic properties of geodesic
spaces, see ([1, 4, 6, 13, 15] and references therein). Let z,y € X and A € [0,1], we
write Az @ (1 — A)y for the unique point z on the geodesic segment joining z to y such
that

d(2) = (1— Nd(z,y) and  d(z,y) = Md(z, ). (2.1)
We also denote by [z,y] the geodesic segment joining x to y, that is,

[,y ={ e (1-XNy:)Xe]0,1]}.

A subset C of a CAT(0) space is convex if [z,y] C C for all z,y € C.
Berg and Nikolaev [2] introduced the concept of quasilinearization in a metric space

X as follows: Let us denote a pair (a,b) € X x X by c% and call it a vector. A
quasilinearization is a map (.,.) : (X x X) x (X x X) — R defined by

1
(b, cd) = . (B(a,d) + d(b,0) - d(a,c) - (b)), VabedeX.  (22)
It is easy to verify that

(ab, cd) = (cd, ab), (ab, cd) = —(ba, cd)

and
— — —
(@, cd) + (b, cd) = (ab, cd)
for all a,b,c,d € X. We say that X satisfies the Cauchy-Schwarz inequality if

(@b, cd) < d(a, b)d(c,d) (2.3)

for all a,b,c,d € X. It is known that a geodesically connected metric space is a
CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality (see [2]). A
thorough discussion of these spaces and their important role in various branches of
mathematics are given in [4, 6].
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The notion of the dual space of a Hadamard space was introduced in 2010 by Kaka-
vandi and Amini [16] as follows: Consider the map © : R x X x X — C(X) defined
by

O(t,a,b)(x) = t{ab, ad), (2.4)

where C(X) is the space of all continuous real-valued functions on X. Then, it follows
from Cauchy-Schwarz that ©(¢, a,b) is a Lipschitz semi-norm

L(O(t,a,b)) = |t|d(a,b) for all a,b e X, (2.5)
where
L(f) = Sup{w 2,y € X,x # y},

is the Lipschitz semi-norm of the function f : X — R. Now, consider the pseudometric
D defined on R x X x X by

D((t,a,b),(s,c,d)) = L(O(t, a,b) — @(s ¢, d)). (2.6)
D((t,a,b),(s,c,d)) = 0 if and only if ¢ % ,zf) = s( cd ,zq) for all z,y € X (see [16,
Lemma 2.1]). For a Hadamard space (X d), the pseudometric space (R x X x X, D)
can be considered as a subspace of the pseudometric space (Lip(X,R), L) of all real-

valued Lipschitz functions. Also, the metric D defines an equivalent relation on
R x X x X, where the equivalence class of (¢, a,b) is

ﬁ
[tab] = {sed : D((t,a,b), (s,¢,d)) = 0 Y,y € X}. (2.7)
Then, the dual space of a metric space (X, d), is the metric space (X*, D), where
*{t% (t,a,b) e R x X x X}.

Also, [ad] = [%] for all a,b € X and zero of dual space is written as 0 = [wi] for
any fixed vector w € X. If X is a closed and convex subset of a Hilbert space H with

non-empty interior, then X* = H and t(b—a) = [t(%] forallt € R,a,b € H (see [16]).
The following relation is adopted from [16] that is:

(™ 4 By* H/ = afx” x?/ )+ By 7/ (o, BeR,z,ye X, z",y* € X*),

where (z* @ =1 ? 7/ (z* = tc% | € X*,(z,y) € X x X). Let X be a Hadamard
space and X* be its dual space. A multivalued mapping B : X — 2X" with domain

D(B) :={z € X : Bx # (0}
is called monotone if for all z,y € D(B), z* € Bz, y* € By,
(& — " T > 0 (see [18)). (2.8)
A monotone mapping B is called maximal if the graph G(B) defined by
G(B) ={(z,z") e X x X" : 2" € B(z)},

is not properly contained in the graph of any other monotone mapping. The resolvent
of a monotone mapping B of order A > 0 is the multivalued mapping J f c X —»2X
defined by (see [18])

JB(@) = {z € X | [%ﬁ] € B2},



VISCOSITY APPROXIMATION METHOD 397

We say that the mapping B satisfies the range condition if for every A > 0, D(J /\B )=X
(see [18]). The variational inequality problem in X associated with the monotone
operator B is to:

find x € X such that (z*,zf) >0V 2* € Bz and y € X.

