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Abstract. The present paper is in two folds. In the first fold, we prove the Lipschitz continuity
of the proximal mapping associated with a general strongly H-monotone mapping and compute an
estimate of its Lipschitz constant under some mild assumptions imposed on the mapping H involved
in the proximal mapping. We provide two examples to show that a maximal monotone mapping need
not be a general H-monotone for a single-valued mapping H from a Banach space to its dual space. A
class of multi-valued nonlinear variational inclusion problems is considered, and by using the notion
of proximal mapping and Nadler’s technique, an iterative algorithm with mixed errors is suggested to
compute its solutions. Under some appropriate hypotheses imposed on the mappings and parameters
involved in the multi-valued nonlinear variational inclusion problem, the strong convergence of the
sequences generated by the proposed algorithm to a solution of the aforesaid problem is verified. The
second fold of this paper investigates and analyzes the notion of Cj,-monotone mappings defined and
studied in [S.Z. Nazemi, A new class of monotone mappings and a new class of variational inclusions
in Banach spaces, J. Optim. Theory Appl. 155(3)(2012) 785-795]. Several comments related to the
results and algorithm appeared in the above mentioned paper are given.
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1. INTRODUCTION

It is well established that the variational inclusion 0 € 9 f(z) provides the necessary
and sufficient condition for a solution of an optimization problem where the objective
function f is convex but not necessarily differentiable, see, for example, [5]. In the
last two decades, several solution methods for computing the approximate solutions
of variational inclusions are studied. The proximal point method [21] is one them
which is a generalization of projection method. It has been widely used to study the
existence of solution and to develop iterative algorithms for variational inclusions,
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see, for example, [?, 7, 11, 12, 14, 15, 17, 19, ?] and the references therein. Fang
and Huang [12, 11] introduced the notions of H-monotone operators and H-accretive
mappings, and by defining the resolvent operators associated with these notions, they
studied a class of variational inclusions in the framework of Hilbert / Banach spaces.
Subsequently, Xia and Huang [24] introduced the concept of general H-monotone op-
erators as an extension of J-proximal mapping [10] and H-monotone operator [11],
and defined proximal mapping associated with general H-monotone operator, which
is different from the resolvent operator associated with the H-accretive mapping [12].
At the same time, by using the proximal mapping, they proposed an iterative al-
gorithm for solving a class of variational inclusions involving general H-monotone
operators. Luo and Huang [17] introduced the concept of B-monotone operators as a
generalization of general H-monotone mapping and by using the notion of the proxi-
mal mapping, they constructed an iterative algorithm for solving a class of variational
inclusions involving the B-monotone operators in the setting of Banach spaces. Re-
cently, Nazemi [19] introduced and studied the notion of C),-monotone mappings as
a generalization of general H-monotone and B-monotone operators. She considered
a class of variational inclusions involving the C,,-monotone mappings in the setting
of Banach spaces and suggested an iterative algorithm for solving this class of varia-
tional inclusions by using the technique of proximal mapping. She also discussed the
convergence of sequences generated by the proposed iterative algorithm under some
suitable conditions.

The main motivation of this paper is to discuss general H-monotone multi-valued
operators and their properties, and consider a general class of variational inclusions
and to develop a new iterative algorithm for computing their solutions. We also
investigate and analyze the notion of C),-monotone mappings defined and studied in
[19], and give several comments related to the results and algorithm appeared in [19].

The rest of this paper is organized as follows. In Section 2, we recall some prelim-
inary notions, basic definitions and their properties which will be used in the sequel.
We also provide two examples to show that a maximal monotone mapping need not
be a general H-monotone for a single-valued mapping H from a Banach space to its
dual space. In Section 3, we consider a class of multi-valued nonlinear variational
inclusion problems (in short, MNVIP) and by using the notion of proximal mapping
and Nadler’s technique, we suggest an iterative algorithm with mixed errors for this
class of inclusion problems. Imposing some appropriate assumptions on the mappings
and parameters involved in the MNVIP, we prove the strong convergence of the se-
quences generated by the proposed iterative algorithm to a solution of the MNVIP.
Finally, in Section 4, we investigate and analyze the concept of C),-monotone mapping
introduced and studied by Nazemi [19]. We point out that under the assumptions im-
posed in [19] on the C),-monotone mapping, every C,-monotone mapping is actually a
general H-monotone mapping. We also derive the results related to the C,,-monotone
mappings [19] as a special case of our main results presented in Section 3.

2. PRELIMINARY MATERIALS AND BASIC RESULTS

Throughout the paper, unless otherwise specified, we use the following notations,
terminology and assumptions. Let E be a real Banach space whose topological dual
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is denoted by E*. The pairing between E and E* is designated by (.,.), and for the
sake of simplicity, the norms of E and E* are denoted by the symbol || -|. We further
denote the family of all nonempty closed and bounded subsets of E by CB(FE).

For a given multi-valued mapping M:E= E~,

(a) the set Range(ﬂ) = U J\//.T(u) is the range of M;
uelE

(b) the set Gph(M\) ={(u,v) e ExXE*:v e ]/\/T(U)} is the graph of M.
We denote by Bg and Sg, respectively, the unit ball and the unit sphere in E.
Recall that a normed space FE is called strictly convex if Sg is strictly convex, that
is, the inequality ||z + y|| < 2 holds for all distinct unit vectors  and y in E. It is
said to be smooth if for every vector x in Bg, there exists a unique vector z* € E*
such that ||z*|| = 2*(x) = 1. It is known that E is smooth if E* is strictly convex,
and that F is strictly convex if E* is smooth.

Definition 2.1. A normed space F is said to be uniformly convex if for any given
€ > 0, there exists 6 > 0 such that for all x,y € Bg with ||z — y|| > € the inequality
|z + y|| <2(1—9) holds.

The modulus of convexity of F is a function dg : [0,2] — [0, 1] defined by
Sp(e) = inf{l - w L2,y € Bp, ||z —y|| > a} :

It is known (see, e.g. [8]) that this modulus function can be defined equivalently as

sie) =t {1 - L0 oy e s o=y =<}

The function dg is continuous and increasing on the interval [0, 2] and g (0) = 0.
Clearly, in the light of the definition of the function dg, a normed space F is uniformly
convex if and only if dg(¢) > 0 for every ¢ € (0, 2].

For any Banach space E, its modulus of convexity is bounded from above by the

modulus of convexity of a Hilbert space H, that is, dg(c) < dx(e) =1 —4/1 — %.
This means that Hilbert spaces are the most convex among all Banach spaces.

Definition 2.2. A normed space E is called uniformly smooth if for any given € > 0,
there exists 7 > 0 such that for all € Bg and y € 7Bg, the following inequality
holds ||z +yl| + [lz — yl < 2 +€]lyll

The function pg : [0, +00) — [0, +00) defined by
1
pi(r) =suw {5t 7yl + o = ryl) = 15y € B |

1
= sup{2(|m—|—7y|| +lz—7yl)-1:2,y € SE}

is called the modulus of smoothness of E.
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Note that the function pg is convex, continuous and increasing on the interval
[0, +00) and pg(0) = 0. In addition, pg(7) < 7 for all 7 > 0. By the definition of the
pE(T)

function pg, a normed space F is uniformly smooth if and only if lin% = =0.
T—

Any uniformly convex and any uniformly smooth Banach space is reflexive. A
Banach space E is uniformly convex (respectively, uniformly smooth) if and only if
E* is uniformly smooth (respectively, uniformly convex). The spaces [P, L and W2,
1 < p < oo, m €N, are uniformly convex as well as uniformly smooth, see, for
example, [9, 13, 16].

Furthermore, more details on the modulus of convexity and smoothness of a Hilbert
space and the spaces [P, LP and WP 1 < p < oo, m € N can be found in [9, 13, 16].

Definition 2.3. A mapping A : E — E* is said to be
(a) monotone if (A(x) — A(y),z —y) >0, Vx,y € FE;
(b) strictly monotone if A is monotone and equality holds if and only if x = y;
(¢) k-strongly monotone if there exists a constant k > 0 such that

(A(x) = A(y), = —y) > kllz —y[*, Va,y € E;
(d) ~-Lipschitz continuous if there exists a constant v > 0 such that
[A(z) = AW <Allz —yll, Yo,y € E.

Definition 2.4. A multi-valued mapping M : E = E* is said to be

(a) monotone if
(w—v,z—y) >0, Y(zu),(yv) € Gph(M);

(b) r-strongly monotone if there exists a constant r > 0 such that
<u—v,x—y> ZTHx_yH27 V(x,u),(ym) € Gph(M)7
(¢) maximal monotone if M is monotone and (J—i—)\J\/Z)(E) = E* for every A > 0,
where J : E = E* is the normalized duality mapping defined by

J(@) = {2 € B": (2%, x) = [l2" |||, 2| = ll=[|}, vz € E.

