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1. INTRODUCTION

In this paper, as an initial value problem (IVP for short) we consider the general
nonlinear model with composite fractional derivative:

DPy(x) = fz,y), o>a, n—1<a<n, 0<B<1,
dF e ) dF e (11)
W( o Y)a) = x1_1>12+ dx—k(la+ TY(x)=cp, ck ER, (k=0,1,...,n—1)
where v = a + nfS — af. One may see that for the case n = 1, (1.1) is the prob-
lem investigated by Furati et al. [11]. From the historical background, we may see
that differentiation and integration of functions of fractional order are traditionally de-
fined utilizing Riemann-Liouville (R-L) operators 1%, f and D, f, called the left-sided
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Riemann-Liouville fractional integral of order « of f and left-sided Riemann-Liouville
fractional derivative of order « of f, respectively, as ([3, 10, 18, 24, 29]):

13N = 5 | Glgmadt @<k a>0 »

A\, i
(D2 @) = (5-) LTN@). (@€R, a0, n=|a]+1)
where a < z, f is locally integrable (i.e., f € L*(a,b)). The operator I% f is defined
on the space L'(a,b) of Lebesgue measurable functions f(z) on a finite interval [a, b]
(b > a) of the real line R:

Ll(a,w—{f : flll—/ablf(fc)dx<<>0}~

Let AC([a,b]) be the space of real-valued functions f(x) which are absolutely con-
tinuous on [a,b]. For n € N, by AC™([a,b]) we mean the following:

AC™([a,b]) = {f e 0" Y([a,b]) : FV € AC([a, b])} .

Very recently, in [13, 14, 15] an infinite family of fractional (R-L) derivatives having
the same order were introduced as follows.
Definition 1.1. The (right-hand side) fractional derivative D:f of order 0 < v < 1
and type 0 < 8 < 1 with respect to z is defined by

(D2 1)) = (120 L (1002 1)) 4 (13)

whenever the right-hand side exists. This generalization gives the classical (R-L)
fractional differentiation operator if 8 = 0. For 8 = 1 it gives the fractional differential
operator introduced by Liouville ([20], page 10) but nowadays often named after
Caputo. Several researchers (see [10,11]) called (1.3) the Hilfer fractional derivative
or composite fractional derivative operator. Some applications of Dgf
in [12, 14, 16, 30, 31].

Recently (Hilfer et al. [17]), this definition for n — 1 < o < n,n € N,0 < g < 1,
was rewritten in a more general form:

(D2 1)) = (120 (10 1)) ) = (120 D227 ) ). (1.4

The Hilfer fractional derivative can be considered as an interpolator between the
Riemann-Liouville and Caputo derivative (see Figure 1).

This paper is organized as follows. In Section 2, we give some basic definitions
and auxiliary facts together with a vital result which all will play important roles in
the next sections. By presenting a Volterra integral equation as the equivalent form
of (1.1), some attractivity results are established in Section 3 via the well-known
Krasnoselskii fixed point theorem for the case 0 < o < 1. Finally, in Section 4, using
the measure of noncompactness we derive some attractivity and stability results for
(1.1) related to the case n — 1 < a < n. Finally, some examples are given illustrating
the obtained results in Section 5.

can be found
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FIGURE 1. Assume the function h(t) = t, let « = 1/2. The fractional
integral and the Riemann-Liouville fractional derivative of order «
are plotted. For § = 1/2, it is shown the Hilfer fractional derivative
of order o and type . The same for h(t) =1 (see [12]).

2. SOME AUXILIARY FACTS

This section is dedicated to the study of existence and locally attractivity of solu-
tions of Eq. (1.1). The following fixed point theorem as the improvement of a fixed
point theorem of Krasnoselskii [19] due to Burton [7, 8] will be needed further on.
Theorem 2.1 (Krasnoselskii Fixed Point Theorem). Let S be a nonempty,
closed, convexr and bounded subset of the Banach space X and let A : X — X and
B: S — X be two operators such that

(a) A is a contraction with constant L < 1,
(b) B is continuous, BS resides in a compact subset of X,
(¢c) [xr=Az+ By, yeS|=z€S.
Then the operator equation Ax + Bx = x has a solution in S.
From now on, unless otherwise specified, denoting R, = [a, 00) let us assume that
Q is a nonempty subset of the space BC(R,) and @ is an operator defined on 2 with
values in BC(R,).
Definition 2.2. The solution u(t) of IVP (1.1) is attractive if u(t) — 0 as t — oo.
Consider the following operator equation:

u(t) = [Qu] (1), for all teR,. (2.1)

Now we review the concept of attractivity of solutions for Eq. (2.1):

Definition 2.3. ([6]) We say that solutions of (2.1) are locally attractive if there
exists a closed ball B(ug,r) in the space BC(R,) such that for arbitrary solutions
u = u(t) and v = v(t) of (2.1) belonging to B(ug,r) N we have that

Jim (u(t) = v(t)) = 0. (2.2)
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In the case when limit (2.2) is uniform with respect to set Blug,r] N, i.e., when for
each € > 0 there exists T' > a such that

lu(t) —v(t)| <e for all u,v € Blug,r]NQ and t>T, (2.3)

we will say that solutions of IVP (1.1) are uniformly locally attractive.