The set of solutions of a variational inequality problem is denoted by VI(X, B).
Definition 2.1 Let (X,d) be a Hadamard space with dual X* and C' a nonempty
closed and convex subset of X. The mapping T : C' — X is said to be:

(1) Lipschitian if there exist L > 0 such that
d(Tz,Ty) < Ld(z,y) forall z,y€C,

and T is called nonexpansive (contraction) if L = 1(L € [0, 1)), respectively.
(2) firmly nonexpansive if

&(Tx,Ty) < (TzTy,zy)) forall z,ye C.
(3) pseudo-contraction if
(TaTy, 7)) < d*(z,y), forallz,ye C. (2.9)

Lemma 2.2 [18] Let (X, d) be a Hadamard space with dual X* and C' a nonempty
closed and convex subset of X. The mapping T : C' — X is firmly nonexpansive if
and only if

(TxTy, (Tx)z) + (TxTy, (Ty)y) <0, forall z,y e C. (2.10)

Definition 2.3 Let C be a nonempty closed and convex subset of a CAT(0) space X.
(1) Let f: X — RU{oo} be a function. The domain of f is the set defined by

D(f):={z € X : f(z) < oo}.
The function f is called proper if D(f) # (). That is, there exists at least one
point u € D(f) such that f(u) € R.
(2) A bifunction f: C' x C — R is called monotone if f(z,y) + f(y,z) < 0 for all
xz,y € C.
(3) A point v € C is called an equilibrium point of f: C x C — R if
f(v,y) >0, forall yecC.

The set of equilibrium points of f is denoted by EP(C, f).

Definition 2.4 [20] Let C' be a nonempty closed and convex subset of a Hadamard
space X and f: C' x C — R be a bifunction. For any z € C define

TFo(x,y) = f(z,y) — (Z£,71), forall z,y e C.
Theorem 2.5 [20] Let C be a nonempty closed and convex subset of a Hadamard
space X and f : C x C'— R. Then the resolvent operator J/ : X — 2C of f is defined
as follows:
J(x)={ze€C: f(z,y) — (z£,72)) >0, Vy € C}
where x € X. Assume that f has the following properties:
(i) f(z,z) =0for all x € X,

(ii) f is monotone,
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(iii) For each z € C,y — f(x,y) is convex and lower semicontinuous,
(iv) for each y € C, f(z,y) > limsup,o(tz @ (1 —t)z),for all x,z € C.
If D(J¥) # 0, then the following results hold:

(1) D(J/) = X and J/ is single-valued.

(2) If D(J/) D C, then J/ is nonexpansive restricted to C.

(3) If D(J7) D C, then F(J¥) = EP(C, f).
Remark 2.6 By Lemma 2.2, it easy to see that J/ in Theorem 2.5 is a firmly
nonexpansive mapping.
Lemma 2.7 [20] Let X be a Hadamard space with dual X*. Suppose that B : X =
X* is a monotones with dom(B) = X. Define

fB(xay) ‘= Sup <27@>7 vay € X.
z€B(x)

Then, B~1(0) = EP(X, fg), where B~1(0) := {w € X;0 € Bw}.
By Theorem 2.5 and Lemma 2.7, we obtain the following.
Lemma 2.8 Let C be a nonempty closed and convex subset of a Hadamard space X

and B : C — 2% be a continuous monotone mapping. Then there exists a resolvent
operator Sy : X — 2¢ of B with order A > 0 and defined as

Sa(z):={zeC: (=", z) + %(:ﬁw@) >0, VyeC,z* € Bz}

where x € X. Assume that Sy is proper. Then the following hold:
(1) Sy is single-valued.
(2) If D(Sy) D C, then S} is firmly nonexpansive restricted to C.
(3) If D(Sy) O C, then F(JSy) = VI(C, B).
Lemma 2.9 Let X be a CAT(0) space, w,z,y,z € X and 7, A € [0,1]. Then
(1) dAz® (1 =Ny, 2) < Ad(z,z) + (1 — N)d(y, ), (see [11]).
(i) ?Mr@(1—=N)y,2) < Ad?(z,2)+ (1= N)d?(y, 2) — A1 = N)d?(z,y), (see [11]).
(iil) dAdw e (1 =Nz, Ay @ (1 — N)z) < Md(w,y) + (1 — N)d(z, 2), (see [4]).
(iv) ditz® (1 — 1)y, Az ® (1 — Ny) < |7 — Ad(z,y), (see [7]).
Let {z,} be a bounded sequence in a Hadamard space X. For z € X, we set

r(z,{x,}) = limsupd(z, x,).
n—oo

The asymptotic radius r({z,}) of {x,} is given by
r({zn}) = inf{r(z,{z,}) : x € X}
and the asymptotic center A({z,}) of {x,} is the set