We observe immediately that if £ = H, a Hilbert space, then J is the identity
mapping on H. In the meanwhile, it is an immediate consequence of the Hahn-Banach
theorem that J(z) is nonempty for each z € E.

We note that M is a maximal monotone multi-valued mapping if and only if M is
monotone and there is no other monotone multi-valued mapping whose graph contains
strictly Gph(]\//f ). The maximality is to be understood in terms of bifunctions of
graphs. If M : E = E* is a maximal monotone multi-valued mapping, then adding
anything to its graph so as to obtain the graph of a new multi-valued mapping,
destroys the monotonicity. In fact, the extended mapping is no longer monotone. In
other words, for every pair (z,z*) € E x E*\ Gph(M), there exists (y,y*) € Gph(M)
such that (z* — y*, 2 — y) < 0. In the light of the above-mentioned arguments, a
necessary and sufficient condition for a multi-valued mapping M : E = E* to be
maximal monotone if that the property (z* — y*, 2 —y) > 0, VY(y,y*) € Gph(]/W\) is
equivalent to z* € ]/W\(a:)
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Fang and Huang [11] introduced the concept of an H-monotone operator which is
defined as follows.

Definition 2.5. [11] Let H be a Hilbert space and H : H — H be a single-valued
operator. A multi-valued operator M :H = H is said to be H-monotone if M is
monotone and Range(H + )\M) =H, for all A > 0.

We remark that if H = I, the identity mapping on H, then the definition of
I-monotone operators is that of maximal monotone operators.

Subsequently, Xia and Huang [24], by replacing the Hilbert space H by a Banach
space, introduced a more general class of monotone multi-valued operators, so-called
general H-monotone multi-valued operators, which is an extension of the class of
H-monotone multi-valued operators.

Definition 2.6. [24] Let E be a Banach space and H : E — E* be a single-valued

operator. A multi-valued operator J\ M : E = E* is said to be general H-monotone if
M is monotone and Range(H + )\M) E*, for all A > 0.

It is significant to emphasize that if £ = H is a Hilbert space, then the class
of general H-monotone operators coincides exactly with the class of H-monotone
operators. The following example shows that for a given single-valued mapping H :
FE — E*, a maximal monotone mapping need not be general H-monotone.

Example 2.7. Let ¢ : Z — (0, +00) and consider the complex linear space li(Z), the
weighted [?(Z) space, consisting of all bi-infinite complex sequences {z,}5° ___ such

that > |z,]?¢(n) < co. It is a well known that

n=—oo
li(Z) = {z ={z}2 i |2a|20(n) < 00, 2, € (C}
with respect to the inner product (., >n_l%(ooZ) x 13(Z) — C defined by
= Y wmon), Ve = ()R w = () € ()

is a Hilbert space. The above inner product induces a norm as
1

[es] 2
An arbitrary element z = {2, }72 _ o = {%n + iyn}ne_o € I5(Z) can be written as
o0
z= Z (0,0, hg 11 + WWtg 15 Trgra + WWeqh2s - - 5 T(e41)q T W(t41)g5 0 -+ )s
t=—o0

where ¢ > 2 is an arbitrary but fixed natural number. For each ¢ € Z, we obtain
(' e 707 Oa s 7Oa Ttg+1 + iytq-‘rl; Ttg+2 + iytq-‘r?v <o T(t41)g + iy(t+1)q7 Oa Oa cee )
= ( D) Oa 07 sy 07 Ttq+1 + iytq+17070a cee 70ax(t+1)q + iy(t-‘rl)qa 0707 e )
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+ ( 50,0, .. 707xtq+2 + iytq+2; 0,0,... >O7x(t+1)q71 + Z’y(t+1)q71a 0,0,.. )
4+ 4 (..,0,0,...,0,2 @i11)q +iy<2t+1)q,l‘(2t+1)q+1 +in+1’0’07"')
2 2 2 2

= Z ( vy 0, 07 cey 07 Zj + ’Lyj, 0, 0, cey 0, 33(2t+1)q7j+1 + iy(2t+1)q7j+17 07 O7 ‘e )
Jj=tq+1

Therefore, for any 2 = {z,}52 o = {Zn + iyn}nl_o € [3(Z), we have

oo
z = Z ( o5 0,0..,0, Ttg+1 + iytq+1a Ttq+2 + 7;ytq+25 <o T(t41)q + iy(t+1)qa 0,... )

t=—o0
(2t+1)q
00 P}
= Z Z ( -5 0,...,0, 5+ iij 0,...,0, T(2t+1)g—5+1 + Z‘y(2t—i-1)q—j-‘,-13 0,... )
t=—o00 j=tq+1
I (2t~gl)q .
B Yi T Yeerng—i+1 — 1T + Ter1)g—j+1)
= Z Z 9 034,(2t+1)g—j+1
t=—o0 j=tq+1
Yi — Yerr)g—j+1 — HT — Ter1)g-j+1)
T 5 Tj(2t+1)q—j+1]

where for each t € Z and j € {tq +1,tq+2,..., (2’H2-1)11}7

O'j7(2t+1)q7j+1 = ( .. 7O, O, ey O, ij, O, O7 e 7O7 i(2t+1)q7j+13 O, O7 e )7
i at the jth and ((2t + 1)g — j + 1)th coordinates and all other coordinates are zero,
and

U_;,(?t-‘rl)q—j-i-l = ( .. ,0,0, e 70,2']‘, 0,07 e ,07 —i(2t+1)q,j+1,0,0, e )7
1 and —i at the jth and ((2¢t + 1)g — j 4+ 1)th coordinates, respectively, and all other
coordinates are zero. Thus, the set

M}
2

spans the Banach space li(Z). It can be easily seen that the set B is linearly in-
dependent, and so it is a basis for the Hilbert space li(Z). For each t € Z and

jE {tq+1,tq+2,...,%},let us take

B = {O'j7(2t+1)q_j+1, U;,(2t+1)q7j+1 it e Z,] = tq + 1,tq + 2, ey

w; i = 0 ! i;,0 0 ! i 11,0
7,(2t+1)g—j+1 ceey Uy 2¢(]) YERLIERER ) \/2¢((2t+1)q—]—|—1) (2t+1)g—j+15Y5 - - - )
and

1 1

W i1 =1|...,0, ——i;,0,...,0,— i _i41,0,... ).
J,(2t+1)g—j+1 < 2¢(]) J \/2¢((2t+ l)q—j—|—1) (2t+1)g—j+1
Obviously, the set

] (2t + 1)g
{wj»(2t+1)q—j+1’W;,(2t+1)q7j+1 teZ;j=tq+1tg+2,..., T}
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is linearly independent and orthonormal. Let the mappings M, H : 15(Z) = I3(Z) be
defined, respectively, by

M(Z) = oz + ﬂws7(2k+1)q_s+1 + 70‘};,(2k+1)q—s+1 and H(Z) = —Qz,
forall z = {z,}22_ € li(Z), where a > 0 is an arbitrary real constant, 5 and -y are

two arbitrary nonzero real constants, and k € Z and s € {kq +1,kg+2,..., W}

are two arbitrary but fixed integers. Then, for all z,w € lé(Z)7 we have

(M(2) — M(w), z — w) = {az + By, (2h1)g—s11 + VW (2h41)g—s+1
—ow — BWs (2k41)g—s+1 — fyw;}(2k+l)q75+17 z—w)
=alz—w,z —w) = al|z — wl|?
oo 3
= ( Z |2n — wn|2¢(n)> >0,

which means that M is monotone. Relying on the fact that for any z € li(Z), we
have

(H + M)(2) = Bws,2k+1)g-s+1 T wa;,(2k+1)q75+1

8 . B .

=1{...,0, 15,0,...,0, 7 14150, ..

( 0 V20((2k + 1)g — 5 + 1) CrrhamsH

'y 5 .
+{...,0,...,0, 15,0,...,0, — ) —et1,0, ...
( 26(s) V20((2k T 1)q —s 1 1) Cerhamst )
B+ . B =" .

= ...,0,...,0,715,0,...,0, 1(2k+1 —s+1707°" 5

( V26(5) V2o(k + 1) s +1) oo

it follows that for any 2 € I3(Z),

— 2 A2
0+ D@ = AL G U g2

This fact guarantees that 0 ¢ (H + M\)(li(Z)), i.e., H+ M is not surjective and so

the operator M is not general H-monotone.
Let A > 0 be an arbitrary real constant. Since for any z = {2, }72 _, € I3(Z),

(J +AM)(2) = (I + AM)(2) = (1 + @A)z + ABws 2k +1)g—s+1 + MVWh (24 1)g—s41

where J is the identity mapping on li(Z), we deduce that (J + A]\/Z)(li(Z)) = li(Z),
t/h\at is, the mapping J + AM is surjective. Since A > 0 was arbitrary, it follows that
M is a maximal monotone multi-valued operator.

