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Abstract. In this paper, an implicit viscosity iterative algorithm for nonexpansive mappings is
proposed and investigated on Hadamard manifolds. A convergence theorem of a fixed point of a
nonexpansive mapping is established on Hadamard manifolds. It is proved that the fixed point also
solves a variational inequality.
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1. INTRODUCTION

The fixed point problem of a nonlinear mapping 7T is to find x such that
x=Tx. (1.1)

A number practical problems can be convertible to the fixed point problem, such as,
optimization problems, variational inequality problems, equilibrium problems, and
split feasibility problems, etc. In view of its real applications, such as, image recovery,
signal processing and so on, the fixed point problems have been extensively studied
by many researchers; see, e.g., [2, 8, 7, 17] and the references therein. However, most
of these results were established on linear spaces; see, e.g., [4, 10, 14, 21, 22] and the
references therein.
Recall that Halpern iterative algorithm (1.2) generates an iterative sequence {z, }
as follows
Tyl = apu~+ (1 — apy)Ta,, Yn>1, (1.2)
where u is the anchorm and the sequence {a,} C (0,1). It is known that the Halpern
iterative algorithm is an efficient algorithm dealing with fixed points of nonexpansive
mappings. The main advantage is that the strong convergence can be guaranteed in
various linear spaces without any compact restrictions. Recently, many results based
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on the Halpern iterative algorithm were established; see, e.g, [13, 15, 24] and the
references therein. In particular, in 2000, Moudafi [16] first considered a viscosity
algorithm for nonexpansive mappings in Hilbert spaces. The fixed point in Moudafi’s
results was proved that it also uniquely solves some variational inequality associated
to a contractive mapping. In 2004, Xu [25] further improved Moudafi’s results from
Hilbert spaces to Banach spaces. Subsequence, various viscosity algorithms were
introduced and investigated; see, e.g., [6, 18, 19] and the references therein.

Let M be an Hadamard manifold, and let T'M be the tangent bundle of M. Let
K be a nonempty closed convex subset of M. Let exp be a exponential mapping.
Recently, Li et al. [11] studied fixed points of nonexpansive mapping by using Halpern
iterative algorithm, and obtained the strong convergence on Hadamard manifolds.
This interesting result extends many results from classical linear spaces to the setting
of manifolds.

On Hadamard manifolds, the Halpern iterative algorithm is presented as follows

Tpy1 = exp, (1 —ap)exp,  Te,, n >0, (1.3)
where u, xg € K and the sequence {a,} C (0,1). It is equivalent
Tn+1 = ’Yn(l - O‘n)a n >0,

where v, : [0,1] — M is the geodesic joining u to Tz, (i.e. v(0) = u and (1) =

Limited by the nonlinearity of manifolds, the research progress on fixed point
problem (1.1) is slow. As far as now, only few related researches are presented; see,
e.g., [11, 5, 1, 9]. On the other hand, to the best of our knowledge, all of these results
were restricted to explicit algorithms.

Motivated by the results of Li [11], Qin et al. [18], and Xu [25], our goal here is
to present an implicit viscosity iterative algorithm for approximating fixed points of
nonexpansive mappings on Hadamard manifolds

Ty = expy, (1 —ay) expj?(lzn) Tx,, n>0,

and we proved the sequence {x,} generated by this implicit viscosity iterative algo-
rithm strongly converges to a fixed point of nonexpansive mapping 7. Our results
extend the results of Xu [25] from the classical linear spaces to the setting of Hadamard
manifolds and perfected fixed point theory of nonexpansive mapping on Hadamard
manifolds.

2. PRELIMINARIES

Let M be a connected m—dimensional manifold and p € M, the T, M denotes the
tangent space of M at p. To become Riemannian manifold, we always assume M is
endowed with the Riemannian metric (,) and the corresponding norm || - ||.

Given a piecewise smooth curve ¢ : [a,b] — M joining p to g, we define the length
of ¢ by

b
L) = [ ¢
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Then, the Riemannian distance d(p,q) is the minimal length over all such curves
joining p to q.