A({zn}) ={z € X :r(z {zn}) = r({zn})}-
It is well known that in a Hadamard space, A({x,}) consists of exactly one point (see
[10, Proposition 7]).
Lemma 2.10 [19] Every bounded sequence in a Hadamard space always has a
A—convergent subsequence.
Lemma 2.11 [9] If C is a closed and convex subset of a Hadamard space and {z,}
is a bounded sequence in C, then the asymptotic center of {x,} is in C.
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Let C be a closed and convex subset of X which contains a bounded sequence {z}.
We employ the notation:
{zn} = w & limsupd(x,,w) = inf (limsup d(z,, x)).
n—00 z€C’ nooco

We note that (see [25])
{zn} — wif and only if A({z,}) = {w}. (2.11)
The following lemmas are very useful for proving our main results:
Lemma 2.12 [25] If C is a closed and convex subset of a Hadamard space X and
{z,} is a bounded sequence in C, then A — lim z,, = p implies that {z,} — p.
n—oo

Lemma 2.13 [29] Let {x,} and {y,} be bounded sequences in a metric space of
hyperbolic type X and {8,} be a sequence in [0,1] with

liminf 8,, < limsup 8, < 1.

n—oo

n—oo

Suppose that z,+1 = Bnxn ® (1 — By)y, for all n > 0 and
lim sup(d(yn+1,¥Yn) — d(Tpny1,2,)) < 0.

n—oo
Then lim,,— o d(Yn, n) = 0.
Definition 2.14 Let C be a nonempty closed and convex subset of a Hadamard space
X. The metric projection Po : X — C' is defined by

u= Po(x) & d(u,z)=1inf{d(y,z) :y € C}, for all z € X.

Lemma 2.15 [2] Let C be a nonempty closed and convex subset of a Hadamard space
X. For any x € X and u € C, u = Po(x) if and only if

(iyth, u) > 0. (2.12)

Lemma 2.16 [9] Let X be a Hadamard space and T : X — X be a nonexpansive
mapping. Then the conditions that {x,} A-converges to = and d(x,,, Tx,) — 0, imply
r="Tz.
Lemma 2.17 [32] Let X be a CAT(0) space. For any u,v,€ X and t € (0,1), let
uy = tu @ (1 — t)v. Then for all z,y € X,

() (i, wg) < t(at, ud) + (1 - )(0F, wg);

and (u;#,v0) < t(ut, o)) + (1 — t)(0F, v7).

Lemma 2.18 [32] Let X be a complete CAT(0) space. Then for all u,z,y € X, the
following inequality holds:

d*(z,u) < d*(y, u) + 2(zf, T1).

Lemma 2.19 [21] Let X be a complete CAT(0) space. Then for all u,z,y € X and
a€0,1]. Let 21 = ax @ (1—a)u and z2 = ay® (1 —a)u, then the following inequality
holds:
(7123, 723) < (), 7).
The following lemma gives the conditions for the convergence of a nonnegative real
sequences.
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Lemma 2.20 [34] Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

An 41 S (1 - 511)0% + (sno—n + enan Z Oa

where

(0) {on} C [0,1], > 0, = o0
(#) lim sup o, < 0; (4i7) 6, > 0; (n >0), >0, < oco.
Then, a, — 0 as n — oco.

3. MAIN RESULTS

Lemma 3.1 Let (X, d) be a Hadamard space with dual X* and B : X — 2% be a

continuous monotone map. If Bz := [(Tz)x], for any € X where T is a map from
X into itself. Then T is a continuous pseudo-contraction map. Furthermore, if the
set of fixed points of T, F(T) # 0, then N(B) :={z € X : 2 € B~1(0)} = F(T).
Proof. Let B : X — 2% be a monotone operator and T : X — X be a map.