Denoting the set of all functions ¢ : Z — (0,1] by ® and I3(Z) = {I3(Z) : ¢ € @},
it can be easily seen that [%(Z) C li(Z) for each ¢ € ® so that for some ¢y € @, we
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have 12(Z) C lio (Z), that is, [?(Z) is strictly contained within lio (Z). Recall that

1*(z) = {:17 ={z,}20 _ o Z |zn|? < 00,2, €EF =R or (C}

n—=—oo

denotes the real or complex linear space consisting of all bi-infinite real or complex
sequences & = {Zn}p ., for which [|z]|;2z) < co. Evidently, if ¢(n) = 1 for all
n € Z, then the weight space li(Z) coincides exactly with the linear space 12(Z). It
is to be noted that the two Hilbert spaces [?(Z) and lé(Z) need not be the same for
all ¢ € ®. To show this claim, we consider the two cases when F =R or C. If F = R,
letting x,, = eé vanP +m for all n € Z, where a > 1 is an arbitrary real constant,
m is an arbitrary positive real constant, and p is an arbitrary but fixed even natural
number. Then, we have

oo o0

D laal = Y0 & an? +m) = oo,

n=-—oo n=—oo

that is, z = {z,}°°_ ¢ 12(Z). Let ¢1 : Z — (0,+00) be a function defined as

¢1(n) = %, for all n € Z, where k is an arbitrary but fixed even natural

number and [ is an arbitrary positive real constant such that £k < p and [ < m. In
view of the fact that Ln(n* 4+ 1) < n¥ +1 < an? +m, for all n € Z, it follows that
¢1 € ® and we have

Ln(nk + Z) Ln(nk + l)
} : 2,4 } : 2 :
-]:n = —_— = 2 - .
W | | 1(n) W anP +m — anP +m

Ln(nk—i-l) < nkF1l
anP+m — npP

Taking into consideration the facts that for all n € Z, and

. _ k X Ln(nkLl) . . . .
lim nP—F (”—;H) = 1, we conclude that S £2*D 5 convergent, which implies
n—00 n =1 " +m

that = € I3 (Z). For the case when F = C, taking z, = \/”“g‘/i + Z\/”}”gﬂ, for all
n € Z, where k is an arbitrary but fixed even natural number, we have

Z |zn|? = Z (n* +v2) = oo,
that is, 2 = {2,}32 _ ¢ [*(Z). Let the function ¢5 : Z — (0,+00) be defined by

14cosn

opa(n) = b 1) for all n € Z. Then, we have ¢ € & and

> . 1+4cosn 1 = 1+cosn
2
Zn n) = — =2 =4+ — .
X mPam= ¥ s (W Z_In+ﬂ>
Since ngl mi\/g is absolutely convergent, it follows that z = {z,};2 ., € 13,(Z).

Consequently, for some ¢ € O, l?b(Z) is a proper superset of the Hilbert space [2(Z).
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Example 2.8. Let m,n € N and M,,«,(F) be the space of all m x n matrices with
real or complex entries. Then

Mpyxn(F) ={A=lai] 1a;; €F,i=1,2,....m;5=1,2,....n; F=R or C}

is a Hilbert space with respect to the Hilbert-Schmidt norm

m n 2

||A|| = ZZ ‘aij|2 ’ VA S men(F)

i=1 j=1

induced by the Hilbert-Schmidt inner product

m n

(A,B) =tr(A*B) = > > ai;bij, VA, BE My un(F),

i=1 j=1

where tr denotes the trace, that is, the sum of the diagonal entries, and A* denotes
the Hermitian conjugate (or adjoint) of the matrix A, that is, A* = AT, the complex
conjugate of the transpose A, and the bar denotes the transpose of the entries. Let
us denote by D, (R) the space of all diagonal n x n matrices with real entries, that
is, the (4, j)-entry is an arbitrary real number if ¢ = j, and is zero if ¢ # j. Then

Dn(R):{Az[aij]:aijER, aij:Oifi#j; i,j:1,2,...,n}

is a subspace of M, «,(R) = M, (R) with respect to the operations of addition and

scalar multiplication defined on M, (R), and the Hilbert-Schmidt inner product on

D,,(R), and the Hilbert-Schmidt norm induced by it are (A, B) = tr(A*B) = tr(AB)
1

and [|A]| = /{4, A) = \/tr(AA) = (Z %21') , Tespectively.

i=1

Let the mappings Hy, Hs, M : D, (R) = D,(R) be defined, respectively, by

Hi(A) = Hy([ay)) = [a};), Ha(A) = Ha(lai;]) = [af}] and M(A) = M([a;;]) = [af]],

ij i
for all A = [a;;] € D,(R), where for each i,j € {1,2,...,n},
o = | |sinai —+v3cosay| — paly, =,
Lo i# ],
4 ’yaéh Z:ja
0’ Z#.]a
and

a

"no_ 5a§i, i =J,
" 0, i # 7
where [ is an arbitrary positive real constant, «y is an arbitrary real constant, and &,
are arbitrary but fixed odd and even natural numbers, respectively, such that & > n.
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Then, for any A = [a;;], B = [b;j] € Dyp(R), yields

<J/\Z(A) — ]/\Z(B),A — B> = tr([a/” — b;ljl] [aij — b”])

ij

=4 zn:(aﬁ = b};)(ai; — bii)
i=1

n k
=B (@i —bi)* D al b5
i=1 s=1
Thanks to the fact that k£ is an odd natural number, it is easy to see that for each

k
1€{1,2,...,n}, > afi_sbfi_l > 0. Since § > 0, this fact implies that
s=1

<M(A) ~ M(B),A— B> >0, VA, B¢ Dy(R),

that is, M is a monotone mapping.
Define the function f : R — R by f(z) := {sinx — \/gcosx| for all x € R. Then,
for any A € D, (R), we have

(Hy + M)(A) = (Hy + M)([ai;]) = [a}; + alf] = [a;),

ij
where for each i, € {1,2,...,n},
a |sinaii—\/§cosaii|, i:j,
0, i F ],
— f(aii)7 1= ja
0, i# 7]
Owing to the fact that f(R) = [0,2], it follows that (Hy + M)(Dyn(R)) # D, (R), i.e.,
Hy + M is not surjective, and so M is not general Hi-monotone. Let us now assume
that A > 0 is an arbitrary real constant and let the function g : R — R be defined by
g(x) := ya! + A\Bz*, for all € R. Then, for any A = [a;;] € D,,(R), we obtain
(Hy + AM)(A) = (Hz + M) ([ai;)) = [af; + Maff) = [as],
where for each 4,j € {1,2,...,n},
EL" _ 7a§i+ABai’€ia ZZ]? . g(aii)a 7’:]7
Y0, i#j |0, P F J-
Taking into consideration the fact that [ is an even natural number and k is an
odd natural number such that k& > [, it is easy to observe that g(R) = R and so

(Ha + )\J/\/[\)(DH(R)) = D, (R), which means that Hy + AM is surjective. Since A > 0
was arbitrary, we conclude that M is a general Hy-monotone operator.

Rest of the paper, unless otherwise specified, we assume that F is a reflexive Banach
space with the dual space E*, and (.,.) is the dual pair between FE and E*.
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Theorem 2.9. Let H : E — E* be a monotone mapping and M:E=E* bea -
strongly monotone mapping. Then, the mapping (H+XM)~! : Range(H +\M) — E
is single-valued for every A > 0.

Proof. Let A > 0 be chosen arbitrarily but fixed and take z,y € (H + )\Z/W\)_l(z*) for
any given z* € Range(H + AM). Then, we have

2 = (H + AM)(2) = (H + \M)(y),

which implies that A=1(z* — H(x)) € M\(x) and \~1(z* — H(y)) € ]\/J\(y) Since H is
monotone and M is ~y-strongly monotone, it follows that
Mllz = yl? S MATHE = H(z) = A7 (="~ H(y),z —y)
+ (H(x) = H(y),z —y) = 0.

Since A,y > 0, from the last inequality we conclude that x = y, which ensures that
the mapping H + AM from Range(H + )\Z/\l\) into F is single-valued. d

Rest of the paper, we say that the multi-valued mapping M:E=E*isa general
strongly H-monotone with constant - if Misa ~-strongly monotone mapping and
Range(H + \M) = E* for all A > 0.

As a consequence of the last result, one can deduce immediately that the mapping
(H+A\M)~1: E* — E is single-valued.

Corollary 2.10. Suppose that H : E — E* is a monotone mapping and M:E=
E* s a general strongly H-monotone mapping with constant ~v. Then, the mapping
(H+ AM)~': E* = E is single-valued for all X > 0.

Based on Corollary 2.10, we are able to define the proximal mapping RJ\H7 \ associ-
ated with the mappings H, M and an arbitrary positive real constant A as follows.