Let V be a Levi-Civita connection associated with the Riemannian manifold M.
If ¢ is a smooth curve, a smooth vector field F' along ¢ is called parallel if V4 F' = 0.
If ¢’ is parallel, then ¢ is a geodesic, and ||¢’|| is a constant. Based on the definition
of Riemannian distance d(p, q), it is easily seen that a geodesic joining p to ¢ in M is
called a minimizing geodesic if its length equals to d(p, q).

A Riemannian manifold is complete if its geodesics are defined for any ¢t € R, Hopf-
Rinow theorem asserts that if M is complete then any pair of points in M can be
joined by a minimizing geodesic. A complete simply connected Riemannian manifold
of non-positive sectional curvature is named a Hadamard manifold.

Let () : [a,b] — R, the parallel transport P, (a),~v(b) : Ty(a)M — Ty M on the
tangent bundle TM on the «(t) is defined by

Py 1) v(a) (V) = F(7(D)),Va,b € R,v € Tya)M,
where F is a unique vector field such that F'(y(a)) = v and V., F = 0,Vt € [a, b].
If 4(t) : [a,b] — R is a minimizing geodesic joining a to b, Py 3, is denoted by P 4
and ijal = P, generally. Recall that, for a,b € R, for all u,v € T (4) M, we have

(By(0) (@) Py5) 7(a)0) = (0, 0).-
Definition 2.1. The mapping 7" : K — K is called to be nonexpansive, if the
following inequality holds
AT, Ty) < d(z,y).
Definition 2.2. The mapping T : K — K is called to be contraction, if there exists
a constant « € (0,1) and the following inequality holds

d(Tz,Ty) < ad(z, y).

Lemma 2.1.[3] Let A(p, q,r) be a geodesic triangle in a Hadamard manifold M, then
there exists p’, ¢/, " € R? such that

d(p,q) = llp = 'll.d(q,7) = llg" = 7’[|, d(r, p) = [Ir" = p'l|.
Remark 2.1. The triangle A(p’, ¢, ') is called to be the comparison triangle of the
geodesic triangle A(p, g, r), which is unique up to isometry of M.
Lemma 2.2. [11] Let A(p,¢q,r) be a geodesic triangle in a Hadamard manifold M,
and A(p', ¢, r') is its comparison triangle.
(i) Let «, 8,7(a/,8',7") be the angles of A(p,q,r)(A(p',q¢',7")) at the vertices
p,q,7(p,q',r"). Then the following inequalities hold:

a<d, B<pB, y<A
(ii) Let z be a point in the geodesic joining p to ¢, and 2’ is its comparison point
in the interval [p’, ¢']. Suppose that d(z,p) = ||z’ — p'|| and d(z,q) = ||’ — ¢||. Then
the the following inequality holds:
d(z,7) <|lz =]
Lemma 2.3. [12] Let 2* € M and {z,} C M with x,, — 2* as n — oo. Then the
following conclusions hold:
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(i) For any y € M, then exp; 'y — exp,+ y and exp;1 Ty — exp;1 T* as n — oo.
(ii) If v, € T, M and v,, — v* as n — oo, then v* € Ty« M.
(iii) Let nn,vn € Ty, M and 1y, v* € Tpx M if n,, — n* and v, — v* as n — oo,
then (n,,v,) — (n*,v*) as n — co.
Lemma 2.4. [12] If z,y € M and w € T, M, then

(w, —exp, ' z) = (w, Pygexp, ' y) = (Pyow, exp, x).

Lemma 2.5. [20] Let d : M x M — R be the distance function. Then d is a
convex function with respect to the product Riemannian metric, i.e., given any pair
of geodesics 1 : [0,1] = M and 7, : [0,1] — M, the following inequality holds for all
te0,1]:

d(y (), 72(t)) < (1 = £)d(71(0),72(0)) + td(y1(1),72(1)).

Let Pg denote the projection onto K, and for a point p € M,Pk(p) is defined by
Pk (p) = {po € K|d(p,po) < d(p,q)Vq € K}

Lemma 2.6. [20] Let A(z1,22,23) be a geodesic triangle in M. Then

(i) d®(xq,w2) + d?(22, x3) — 2<exp;21 xl,exp;; x3) < d*(z3,21),

(i) d?(z1,x2) < <exp;11 T3, exp;l1 x9) + <exp;21 T3, exp;z1 Z1).