Definition 2.4. ([6]) The solution u = u(t) of Eq. (2.1) is said to be globally
attractive if (2.2) holds for each solution v = v(t) of Eq. (2.1) on Q. In other words,
we may say that solutions of Eq. (2.1) are globally attractive if for arbitrary solutions
u(t) and v(t) of Eq. (2.1) on , the condition (2.2) is satisfied. In the case when the
condition (2.2) is satisfied uniformly with respect to the set €, i.e., if for every € > 0
there exists T > a such that the inequality (2.3) is satisfied for all u,v € Q being the
solutions of Eq. (2.1) and for all ¢ > T, we will say that solutions of Eq. (2.1) are
uniformly globally attractive on R,.

Remark 2.5. Obviously, as has been noted in [6], we observe that global attractivity
of solutions implies local attractivity, but the converse implication is not true.

3. UNIFORMLY LOCALLY ATTRACTIVITY FOR THE CASE 0 < v < 1

In this section, as an equivalent form we establish that the Cauchy type problem
(1.1) can be reduced to the following nonlinear Volterra integral equation of the second
kind:

T — a)k—(n—a)(l—B)

n—1
B (
y(x) = kZ:OCkW, (n—a)(1-p)+1)

1 ’ a—1
. F(a)/ (@ — ) f(t, y(8))dt, T > a. (3.1)

We remark that for the case n = 1, one can see that (3.1) is precisely the Volterra
integral equation (5) in [11].

Throughout this section we investigate the attractivity and existence of solutions
for (1.1) with n = 1.
Lemma 3.1. ([18]) The Riemann-Liouville fractional integral operator 1, of order
a €R, a >0, is bounded in the space L'(a,b) and

(b—a)”

I <A A=
2ol < Allglh, A= s

for any ¢ € L'(a,b).
Lemma 3.2. ([18]) If a, 8 € R («, 8 > 0), then the semigroup property
I f =100 (3.2)

holds for any f € L(a,b).
Lemma 3.3. ([18]) If « € R (o > 0), the compositional property

D3+Ig+f =/ (3.3)

holds for any summable function f € L'(a,b).
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IfF I f € AC*([a,b]) (n—1<a<n,0<k<n-—1) then

o o = (x_a’)a ik : i n—a
3D Do) = £0) = 3 p =gy i, e Do) 04)

holds for any summable function f € L'(a,b). Furthermore, if

flx) € I3 (L (a,0) = {f : f = I+, ¢ € L'(a,b)},
then

(I3 Dy (@) = f(x). (3.5)

Proposition 3.4. Let U be an open set in R and let f : [a,b] X U — R be a function
such that f(x,y) € L*(a,b) and f(-,y(-)) € AC™([a,b]). Ify € L*(a,b), n—1 < a <n,
neN,0<8<1, Iéﬁfa)(lfﬂ)y € AC*([a,b]), 0 < k < n — 1 then y(x) satisfies a.e.
the Eq. (1.1) if and only if y(x) satisfies a.e. the integral equation (3.1).

Proof. Necessity. Suppose that y(z) € L'(a,b) fulfills a.e. the relation (1.1). Making
use of the fact that f(z,y) € L'(a,b), by the Eq. (1.1) it follows that the fractional
derivative ( (ﬁ’By)( ) € L'(a,b) exists a.e. on [a,b]. By Lemma 3.1 the integral
I, f(z,y(x)) € L'(a,b) exists a.e. on [a,b]. On the other hand, using the represen-
tation (1.4) together with the compositional properties (3.2) and (3.4) we get

(12 D3y () = (1 10 D00y ) (@) = (157 Dy (a)
x—ak (n—a)(1—-p) dk

Z e i S U VO

for z > a. Now, applying the integral operator I, to both sides of Eq. (1.1) and
utilizing the relation (3.6) we obtain Eq. (3.1) and thus the necessity is easily con-
cluded.

Sufficiency. Assume y(x) € L'(a,b) satisfies a.e. Eq. (3.1). In view of the property
of commutativity of operators integration of fractional order o and differentiation of
order n, i.e.,

dar
T lave(@) = I% oM™ (z), R(a) >0, neN

for any n-times differentiable function ¢ together with (3.2), (3.5) and f(-,y(:)) €
AC"™([a,b]) one can see that
dzm

(D12 1ty ) = (
= (2= (1 gy ) ) o)
(1 2 @) (@) (3.7)

L fOI y(0) (@)
a+ Do+ [t y(0)]) ()
= f(z,y(x)).

120 (A0 o ply (1)) (o)

= (
= (L
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Using the fact (Dg‘f(t —a)k= (=)= (g) =0 for 2 > aand 0 < k < n — 1, and
(3.7), and applying the operator DZ‘jrﬂ to both sides of (3.1), we obtain

o S D“" Ho LG
(D) Z o (n—a)1—5) +1)
+<Da ﬂuf[t y&))(@) = Fz.y(x)). (3.8)

Now we must prove the second equality in (1.1). To do this, let us apply the operator
I to both sides of (3.1), then

Ut — )t ) (a)

ch a* —o TG I yOE). (3.9)
Now the relation
(17, (t —a)*(z) = %(t —a) z>a, >0, s> 0,
yields that
(107 y) (@) = 0 ;(x —a) + (I [ y(O) (@) (3.10)

Moving forward, if 0 < k < n — 1, then

dk n—1 s ) d
— (" — J _ N\j—k IaJrn V£
L) = 3 e = I O
n—1 s )
=> G _Jk),(d7 Y (IR T () (@)
=k I TS
n—1 s
= I (x—a)k
el Al
1 ¢ f(t)
dt. 3.11
+ Dla+n—v—k) /a (x —t)l-o—ntytk ( )
Taking r — a™ a.e., we derive the second relation of (1.1). Therefore, the sufficiency
is proved, which completes the proof of theorem. O

