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1. INTRODUCTION AND PRELIMINARIES

Recently, some solutions to the open question on the existence of contractive con-
ditions which are strong enough to generate a fixed point but which do not force the
mapping to be continuous at the fixed point have been proposed and investigated
(see [1], [2], [9], [15] and [17] for more details). For example, in [15], Pant proved the
following theorem as a solution of this problem.

Theorem 1.1. [15] If a self-mapping T of a complete metric space (X,d) satisfies
the conditions:
(1) d(Tz,Ty) < ¢ (max {d(z,Tx),d(y, Ty)}), where ¢ : RT — RT is such that
o(t) <t for each t > 0,
(2) For a given € > 0, there exists a 6(¢) > 0 such that

e <max{d(z,Tz),d(y, Ty)} < e+,
implies d(Tx,Ty) < e,
then T has a unique fixed point z. Moreover, T is continuous at z if and only if

lim max {d(z,Tz),d(z,Tz)} = 0.
T—z
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After then, in [1], Bisht and Pant obtained a new solution of the open problem
using the number

M (z,y) = max {d(;p’y)’ d(z, Tx), d(y, Ty), d(x,Ty) + d(y, Tx) } .

2

Also, in [2], they proved a fixed-point theorem for this problem using the number

ald(z, Ty) + d(y, Tx)) }
2 )

N(z,y) = max {d<x, y), d(z,T), d(y, Ty),

where 0 < o < 1.

Motivated by the above studies, we investigate new contractive conditions to obtain
one more solution to the open question. Before stating our main results, we recall the
following definitions which are necessary in the next section.

Definition 1.2. [16] Let (X, d) be a complete metric space and T be a self-mapping
of X. T is called a Rhoades’ mapping if the following condition is satisfied for each
z2yeX,x#y:

d(Tz, Ty) < max{d(z,y),d(z,Tz),d(y, Ty),d(x,Ty),d(y, Tx)}.

Let © be a family of functions 6 : [0,00) — [0,1) such that for any bounded

sequence {t,} of positive real numbers, 6 (t,,) — 1 implies ¢,, — 0 and ® be a family
of functions ¢ : [0,00) — [0,00) such that ¢ is continuous, strictly increasing and
»(0) = 0.
Definition 1.3. [3] Let (X,d) be a metric space, T : X — X be a mapping and
a,8: X x X — RT. A mapping T is said to be (a, 8)-Geraghty type-I rational
contractive mapping if there exists a § € O, such that for all z,y € X, the following
condition holds:

a(z, Tx)B(y, Ty)p(d(Tz, Ty)) < 0(6(M (z,y)))¢(M(x,y)),

where

M (z,y) = max {d(x, y),d(x, Tx),d(y, Ty), d(z, Tw)d(y, Ty) d(z,Tx)d(y, Ty) }

L+d(z,y) ~ 14+d(Tz,Ty)

and ¢ € ®.

On the other hand, there are some examples of self-mappings which have at least
two fixed points. In this case, new fixed-point results are necessary for the existence of
fixed points of self-mappings. Also it is important to study the mappings with a fixed
circle since there are some applications of these kind mappings to neural networks (see
[11] for more details). More recently, some fixed-circle theorems have been presented
as a different direction for the generalizations of the known fixed-point theorems (see
[12], [13] and [14] for more details).

Now we recall the following definition of a fixed circle and one of the known exis-
tence theorems for fixed circles.

Definition 1.4. [12] Let (X, d) be a metric space and Cy, , = {z € X : d(xo,z) =1}
be a circle. For a self-mapping T': X — X, if Tx = z for every z € C,,, then we
call the circle Cy, , as the fixed circle of T'.
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Theorem 1.5. [12] Let (X,d) be a metric space and Cg, » be any circle on X. Let
us define the mapping

p: X —[0,00), o(x) =d(z,x0),

for all x € X. If there exists a self-mapping T : X — X satisfying

(C1) d(z,T2) < o() — p(Ta)
and

(C2) d(Tx,x¢) >,
for each x € Cy r, then the circle Cy, , is a fized circle of T'.