(iii) If  is the angle at x1, then we have

(exp;11 To, expgjl1 x3) = d(x2,x1)d(x1,x3) cos .
Lemma 2.7. [23] For any point p € M, Pk(p) is a singleton and the following
inequality holds
(eXp;,;(p) P, exp;;(p) q) <0,Yq e K.

3. MAIN RESULTS

Let g € M, {a} C (0,1), f: M — M a contraction with coefficient «, consider
the iteration scheme

T, = expf(zn)(l —ap) exp;(lzn) Tx,, n>0, (3.1)

or equivalently

where 7, : [0,1] — M is the geodesic joining f(zy) to Tz, (i.e. v(0) = f(zy,) and
(1) =T(zn) ).
Theorem 3.1. Let K be a closed convex subset of M, T : K — K a nonexpansive
mapping with Fiz(T) # 0, and f : K — K a contraction with coefficient a. Let
{zn} be generated by the algorithm (3.1), {a,,} C (0,1) satisfies lim a, = 0. Then
n—oo

the sequence {x,} converges to &, where & is the unique solution of the variation
inequality

(exp; ' f(&),exp; ' z) <0,Vz € Fiz(T). (3.3)
Proof. The proof is divided into four steps.
Step 1. We show {x,} is bounded.
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Take z € Fixz(T) and fix n, then, by the convexity of the Riemannian distance in
lemma 2.5 and the nonexpansive of T', we have that

d(zn, 7) = d(yn(1 — an), )
< and(1m(0),2) + (1 — an)d(yn(1), z)
= and(f(zn),2) + (1 — ap)d(Tan, )
< and(f(zn), (7)) + and(f (x), 2) + (1 — an)d(zn, )
< apad(xn, ) + and(f(z),z) + (1 — an)d(zy, ).

By induction

1
d nsy g
(Tp, ) T

d(f(z),z),¥n > 0.

Then {z,} is bounded, so are {Tx,} and {f(z,)}.
Step 2. We show lim d(z,,Tz,) = 0.

n—oo
By Step 1, there exists a constant C' such that

Using the convexity of the distance function in lemma 2.5, we have that

d(xpn, Tzy) = d(ya(l — ap), Tzy,)
< and(n(0), Txy) + (1 — an)d(yn (1), Txy)
< and(f(zn), Ten) + (1 — an)d(Tzy, Txy)

< and(f(zn)a T‘Tn)
< a,C.

Together with the condition lim a, =0, we get lim d(z,,Tz,) =0.
n—»00

n—o0
Step 3. We show that there exist a subsequence {x,, } of {z,} such that z,, — &
as k — oo, and T € Fiz(T) solves the variational inequality (3.3)
Since {z,} is bounded by stepl, there exist a subsequence {xz,, } of {x,} such that
ZTpn, = T as k — oo.
From Step 2, we know kli_{)go d(xn,,, Ty, ) = 0, therefore,

d(z,TZ) < d(Z,xp,) + d(xn,, Ty, ) + d(Txy, , TT)
< 2d(Z,xp,,) + d(zp,, Tan,)

which implies that d(Z,T%) =0, i.e. Z € Fiz(T).

Fix n,k € N, let z € Fiz(T) and A(xy,, f(2n,),2) € M be a geodesic triangle
with vertices ., , f(wn,) and z, and A (T, f(2n,),Z) € R?. Let 8 and (3 denote the
angles at x,,, and T,,, respectively. And we know 3 < § by lemma 2.2.

Likewise, let A(Tzp, , f(2n,),2) € M be a geodesic triangle with vertices Tz, ,
f(z,,) and z, and A(Tx,,, f(z,,),Z) € R%. Let 6 and 6 denote the angles at Tz,
and Tz, , respectively. And we know 6 < 6 by lemma 2.2.
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The comparison point 7, = anm + (1 — an)Tzy,, by lemma 2.1 then
(@ = Ty, Tny, = )
= (@ =2 = (Tn, = 2), Ty —2)
= ||Tn; = 2|* = (Tn, — 2,70, — %)
> |[Tny = 2| — [Tz, — 2| - |[Tny, 2
= d* (2, 2) — AT, , 2)d(xn,, 2)
> d*(xp,, 2) — d* (T, 2) = 0
It follows lemma 2.4, we have that
(expr F(@n,).expsl, 2)
=(—Ps, f(zn,) exp;(lznk) Ty s eXp;nlk z)