Definition 2.11. Let H : E — E* be a monotone mapping and M:E = E* be
a general strongly H-monotone mapping with constant v. For every real constant
A > 0, the proximal mapping R%A : B* — F is defined by

REL (a%) = (H +AM)"(2*), Va* € E*.

This section is concluded with the following assertion in which the required condi-
tions to prove the Lipschitz continuity of the proximal mapping RJ% \ and to compute

an estimate of its Lipschitz constant are stated.

Theorem 2.12. Let H : E — E* be a monotone mapping and M:FE = E* bea
general strongly H-monotone mapping with constant ~v. Then, for any real constant
A > 0, the prozimal mapping Rz\%)\ :E* > F s %—Lipschitz continuous.

Proof. Taking into account that Misa general H-monotone mapping, for any given
x*,y* € E* with HR%/\(I*) - R%A(y*) # 0, we have

R\ (@) = (H + AM) 7} (@) and RiL | (") = (H + M)~ (y),
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whence we conclude that
-1 * H * r H *
A (33 —H (Rm(x ))) e M (Rm(x ))

and

Since M is ~-strongly monotone, we yield
A (ot = (R @) — (v = H (R 7)) RS @) - R )

H * H *
> || RE @) - RE (")

‘ 2

By virtue of the fact that A=! > 0, the preceding inequality implies that
(2 —y" RE ()~ RE (s"))
H * H * H * H *
> (0 (RE () ~ H (RE () B (%)~ RE ()

2
+ 37 |RE | (2*) - RE | (y")

By using the later inequality and monotonicity of H, it follows that

R ale") ~ R 0)

> <x* - y*,RAH/Z’/\(:U*) - R%/\(y*)>

> (1 (RE @) — 1 (R () RE (%) = B ()
+ 2 |[RE @) - RE () ’2

x

Thanks to the fact that HR%A(:E*) — R%j/\(y*)

[l =yl

> |[RE (@)~ R ()

‘ = 0, dividing both the sides of the

. . H *\ _ pH * 1 1 H i
last inequality by HRM’/\((E ) Rﬁ,/\(y ) ‘ # 0, we obtain that the mapping RKZ’)\ is

A—l,y—Lipschitz continuous. The proof is complete. O

Remark 2.13. The Lipschitz continuity of the proximal mapping R]\% N and its Lip-

schitz constant is proved and computed under the strict monotonicity assumption of
the mapping H : F — E* in [24]. But, Theorem 2.12 tells us that the same results
can be derived without imposing the strict monotonicity condition on the mapping
H : E — E*. Indeed, one can prove the Lipschitz continuity of the proximal mapping

R% N and approximate its Lipschitz constant under the mild condition of monotonic-

ity of H instead of strict monotonicity. Thereby, Theorem 2.12 improves [24, Theorem
3.2 (ii)].
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3. FORMULATION OF THE PROBLEM, ITERATIVE ALGORITHMS
AND CONVERGENCE ANALYSIS

Assume that p: E - E, A:E - E*and F: ExE x ---x E = EF — E* are
—_—

k—terms
single-valued mappings. Suppose further that for i = 1,2,...,k, T; : E — CB(E)
and M : F = E* are multi-valued mappings. For any given a € E*, we consider a
multi-valued nonlinear variational inclusion problem (for short, MNVIP) as follows:

k
Find z € F and (t1,ta,...,t;) € [] Ti(x) such that
i=1

a € Ax — p(x)) + M(z) — Flt1, ta, ... tg). (3.1)

For suitable and appropriate choices of the mappings T', A, F, M\, pi (1=1,2,...,k)
and the underlying space F, the MNVIP (3.1) reduces to various classes of variational
inclusions and variational inequalities, see for example, [6, 11, 15] and the references
therein.

We now derive the equivalence between the MNVIP (3.1) and a fixed point problem,
which will be used in the sequel.

Theorem 3.1. Let E,E*, A, F,T;(i = 1,2,...,k),]/\/l\,p and a be the same as in
the MNVIP (3.1). Suppose further that H : E — E* is a monotone mapping and

M:E=E*isa general strongly H-monotone multi-valued mapping. Then, v € E
k

and (t1,t2,...,tx) € [[ Ti(z) are a solution of the MNVIP (3.1) if and only if
i=1

x = R%A[H(:c) —MA(z —p(x)) —a— F(t1,ta, ..., t))], (3.2)
where A > 0 is a real constant and R%A(x*) =(H+ )\J/M\)’l(x*) for all z* € E*.
Proof. The conclusion follows directly from Definition 2.11. O

Lemma 3.2. [18] Let (E,d) be a complete metric space and T : E — CB(E) be a
multi-valued mapping. Then for any € > 0 and for any given z,y € E, u € T(z),
there exists v € T'(y) such that

d(u,v) < (1+e)H(T(2),T(y)),
where H(.,.) denotes the Hausdorff metric on CB(E) defined by

H(A, B) = max {Sup inf || — y||, sup inf ||z — yll} , VYA,Be€CB(E).
zeAYEB yEB TEA

By using the fixed point formulation (3.3) and Nadler’s technique [18], we are able
to construct the folloiwng iterative algorithm for solving the MNVIP (3.1).

Algorithm 3.3. Let E,E* A, F,T;(i=1,2,...,k), H, J\/J\,p and a be the same as in
Theorem 3.1. For any given xo,t?,tg, ... ,tg € FE, compute the iterative sequences
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{27} 0, {020, {5 1020, - -+, {th )15 in E in the following way:
2" = (1 - a)z™ + aRﬁ)/\[H(x”) — MA(z" —pi(z™)) —a
— Fi(th,ty, ... t2))] + ae™ + 1", (3.3)
e : [ — ] < 1+ (L +n) VETE™),TEY),  (34)
where i = 1,2,...,k; n = 0,1,2,...; A > 0 is a real constant, a € (0,1] is a pa-

rameter, and {€"}°2 ; and {r"}52, are two sequences in E to into account a possible
computation of the resolvent operator point satisfying the following conditions:

lim |e”|| = lim ||"| =0,
n—oo n— oo

P~ 0o 3.5
> lle —enH < oo, 3o [l = 7| < oo (35
n= n=0

Ifa=1ande™ =r" =0 for all n > 0, then Algorithm 3.3 reduces to the following
algorithm.
Algorithm 3.4. Suppose that E, E*, A, F,T;(i = 1,2,...,k), H, ]/W\,p and a are the
same as in Theorem 3.1. For any given z°,¢0,t3,...,t9 € E, define the iterative
sequences {z"}0% o, {t7}020, {t5 102, -+, {tF}2%, in E by the iterative schemes
P = R [H (@)~ MA@~ p(a™) — o~ P8, 1)]
th e Ti(a™) : 7 = 7] < A+ (L +n) Y H(Ti(2"F1), Ty(2"),
where i =1,2,...,k;n=0,1,2,... and A > 0 is a real constant.

Before proceeding to our results, we give the following lemma and definitions which
will be used efficiently in the proof of main results.

Definition 3.5. A multi-valued mapping T : E = CB(E) is said to be H-Lipschitz
continuous with constant ¢ (or g-H-Lipschitz continuous) if and only if there exists a
constant ¢ > 0 such that

H(T(2),T(y)) < ollz —yll. Va,ye E.

Definition 3.6. Let J be the normalized duality mapping from E into E*. A single-
valued mapping g : E — FE is said to be (v, u)-relaxed cocoercive if there exist two
constants 7, i > 0 such that

(J(x =), 9(x) = 9(y) = —llg(@) = gWII* + pllz —yl*, Va,y € E.
Definition 3.7. Foreachi =1,2,...,k,let T; : E = CB(FE) be a multi-valued map-
ping. A single-valued mapping F : E¥ — E* is said to be A r;-Lipschitz continuous in

the ith argument with respect to T; (¢ = 1,2,..., k) if there exists a constant A, > 0
such that

||F((E1,.’E2, e ,$i,1,ui71,1’i+1, e ,xk) — F(.’El,l'z, e ,xi,l,uiﬁg,xwl, e ,.’Ek)”
< Ag

win — Ui, Vo, xe,..., i1, Tig1, ..., 0k € Eouin € Ti(yh), wi2 € Ti(yo).

Lemma 3.8. [20] Let J be the normalized duality mapping from E into E*. Then
forall x,y € E, we have

(@) llz+yl* < llel® +2((z + y), v);
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(b) (@) = I(y),w — y) < 2032, y)pr (UL, where d(w,y) = /L,

In the next theorem, under the appropriate conditions, the existence of a solution to
the SGMNVT (3.1) is proved and the convergence analysis of the sequences generated
by Algorithm 3.3 is studied.