Here, we focus on the Eq. (1.1) for n = 1. Our considerations are based on the
following assumptions:

(C1) The function f(z,u(x)) is Lebesgue measurable with respect to « on R, and
1
there exists a constant a; € (0, ) such that f(x,u(z)) € L=1(a,b) for all
be R, and u € C(R,,R) and f(z,u(x)) is continuous with respect to u on
R.,.
(C2) |f(z,u(x))| < M(z—a)™?, Vo > a, u(zx) € C(Ry,R), M >0and a < 31 < 1.
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By the equivalent Volterra integral equation of the second kind of (1.1), that is Eq.
(3.1), we define the following operators:

[Zu] () = ¢ (@ F(('ly))‘y + F(la) /am(a? — t)°‘71f(1f,u(15))dt7
(] (2) = “;w))

[%M(@::ﬂ;y/?x—QQAf@u@Dﬁ, z>a

for all u € C(R,,R).

It is obvious that u(x) is a solution of (1.1) if it is a fixed point of the operator %,
and the operator & is a contraction with constant L = 0.

Now we are in a position to formulate our main result as follows.
Lemma 3.5. Suppose the assumptions (C1)-(C2) fulfill. Then the operator B is
continuous and BS resides in a compact subset of C(R,,R) for x > a + 61, where

S={u:u(z) € C(RyR) and |u(x)| < (x —a)™™ forallx > a+ 61},
v = ¢(B1 — @) for arbitrary 0 < ¢ < 1, and 6, satisfies the following

0’{71 MF(]. - ﬁl) (1—c)(a—p1)
o 1 1 < )
Ty Tt g =1

(3.12)

Proof. First, we prove that % maps S into S for x > a + 6.

From the above assumption of S, it is easy to see that S is a closed, bounded and
convex subset of C(R,,R). Applying condition (C1) and recalling the Euler’s Beta
function, for x > a, we derive

—_— Ix— a-l U
(50 @) < g5 [ o= 0 e

1 x

< — — )2 M (t —a)Prdt

< Fg [ @0 M=

< MF(l — Bl) (CL’ _ a)_(Bl_a)'

F(l + o — Bl)
Now since 1 > « for © > a + 61, the inequality (3.12) implies that

MT(1 - B1) (1-c)(a—p) « MLA = B1) ja-c)a—p)

_ c) (o < 0 V<,
Fi+a—p)® ¥ ST0+a-p) ! =

which yields that
MI(1—p)
F(l + o — ﬂl)
which shows that 4S8 lies in S for © > a + 0,.
In the second step, we must show that £ is continuous. To do this, let ug(z),
u(z) € §, k = 1,2,--- with limp,eour(r) = u(x), then from (Cl) we get
limg o0 [, up(z)) = f(z,u(x)) for any z > a + 6.

[CRIGIE (0 =)= (¢ — @) < (2= a) 7
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Let € > 0 be given, fix 8 > a + 6; so that

MT(1 - B1)

e\ PY) g = (Bi—a)
F(1+a—51)(6 @) <

€
5
Assume that p = (o —1)(1 —a1)~ !, then p+1 > 0 since 0 < a; < a < 1.

For a + 6; < x < 6, using Holder’s inequality we get

1 ¢ a—1
|[Bu] (2) — [Bu] (x)] < F(a)/a (@ =) f( ur(t)) = f(2,u(t))]dt

1 /1 ) N i
< F(oz)(p—kl(a_a) +1> (0 —a)® sup |f(t,up(t)) — f(t,u(t))]

t€la,d]

IN

which vanishes when k — oco. For x > 6, we see that

[Bu] () — [Bu] ()] < P(la)/z(x—t)a_l|f(t’uk(t))—f(t,u(t))|dt
1 ’ a—1

= @/ (=) f(Eue(®)] + | F (8 u(t))|)dt
L ’ T — a—1 —a —B1

<t [ wm 0 @)
2MT(1 — By) e

< m(q;_a) (B1—a)
2MT (1 — By) e

STra-g 0"

<e

which shows that for any = > a + 61,
|[Bur] (z) = [#Bu] (x)] = 0

as k — oco. Hence, 4 is continuous.

Eventually, we claim that AS is equicontinuous.

Suppose that € > 0 is given. Since the function (z — a)*~ P vanishes at infinity,
there is a ¢’, sufficiently large, such that (z —a)*™# < § for all # > ¢'. Let us take
Z1, %2 so that xo > x1 > a+0;1. If 21,25 € [a+ 01,0'], then in view of the hypothesis

f(z,u(x)) € L1 (a,0)
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we get

|[Bu] (x2) — [PBu] (1)

/:2 (w2 — )7 f(t,u(t))dt — /901 (1 — )L f(2, u(t))dt‘

a

= Ta)

i o T — a—1 _ To — a—1 u
< ma ([ o= 00 = = g w0

s [ e 0 st

1

= ”f(t»f”(;)(k;l e K/;l[(:cl — 1) = (22— t)a_l]llaldt>1al

T a1 1—a
([emoria)

_ ”f(t,x(t)”Lﬁ(a)e,) [<(x1 _ a)1+p — (g — a)1+p + (22 — I1)1+p>1—a1

- I'a) 1+p
S A

+<(x2xl)) }—)0 as Ty — T1.
1+p
If 21,29 > 0, then we observe that
1 w2 _
|[#u] (x2) — [Bu] (z1)] < m/ (g = )7 f (¢, u(t))dt

]' o a—1
+ T / (1 — )£ (8, ()t

F(l — ﬁl) _ )~ (Bi—) _ )~ (Bi—)
S T+a-p) [(901 a) + (22 —a)
€ - F(]. — 51)
711(174_0{_61) as o — I1.

