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1. INTRODUCTION

Let E be a nonempty subset of a metric space (X, d). For € X, we set
dist(x, E) := inf{d(z,y) : y € E},
and
R(z,E) := sup{d(z,y) : y € E}.

We denote by I(X) the family of nonempty compact subsets of X. Let H(-,-) be the
Pompeiu-Hausdorff distance on (X)), that is,

H(A, B) = max {sup dist(a, B), sup dist (b, A)} for all A, B € K(X).
a€A beB

A mapping T from E to K(X) is called a multi-valued mapping. In particular, if
T'(z) is a singleton for every x in F then T is called a single-valued mapping. A point
x € E is called a fixed point of T' if x € T'(x). We denote by Fiz(T') the set of all
fixed points of T. A multi-valued mapping T : F — K(X) is said to be a contraction
if there exists a constant A € [0,1) such that

H(T(x),T(y)) < Ad(x,y) for all z,y € E. (1.1)
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If (1.1) is valid when A = 1, then T is called nonexpansive.

Fixed point theory for multi-valued mappings has many useful applications in
applied sciences, for instance, in game theory and optimization theory. Thus, it is
natural to study the extensions of the known fixed point results for single-valued
mappings to the setting of multi-valued mappings. One of the fundamental results in
fixed point theory for multi-valued mappings which extends the well-known Banach
contraction principle was proved by Nadler [16]. He showed that every multi-valued
contraction on a complete metric space always has a fixed point.

In 2007, Berinde and Berinde [2] extended the concept of multi-valued contractions
to a general concept of mappings in the following way: a mapping T : E — K(X) is
called a weak contraction if there exist two constants A € [0,1) and L € [0, 00) such
that

H(T(z), T(y)) < Ad(z,y) + Ldist(z, T(x)) for all z, y € E.

In 2019, Bunlue and Suantai [3] introduced the concept of Berinde nonexpansive
mappings in the following manner: a multi-valued mapping T : E — K(X) is called
a Berinde nonexpansive mapping if there exists a constant p > 0 such that

H(T(x),T(y)) < d(z,y) + pdist(z, T(x)) for all z,y € E.

In [3], the authors also obtained fixed point theorems and convergence theorems
for Berinde nonexpansive mappings in uniformly convex Banach spaces and Banach
spaces which satisfy the Opial’s condition.

The concept of endpoints (or strict fixed points) for multi-valued mappings is an
important concept which lies between the concept of fixed points for single-valued
mappings and the concept of fixed points for multi-valued mappings. In 1986, Corley
[6] proved that a maximization with respect to a cone is equivalent to the problem
of finding an endpoint of a certain multi-valued mapping. Moreover, Tarafdar and
Yuan [29] proved an endpoint theorem and applied it to obtain the existence of Pareto
optima for multi-valued mappings in ordered Banach spaces. For more details and
further applications of the endpoint theory, the reader is referred to [10, 22, 28].

In 2015, Panyanak [20] and Espinola et al. [8] proved the existence of endpoints for
multi-valued nonexpansive mappings in certain classes of Banach spaces. After that,
Saejung [23] obtained endpoint theorems for some generalized multi-valued nonexpan-
sive mappings in uniformly convex Banach spaces and Banach spaces which satisfy
the Opial’s condition. Since then endpoint results for some generalized multi-valued
nonexpansive mappings in several classes of metric and Banach spaces have been de-
veloped and many papers have appeared (see, e.g., [4, 5, 12, 13, 17, 21]). But, there
is no result regarding the existence of endpoints for Berinde nonexpansive mappings.

In this paper, we introduce the class of generalized Berinde nonexpansive mappings
and show that it contains the class of Berinde nonexpansive mappings as a proper sub-
class. We also give sufficient conditions for the existence of endpoints of a generalized
Berinde nonexpansive mapping in a uniformly convex hyperbolic space. Moreover,
we also prove strong and A—convergence theorems of the Ishikawa iteration process
for the class of semi-nonexpansive mappings which includes the class of generalized
Berinde nonexpansive mappings as well. Our results extend and improve the results
in [13, 18, 30] and many others.
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2. PRELIMINARIES

Throughout this paper, N stands for the set of natural numbers and R stands for
the set of real numbers. Let E be a nonempty subset of a metric space (X,d) and
T : F — K(X) be a multi-valued mapping. A point z in E is called an endpoint (or a
strict fixed point) of T if T'(z) = {z}. We denote by End(T) the set of all endpoints
of T. A multi-valued mapping T : E — K(X) is said to satisfy the endpoint condition
[26] if End(T) = Fiz(T). A sequence {z,} in F is called an approximate endpoint
sequence for T' [1] if 7}1_{1;0 R(xy,T(x,)) = 0.