Theorem 3.9. Let E be a real uniformly smooth Banach space and pg(t) < Ct? for
some C > 0. Let H : E — E* be a monotone and §-Lipschitz continuous mapping,
p: E — E be a (v, p)-relazed cocoercive and A,-Lipschitz continuous mapping, and
M:E=E" bea general strongly H-monotone multi-valued mapping with constant
0. Suppose that A : E — E* is a T-Lipschitz continuous mapping, T; : E = CB(E)
s a A, -H'-Lipschitz continuous multi-valued mapping for each i € {1,2,...,k}, and
F : EF — E* is \p,-Lipschitz continuous in the ith argument with respect to T;
(i=1,2,...,k). If there exists a constant X\ > 0 satisfying

k
L <5+ AT /14 29A2 — 20 4 640A2 + A Y )\FiATi> <1,

=1 (3.6)
24 < 14 29A2 + 64C A2,

then, the iterative sequences {x"}5% o, {t7 1o, {t5 1520, .., {th 122, generated by
Algorithm 8.3 converge strongly to x,t1,ta, ..., tk, respectwely, and (z,t1,ta, ..., tx)
is a solution of the MNVIP (3.1).

Proof. From (3.3), Theorem 2.12 and using the assumptions, it follows that for each
necN

&t =2 = (1 — )™ + aRyp \[H(a™) — NA(z" — p(a ))—a
— F(ty, 88, ... )] +ae” +r" = (1 — a)z
+aRy A [H (@) = MA@ = p(a" ) —
7F<t?—1,ts—%---,t2—l>>]+ae” g—

< (L—a)fa"™ — 2" + | Rig\[H(a") = AM(A(a" — p(a™))
0= P8, 8, )] — RE L [HEY) = (A — pa™ 1))

—a—FEh a7 g+ afet = e =
<(1-a)a" -2 + inH(xn) ~ MA@ — p(a™)) (3.7)
—a— P85, 7)) = (H("™) = MA@ —p(a" ")
—a—F(Hh a7 g )) [+ allet — e+ [l e

(

< (1= a)lla — 2" + 55 (") — HE" )
FAJA@" — p(a™)) — A~ p(a" )]
FANE( 85, ) = FE ] +aflen — e
o |
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Since the mapping H is d-Lipschitz continuous, for each n € N, we yield
1H (z") = H(z""Y)|| < 8fla™ — 2" 7. (3.8)

Relying on the fact that the mapping A is 7-Lipschitz continuous, we derive that for
each n € N,

[A@" = p(a")) = A@e" ™" = pa" )| < 7lla" — 2" = (p(a") = p(a" "))l (3.9)

Taking into account that p is a (v, u)-relaxed cocoercive and A,-Lipschitz continuous,
and F is a real uniformly smooth Banach space with pg(t) < Ct? for some C' > 0,
utilizing Lemma 3.8, we get, for each n € N, that

Jam = 2" = (p(a™) - pla" )|
< o — 2P+ 2" — 2 = (p(a") — p(e" ), ~(p(a") — p(a" )
= o — 2" = 20T (@ — 2", p(a) — p(a" )
+2((" — 2" — (p(a") — pa" ) — T — "), ~(p(a") — p(a")))
<l = 2" PP = 2(=llp(a") = pla" I[P + plla™ = 2" (3.10)
+ad2 (@ — " = (p(a) - p(a" ), @ — ")
4lp(z™) = p(z" "M
o (d(xn —an T (p(e") — plan 1)), 2" — >)
<1+ 27/\12, —2u+ 640)\12))”3:" |

where J is the normalized duality mapping from E into E*.

By virtue of the facts that F' is Ap;-Lipschitz continuous in the jth argument
(j=1,2,...,k) with respect to T; (i = 1,2,..., k), the mapping T; is )\Ti—ﬁ—Lipschitz
continuous, making use of (3.5), for each n € N, we get

IF(E7 15, tf) = FE e~ Y|
<|F@E, 1y, .. t0) — Rty )]

Pttt — Fy eyt

FIFE T ) = F s T )| (311)
3.11

k
<Y Aty =7
j=1
k X k
< Z/\Fj(l +n Y H(Tj(2™), Ty (z" 1)) < Z)\Fj/\Tj(l +n7h 2™ — 2™
j=1

j=1
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Combining (3.7)—(3.11), for each n € N, we obtain

lz"* — ™

— T

54+ AT\ 14 29X — 20+ 64CA3
0

<(1-a)e" = 2" +af

=" — 2"

: (3.12)
1
5 D hed, 0 a0 el =
1=
— (1 )lla™ — 2™ + a®(n) 2" — 2"+ afle” — |+ e —

where for each n € N,

5+>\T\/l+2v)\272u+646’/\2 Lk

Clearly, ®(n) — ®, as n — oo, where

5+AT\/1+27A§—2u+64CA2 Lk
Y 5; AP AT,

b =

Now, letting p(n) = 1 — a + a®(n), for each n € N, we know that p(n) — ¢, as
n — oo, where ¢ = 1 — a+ a®. Obviously, (3.6) implies that ® € (0,1), and so

€ (0,1). Therefore, there exists ¢ € (0,1) (take ¢ = 2L € (4,1)) and ng € N such
that p(n) < @, for all n > ng. Accordingly, for all n > ng, by means of (3.12), for
each n € N, we obtain

e+t — a7 < lla” — Y+ afle” — e+ = Y
< @lpllz" — a3+ aflem Tt — €2 4 [l — 2
+afle” = "M 4 [l — Y
= @l2a" 7t = 2" + a(@llem ™t — |+ [l — €M)
2 et e [ (e

< (3.13)
n—ngo

< (ﬁn_n()”an-H _ anH +a Z (ﬁj—l”en—(j—l) _ en—jH
j=1

Z PV 1H7’n G=1) _ pn— J”
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The inequality (3.13) implies that for any m > n > nyg,

m—1 m—1
o — 2] < 37 at*t = at < 3T @ anett — g
l=n

l=n
m—11—ng
tay Y @Y —e T (3.14)
l=n j=1
m—11l—ng

D S L I

l=n j=1

Since ¢ < 1, it follows from (3.5) and (3.14) that |[z™ — z™|| — o0, as n — oo,
that is, {z™}22, is a Cauchy sequence in E. In view of the completeness of E, there
exists * € F such that " — =z, as n — o0o. Thanks to the fact that for each
1€{1,2,... )k}, T; isa )\Ti—ﬁ—Lipschitz continuous mapping, by using (3.4), for each
n>0and i€ {1,2,...,k}, we have

I+ —tf ) < (L4 (L ) D H(Ti ("), Tie™)

< (14 (1+n)"YHAq [lz"+ — (319)

T

Owing to the fact that ||z"*! — 2"|| — 0, as n — oo, (3.15) implies that for each
ie{1,2,...,k}, ||t?+1 —t?]| = 0, as n — oo. Consequently, for each i € {1,2,...,k},
{th}oe, is also a Cauchy sequence in E. Thereby, for each i € {1,2,...,k}, there
exists t; € E such that ¢ — ¢;, as n — oco. At the same time, in the light of
Ar,-H-Lipschitz continuity of the mapping 7T; for each i € {1,2,...,k}, we have

d(t;, T;(z)) = inf{||t; — z|| : z € T3(z)}
[t = £ + d(&7', T ()
<t = 871l + H(Ti(2"), Ti(x))
< lts = + Az [l2" — 2]

IN

(3.16)

The right-hand side of (3.16) tends to zero, as n — oo. Hence, t; € T;(x) for each i €
{1,2,...,k}. Since the mappings Rﬁ’k, H AT, (i=1,2,...,k), F,p are continuous,
2" — x and tf — t;, as n — oo, passing to the limit in (3.3) as n — oo, it follows
that x,t1,ta,. .., satisfy (3.2). Now, Theorem 3.1 guarantees that (z,t1,ts, ..., tx)
is a solution of the MNVIP (3.1). O

As a direct consequence of the above theorem we obtain the following corollary by
taking « = 1 and e” = 7™ =0 (n > 0) in Algorithm 3.3 immediately.

Corollary 3.10. Let E be a real uniformly smooth Banach space and pg(t) < Ct? for
some C > 0. Let H : E — E* be a monotone and 0-Lipschitz continuous mapping,
p: E — E be a (v, p)-relazed cocoercive and A,-Lipschitz continuous mapping, and
M:E=FE"bea general strongly H-monotone multi-valued mapping with constant
0. Suppose that A : E — E* is a T-Lipschitz continuous mapping, T; : E = CB(E)
15 a A, -fl-Lipschitz continuous multi-valued mapping for each i € {1,2,...,k}, and
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F : E¥ — E* is \p,-Lipschitz continuous in the ith argument with respect to T;
(i=1,2,...,k). If there exists a constant X\ > 0 satisfying

1AF1'AT1'> <l (3.17)

k

K2

. (5 AT L4+ 2922 — 20+ 6402 + A
2 < 1+429)2 4 64CA2,
then, the iterative sequences {ax™}0% o, {tT}olo, {t5}0o, .., {tF}nlo generated by

Algorithm 3.4 converge strongly to x,t1,ta,. .., tg, respectively, and (x,t1,ta, ... 1))
is a solution of the MNVIP (3.1).