Now consider the case a + 01 < x1 < 0’ < x5 then we have the following implication:
(xo = 1) = (22> 0)AN (O — 21)
which according to the above discussion yields that
|[Bul] (22) — [Bu] (21)] < [[Bu] (22) — [Bu] ()] + |[Bu] (6) — [Bu] (x1)] — 0

as o — Iq.

Thus, it is obvious that |[Bu](z2) — [Bu] (z1)] — 0 as 22 — x1. Therefore BS

is equicontinuous and thus %S is contained in a compact subset of C(R,,R) for

T >a+ 0. O
Now we are ready to formulate our main existence result.

Theorem 3.6.  Suppose that conditions (C1)—(C2) are satisfied, then IVP (1.1)

admits at least one attractive solution in C(R,,R) in the sense of Definition 2.2.
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Proof. Based on Lemma 3.5, since the operator o/ is a contraction with constant
L = 0, one can easily see that all conditions of Krasnoselskii’s fixed point theorem
are satisfied and so Eq. (1.1) has at least one solution belonging to S. On the other
hand, in order to prove the attractivity, using the structure of set S given in Lemma
3.5, we see that all functions in Lemma 3.5 vanish at infinity and thus the solution of
Eq. (1.1) tends to zero as t — co. This completes the proof. O
Remark 3.7. It is worth mentioning that conclusion of Theorem 3.6 does not imply
globally attractivity of solutions in the sense of Definition 2.2.

4. ATTRACTIVITY FOR THE CASEn—1<a<n
VIA THE MEASURE OF NONCOMPACTNESS

This section is dedicated to the study of solutions of Eq. (1.1) in Banach space
BC(R,) consisting of all real functions defined, continuous and bounded on the in-
terval R,, via the technique of measure of noncompactness. This tool enables us to
construct some sufficient conditions (quite distinct from the comparable ones in pre-
vious results) for solvability of Eq. (1.1). Indeed, we seek for assumptions concerning
the functions involved in Eq. (1.1) which assure that this equation has solutions be-
longing to BC(R,) and also being locally attractive on R,. In the sequel, we gather
some definitions and auxiliary facts which will be needed further on.

Let E be a Banach space, X and Conv X stand for the closure and the convex
closure of X as a subset of F, respectively. Further, denote by 9y the family of all
nonempty bounded subsets of F and by g its subfamily consisting of all relatively
compact sets. Also suppose that B(z,r) is the closed ball centered at x with radius
r and the symbol B, stands for the ball B(6,r) such that 6 is the zero element of the
Banach space E.

In the following definition we recall the notion of measure of noncompactness which
has been initially introduced by Bana$ and Goebel [5].

Definition 4.1. ([5]) A mapping p: M — RT is said to be a measure of noncom-
pactness in E if it satisfies the following conditions:
(i) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker u C Ng.
(i) X CY = u(X) < p(Y).
(ili) p(X) = p(X).
(iv) p(Conv X) = p(X).
(v) For all A € ]0,1],

X + (1= X)Y) < Ap(X) + (1= X (V).
(vi) If (Xp)nen is a sequence of closed sets from Mg such that

Xpy1 CX,, forall n=1,2,... and lim p(X,)=0,
n— o0

then the intersection set

o0
Xoo = ﬂ X, is nonempty.
n=1
The family ker i described in (7) is said to be the kernel of the measure of noncom-
pactness p.
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Definition 4.2. Let u be a measure of noncompactness in . The mapping T': C C
E — F is said to be a pg-contraction if there exists a constant 0 < k£ < 1 such that

(T (W) <k p(W), (4.1)
for any bounded closed subset W C C.

As a generalization of the well-known Schauder fixed point principle and based on
measure of noncompactness, the Darbo fixed point theorem, was formulated:
Theorem 4.3 (Darbo-Sadovskii). ([5]) Let C be a nonempty, bounded, closed, and
convez subset of a Banach space E and let the continuous mapping T: C — C' be a
pg-contraction. Then T has at least one fized point in C.

Making a historical flashback for this tool, we remark that Darbo [9] initially intro-
duced condition (4.1) for any arbitrary measure of noncompactness p and presented a
similar result if the continuous mapping 7' is being a py-contraction. Recently Aghajani
and Pourhadi [1] have extended the Darbo’s fixed point theorem using some control
functions and presented a new result with a more complicated contraction which is
applied in this section. Denote by ® the class of functions ¢ : [0, +00) — [0, +00)
such that

liminf ¢(a,) =0, if lim a, =0

n—oo n—oo

where {a,} is a nonnegative sequence.
For ¢ € @, let functions ¢ : [0, +00) — [0, +00) satisfy the following conditions:

(a) v is a lower semi-continuous function with ¢ (t) = 0 if and only if ¢ = 0,

(b) liminf, o ¢(an) < ¥(a) if lim, o a, = a > 0.
We denote the class of all such functions by W.
Definition 4.4. Let T : W C E — FE be an arbitrary mapping. We say that T is
(e, ¢, 9)-p-condensing if there exist functions a : Mg — [0, +00), ¢ € ® and P € Yy
such that

a(QY(u(TQ)) < ¢(u()) for Q C W,
where €2 and its image T2 belong to Mg.