Definition 2.1. A multi-valued mapping T : E — K(X) is said to be
(i) quasi-nonexpansive if Fiz(T) # () and
H(T(z), T(p)) <d(xz,p) for all x € E and p € Fiz(T);
(ii) semi-nonexpansive if End(T) # @ and
H(T(x),T(q)) <d(z,q) for all z € E and g € End(T).
The following proposition can be found in [19].

Proposition 2.2. The following statements hold.
(i) If T is nonexpansive and Fix(T) # 0, then T is quasi-nonexpansive.
(i) If T is quasi-nonezpansive and End(T) # 0, then T is semi-nonexpansive.
(iii) The converse of (ii) is true if T satisfies the endpoint condition.

Now, we give the definition of generalized Berinde nonexpansive mapping.

Definition 2.3. A multi-valued mapping 7' : E — K(X) is said to be generalized
Berinde nonexpansive if there exists g > 0 such that

H(T(x),T(y)) <d(z,y) + pR(z,T(z)) for all x,y € E. (2.1)
The following proposition is easy to establish.

Proposition 2.4. The following statements hold.
(i) If T is Berinde nonexpansive, then T is generalized Berinde nonexpansive.
(i1) If T is generalized Berinde nonexpansive and End(T) # 0, then T is semi-
nonerpansive.

The folowing examples show that the converses of (i) and (ii) in Proposition 2.4
are not true.

Example 2.5. Let X =R, £ =[1,2] and T : E — K(X) be defined by
T(x) = [z,x + /] for all z € E.
Put = 1 and y = 2. Then T(x) = [1,2] and T(y) = [2,2 + v/2]. This implies that
H(T(2),T(y)) = V2> 1= |z —y| + pdist(z, T(x)) for all x> 0.

Hence T is not Berinde nonexpansive. Next, we shows that T is generalized Berinde
nonexpansive. Choose p = 1 and let z,y € FE. Without loss of generality, we may
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assume that x < y. This implies that

H(T(x),T(y) = (y+y) — (x4 V)
= |z —yl+ (Y- Vo)
< Jr-yl+Vy
= |z —y|l+pR(y, T(y)),

and

H(T(x),T(y) = (y+y)— (z+ V)
= |z —yl+ (Y- Vo)
< lr—yl+ Ve

& — y| + pR(z, T()).

Hence T is generalized Berinde nonexpansive.

Example 2.6. Let X =R, E=[0,1] and T : E — K(X) be defined by
[|;1: (1 — z) sin( | |

b it w0
T(z
- {{0}

it x=0.
It is easy to see that End(T) = {0}. For z € (0,1], we have

T+z Sln

1
H(T(x),T = in(=)| < |——| < |x—=0|. 2.2
(T(@), 7)) = | T sin(5)| < [ = | <le 0] (22)
This implies that T is a semi-nonexpansive mapping. For each n € N, we set
1 q 1
Ty = ————— an =
" 2mn 4 /2 Y= o
From (2.2), we get that R(z,,T(z,)) = ¥n — x,(1 — x,) = 2. Thus
H(T(xn)aT(yn)) - |In - yn‘ _ 11;," - (y” - x")
Ry, T(z4)) T
_ 1 _ (Yn — )
1+ xp)zn x2
(2mn +7/2)2  2mn+7/2
= — — 0.
2rn+7/2+ 1 dn

This implies that T is not generalized Berinde nonexpansive.

is more general than the concept of convexity in Banach spaces.
specialized to hyperbolic spaces by Leugtean [14] in 2007.