_d(x'ﬂk ’ f(.’L‘nk))d(Z, xnk) COSB

< —d(zn,, f(2n,))d(z, 7, ) cos B

< —|[Tny = F(@n)llIZ = Tng [l cos B

S _<m - f(xnk)az_ xnk)
1—ayp, —_—

< e Ty — Ty Z — T

Qnp,,
_ 1- Any, o — —
=—— Ty, — Ty, ,Tn, — 2)
Oy,
<0

Taking the limit through & — co by lemma 2.3, we have

(exp; ! f(%),exp; ' 2) <0,Vz € Fiz(T). (3.4)
Step 4. We Show lim =z, = .
Assume there exist: ;nogther subsequence {xy, } of {x,} such that z,, — & as j — co.
Similarly, we get & € Fix(T) satisfying the variational inequality

(exp; ' f(2),exp; ' z) <0,Vz € Fiz(T). (3.5)

Replacing z € Fiz(T) with & in (3.4) and replacing z € Fiz(T) with & in (3.5), we
obtain
(expz " f(7), expz’ &) <0 (3.6)
and
(exp; ' f(2),exp; ' ) <O0. (3.7)
Let A(Z, f(2),2) € M be a geodesic triangle with vertices Z, f(Z) and &, and
A(Z, f(Z),%) C R%. Let p and 77 denote the angles at # and Z, respectively. And we
know p < 7@ by lemma 2.2.
Likewise, let A(Z, f(Z),Z) € M be a geodesic triangle with vertices &, f(#) and Z,
and A(Z, f(),7) € R?. Let yu and i denote the angles at # and &, respectively. And
we know v < 7 by lemma2.2.
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By lemma 2.1 and lemma 2.6, we obtain

@ - T@F -5 = |7 - F@|E - & cosTr
— d(f(&), £)d(F &) cosTr
< d(f(2), 2)d(#,2) cos 3.8)

= (exp; ' f(&),exp; ' 2) <0
Repeated the same as the above technique, it yields
(7 — f(2),2 —7) < (exp; ' f(&),exp; ' &) <0. (3.9)
Adding up (3.8) and (3.9), we have

)
=z - SEH ( ( )~ f(@),% - %) (3.10)

since

(3.11)

IN

N Q
SH
)

—~

— =™
=

Combine (3.10) with (3.11), we get (1—a)d?(Z
strongly to .

Remark 3.1. Theorem 3.1 constructed firstly the implicit iteration approximation
theory on Hadamard manifolds and extend the results of Xu [25] from the classical
linear space to Hadamard manifolds.

,&) < 0. Thus & = &. So {z,} converges

4. CONCLUSIONS

In this paper, an implicit viscosity iterative algorithm for nonexpansive mapping on
Hadamard manifolds has been proposed, and we have proved the sequence generated
by the algorithm (3.1) strongly converges to the fixed point of the nonexpansive
mapping 7' : K — K on Hadamard manifolds. The results present in this paper
extended the results of Xu [25] from the classical linear space to Hadamard manifolds
and the implicit iterative approximation theory is constructed firstly on Hadamard
manifolds.

Acknowledgements. This work was supported by the National Science Foundation
of China (No. 11771347 and No0.12031003) and Social Science Fund of the Ministry
of Education of China under the Grant (No. 22YJCZH032)

REFERENCES

[1] S. Al-Homidan, Q. Ansari, F. Babu, Halpern and Mann-type algorithms for fized points and
inclusion problems on Hadamard manifolds, Numer. Funct. Anal. Optim., 40(6)(2019), 621-653.

[2] N.T. An, P.D. Dong, X. Qin, Robust feature selection via nonconvex sparsity-based methods, J.
Nonlinear Var. Anal., 5(2021), 59-77.