Notice that if a mapping T : W C E — F satisfies the Darbo condition with
respect to a constant k € [0,1) and a measure pu, that is,

w(TQ) < ku(), for QCW and Q,7Q € Mg,

then T is an (o, ¢, ¥)-u-condensing operator, where «(Q2) = 1 for any set 2 C W such
that Q € Mg, 1 is the identity mapping and ¢(¢) = kt for all ¢ > 0. For this case, T
is called p-contraction.

Definition 4.5. Let T: W C F — F and «a : My — [0,+00) be given mappings.
We say that T is a-admissible if we have

a(Q) > 1= a(ConvIQ) > 1, QCW, QTQeMg.

Theorem 4.6. ([1]) Let C € Mg be a closed and convex subset of a Banach space
E and T : C — C be a continuous («, ¢, ¥)-p-condensing operator, where p is an
arbitrary measure of noncompactness. Suppose that T is a-admissible and o(C) > 1.
Then T has at least one fized point which belongs to kerp.
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By taking o = 1, v = id we have the following immediate consequence:
Corollary 4.7. Let C' be a nonempty, bounded, closed, and convex subset of a Banach
space E and let T : C' — C be a continuous function satisfying

w(T2) < p(p(S2))

for each Q C C, where p is an arbitrary measure of noncompactness and p : Ry — R4
is a nondecreasing upper semi-continuous function with lim, ., ©"(t) = 0 for all
t > 0. Then T has at least one fixed point in C.
Remark 4.8. Following the assumptions of Corollary 4.7, we note that condition (b)
is obtained by lim, . ¢™(t) = 0 for ¢ > 0. For the sake of enlightening the reader, if
lim,, o ap = a > 0 then

lim inf ¢(a,) < limsup ¢(a,) < p(a) < a.

n—00 n—00

Measure of noncompactness has been applied in some classes of fractional dif-
ferential equations in several papers. For instance, Aghajani, Pourhadi and Tru-
jillo [2] have utilized this tool for Cauchy problem as a classic fractional differential
equations in Banach spaces (see also [4, 6, 25]). It is worth mentioning that the
measure of noncompactness has been also successfully employed in the study of infi-
nite systems of differential equations in the Banach sequence spaces (see for example
[1, 21, 26, 27]). Utilizing the Schauder fixed point theorem, we remark that Losada,
Nieto and Pourhadi [22] applied this well-known theorem together with the measure
of noncompactness to investigate the attractivity of solutions for a class of multi-
term fractional functional differential equations. Very recently, Saadati, Pourhadi
and Samet [28] studied the PC-mild solutions of some abstract fractional evolution
equations with non-instantaneous impulses via the measure of noncompactness.

In what follows, we will work in the Banach space BC(R,), where a € R
is given as in (1.1). Such functional space is furnished with the standard norm
llyl| = sup{|y(t)| : t > a}. For further purposes, we introduce a measure of non-
compactness in the space BC(R,), which is constructed by the similar reasoning
process for the one in the space BC(R™) (for more information see [5, Chapter 9] and
references therein).

To do this, let B be a bounded subset of BC(R,) and T > a given. For u € B
and € > 0 we denote by wl (u,e) the modulus of continuity of the function u on the
interval [a, T, i.e.

wl(u,e) = sup {|u(t) —u(s)| : t,s € [a,T), |t —s| < e}.

a

Now, let us take
Wl (B,e) = sup {w! (u,¢) : u € B,

T _1; T
We (B) _gl_l;r(l)wa (BVE)V

we(B) = lim w!(B).

T—o0

If t > a is a fixed number, let us denote

B(t) ={u(t): we B}
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and
diam B(t) = sup {|u(t) — v(t)| : u,v € B}.
Finally, consider the mapping  defined on the family M pc(r,) by the formula
1w(B) = we(B) + limsup diam B(t). (4.2)
t—o0

Similarly to the measure of noncompactness constructed for BC(R™), one can show
that the mapping p is a measure of noncompactness in the space BC(R,) (see also
5)):

It is worth mentioning that, as we will show, information about ker u is very helpful.
In this case, the ker u consists of nonempty and bounded sets X of functions such
that functions belonging to X are locally equicontinuous on R and the thickness of
the bundle formed by functions from X tends to 0 at infinity.

In this section, we study the problem (1.1) for n > 1 and v > 1 with the following
condition:
n—y<k<n—-1 = ¢,=0. (4.3)
Consider the following hypotheses:

(i) There exist a continuous function h : R, — R} and a nondecreasing upper
semi-continuous function ¢ : Ry — Ry with ¢(0) = 0 such that

[f(t,u) = f(t,0)] < h(t)p(Ju —v]), for any u,v € R, t € Rq,

1 xr
A= sup —— x — ) h(t)dt.
s iy [ =000

ii) £ := su 1 wx_ a—l 00
(ii) £ := sup (a)/a( £ f(t,0)|dt < .

rER, T
(iii) There exists a positive solution r¢ of the inequality

Ag+Ap(r)+&<r (4.4)
where 6 > 0 is arbitrarily fixed,

[n—~] k—
gF—nty
Ag = c .
0 k; | k||1“(l<;—n+7+1)|
(iv) lim A"¢™(t) =0 forall ¢t > 0.
n—oo