In 1970, Takahashi [27] introduced the concept of convex metric spaces which

His concept was

Definition 2.7. A hyperbolic space is a metric space (X, d) together with a function
W: X x X x[0,1] = X such that for all z,y,z,w € X and s,t € [0, 1], we have

(i) d(z, W(z,y,t)) < (1 = t)d(z,z) + td(z,y);

(H) ( ($ Y,s ),W(SE Y, )) |87t|d(x’y);

(111) ({L‘ Y, )_ (y7$ 1- )

(iv) dW (x, z,t), W (y,w,t)) < (1 — t)d(x,y) + td(z,w).
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If z,y € X and ¢ € [0, 1], then we use the notation (1 — t)x & ty for W(z,y,t). A
nonempty subset E of X is said to be convex if (1 —t)z @ty € F for all z,y € E
and t € [0,1]. The hyperbolic space (X,d, W) is said to be uniformly convex if for
any r € (0,00) and ¢ € (0, 2] there exists § € (0,1] such that for all z,y,z € X with
d(z,z) <r, d(y,z) <rand d(z,y) > re, we have

1 1
- — < (1-— .
d(2x@2y,z)_( o)r

A function 7 : (0,00) x (0,2] — (0,1] providing such a § := n(r,e) for given
r € (0,00) and € € (0,2] is called a modulus of uniform convexity. Moreover, we call
1 monotone if it is a nonincreasing function of r for every fixed e.

Definition 2.8. Let (X,d) be a uniformly convex hyperbolic space. For each r €
(0,00) and € € (0, 2], we define

WOU@:hﬁ{;d%rw)+;d% - x@;y,>},

where the infimum is taken over all z,y, z € X such that d(x, z) <r, d(y,z) < r, and
d(z,y) > re. We say that (X, d) is 2-uniformly convex if

o ¥(re)
ey = mf{ Rkl € (0,00),e € (0,2]} > 0.

In [13], the authors prove that
(1 -t dty,z) < (1 —t)d*(z,2) + td*(y, 2) — dept(1 — t)d*(x, y), (2.3)
for all z,y,2z € X and ¢t € [0, 1].

Example 2.9. (1) If X is a CAT(0) space, then it is a 2-uniformly convex hyperbolic
space with cpr = 1 (see [9]).

(2) Every uniformly convex Banach space is a 2-uniformly convex hyperbolic space.
To see this, we suppose that X is a uniformly convex Banach space. Let r € (0, 00) and
€€ (O 2] and z Y, 2 € X be such that ||z — z|| <7, [ly — z|]| < r and ||z —y|| > re. Set
u= . Then [jul| < 1, ||v]| < % and [Ju—v|| > 1. By Theorem 2 of [31],
there exists a contlnuous strictly increasing and convex function g : [0, 00) — [0, c0)

such that ¢(0) = 0 and

2

1 1 1 1
I3+ 50| = bl + 00l = gothu— ol
This implies
2
9(1) _ g(llu— UH) 1 2, 2 1 1
< z | Z

which yields

2 2 2

g(1) <} T —z

4 2

rT—2z Yy—=z

1|ly—=
TE

re 2 2re 2re

Thus, Q(l) < (;62) and hence 0 < % < ¢pr. Therefore, X is a 2-uniformly convex

hyperbohc space.
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From now on, X stands for a complete 2-uniformly convex hyperbolic space with a
monotone modulus of uniform convexity. Let FE be a nonempty subset of X and {z,}
be a bounded sequence in X. The asymptotic radius of {x,} relative to E is defined
by

r(E,{z,}) :=inf {limsupd(z,,z) : x € E}.
n—oo

The asymptotic center of {z,} relative to E is the set
A(E,{zn}) = {z € E :limsupd(z,,z) = r(E,{z,})}.
n—oo

It is known from [15] that if E is a nonempty closed convex subset of X, then
A(E,{z,}) consists of exactly one point.

Now, we give the concept of A—convergence and collect some of its basic properties.
Definition 2.10. Let E be a nonempty closed convex subset of X and « € E. Let
{zy} be a bounded sequence in X. We say that {x,,} A—converges to z if A(E, {u,}) =
{z} for every subsequence {u,} of {z,}. In this case we write x,, 2, z and call z the
A—limit of {x,}.