. — ——
Then, for every z,y € X, there exist * € Bz := [(Tz)x] and y* € By := [(Ty)y] by
hypothesis on B. Now using (2.8), we get

0 < <[( 1) - [(Ty)g). 7)
= (T ) — Ty, )
(T, 2) + Ty ) + (7T, 7
(TaTy, ) + (72, 72)
= —(TaTy, 7)) + (70, 7)
= —(TaTy, 7)) + d(x,y).
Therefore,
(TaTy, ) < d*(z,y);
hence by (2.9), we conclude that T is a pseudo-contraction map. Next, we show that
N(B) :={z € X :x € B7Y0)} = F(T). Let x € X be a zero of the dual space.
Then for fix w € X, [@] = 0 € Ba, but Bx := [(Tx)a], s0 by (2.7), (2.6) and (2.5)
with L as a seminorm, we obtain
0 = D((,Tz,z),(1,w,w))
LO(1,Tz,x) — O(1,w,w))
LO(1,Tz,z)) — L(O(1,w,w))
= |1-d(Tz,z) —1-d(w,w)]
= d(Tz,x).

v

Therefore d(Txz,x) < 0, which implies that Tz = x.
Lemma 3.2 Let C be a nonempty closed and convex subset of a Hadamard space
X and T : C — C be a continuous pseudo-contraction mapping. Then there exists a
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resolvent operator Ty : X — 2¢ of T with order A\ > 0 and defined as
— 1
In(z) :={z€C: (Tzz,4%) + X(x?,ﬁ/) >0, VyecCl, (3.1)

where x € X. Assume that J) is proper. Then the following hold:

(1) Jy is single-valued.
(2) If D(Jx) D C, then Jy is firmly nonexpansive restricted to C.
(3) If D(Jy) O C, then F(Jy) = F(T).

Proof. Let x € X and Bz := [(T'z)xz]. Then by Lemma 3.1, B is a continuous
monotone operator. Hence the result by Lemma 2.8.

Lemma 3.3 Let C' be a nonempty closed and convex subset of a Hadamard space
X and T : C — C be a continuous pseudo-contraction mapping. For x € X and
A > u > 0, let the mapping J be as in Lemma 3.2. If F(J)) # (), then for any
z,y € X and u € F(Jy), the following hold:

(1)

d(Jrz, Juy) < d(z,y) + 25 d( T, y).
(2)

(Jaw,z) < d?(w,u) — d*(Jaw, u).
In particular, d(Jyz, Jyy) < d(z,y) for any A > 0 and z,y € X, that is, Jy is
nonexpansive.

Proof. (i) Let z,y € X, and define z; := Jyz, 29 := J,y for any A > > 0. Then by
(3.1), we get

— 1
(Tz121,uzy) + X(ac_z{, Zid) >0, YueC, (3.2)

and

e —— 1
<T2222,’U—252>> + ;(75, ﬁ> >0, Vvedl. (3.3)

If, in particular, u = z5 and v = 21, then by (3.2) and (3.3), we obtain

s

(Tz1 21, 7221) + ~ (T2, 7125) > 0 (3.4)

—

and

>
(T2a29, 2173) + — (Y25, Z221) > 0. (3.5)
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Adding (3.4) and (3.5) and using (2.9), we get
0 < (Torzy, 57) + (Toam, 13)
+3 @5 + 7 )
= <7TT22>72’2—Z1>> + (m,zzzﬁ
S 57 + 3, 5] + <[, 52 + (3 B

— —
= —(Tz1Tz,7125) + (21T 22, 7125

1 1
S (70, 723) — (210, Z12)] + -l yzl,z;z?> (7125, 2123)]
—
= —(TxTz,2125) + (7125, Z175) + @ Z123)
1 1 1
(= -5) D73 - 4@@
BeooA %
< —d*(21,2) + d*(21, 22) @ 2123)
1
(; - X)<7/,Z122> - ;d (2’1»22)
< 1d(:v )d(z1,22) + (l — l)d(z )d(z1,22) — ld2(z 29)
= 5 Y 1522 ,u b\ 1,Y 1,22 P 1,%2)-
Therefore,
1, 1 1 1
;d (21,22) < Xd(x,y)d(zlazz) + (; - X)d(zlvy)d(zlv’&)-

Hence, in view of 4 > A and § < 1, we obtain

)\ _
d(21,22) < d(z,y) + %d(zhy)

(ii) As is Jy is firmly nonexpansive, so for any z € X and v € F(J)), by (2.10) and
(2.2), we obtain

0o > <J>\£UJ>\U, J)\I'CC> + <J)\’LLJ)\Z', J;ﬂm)
= (Jaau, Jazz) + (udre, ut)

1
= 5 [dQ(JAx,x) + d?(u, Jaz) — d*(Jyz, Jaz) — d*(u, ) |.