4. COMMENTS ON (),-MONOTONE MAPPINGS

This section investigates and analyzes the notion of C)-monotone mapping intro-
duced in [19] and pointing out some important facts related to it. We also derive the
results of [19] by using the results of previous section of this paper.

Definition 4.1. [19, Definition 2.2] Let n > 3 and M : E™ =2 E* be a multi-valued
mapping and f1, fa,..., fn : E — E be single-valued mappings.

(a) For each 1 < i <n, M(...,f;,...) is said to be a;-strongly monotone with
respect to f; (in the ¢th argument) if there exists a constant «; > 0 such that

(wi —wl,x —y) > aillz —yl>, Vo, y,ur, .. wio1, Ui, U € B,
w; € M(uy, ... ui—1, [i(Z), Uit1,. .., Up),
w’/L S M(uh'“>ui717fi(y>7ui+la"'7un)-

(b) For each 1 < ¢ < n, M(..., fi,...) is said to be f;-relaxed monotone with
respect to f; (in the ith argument) if there exists a constant §8; > 0 such that
<'UJ1‘ - wg? T — y> 2 _ﬂ’L”x - y||27 VI’, Y, U1, o oy Uj—1, Uj41,5---,Un S Ea
w; € M(Ul, sy Ui—1, fi(x)aui+la s ,Un),
w; S M(Ul, e, U1, fz(y); Uig1y - - ,un).

(c) Let n be an even natural number. The set-valued mapping M is said to be
a1 fBaa3fy - . . 1 Bn-symmetric monotone with respect to f1, fo,..., f, if for
eachi € {1,3,...,n—1}, M(..., fi,...) is a;-strongly monotone with respect
to fi (in the éth argument) and for each j € {2,4,...,n}, M(...,f;,...) is
Bj-relaxed monotone with respect to f; (in the jth argument) with

artag+-tap1> Pt ot + B,

and g +ag+ - +an_1 =02+ B4+ -+ B, if and only if x = y.

(d) Let n be an odd natural number. The set-valued mapping M is said to be
a1fB2a3f4 . . . Bp—10Qpn-symmetric monotone with respect to f1, fo,. .., f, if for
eachi € {1,3,...,n}, M(..., fi,...) is ay-strongly monotone with respect to
fi (in the ith argument) and for each j € {2,4,...,n =1}, M(...,f;,...) is
Bj-relaxed monotone with respect to f; (in the jth argument) with

artaz+-tag > P+ Pt + Baot,
and oy +az+--+a, =02+ B4+ -+ Bn_q if and only if x = y.
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Proposition 4.2. Let fi1, fo,...,fn : E = E (n > 3) be single-valued mappings
and M : E™ = E* be a multz valued mapping. Suppose further that the mapping
M : E = E* is defined by M( ) = M(f1(x), fo(z),..., fu(x)), for all x € E. Then
the following statements hold:

(a) If n is an even natural number and M is an ayfoc3fy . .. ap—1Bn-symmetric
monotone mapping with respect to f1, fo,..., fu, then M is a

%
> (agi—1 — Ba;)-strongly monotone mapping.
i=1
(b) If n is an odd natural number and M is an oy P203084 ... Bn—10n-symmetric

monotone mapping with respect to f1, fa, ..., fn, then Misa
n+1

( Z o1 — Z ﬁgl) -strongly monotone mapping.

Proof. Let n be an even natural number. Taking into account that M is an

a1 P03y . . . aty—1 Bp-symmetric monotone mapping with respect to f1, fa, ..., fn, for
all z,y € E,
u € M) = M(fi(@), fo(@), .., fulx))
and
v e M(y) = M), o), Falw)).
we have

(u—v,x—y)= <u+Z(—wi+wi)—v7x—y>
i=1

:<u—w1,x— +Z wl+1,x—y>+<wn_1—v,x—y>

= (u—wl,x—y> + Z<w21‘—1 *w2¢,$*y>
n=2

+ Z<w2¢ — Woit1, L — Y) + (Wpo1 — v, — Y)
i=1

n—2
2

n—2
2
> aifle —yl* - Z Baillz — ylI* + Z ai1fle =yl = Ballz — ylI?

[NE

=2 csiallr =yl - Zﬂzsz—y”Q (4.1)

i=1

<.
—

S

(a2i—1 — B2i) ||z — y”za

\
'M“‘

©
I
-
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where for each i € {1,2,...,n—1}, w; € M(f1(v), f2(y),- -, fi(y), fix1(2), ..., fu(x)).
Since

M

n
a1+a3+"'+an7122a2i71Zﬁ2+ﬁ4+"'+5n: Bai

i=1 i=1

and
n n
2 2
E Qi1 = E Bai
i=1 i=1

if and only if = y, it follows from (4.1) that M is a > (agi—1 — Ba2;)-strongly
i=1

monotone mapping.
We now prove conclusion (b). Suppose that n is an odd natural number. Thanks
to the fact that M is an ayf82a304 ... Bn—_1Q,-symmetric monotone mapping with

respe/\ct to fl,f27" '7fna for all T,y € E7 (S M(l‘) - M(fl(x)an(x),;fn(x)) and
vE M(y) = M(fl(y)va(y)7 . afn(y))v ylelds

(u—v,x—y) = <u+2(wi+wi)v,xy>
i=1

n—2
=(u—wi,z—y)+ Z<wi —Wit1, % — Y) + (Wn—1 — 0, — Y)
i=1
n—1

2
=(u—w,x—y)+ Z<w2¢—1 — Wai, T —Y)

i=1
n—3
2
+ Z(wm — w241, — Y) + (Wp—1 —v, 2 —Y) (4.2)
i=1

n—1 n

2
> anllz —yl* =) Baslle —yll* +
i=1

-3
2

@itz = ylI* + anllz —y|?
i=1

R s
Y agiallz =yl =Y Ballw -yl
=1 =1

ntl n—1
2 2
= > i =Y Bai | llz =yl
im1 i=1

where for each i € {1,2,...,n—1}, w; € M(f1(y), f2(1),- .-, fi (W), fitx1(2), ..., fu(2)).
In virtue of the facts that
= it

2zt
041+Oé3+"'+04n12042i—1Zﬁz+ﬁ4+"'+ﬁn—1125zi
i=1

i=1
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and
n+1 n—1
2 2
E Qi1 = Bai
i=1 i=1

ntl n—1
— 2 2
if and only if = y, making use of (4.2) we deduce that M is a < S g1 — > ﬁ2i> -
i=1 i=1
strongly monotone mapping.

Remark 4.3. In the light of Proposition 4.2 and the arguments mentioned above,
we observe that the notions of «ajfBsasfs...ay,_18y-symmetric monotonicity and
a1Pa0304 . . . Pn_1a,-symmetric monotonicity of the multi-valued mapping M : E™ =
E* with respect to the mappings f1, f2,..., fn : B — E, presented in Definition 4.1
(c) and (d), are actually r-strong monotonicity of the mapping M=M (f1s f2s-eos fn)

2
given in Definition 2.4 (c), where 7 = > (ag;—1 — [2;) for the case when n is an even
i=1
n+1 n—1

2
natural number, and r = > ag;—1 —
=1 (3

2
[2; when n is an odd natural number.
3 =1

Nazemi[19] introduced the following concept of so-called C,-monotone mappings.

Definition 4.4. [19, Definition 3.1] Let f1, f2,...,fn : E - E and C,, : E — E*
(n > 3) be single-valued mappings and M : E™ = E* be a multi-valued mapping.

(a) Let n be an even natural number. The multi-valued mapping M is said to be
a Cp-monotone mapping if M is a18sa384 ... a—18,-Symmetric monotone
with respect to f1, fa,..., fn and (C,, + AM(f1, fo, .., fn))(E) = E* for all
A>0.

(b) Let n be an odd natural number. The multi-valued mapping M is said to be
a Cp-monotone mapping if M is a18sa384 ... Bn_10,-Symmetric monotone
with respect to f1, fa,..., fn and (Cp, + AM(f1, fa, ..., fn))(E) = E* for all
A > 0.

By providing an example in [19], it has been shown that the class of mappings
defined in the above definition is nonempty. However, in view of Proposition 4.2, it is
expected that this mapping to be actually a general strongly H-monotone mapping.
This fact is illustrated in the following example.

Example 4.5. Let E = [? denote the space of all square-summable sequences, i.e.,

o]
the space of all sequences {w,,}5°_; for which Y |z,,|> converges, and |.||2 be a
m=1

oo 2
norm defined on [2 by ||z|2 = (Z |xm|2) ,forall 2 = {2,559, € 12, Tt is well
m=1

known that [? together with the inner product

o0
(z,y) = Ziﬂz‘ﬂi, Vo = {2}y = {yi}2, € %,
i=1
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is a Hilbert space and so E* = [2. Moreover, {e,, }>°_,, where for each m € N, e, is
the sequence with 1 in the mth position and 0’s elsewhere, is a basis of E = 2.