It is known from [11] that every bounded sequence in X has a A—convergent
subsequence. The following fact can be found in [7].

Lemma 2.11. Let E be a nonempty closed convex subset of X and {z,} be a
bounded sequence in X. If A(E,{z,}) = {z} and {u,} is a subsequence of {x,}
with A(E, {u,}) = {u} and the sequence {d(x,,u)} converges, then x = u.

Definition 2.12. Let E be a nonempty closed convex subset of X and T : E — K(FE).

Let I be the identity mapping on E. We say that

(i) T is continuous if H(T(zy),T(x)) — 0 whenever z,, = x;

(ii) I — T is semiclosed if for any sequence {z,} in E such that z, 25 2 and
R(xy,T(x,)) — 0, one has T'(x) = {z}.

Lemma 2.13. Let E be a nonempty subset of X and T : E — K(E). Then the
following statements hold.

(i) If E is convex and T is semi-nonexpansive, then End(T) is convez.

(ii) If E is closed and convex and I — T is semiclosed, then End(T) is closed.

Proof. (i) Let z,y € End(T) and z = azx ® (1 — a)y for some a € (0,1). We show
that z € End(T). Suppose there exists w € T'(z) such that w # 2. Let u = 32 & 1w.
Then by (2.3) we have

1 1
d*(z,u) < §d2(aﬂ7 z) + §d2(m,w) — cpd?(z,w)

1 1
§d2(:1:7 z) + §H2(T(ac), T(2))
d*(x, 2).

Thus, d(z,u) < d(z,z). Similarly, we can show that d(y,u) < d(y,z). These imply
that

d(z,y) < d(x,u) +d(u,y) < d(z,2) +d(z,y) = d(z,y),



ENDPOINTS OF GENERALIZED BERINDE NONEXPANSIVE MAPPINGS 315

a contradiction. Hence, T'(z) = {z} and therefore End(T) is convex.
(ii) Let {z,,} be a sequence in End(T) such that lim z, = . Then R(x,, T(x,)) =
n—oo

0 for all n € N. It follows from the semiclosedness of I — T that T'(z) = {z}, and
hence x € End(T). This shows that End(T) is closed. O

3. ENDPOINT THEOREMS

This section is begun by proving the semiclosed principle for generalized Berinde
nonexpansive mappings in uniformly convex hyperbolic spaces. Notice that it is an
extension of Lemma 4.6 in [20].

Theorem 3.1. Let E be a nonempty closed convex subset of X, and I the identity
mapping on E, and T : E — K(E) a generalized Berinde nonexpansive mapping.
Then I —T is semiclosed.

Proof. Let {x,} be a sequence in E such that z, 2, 2 and R(zp, T(x,)) — 0. For
each n € N, we can choose y, € T(x,) and z, € T(z) such that
A(Xn,Yn) = R(zn, T(x,)) and d(yn, 2,) = dist(yn, T(x)).

Since T'(x) is compact, there exists a subsequence {z,, } of {z, } such that klin;o Zny, =V
for some v € T'(z). By (2.1), we have

d(ny,v) < d(@ny, Yni) + AYngs 2ny,) + d(2n,,0)
< R(xn,,T(xn,))+ H(T(zy,), T(x)) + d(2zn,,v)
< A+ pR(xn,, T(zn,)) + d(n,, ) + d(zn,,v).
This implies that limsup d(z,,,v) < hl?l supd(zy, , z). Therefore, v € A(E,{z,,}) =

k—o0 )

—
{z} and hence x = v € T(x). Let w € T'(z). For each k, there exists u,, in T(zy,)
such that d(w, u,, ) = dist(w, T'(z,,)). By (2.1), we have

d(@p,,w) < d(n,, un,) + d(Un,, w)
< R, T(wn,)) + H(T (20,,), T (2))
< (1 + /“L)R(:an > T(x”k')) =+ d(znk s x)
This implies that lim sup d(z,, , w) < limsup d(x,, , x), and hence w € A(E, {zy,}) =
k—o0 k—o0
{z}. Therefore w = z for all w € T(z). Thus T(z) = {x}. O

As a consequence of Theorem 3.1, we can obtain the following result. Notice that
it is an extension of Theorem 3.4 in [17].