Therefore,
d*(Jzz,x) < d*(x,u) — d*(Jrw, u).
Let T': C — C be a continuous pseudo-contraction mapping. Then in view of Lemma

3.2, we make the following assumption in the rest of the paper. For any A,, € (0, +00)
and r € X,

In, (@) ={z€C: (m,ﬁ) + %(ﬁ,ﬁ/) >0, VyeC}.
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Now, we prove our main result.

Theorem 3.4 Let (X,d) be a Hadamard space and C C X a nonempty closed
and convex set. Let T : C' — C be continuous pseudo-contraction mapping such
that F(T) # 0. Let g be a contraction of C into itself with a contraction constant
v € (0,4). Let {z,}22, be a sequence generated by:

r1 € C
Tnt1 = Brn ® (1 = Bn)yn, (3.6)
Yn = (1 — an)Jn,zn & ang(zy),
where \,, € (0,400) with linrgigfkn > 0; {a,} and {B,} are real sequences in [0, 1]
satisfying the following conditions:
(C1) nlLrI;Oan =0and Y o7, o, = 00,
(C2) nli_)rr;o|an+1 — an| =0 and nli_>rrolo|)\n+1 — | =0.
(C3) 0< linrr_1>ioréfﬁn < limsupf, < 1.

n—oo
Then the sequence {z, };2; converges strongly to u := Pp()g(u) where Pp(r) is the
projection of C' onto F(T).
Proof. First, we show that there exists a unique element u € F(T) such that u =
Prryg(u). Let z,y € C. Then by nonexpansivity of Pp(ry and definition of g, we get

d(Prry9(2), Preryg(y)) < d(g(2),9(y)) < vd(z,y).

Thus, Pp(7)g is a contraction on C. Since C'is a closed subset of X and X is complete,
there exists a unique element say u in C such that u = Pp(pr)g(u). Next, we show
that {x,}52; is bounded. Let p € F(T). By Lemma 3.3 , we get

d(Jx, zn,p) < d(Tn,Dp).
Now, by (3.6) and Lemma 2.9, we obtain

d(Yn,p) = d((1—an)Jr,Tn & ang(zn),p)
< (I —an)d(Ix,zn,p) + and(9(xn), 9(p)) + and(g(p), p)
< 1= an(l =9y)ld(zn, p) + and(g(p), p)- (3.7)
and
d(xn-&-l,p) = d(ﬂnxn 53] (1 - 5n)ymp)
< Bud(@n,p) + (1 = Bn)d(yn,p)
< [1 - O‘n(l - Bn)(l - ’7)]d($n,p)

L=
< max{d(z,.p) d(f(f );p 1
< max { d(z1,p) d(i(?);?) }
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Therefore {z,}52, is bounded. So {y,}, {g(x,)} and {J, x,} are bounded. Next
we show that lim d(x,41,2,) = 0. Letting v, := Jy, z,, then by Lemma 2.9 and
n—oo

Lemma 3.3, we obtain

A(Yn+1,Yn) = d(n419(Tnt1) ® (1 = ang1)Vnt1, 0ng(wn) © (1 — an)vn)
< d(ant19(Tnt1) ® (1 = @ng1)Vnt1, @nr19(Tnt1) © (1 — @ng1)vn)
+d(@nt19(Tny1) © (1 — @ng1)vn, @nr19(Tn) © (1 — ang1)vn)
+d(an419(Tn) © (1 — ant1)Vn, ang(zn) & (1 — an)vy)

< (1= ant1)d(Vnt1,00) + ant1d(g(Tn41), 9(20))
Flans1 — anld(g(zn), vn)
< [T =ant1(I = Yd(@nt1,20) + |lant1 — anld(g(xn), vn)
+(1— anﬂ)wd(vnﬂ,xn). (3.8)
n+1
Therefore,

d(yn-‘rla yn) + [an-‘rl(l - ’7) - 1]d(xn+17 xn)

|>\n+1 - /\n|d

< (1 - an—i—l) (Un+1733n)

>\n+1
Flamir — anld(g(zn), vn). (3.9)
Hence, by (C1), (C2) and (3.9), we obtain

lim sup(d(Yn+1, Yn) — d(Tnt1, Tn)) < 0.

n—oo

So by Lemma 2.13, we obtain

le d(Yn,xn) = 0. (3.10)
Thus, by (3.6) we get
nler;od(xn+1,xn) = nlingoﬂnd(yn,xn) =0. (3.11)
By (3.6) and (C1), we get
ILm A(Yn, Ir, Tn) = ILm and(g(zy), Ix, xn) = 0. (3.12)