220

3]

(4]

[5]
[6]
7]
(8]
[9]
(10]
(11]
(12]
(13]

14]

[15]
(16]
(17]
(18]
(19]
20]
(21]
(22]
23]
(24]

(25]

HUIMIN HE, JIGEN PENG AND HAIYANG LI

M. Bridson, A. Haefliger, Metric Spaces of Non-Positive Curvature, Springer Verlag, Berlin,
Heidelberg, New York, 1999.

L.C. Ceng, A. Petrusel, X. Qin, J.C. Yao, A modified inertial subgradient extragradient method
for solving pseudomonotone variational inequalities and common fized point problems, Fixed
Point Theory, 21(2020), 93-108.

S. Chang, J. Tang, C. Wen, A new algorithm for monotone inclusion problem and fixed points
on Hadamard manifolds with applications, Acta Math. Sci., 41B(2021), 1250-1262.

S.Y. Cho, S.M. Kang, Approximation of fized points of pseudocontraction semigroups based on
a viscosity iterative process, Appl. Math. Lett., 24(2011), 224-228.

P. Cubiotti, J.C. Yao, On the Cauchy problem for a class of differential inclusions with appli-
cations, Appl. Anal., 99(2020), 2543-2554.

T.H. Cuong, J.C. Yao, N.D. Yen, Qualitative properties of the minimum sum-of-squares clus-
tering problem, Optimization, 69(2020), 2131-2154.

M. Dilshad, A. Khan, M. Akram, Splitting typr viscosity methods for inclusion and fized point
problems on Hadamard manifolds, Mathemtics, 6(2021), 5205-5221.

Q.W. Fan, J.G. Peng, H.M. He, Weak and strong convergence theorems for the split common
fized point problem with demicontractive operators, Optimization, 70, no. 5-6, 1409-1423.

C. Li, G. Lopez, V.M. Marquez, [terative algorithms for nonerpansive mappings on Hadamard
manifolds, Taiwanese J. Math., 14(2010), 541-559.

C. Li, G. Lopez, V. Marquez, Monotone vector fields and the proxzimal point algorithm on
Hadamard manifolds, J. Lond. Math. Soc., 79(2009), 663-683.

S. Liu, H. He, R. Chen, Approzimating solution of 0 € T(x) for an H-monotone operator in
Hilbert spaces, Acta Math. Sci., 33(2013), 1347-1360.

L. Liu, S.Y. Cho, J.C. Yao, Convergence analysis of an inertial Tseng extragradient algorithm
for solving pseudomonotone variational inequalities and applications, J. Nonlinear Var. Anal.,
5(2021), 627-644.

L. Liu, B. Tan, S.Y. Cho, On the resolution of variational inequality problems with a double-
hierarchical structure, J. Nonlinear Convex Anal., 21(2020), 377-386.

A. Moudafi, Viscosity approzimation methods for fized-points problems, J. Math. Anal. Appl.,
241(2000), 46-55.

L.V. Nguyen, X. Qin, The minimal time function associated with a collection of sets, ESAIM
Control Optim. Calc. Var., 26(2020), 93.

X. Qin, S.Y. Cho, L. Wang, [terative algorithms with errors for zero points of m-accretive
operators, Fixed Point Theory Appl., 2013(2013), Art. ID 148.

X. Qin, J.C. Yao, A wviscosity iterative method for a split feasibility problem], J. Nonlinear
Convex Anal., 20(2019), 1497-1506.

T. Sakai, Translations of Mathematical Monographs, 149, American Mathematical Society,
Providence, RI, 1996.

B. Tan, S.Y. Cho, Strong convergence of inertial forward-backward methods for solving mono-
tone inclusions, Appl. Anal., (2021).

B. Tan, S.Y. Cho, Inertial projection and contraction methods for pseudomonotone variational
inequalities with non-Lipschitz operators and applications, Appl. Anal. (2021).

R. Walter, On the metric projection onto convex sets in Riemannian spaces, Aechivder Math-
ematik, 25(1974), 91-98.

H. Xu, Strong convergence of an iterative method for nonerpansive and accretive operators, J.
Math. Anal. Appl., 314(2006), 631-643.

H. Xu, Viscosity approrimation methods for monexpansive mappings, J. Math. Anal. Appl.,
298(2004), 279-291.

Received: November 11, 2021; Accepted: February 5, 2022.