Theorem 3.2. Let E be a nonempty closed convex subset of X and T : E — K(E)
a generalized Berinde nonexpansive mapping. Then T has an endpoint if and only if
T has a bounded approzrimate endpoint sequence in E.

Proof. The necessity is clear. For the sufficiency, we suppose that 7" has a bounded
approximate endpoint sequence {z,} in E. As we have observed, there exists a sub-

sequence {x,, } of {z,} such that z,, 22 €F. By Theorem 3.1, z is an endpoint
of T. O
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We also obtain a common endpoint theorem as the following result.

Theorem 3.3. Let E be a nonempty closed convex subset of X and let S,T : E —
KC(E) be two generalized Berinde nonexpansive mappings. If S has a bounded approz-
imate endpoint sequence in End(T), then S and T have a common endpoint.
Proof. Let {x,} be a bounded approximate endpoint sequence for S in End(T'). Then,
there exists a subsequence {x,, } of {z,} such that x,, 22 ek By Theorem 3.1,
x € End(S). Let w € T(x). Then

dw,z,,) = dist(w,T(zy,))
H(T(x), T(xn,))
A, T,) + HR(@ 0y, T, ).
This implies that lim sup d(w, z,, ) < limsup d(x,x,, ), and hence w € A(E, {zy,}) =

k—o0 k—o0

{z}. Therefore w = z for all w € T(z). Thus x € End(T). O

INIA

The following example shows that Theorem 3.3 may not be true if S does not have
an approximate endpoint sequence in End(T).

Example 3.4. Let X =R, E=1[0,1] and S : E — K(FE) be defined by
S(z) = [0, g] forall z € E.

Let T : E — K(FE) be defined by
T(z) = [z,1] for all z € E.

Then S and T are generalized Berinde nonexpansive with End(S) = {0} and
End(T) = {1}. Notice that S does not have an approximate endpoint sequence in
End(T), and vice versa. Obviously, S and T' do not have a common endpoint.

4. CONVERGENCE THEOREMS

In this section, we prove strong and A—convergence theorems of the Ishikawa
iteration process for semi-nonexpansive mappings. Let E be a nonempty convex
subset of X, and {ay}, {fn} be sequences in [0,1], and T : E — K(FE) be a multi-
valued mapping. The sequence of Ishikawa iteration is defined by z; € E,

Yn = (1 - ﬂn)xn @5nzn» nec Na
where z, € T(x,) such that d(zn, z,) = R(zy, T(z,)), and

/

Tnt1 = (1 —ap)z, ® apz,, n €N, (4.1)

where z/, € T'(yy) such that d(yn, z},) = R(Yn, T (yn)).
A sequence {z,} in X is said to be Fejér monotone with respect to F if

d(zp+1,p) < d(xp,p) forall p € E and n € N.

The following lemma shows that the sequence of Ishikawa iteration defined by (4.1)
is Fejér monotone with respect to the endpoint set of semi-nonexpansive mapping.
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Lemma 4.1. Let E be a nonempty convez subset of X and T : E — K(E) a semi-
nonezpansive mapping. Let {x,} be the sequence of Ishikawa iteration defined by
(4.1). Then {x,} is Fejér monotone with respect to End(T).

Proof. Let p € End(T). For each n € N, we have
d(ynvp) (1 - ﬁn)d(xnvp) + ﬂnd(znap)

(1 - Bn)d(xnap) + BnH(T(xn)ﬂ T(p))
d(zn, p).

INIACIA

This implies that

(1 - an)d(xnvp) + O‘nd(’z;mp)

(1 - an)d(xnap) + anH(T(yn)7 T(p))
(1 = an)d(zp, p) + and(yn, p)
d(xp,p).

Thus {z,} is Fejér monotone with respect to End(T). O

d(anrlap)

VAN VAN VAN VAN

The following fact can be found in [5, 24].

Lemma 4.2. Let E be a nonempty closed subset of X and {x,} a Fejér monotone
sequence with respect to E. Then {x,} converges strongly to an element of E if and
only if lim dist(x,, E) = 0.

n—oo

The following fact is also needed.