Thus from (3.11) and (3.12), we obtain
lim d(zp, Jx, zn) < lim d(zn,yn) + LUm d(yn, Jr, zn) = 0. (3.13)
n— oo n— oo

n—oo

Also with the nonexpansivity of Jy, for any n > 1, we get

A(Yn, In,yn) < Ay, 2n) +d(@n, Iy, @0) + d(Jx, 20, Ix, Yn)
< 2d(xp,Yn) + d(xn, I, T0),

thus by (3.10) and (3.13), we have
ILm A(Yn, Ix, yn) = 0. (3.14)
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Next, we show that

lim sup (g(u)u, 1)) < 0,
n—roo
where u = Pp1)g(u). Since {z,} is bounded, by Lemma 2.10, there exists, a sub-
sequence {z,,} of {z,} which A—converges to u in X. Now by Lemma 2.12, we
get ©,, = u € X as k — oo. Then by (2.11) and Lemma 2.11, we obtain u € C.
Furthermore, since Jy, is nonexpansive by Lemma 2.16 we have u € F(Jy, ), thus by
Lemma 3.2(3), we obtain u € F(T).
Let Uz := Bz @ (1 — By, where y = (1 — ap) i,z @ amg(z), for z € X.
Then ¥, is a contraction mapping for each m > 1. Thus by Contraction map-
ping principle, there exists a unique fixed point w,, of ¥,, for each m > 1. That is,
Wiy, = BinWm ® (1 = Bn)Ym, where yp, = (1 — ) I, Wi @ amg(wi, ). It follows from
[28] that Tr}gréowm = u. Thus , by Lemma 2.17, we get

Wiy yn) = (Wb, W)

<[5mwm 2] (1 - Bm)ym]ynam>

B W Gne, W) + (1 = Bun) (Ui W)
BmdQ(wma yn) + (1 - ﬁm)<ym—yn>a m>

IN

that is,
d2(wm7 Yn) < (YmYn> Wmn)-
Since {z,} and {8, } are bounded, then there exists some M > 0 such that

M > sup {d(wm,xn+1)}a

m,n>1
also with the fact that Jy,_ for each m > 1 is nonexpansive, by (2.2), Lemma 2.17
and (3.6), we obtain
d? (wm’ y’ﬂ) < <ymyna wmyn>
—> %
< O‘m<g(wm)ymwmyn> + (1 - am)<=]>\mwmymm>

; — ;
= am(g(Wm)g(w), Wmyn) + am{g(w)u, Wnyn) + Cm (U, Wmys)
+ 0 (Wi Yoy WY

— .
+(1 - am)<Jz\mynyn7 wmyn>

B 4 3
> + (]' - QM)<J)\mme)\myn7wmyn>

— ;
am'yd(wmv u)d(wmv yn) + anm <g(u)uv wmyn>

<
+amd(u7 Wi ) A (W, yn) + O‘de(wvm yn)
+(1 = am)d(In,, W, Ix,, Yn) (Wi, Yn)
+(1 = am)d(JIx,, Yn, Yn)d(Win, Yn)

< a1+ 9)Md(w, 1) + o (g(u)t, T

F O d* (Wi, Yn) + (1 = ) A (Win, )
+(1 - am)d(‘])\myn7 yn)M
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Therefore
— d(Jx,, Yo,
(g, Gid) < (1) Mg ) 4 D tnsbn)

Now, first taking limit superior as n — oo and then as m — oo, using (3.14) and
lim w,, = u, we get
m—00

lim suplim sup(g(v)u, ynw.,) < 0.

m—0o0 n— oo

Furthermore, we note that

(g(uyu, ntl) = <@m>+<m,m
< (g(w)n, guin) + d(g(w), w)d(wpm, ).
thus
lim sup(g(u)u, jtl) < lim sup(g(u)tt, guim) + d(g(u), w)d(wnm, u).

n— oo n—oo

IN

As lim w,, = u and since the left hand term in the above inequality is independent
m— o0

of m, so we get
—
lim sup(g(u)u, gnt) < 0. (3.15)
n—oo
Finally, we show that x, — u := Pp(1)g(u) as n — oo. For any n > 1, let (2,) in C
be defined by z, = an,u ® (1 — ap)Jx, . Then by (3.6), Lemma 2.18, 2.19, (2.1),
(2.3) and (3.7), we obtain

d? (yna u) < d? (Zna U) + <xnzn7 yn—ﬁ>

2
= (1= an)2d(Jr, 3, u) + 25T T
< (1- an)QdQ(mn, u) + 20, (ug(xy, ,u_yn>>
= (1= an)d (w0, u) + 200 [ (ug(u), i) + (g(w)g(wn), w7)]
< (1= an)d (@, 1) + 200 (g(w)ts Gt + 2007, ), )
< (1= an)d (w0 u) + 200 (g(u)t, Gt

u

+2a,vd(Tp, w) [d(zn, u) + apd

[1 —an(l-— 27)}(12(:5”,1&)
—

20 [(g(u)u, Burit) + anyd(g(w), w)d(zn,u)|.