Theorem 4.9. Under the assumptions (i)—(iv), IVP (1.1) has at least one solution
in BC(Ry19) for any fized 6 > 0.
Proof. According to (4.3), we first define operator .% for any u € BC(R,19) by

[n—v] (.’L' _ a)k_n_;,_’y 1

sl kZ:o “Thk-ntr+1  T(a) /:(x —OT G ut)dt, azatd

By considering the conditions of theorem we infer that % u is continuous on R,
for any u € BC(R,49). By using conditions (i)-(iii), taking an arbitrary function
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u € BCO(Ry44,R), for a fixed € R,19, one has

- [n—~] (z — a)kF—n+ 1
ul (z)] < c
17 @) < 3l 0] *

/ C(@ — 0P (b ()b

ln—y] k—ntny .
> o e /@ 07 et + 15,0 a
< Ag + 2p(|Jull) +€ 5

which is clearly bounded.

Inequality (4.5) yields that % transforms the ball B,, into itself where 7 is a
positive solution of (4.4).

Take an arbitrary function u € BC(R,49) and fix T'> a+ 6, ¢ > 0. Next assume
that 1,22 € [a + 6,T] such that |z; — z2| < e. Without loss of generality one can
assume that z; < z9. Then, in view of imposed assumptions, one has

> > <|.n_’YJ (I)(G)
4 a2) - (Pl el < 3 el oy

e e A el [T

1 2 a—1
T / (o — )| £ (t,u(t))|dt

1

[n—v]
D(e)
<
= kz:% R —

+% /: [(xQ — 1)t — (2 — t)a—l}

< [h(twu(t)) A, o>|} dt

+% /xz (2o — 1)1 {h(t)¢(|u(t)|) 4 |f(t70)|} dt

[n—]
D(e)
<
<> |Ck||I‘(k—n+7+1)|

+H(t1)g1{((lloéul)l4; () {(1‘2 —a)® — (xg —x1)* — (21 — a)a]
+H(t2)s0(||UH) + F(t2) (s — 21)°,

Ia+1)
where
F(t) =sup{|f(z,0)]: a <z <t}, H(t)=sup{|h(z)]: a<z <t}

O(e) = sup{|(z2 — a)* " — (21 — @) T ¢ oy — @] <€}
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Moving forward, by the fact that

(r2 —a)* = (v1 — a)* + a(ze — z1)(n —a)*~ !, for some n := n(w1,22) € (x1,72)

we obtain
Pl ) - (Pl £ S fo 2O
= 2 G D)
H(ty)o(|lul]) + F(t1) a1
+— T(a+1) [0‘6(’7 —a) }
+ H(t2)‘§((|L“+) S Flt) o (4.6)
[n—~] ®(c)
< 2 el )
H(T)o(||lull) + F(T) a1, .«
+ T(a+ 1) [ae(T—a) —|—€:|.

Now, by the estimation (4.6) one can infer that the function .Zu is continuous on the
interval [a + 0, T for any T > a + 6. This yields the continuity of .#u on R,4e.
In view of (4.6), for any X C B,, we see that

wl o (FX,e) < Lnij lcx| (€)
e Ny

H(T)p(supyex [|ull) + £(T)
I'a+1)

D(e)
= kz:o T —

+

{ae(T —a)*t + 60‘]

[n—v]

H(T)p(ro) + F(T) 1
T —a)° a
+ (o +1) ae(T —a)* " +e¢
which shows that
watro(FX) = Tlgréo liir(l)wg+9(§X, e)=0. (4.7)

On the other hand, by taking u,v € X C B,, and € R,4¢ one gets

x

‘ -

IN
—
|-
Q\‘S\D\

[Fu] (z) = [Fo] (2)] < (z — )

—

() [t ut)) — f(2, v(t))‘dt

x

(@ =0 (o

ult) — v(t)Ddt

\
5
-

@) x(x — t)a_lh(t)gp(diam X(t)) dt
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which implies that

lim sup diam [.# X| (¢) < A-lim sup cp(diam X(t)) < )\~<p<lim sup diam X(t)). (4.8)

t—o0 t—o0 t—o0

Now Egs. (4.7) and (4.8) yield the following
W(FX) = wero(FX) + limsup diam [F X] (t)
t— o0

(4.9)
<A <p<limsup diam X(t)> <X o(p(X))

t—o0

for any X C B,,. Now, since p as given by (4.2) defines a measure of noncompactness
on BC(R,1g) then, the recent inequality together with (iv) implies that all conditions
of Corollary 4.7 are fulfilled. Therefore, Eq. (1.1) has a solution in Banach space
BCRu+0)- O
Theorem 4.10. Under the assumptions (i)-(iv), all the solutions of IVP (1.1) are
uniformly locally attractive in BC(R,4g) for 6 > 0.

Proof. First, linking the facts established before, IVP (1.1) has at least one solution
in BC(R449). To prove that all solutions of Eq. (1.1) are uniformly locally attractive
in the sense of Definition 2.3, let us consider B} = Conv.Z (B,,), B2 = Conv.Z(B},)
and so on, where B,, is the ball with radius 7y as given in (iii) and centre zero in
the space BC(Rq40). Obviously, one can see that B! C By, and B C B for
n = 1,2,... and also the sets of this sequence are closed, convex and nonempty.
Moreover, in view of the inequality (4.9) we derive that

W(BL) < X" (u(By,)), forany n=1,2,....
Mixing the fact that u(B,,) > 0 and condition (iv) with the above inequality we get
Jim p(By) = 0.