Let n be an even natural number and suppose that the mappings f1, fo,..., fn :
E — FE and C,, : E — E* are defined by
_ | ex+ oz, ifi =1,
fzz?l(‘r) o { a2 —1T, ifi= 2, 3, ceey %, (43)
foi(@) = —Poiw (i=1,2,...,%) and Cp(z) = x —ey, for all x = {z,,, }35_; € [?, where

er = (0,0,...,1,0,...) € I* (1 in the kth place) and ag;_1,82 >0 (i =1,2,..., %)

n

5
are arbitrary real constants such that > («g;—1 — f82;) = 1. Further, let M : E™ = E*

=1
n
be defined by M (x1,xa,...,2,) = Y. x;, for all (z1,z2,...,2,) € E™. Taking into
i=1
account that for all z,y € F and u; € E; (j =2,3,...,n),
<M(f1($),U2,U3,...,Un) *M(fl(y),UQ,U3,...,Un),ﬂffy>
= (fi(x) = fi(y),z —y)

= (az — a1y, —y) = aa ||z — g3,
and due to the facts that for all j =1,2,...,2(i —1),2i,...,nand 1 =2,3,..., %,
(M (u1, uz, ... ugi—2, f2i—1(2), u2is . . ., Un)
— M(uy,ug, ... u2i—2, foi1(y), Ui, - - s Un), T — Y)

= (f2ic1(z) = faic1(y),z —y)

= <O¢2¢—1I — 02 1Y,T — y) = azi—1||l’ - y||§

and
<M(U1, Uy ..., U2;—-1, fgi(x), ugH_l, e ,un)
- M(u17u27 e, U241, f2i(y)7u2i+17 ey un)a T — y>
= (fai(z) — faily),z —y)
= (= B2z + Bay,x — y) = —Paillz — ylI3,
it follows that for each i € {1,2,..., 5}, M(..., fai_1,...) is ag;_1-strongly monotone

with respect to fo;—1 in the (2¢ — 1)th argument, and M (..., fo,...) is Bo;-relaxed
monotone with respect to fo; in the (2¢)th argument. Since M(..., f;,...) is a;-
strongly monotone with respect to f; in the ith argument for each i € {1,3,...,n—1},
and M(..., f;,...) is Bj-relaxed monotone with respect to f; in the jth argument

2
for each j € {2,4,...,n}, and > (agi—1 — B2;) = 1 > 0, it follows that M is an
i=1

a1P20i3084 . . . 0ty—1 Bp-symmetric monotone mapping with respect to the mappings
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1, f2, .-y fn. At the same time, for all z = {z,,}°°_, € [2, we have
fafa 7f ) m=1

M(fi(z), fa(@), .., fulz Zfl —Z faic1 (@) + fai(2))

'Mw\:

=er+ Y (i1 — fai)r =ep+x.

i=1

Suppose that the real constant A > 0 is chosen arbitrarily but fixed. Thanks to the
fact that for any x € [2, there is M € [? such that (C,, +)\M)(1+(11+7;‘)e’“) =z,
it follows that (C,, + AM)(E) = E*. In the light of the above-mentioned arguments,

it is deduced in [19] that M is a C -monotone mappmg
Let us now define the mapping M:E = E*as M( )= M(f1(x), fa(x), ..., fu(z)),

forallz € E = [2. Then, for all z = {z,,}%°_, € [2, we have M( )= filz) = ep+a.

=1

<.

Meanwhile, for all x = {2, }5°_1, 9y = {ym }5°_; € [, we obtain
(M(2) = M(y), o —y) = {ex + @ — (er +y),2 —y) = ||z —y3,

that is, Misa 1-strongly monotone mapping. By taking H = C),, it can be easily seen
that Range(H + AM) = E* holds, for every real constant A > 0. Hence, according to
Definition 2.6, M is a general H-monotone mapping.

Remark 4.6. In view of the above discussion, the C,-monotone mapping given in
[19, Example 3.1] is actually a general strongly H-monotone mapping with constant
1. In general, if F is a real Banach space with its dual E*, f1, fo,..., fn : E — E and
Cp : E — E* (n > 3) are single-valued mappings and M : E™ = E* is a C,,-monotone
multi-valued mapping, then in accordance with Definition 4.4, for the case when n is
an even natural number, M is an a1 82a304 - . . aty—1B,p-Symmetric monotone mapping
with respect to f1, f2, ..., fn, and in the case where n is an odd natural number, M is
an a1 Psa304 . . . Bn_10,-symmetric monotone mapping with respect to f1, fo,..., fn.
At the same time, in both the cases, we have Range(C, + AM(f1, fa,..., fn)) =
E* for every real constant A > 0. Then, by defining M:E= E* by ]\//.T(x) =
M(fi(z), fo(x),..., fu(z)) for all x € E, and by taking H = C,, Proposition 4.2
implies that Misa strongly monotone mapping. Accordingly, invoking Definition 2.6,
Misa general H-monotone mapping and so Definition 4.4 reduces to the definition
of a general H-monotone mapping which has been introduced in [24].

Lemma 4.7. [19, Lemma 3.1] Let E be a reflexive Banach space. Let n > 3 and
fisfo,- s fn + E — E be single-valued mappings, C, : E — E* be a monotone
mapping and M : E™ = E* be a C,-monotone mapping. Then the mapping

(Cn +/\M(f1’f2a""fn))71

is single-valued for every A > 0.

Proof. Let M : E = E* be defined by ]/\/[\(x) = M(f1(x), fa(x),..., fo(x)) for all
x € E. Proposition 4.2 implies that M is a strongly monotone mapping. By taking
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H = (), it follows that Misa general H-monotone mapping. Then, all the conditions

o~

of Corollary 2.10 hold, and therefore, (H + AM)~! = (C,, + AM(f1, fo, ..., fn)) ! is

single-valued for every A > 0. (]
Based on Lemma 4.7, Nazemi [19] defined the proximal mapping Rff(_ ) ast
sociated with C,,, A and the C,,-monotone mapping M(.,.,...,.) as follows.

Definition 4.8. [19, Definition 3.2] Let E be a reflexive Banach space. Let n > 3
and f1, fa,..., fn : E — E be single-valued mappings, C,, : E — E* be a monotone
mapping and M : E™ = E* be a C,,-monotone mapping. A mapping RCA;I"(_ R

E* — F is defined by

Ry @) = (Co+ AM(f1, fo, - fa) (@), Va® € BT,
is called proximal associated with C,,, A and the C,,-monotone mapping M(.,.,...,.).

Remark 4.9. By defining M : E = E* as ]/\Z(x) = M(f1(x), fa(x),. .., fn(z)) for
all x € E, and taking H = C},, invoking Proposition 4.2, we conclude that M is
a general H-monotone mapping. In accordance with Definition 2.11, for any real

constant A > 0, the mapping R%A, that is, the proximal mapping associated with
H, )\ and M is defined for any z* € E* as follows:
R%A(x*) = R @) = (H+AM) (@) = (Co + AM(f1, far -, f) (@),

In fact, the notion of the proximal mapping Rf;(_ R associated with a mono-
tone mapping C),, an arbitrary real constant A\ > 0 and a C),-monotone map-
ping M(.,.,...,.) is actually the same as the notion of the proximal mapping

R]%")\ associated with C,, A and the general strongly H = C),-monotone mapping

J/M\:M(fl;f27"'7fn)'

Nazemi [19] also proved the Lipschitz continuity of the proximal mapping
R%’())\ associated with C,, A and the C,-monotone mapping M(.,.,...,.), and
computed an estimate of its Lipschitz constant under some appropriate conditions
imposed on the parameters and mappings.

Theorem 4.10. [19, Theorem 3.1] Let E be a reflexive Banach space. Let n > 3
and f1, fo,..., fn : E = E be single-valued mappings, Cy, : E — E* be a monotone
mapping and M : E™ = E* be a Cy-monotone mapping. Then, the proximal mapping
R%L(~7~7---7~)7A :BE* — E is
(a) A(al+a3+--~+an7117(ﬁ2+ﬂ4+~-+8n)) -Lipschitz continuous, when n is an even na-
tural number;
(b) ,\(a1+a3+m+an—1(52+,(34+~-+Bn,1)) -Lipschitz continuous, when n is an odd na-
tural number.

Proof. Let M : E = E* be defined by ]/\Z(I) = M(f1(x), fa(x),..., fu(z)) for all
x € E. When n is an even natural number, due to the fact that M is a C,-monotone

mapping, using Definition 4.4 (a), it follows that M is an ajfB2a384...an—108n-
symmetric monotone mapping with respect to fi, fa,..., fn. Now, Definition 4.1
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N3

(a) implies that Mis a > (ag;—1 — Pai)-strongly monotone mapping. Meanwhile,
i=1

picking H = C,,, we note that M is a general H-monotone mapping. Now, by taking

5
v = > (agi—1 — P2;) and utilizing Theorem 2.12, it follows that R% N Rf/( A

= ) R
E* — E is ——1——Lipschitz continuous, that is, the statement (a) holds.