Lemma 4.3. Let E be a nonempty closed convexr subset of X and T : E — K(E) a
mapping such that I —T is semiclosed. If {x,} is a bounded sequence in E such that
lim R(z,,T(x,)) =0 and {d(zn,v)} converges for all v € End(T), then wy(x,) C
n—oo

End(T). Here wy,(xy,) = J A(E, {un}) where the union is taken over all subsequences
{un} of {zn}. Moreover, wy(x,) consists of exactly one point.

Proof. Let u € wy(xy,), then there exists a subsequence {u,} of {z,} such that
A(E,{un}) = {u}. Since {u,} is bounded, there exists a subsequence {v,} of {u,}
such that v, 20 € E. It follows from Lemma 2.11 and the semiclosedness of I — T
that w = v € End(T), which implies wy,(z,) € End(T). Next, we show that w,(x,)
consists of exactly one point. Let {u,} be a subsequence of {z,} with A(E,{u,}) =
{u} and let A(E,{z,}) = {z}. Since u € wy(x,) C End(T), {d(xn,u)} converges.
By Lemma 2.11, z = u. This completes the proof. O

Now, we prove A—convergence theorem.

Theorem 4.4. Let E be a nonempty closed convex subset of X and T : E — K(E)
a semi-nonexpansive mapping such that I — T is semiclosed. Let au,, By, € [a,b] C
(0,1) and {x,} be the sequence of Ishikawa iteration defined by (4.1). Then {z,}
A—converges to an endpoint of T.
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Proof. Let p € End(T). It follows from (2.3) that

d2(yn7p) < (1 - 6n)d2(mn7p) + Bnd2(zn>p) - 40Mﬁn(1 - 6n)d2($na zn)
S (1 - ﬁn)dQ(mnap) + BnHQ(T(-'I;n)a T(p)) - 4CMBn(1 - ﬁn)dQ(mn; zn)
S dQ(xn?p) _4CM/37L(1 _5n)d2(xn7zn)a
which yields
d*(ni1,p) < (1= an)d*(@n,p) + and*(2),p) — depran (1 — ay)d? (2, 7))
< (1 - an)d2(xn,p) + OanZ(T(yn),T(p)) - 4(3]\/Ian(1 - an)dQ(l'n) Z;L)
< (1 - Ozn)d2(1‘n,p) + and2(ynap)
< dz(xn;p) - 4CManﬂn(1 - ﬂn)dz(xna Zn)
Thus
Z a?(1 = b)d*(zp, 2n) < Z B (1 = B)d* (0, 2n) < 00. (4.2)
n=1 n=1
This implies that lim d?(z,, z,) = 0, and hence
n—oo
nh_}n(go Rz, T(xn)) = nh_)n;o d(zy, z,) = 0. (4.3)

By Lemma 4.1, {d(x,,v)} converges for all v € End(T). By Lemma 4.3, wy,(z,)
consists of exactly one point and is contained in End(T). This shows that {z,}
A—converges to an element of End(T). O

As a consequence of Theorems 3.1 and 4.4, we can obtain the following result.

Corollary 4.5. Let E be a nonempty closed convex subset of X and T : E — K(FE)
a generalized Berinde nonexpansive mapping such that End(T) # 0. Let an, B, €
[a,b] C (0,1) and {z,} be the sequence of Ishikawa iteration defined by (4.1). Then
{z,} A—converges to an endpoint of T.

Next, we prove strong convergence theorems. Recall that a mapping T : E — K(E)
is said to satisfy condition (J) if End(T') # 0 and there exists a nondecreasing function
g :10,00) = [0,00) with g(0) =0, g(r) > 0 for r € (0,00) such that

R(z,T(z)) > g(dist(z, End(T))) for all x € E.
The mapping 7T is said to be semicompact if for any sequence {z,} in F such that
nl;rrgo R(xp, T(xy,)) =0,
there exists a subsequence {x,, } of {z,} such that klim Tn, =q € E.
bde el

The following fact is also needed.

Lemma 4.6. ([25]) Let {an}, {Bn} be two real sequences in [0,1) such that B, — 0
and > ap By, = 0. Let {y,} be a nonnegative real sequence such that

Zanﬂn(l - /Bn)'}/n < Q.