Thus, applying the definition of measure of noncompactness we infer that the
o0
By := (B,
n=1

is nonempty, bounded, and convex. The set By® is .#-invariant and the operator %
is continuous on such set. Furthermore, bringing into mind that B> € kery and the
characterization of sets belonging to kery we conclude that all solutions of Eq. (1.1)
are uniformly locally attractive in the sense of Definition 2.3. This completes the
proof. O

We now study the global attractivity of the solutions of (1.1) utilizing the function
. defined on the family of functions included in BC(R44¢) by the formula

pe (X) = max{wq 19 (X), 0. (X)}

where
04(X) = lim sup diam X (¢).

t—o0

For a fixed real number ¢, denote
X(t)—c={x(t) —c z € X}, 6.(X)=Ilimsup|X(t)—¢,
t—o0
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then define function
p1o(X) = max{waa(X), 6.(X)}.

It has been shown as in Bands and Goebel [5] that the functions p. and p. are
measures of noncompactness in the space BC(R.), and similarly it can be concluded
same facts concerning with the functions as above in the setting BC(Rq44).
Remark 4.11. The kernel kerp, of the measure p, consists of nonempty and bounded
subsets X of BC(R,4¢) such that functions from X are locally equicontinuous on
Rg+to and the thickness of the bundle formed by functions from X tends to zero at
infinity. This particular characteristic of kerpu, is helpful in order to prove the global
attractivity of class of solutions in functional spaces. Similarly, the kernel kerp,. of
the measure p.. consists of nonempty and bounded subsets X of BC(R,1¢) such that
functions from X are locally equicontinuous on R, ;¢ and the thickness of the bundle
formed by functions from X around the line u(z) = ¢ (which come closer along a line
u(zx) = ¢) tends to zero at infinity. This particular characteristic of kerp, is effective
in establishing the global asymptotic attractivity and stability of the solutions for the
considered problems.

Suppose the following hypothesis holds:

(v) There exist a real number ¢ and a function f. : R, — R defined by

o) = e / “@ - 0 ()t

in which f.(z) — c as * — 0.

Theorem 4.12. Under the assumptions (i)-(v), all the solutions of IVP (1.1) are
uniformly globally attractive in BC(Ry19) for 8 > 0. Moreover, all the solutions of
the equation (1.1) are uniformly globally ultimately asymptotically stable to the line
u(t) = ¢ defined on Ryqg.

Proof. For the existence of solution, the process of proof is similar to one in Theorem
4.9. To establish the uniformly globally attractivity of solutions we only need to use
the last part of proof in previous result. To do this, using Eqs. (4.8) and (4.9) we
apply the measure of noncompactness p.. That is, for any X C B,,, we have

0:(FX) <A 9(0.(X)), ware(FX)=0
= e FX) <A 9(0.(X)) < A p(p (X))

Now, following the proof of Theorem 4.10 we see that there exists B2® which belongs
to the family keru,. Now, taking into account the description of sets belonging to
kerp, we deduce that all solutions of problem (1.1) are uniformly globally ultimately
attractive on R,4¢. Thus we get the required result.

Now, to prove the next claim we show that all the solutions of (1.1) are uniformly
globally ultimately asymptotically stable to the line u(z) = ¢. By taking into account
our assumptions, for arbitrarily fixed z € R,4¢ and for the solution u € X we deduce
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the following estimate:

[(Fu)(x) — ¢l
[n—v] o — g)b—nt N
: kz:% |Ck|F((k - n)+ v+ " F(la) / (x — ) f(tu(t) — f(t,c)|dt
+ [fe(x) — ¢
[n—v] o — )kt N
: ,; |C]€|F((’C - n)+ Y F(la) /a (z =) Th(t)p(|u(t) — c|)dt
+ |fc(37) - C|
[n—v] o — g)k-n N
< kgo |ck|F((k — n)+ T 1) + F(la) /a (x - t)a—lh(t)(p(li?i}sogp ||X(t> _ CH)dt
+ |fc(x) - C|
ln—v] o — )k
_ kZ:O |Ck|F((k - n)+ 5 A+ p(limsup | X () = ) + |fo(w) =

for each = € R, 9. Taking limit superior over x — oo and using (v) we get

0c(F X) =lim sup [|(F X)(2) — | < A~ p(limsup [|X(t) —cf[) = A - p(de(X)).

This together with the fact that w,19(.#X) =0 (see (4.7)) implies that
pe(FX) = max{wao(F X), 0c(FX)} <A 0(0e(X)) <A p(pe(X)).

Similar to the previous part, there is a set belonging to the family keru.. Now, taking
into account the description of sets belonging to keru. we derive that all solutions
of problem (1.1) are uniformly globally ultimately asymptotically stable to the line
u(x) = ¢ and so the consequence follows. O
Remark 4.13. We notice that since the results of this section hold in the setting
of BC(Ry+¢) for any arbitrarily fixed § > 0, the existence of the solutions with
mentioned properties defined a.e. in BC(R,) are established in the corresponding
results. Furthermore, for the case 0 < a < 1, according to the hypothesis (4.3)
and the Volterra integral equation (3.1) since the coefficient ¢y = 0 then there is no
difficulty to obtain all results of this section in the setting of BC(R,) without using
the parameter #; this is indeed because of the fact that Ag = 0 in condition (iii) and
so all the conditions are not related to the parameter 6.