Furthermore, with (z,41) in (3.6); by Lemma 2.10(ii) and (3.16), we get

dQ(xn-‘rla u) = dQ(ann S (1 - Bn)yna u)
ﬂndz(xn,u) +(1- Bn)d2(yn,u)
[1 —an(1— B — 27)]d2(xn,u)

200 (1= ) (g}, Tt) + anyd(g(w), w)d(wn, )]

IN

IA
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Hence
d*(2ng1,u) < (1 —=6,)d*(xp,u) + 6,0,,
where
g 2001 = B)(1 = 2)(g() i, o) + anrd(g (). u)d(z )
1—2v
and

On =20, (1 — Bn)(1 — 279).
Thus, it follows from condition (C1) and (3.15) that li_)m 9, =0, > 0, =00 and
n o0

limsup 6,, <O0.
n—roo
Therefore, by Lemma 2.20 , we get d(z,,,u) — 0 as n — oo that is z,, — u as n — oo,
where u := Pp(r)g(u). This complete the the proof.
Let C be a nonempty closed and convex subset of a Hadamard space X and B :
C — 2% be a continuous monotone mapping. Then there exists a resolvent operator
Sy : X — 2€ of B with order \,, > 0 for each n > 1 and defined as

Sy, (x):={z € C: (z*z)) + %(R,m >0, VyeC a* e Bz}

where x € X.
Corollary 3.5 Let (X, d) be a Hadamard space and C' C X a nonempty closed and
convex set. Let B : C'— 2% be a continuous monotone mapping such that N (B) # 0.
Let g, A, {an} and {3, } be as in Theorem 3.4. Let {x,,}72; be a sequence generated
by:

r1 € C,

Yn = (1 - an)SAnxn 2 ang(wn)'
Then the sequence {x,};2; converges strongly to u € N(B), where u = Py(pyg(u).
Proof. Let Bx = [Txzz] for all z € X, then by Lemma 3.1 we get that 7" is continuous

pseudo-contraction and N(B) = {x € C : 2 € B~1(0)} = F(T). Thus, we obtain the
desire result from Theorem 3.4

4. APPLICATION

In this section, using Theorem 3.4, we obtain important and new result that is
associated with minimization of lower semicontinuous and convex functions in CAT(0)
space.

Definition 4.1[16] Let (X, d) be a Hadamard space with a dual X* and h : X —
(—00,400] a proper function with domain D(h) = {z € X : h(z) < 4o0}. The
subdifferential of h is the multivalued mapping 9h : X = 2%~ defined by

Oh = {z* € X*: (¢*,72) < h(2) — h(z) (2 € X)},
for © € D(h) and Oh = (), otherwise.
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Theorem 4.2 [16] If h : X — (—o0, +00] is a proper lower semicontinuous and convex
function, where X is a Hadamard space, then

(i) h attains its minimum at z € X if and only if 0€ dh(x), where 0= [wa], for
fix we X.
(i) 0h: X = 2% is a monotone mapping.
(iii) for each y € X, there exists a point 2 € X, such that [z{] € Oh(x).
Note that (iii) of Theorem 4.2 shows that D(9h) = X.

Let h : X — (—o00,+0o0] be proper lower semicontinuous and convex function on a
Hadamard space X with dual X* and their subdifferentials Oh : X = 2% satisfy all
the conditions of Theorem 4.2. For A > 0 and =z € X, let

n

Ky, (2):={ze X : (", 20)) + )\—i(ﬁ,ﬁ) >0, Vy € X,z* € Ohz}.