Then {v,} has a subsequence which converges to zero.
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Theorem 4.7. Let E be a nonempty closed convex subset of X and T : E — K(E) a
semi-nonexpansive mapping such that I —T is semiclosed. Let oy, B, € [a,b] C (0,1)
and {x,} be the sequence of Ishikawa iteration defined by (4.1). If T satisfies condition
(J), then {x,} converges strongly to an endpoint of T.

Proof. By Lemma 2.13, End(T) is closed. Since T satisfies condition (J), by (4.3)
we get that 1i_>m dist(xy,, End(T)) = 0. By Lemma 4.1, {z,} is Fejér monotone with
n o0

respect to End(T"). The conclusion follows from Lemma 4.2. ]

Theorem 4.8. Let E be a nonempty convex subset of X and T : E — K(E) a semi-
nonexpansive mapping. Let au,, By, € [0,1) be such that 8, — 0 and > a, B, = o0 and
let {xz,} be the sequence of Ishikawa iteration defined by (4.1). If T is semicompact
and continuous, then {x,} converges strongly to an endpoint of T.

Proof. From (4.2), we get that

i anfn(l — Bn)dz(xn, Zn) < 00.

n=1

By Lemma 4.6, there exists a subsequence {d?(x,,,2n,)} of {d*(2n,2,)} such that

lim d?(zy,,2n,) = 0, and hence
k—o00

lim R(xp,,T(xn,)) = lim d(zy,,2,,) = 0. (4.4)

k—o0 k—oco

Since T is semicompact, by passing to a subsequence, we may assume that x,,, — ¢ €
E. Since T is continuous,

dist(q, T(q)) < d(q,zpn,) + dist(an, , T(xy, ) + H(T(zn,),T(q)) = 0 as k — oo.
This implies that ¢ € T(q). Let v € T'(q). For each k, there exists v, in T(x,, ) such
that d(v, vy, ) = dist(v, T(zy,)). It follows from (4.4) and the continuity of T' that

d(q,v) < d(q,xn,) + d(Tn,,vn,) + d(vn,,v)
< d(q,xn,) + R(xn,, T(xn,)) + HT (zy,),T(q)) = 0 as k — oo.
Thus v = ¢ for all v € T(q). Therefore ¢ € End(T). By Lemma 4.1, nhﬂrrolO d(zn,q)
exists and hence ¢ is the strong limit of {x,,}. O

The following result shows that if T" is generalized Berinde nonexpansive, then the
continuity of 7" in Theorem 4.8 can be omitted.

Theorem 4.9. Let E be a nonempty convex subset of X and T : E — K(E) a
generalized Berinde nonezpansive mapping such that End(T) # (0. Let ayp, Bn € [0,1)
be such that B, — 0 and Y apfB, = oo and let {x,} be the sequence of Ishikawa
iteration defined by (4.1). If T is semicompact, then {x,} converges strongly to an
endpoint of T.

Proof. As in the proof of Theorem 4.8, we can show that there exists a subsequence
{zn,} of {z,} such that

lim R(xy,,T(xy,)) =0 and klim Tn, =q € E. (4.5)
—00

k— o0
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Since T is generalized Berinde nonexpansive, there exists p > 0 such that

H(T(2y,),T(q)) < d(n,,q) + pR(2p,, T(xn,)) for all k € N. (4.6)

This implies that

dist(q,T(q)) < d(g,xn,) + dist(zn,, T(2n,)) + H(T(2n,),T(q))
2d(zn,,q) + (1 + p)R(xn,, T(xy,)) — 0 as k — oo.

IN

Thus ¢ € T(q). Let w € T(q). For each k, there exists wy,, in T(z,,) such that
d(w, wy, ) = dist(w, T(zy,)). By (4.5) and (4.6), we have

(T, w) < d(Tn,, wn,) + d(wy,,w)
< R(xnk ) T(xnk)) + H(T(‘T'nk)7 T(Q))
< (4 p)R(zp,, T(zn,)) + d(xn,,q) — 0 as k — oco.

Thus w = ¢, and hence g € End(T). By Lemma 4.1, lim d(z,,q) exists and hence ¢
n—oo

is the strong limit of {x,,}. O
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