5. EXAMPLES

Below we indicate two examples for the realization of the abstract theory we have
developed in this paper. First, we give an example illustrating the main result of
Section 3.
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Example 5.1. Consider the fractional differential equation as follows

{ Diﬁy(m = f(z,y(x), x>3, (5.1)

where
el lv@) gin y(z)

flyo) = —

By the continuity of functions involved in f, it is easy to show that condition (C1)
holds. On the other hand,

6_2

(x+1)

where M = e™2, By = 2 € (3,1) and Ry := [3,00). Therefore, Theorem 3.6 implies
that IVP (5.1) admits at least one attractive solution in C'(Rs3,R) in the sense of
Definition 2.2.

Now, considering the imposed conditions in Section 4 we see that

|f (@, y(x))] < <

<M(z—3)"" z>a, yix) e C(R3,R),

wleo

el—t

(t+1)%

el—t
< <6|u
(t+1)
el—t
<— (e‘lu + e‘") lu — v
(t+1)a
2el—t
< —|
(t+1)3
= h(t)e(lu —vl]), for any u,v € R, t € R

e 1 siny — e 1"l ginw

\f(t,u) - f(t71))| <

sinu — sinv| + | sinvl - [e” 14 — eIVl

)

e

u— |

where ¢ is the identity mapping and h is defined by
2 1-t
h(t) = ——— teR,.
(t+1)3

To complete the verification of (i) using the Euler’s Beta function we find that

1 * 1 2617t 2672 v 1 1
F(i)/s @ ~1) (t+1)idt§1“(§)/3 (@ ~1) (t+1) dat

2e2 [* 1=
ge—l/ (w—t) Bt dt
I'(3) Jo

e
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and hence followed by Euler’s reflection formula we get

1 x 2 1—t
A= sup —1/ (x—1t)~ 673dt
zeRs 1'(3) J3 (t+1)1
< 26_21"(%)
=TV
_vae
= i
= (0.6084 < 1

Nl

which means that (i) is satisfied. Also, f(¢,0) = 0 implies that £ = 0 and so the
condition (ii) is held. (iii) is obvious. Since A < 1 and ¢ = id, the condition (iv) is
also clearly satisfied. Thus, all conditions of Theorems 4.9 and 4.10 are satisfied and
all solutions of (5.1) are uniformly locally attractive.

By the following inequalities

7\c|| : | T 1—t
[ sinc 1 e
0 < lim z)| < lim 7/ T—1)" 2 —=dt
Jim o) < Jim St [0
—2—|cl| gj 1
< lim c ‘Slgndr(‘l)x% =0

one can observe that ¢ = lim,_, fc.(z) = 0 and all solutions of (5.1) are uniformly

globally ultimately asymptotically stable to the line u(z) = 0 (see Theorem 4.12).
Now, to show the effectiveness of main results of Section 4 we provide the following

example.

Example 5.2. Consider the following initial value problem of the form

31 7z —1)tan~! @
Dy y(z) = P , r>1,

1
Iy = e (5.2
d 1
2 (0t =

First, it is easy to see that
w(t—1) _ _
|f(t,u)—f(t,v)|§m|tan ! tan™" —|
2t—-1
Tt —1) = v

= (B +1)(r+ )
< h(t)e(lu =),

for any u,v € R, ¢t € Ry :=[1,00), and some 71 := 1, € (u,v),u < v. Also, we have
denoted
t—1 2

xr
:m7 @(x)zﬂ_g_’_la tERl,x€R+.

h(t)
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Moreover, by Cauchy-Schwarz inequality and the convexity of h%(t) we have

/lx\/ﬁﬁ(t)dt < </1$(xt)dt>; ~ (/j h"’(t)dt)é

< </1m(x—t)dt>é - ((x—l)hQ(x);—hZ(U)é (5.3)

(x — 1)%
2(x3+1)
=: g(z)

where here the Hermite-Hadamard inequality has been utilized (see [23, Theorem
1.5.1]). Now, moving forward, we get

1 x
A= sup F(S‘)/l Va—t-h(t)dt <

r€R;

1 sup g(z) = g(x*) ., 0.12882
L(3) oot r@)
where z* = 6.133 is the global maximum point of g defined on R;. Hence, the

condition (i) is satisfied. The condition (ii) is also fulfilled since f(¢,0) = 0, then

E=0.
To verify hypothesis (iii), take an r¢ holding in

<1

colt
02 SE
LI =A)
where 6 > 0 is arbitrarily fixed. Then, the condition (iii) is satisfied. Concerning with

the condition (iv), since A < 1 by the definition of control function ¢ we derive the
followings

n— oo n—o0 7'('2 —+ 1

2 n
lim A\"¢"(¢) = lim ( A ) (t)=0 forallt>0.

Therefore, by Theorem 4.9 the problem (5.2) has at least one solution in BC(R14¢)
for any fixed 8 > 0. Moreover, based on Theorem 4.10, all the solutions of Eq. (5.2)
are uniformly locally attractive.

In view of the fact that

m|tan~! £|
r(3)
one can see that ¢ = 0 and then all the solutions of Eq. (5.2) are uniformly globally

ultimately asymptotically stable to the line u(z) = 0 which is obeyed by Theorem
4.12.

. 1 1
0< lim [fe(2)| < lim T(2)

/z Vo Zilf(t,)ldt < lim a(z) = 0
1 xTr—r00
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