2
A »21(0421171—[321')
When n is an odd natural number, in view of the C),-monotonicity of the mapping

M and Definition 4.4 (b), we conclude that M is an oy B2a304 . .. Bn—1Q,-Symmetric
monotone with respect to fi, fa,..., fn. Then, Proposition 4.2 (b) implies that M

ntl n—1
2 2
is a (E Qi1 — Y. ﬁgi) -strongly monotone mapping. Similarly, letting H = C,,,
i=1 i=1
n—1

ntl n=1

— 2 2

M is a general H-monotone mapping. Now, by taking v = > ag;—1 — > Pa,
i=1 i=1

Theorem 2.12 ensures that the proximal mapping R%/\ = RAC/I( R E* — FEis
L -Lipschitz continuous, that is, the statement (b) holds. O

n+41 n—1

p) 3
A( '21 Qzi—1— ';1 B2:)

Let Kk > 3and A : E — E*, p,fi,, fos....fs : E = E, F : EF — E* be
single-valued mappings and let T}, Tb,..., T, : E = CB(E) and M : E¥ = E* be
multi-valued mappings. For any given a € E*, Nazemi [19] considered and studied the
variational inclusion problem of finding x € E, ¢1 € Ti(z),t2 € Ta(z),...,tx € Tk(x)
such that

a € Alx —p(x)) + M(fi(x), fa(x),..., fu(x)) — F(t1,ta, ..., tx). (4.4)

In order to identify a solution of the problem (4.4), she gave the following char-
acterization for the solution of the problem (4.4) by utilizing the proximal mapping
c
Ryt VAT

Theorem 4.11. [19, Theorem 4.1] Suppose that k > 3 and A : E — E*,
P f1.for- s fo: E— E, F: E¥ = E* are single-valued mappings and Ty, Ty, ..., Ty, :
E = CB(FE) are multi-valued mappings. Let Cy : E — E* be a monotone mapping
and M : E¥ = E* be a Cy-monotone mapping. Then (z,t1,to,...,tx) is a solution
of the problem (4.4) if and only if

@ = R{ ) A[Ok(@) = M(@ = p(2)) + Aa + AF (t, b, ., 1)),
where t1 € Ty(x),ta € Ta(x),...,tx € Tr(x) and A > 0 is a real constant.

Proof. Let M : E = E* be defined by ]\//T(ac) = M(f1(x), fa(z),..., fr(x)) for all
x € E. By Proposition 4.2, we have that M is a strongly monotone mapping. By

taking H = C} and using the assumption, we conclude that M is a general strongly
H-monotone mapping. Then, the conclusion follows from Theorem 3.1. (]
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In view of the above-mentioned argument, it is clear that the characterization,
presented in Theorem 4.10, for the solution of the problem (4.4) is exactly the same
characterization of the solution for the problem (3.3) given in Theorem 3.1.

Based on Theorem 4.10, Nazemi[19] suggested the following iterative algorithm for
solving the problem (4.4).

Algorithm 4.12. [19, Algorithm 4.1] Let E be a reflexive Banach space. For any
given 2° € E, we choose t9 € T1(2°),t3 € Tp(20),...,t) € T} (2°) and compute
{a"}, {t7}, {t5}, ..., {t}} by iterative schemes

2= RO AlOK@™) = M (" = p(a™) + Ma + AP 85, 17),

t € Ta(a™); [l — 7 < (1 + VH(T1(a™1), T (2™)),

n+1

1 A
ty € To(a"); I3 — 3] < (1 + m)H(Tz(x”“)aTz(x")),

1 N
€ (@) 6 — ] < (14 — ) H (L"), Ti(a"),

forallmn=0,1,2,....

Remark 4.13. (a) By defining M:E = E* as ]\/Z(x) = M(f1(z), fa(x), ..., fr(z))
for all x € E, and by taking H = Cy, it follows that Mis a general H-monotone
mapping and we observe that Algorithm 4.12 coincides with Algorithm 3.4.

(b) In Lemma 3.1, Theorem 4.1 and Algorithm 4.1 of [19], the Banach space should
be reflexive as we have considered in Lemma 4.7, Theorem 4.10 and Algorithm 4.12.

Theorem 4.14. [19, Theorem 4.2] Let E be a uniformly smooth Banach space with
pe(t) < Ct? for some C > 0. Let k > 3 and f1,fa2,...,fx : E — E be single-
valued mappings, Cy, : E — E* be a monotone and §-Lipschitz continuous mapping,
p: E — E be a (y,u)-relazed cocoercive and \,-Lipschitz continuous mapping and
M : EF = E* be a Cp-monotone mapping. Let A : E — E* be a 7-Lipschitz
continuous mapping and for each i € {1,2,...,k}, T; : E = CB(E) be H-Lipschitz
continuous with constant Ar,. Suppose that F : E¥ — E* is \p,-Lipschitz continuous
in the ith argument with respect to T; (i = 1,2,...,k) and there exists a constant
A > 0 such that the following conditions are satisfied:

1
Mai+az+-+ag—1—(B2+La++Pr)) (5 + )\T\/l + 2’7/\12’ o 2’“ + 640)\12’

k
+A ;)\Fi)\Ti) <1, 2u <14 2902 + 64C A3

(4.5)

Then the iterative sequences {x™}, {7}, {t5}, ..., {t}} generated by Algorithm 4.12
converge strongly to ©,t1,ta, ..., tg, respectively, and (x,t1,ta,...,tx) is a solution of
the problem (4.4).

Proof. Define M : E = E* by ]\//.T(x) = M(fi(x), fa(x),..., fu(z)) for all z €
E. Since M is a Ckg-monotone mapping, and k£ > 3 is an even natural number, it



76 QAMRUL HASAN ANSARI, JAVAD BALOOEE AND ADRIAN PETRUSEL

follows that M is a1 PBaai3fy . . . a1 Br-symmetric monotone mapping with respect to
k

f1s f25- -+, fx, and Proposition 4.2 (a) implies that M is a > (agi—1 — B2;)-strongly
i=1

monotone mapping. At the same time, by taking H = C}, we conclude that Mis a

k
3
general strongly H-monotone mapping with constant > (ag;—1 — 82;) and Algorithm
i=1

k

2
4.12 coincides with Algorithm 3.4. Picking 0 = > (agi—1 — B2:i), (4.5) reduces to
i=1
(3.17) in Corollary 3.10. Now, we observe that all the conditions of Corollary 3.10
hold, and hence, the iterative sequences {z,} and {t} (i = 1,2,...,k) generated
by Algorithm 4.12 converge strongly to x and ¢; (i = 1,2,...,k), respectively, and
(z,t1,ta,...,tx) is a solution of the problem (4.4). O

Remark 4.15. (a) Taking into account that M is a Ci-monotone mapping, by virtue
of Definition 4.1, the constants «; (i =1,2,...,k—1) and 8; (1 = 2,4,...,k) satisfy

k

5
the condition Y (ag;—1 — f2;) > 0, that is,
i=1

k k
5 3
> i1 > P
i=1 i=1
(b) By a careful reading Theorem 4.2 in [19], we found that there are two

small mistakes in its context. Firstly, relying on the fact that the constants
A, Ty, Ap, i, Co AR, and Ay, (0 =1,2,...,k) are all positive and

2 2
E Qg1 > E Bai,
im1 i1

it follows that

1

k
(04 A7y/1+ 2922 = 20 4+ 64CHZ + A D" ArA,) > 0.

(a2i—1 — B2) =t

Mw\a.—

A

i=1
Hence, condition (3) in [19], that is, the condition
1
Moy +az+- -+ a1 —(Bo+ B+ + b))

0<

k
X (84 AT\ [14 2902 = 20+ 64002 + A D0 A Ar,) < 1
i=1
must be replaced by condition (4.5) in Theorem 4.11. Secondly, the constants 7, A,
and C, in addition to condition (4.5), must be also satisfied the condition 2pu <

1+ 27)\]29 + 646’)\12,, as we have added the mentioned condition to the assumptions of
Theorem 4.11.
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(c) All the results in [19] have been derived based on the strict monotonicity as-
sumption of the mapping C,, : E — E*, whereas, the aforesaid condition imposed on
C,, can be replaced by a more mild condition. In fact, all definitions and results of
Sections 3 and 4 of [19] have been rewritten in this section, by replacing the strict
monotonicity assumption imposed on the mapping C, in [19] by the monotonicity
condition, which is more mild of the strict monotonicity condition, and then the
corresponding results have been deduced by using the results given in Section 3.
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