Lemma 4.3 [27] Let X be a Hadamard space with dual X*. Let h : X — (—o00, +00]
be a proper, lower semicontinuous and convex function. Then

Jff(w) = argmin,c y {h(z) + %dQ(z,x)}, VA, >0and z € X,
and F(J{") = (9h)~1(0).
Now with the help of Lemma 4.3, we obtain the following result. Theorem 4.4 Let
(X, d) be a Hadamard space with dual space X*. Let h : X — (—o00, 400] be a proper
lower semicontinuous function such that F := (9h)~1(0) Nargmin(h) # 0 Let g be a
contraction of X into itself with a contraction constant v € (0,1). Let {x,}52, be a
sequence generated by:

T € X

Tn+1 = 6’nxn S¥ (1 - ﬁn)y’ru

Yn = (1 - an)K)\nIn S ang(xn)v
where A € (0,00); {a,} and {B,} be a real sequences in [0, 1] satisfy the following
conditions:

(C1) lim o, =0and Y.,7 | @y = 00,
n—oo
(C2) n11_>120|04n+1 — a,| =0 and nll_)n;0|)\n+1 — | =0.

(C3) 0 < liminfp,, <limsupf, < 1.
n—00 n— o0
Then the sequence {z,,}22; converges strongly to u € F, where u = Ppg(u).
Proof. Note that (9h)~1(0) = N(0h), since dh is monotone. Thus, the conclusion

follows from Lemma 3.1 and Theorem 3.4.

4.1. Numerical Example. We provide a numerical result in support of Theorem
3.4. Consider X = R with usual metric. Then for A > 0 and = € R, by Lemma 3.2,



VISCOSITY APPROXIMATION METHOD 409

there exists z € R such that for each y € R, we have

(T25,5%) + ﬁ Zl) >
o %(d2(Tz 2) +d2(z y) ~ P(Tzy) — (. 2))
+2A () + d(z,2) = d(w,2) - d*(2,1)) 2 0
o f(|Tzfz\2+|Z*y\2*‘TZ*Z/F)

tar(le = ol = Jo =2l = |2 = y?) 20
o (TP ~2T2)z 4 22) + (2~ 22y +97) — (T2 — 2Ty + 7))

21/\((m — 22y +y?) — (x2—2xz+22)—(z2—2zy+y2)> >0

z—x z(x — z)
_ el _ 2 Y s,
& y((Tz z) + \ )Jrz(z a) + 3 >0
Put ( )
— Ou2 _ L _ Ar—2)
G(y) =0y + y((Tz z)+ X ) +2(z—a)+ 3
Then G is a quadratic function of y with coefficient a = 0, b = ((Tz —z)+ Z;g”) and

c=2z2(z—a)+ @ Its discriminant A := b? — 4ac = b%. Note that G(y) > 0 for
all y € R. If it has at most one solution in R, then, G(y) = 0; hence

ANTz—2)+z—xz=0. (4.1)
Choose C = [0,1], Tz = 1 —z3 A=1, a, = ﬁ, Bn = 77 and g(xn) = ixn.

Then, by (4.1), we get (1 — 25 —2) + 2z —a2 = 0. Thus z = (1 — 2)2. Therefore
Jx(x) = (1 — 2)%. Hence the algorithm (3.6) can be simplified as:

6n+1
{xn—&-l 7n+1xn + = Yns

Yn = n— 1(1*1’77,)2 +*xn

By taking the initial value z; = 0.5, the numerical experiment result using MATLAB
is given in Figure 1, which shows that this iteration process converges to 0.4297.
Remark 4.5

(i) Theorem 3.4 extends the results of Zegeye [35] and Ugwunnadi and Ali [31]
from Hilbert space setting to Hadamard spaces.
(ii) Theorem 3.4 extends and generalizes the results of Moudafi [24] and Zegeye
[36] in the following aspects:
(a) a real Hilbert space in [24] is replaced by a nonlinear domain, namely, a
Hadamaed space.
(b) a nonexpansive mapping in [24] is replaced by continuous pseudo-
contraction mapping.
(¢) a real Banach space in [36] is replaced by a Hadamard space.
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Walue of the sequence:xn
o o o
woow w2
- S

=}
7
R

L 1 1
0 8 10 15 20 25 30 i) 40 45 50

Mumber of iterations:n
FIGURE 1. 27 = 0.5, the convergence process of the sequence {z,}.

(iii) As T is continuous pseudo-contraction if and only if 7' := I \ B is monotone
so our Theorem 3.4 also holds for monotone mapping on Hadamard spaces.

Acknowledgement. We thank Prof. Hadi Khatibzadeh for pointing onto a rela-
tionship between a pseudocontraction mapping and monotone operator in CAT(0)

spaces.
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