Our aim in this paper is to obtain new solutions to the open question on the
existence of contractive conditions which are strong enough to generate a fixed point
but which do not force the mapping to be continuous at the point. In Section 2, we
use the right-hand side of the classical Rhoades’ inequality and the number M (x,y)
given in the definition of an («, 8)-Geraghty type-I rational contractive mapping for
this purpose. In Section 3, we give an application of these new results to discontinuous
activation functions.

2. MAIN RESULTS

In this section, we investigate some contractive conditions for the open question
mentioned in the introduction.
Theorem 2.1. Let (X, d) be a complete metric space and T be a self-mapping on X
satisfying the following conditions:

(1) There exists a function ¥ : RT — R* such that (t) < t for each t > 0 and
d(Tz, Ty) < (My(z,y)) where

)

Mi(z,y) = max {d(x, y), d(z, Ta), d(y, Ty), 20T Ty) dlz, T2)dly, Ty) }

14+d(z,y) =~ 14+d(Tz,Ty)
(2) There exists a §(e) > 0 such that e < My(x,y) < e+ 0 implies d(Tz,Ty) < e
for a given € > 0.
Then T has a unique fized point yg € X and T"x — yo for each x € X. Also, T is
discontinuous at yo if and only if lim M (x,yo) # 0.
T—Yo

Proof. Let zg € X, z9 # Txo and the sequence {z,} be defined as Tx,, = x,41 for
all n € NU {0}. Using the condition (1), we have

d(xvuxn—i-l) = d(Tzn—lyTxn) S ¢(M1(xn—1;zn)) < Ml(zn—hxn)
d(xn—lvxn)vd(xn—17x7L)7d($namn+l)a

= max A(Tn—1,n)d(Tn,Tnt1) ATn—1,Tn)d(Tn,Tny1) (2-1)
1+d(zn—1,Tn) ’ 1+d(zn,zn11)

= max{d(zp_1,2n), d(Tn, Tnt1)}.
Assume that d(zn_1, ) < d(Zpn, Znt1). Then from the inequality (2.1) we get
d(@p, Tnt1) < d(Tp, Tnt),
which is a contradiction. So d(xy,, xn+1) < d(xp—1,T,) and

My (zp—1,2n) = max{d(xp_1,2p),d(Tn, Tnt1)} = d(Tn-1,Zn).
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If we put d(xy,, p+1) = uy, then from the inequality (2.1) we obtain
Uy < Up_1, (2.2)

that is, u, is a strictly decreasing sequence of positive real numbers and so the se-
quence u, tends to a limit u > 0.
Suppose that u > 0. There exists a positive integer £ € N such that n > k implies

U< Up < u+0(u). (2.3)
Using the condition (2) and the inequality (2.2), we get
d(Txp—1,Txy) = d(Tn, Tnt1) = Up < u, (2.4)

for n > k. The inequality (2.4) contradicts to the inequality (2.3). Then it should be
u=0.

Now we show that {u,} is a Cauchy sequence. Let us fix an ¢ > 0. Without loss
of generality, we can assume that d(¢) < e. There exists k € N such that

A Xp, Tpp1) =up <6 (0< I < 1),

for n > k since u,, — 0. Following Jachymski (see [7] and [8] for more details), using
the mathematical induction, we prove

d(xg, Tpn) < e+, (2.5)
for any n € N. The inequality (2.5) holds for n = 1 since
d(xg, Tpe1) = up < d < e490.
Assume that the inequality (2.5) is true for some n. We prove it for n + 1. Using the
triangle inequality, we obtain
ATk, Thant1) < AT, Trtr) + AThs1, Thintr)-

It suffices to show d(k41,Tg+nt1) < €. To do this, we prove M;(zg, Tpin) < €49,
where

d(xlﬁ xk-‘rn)a d(xlﬁ Txk)v d(‘rk+n7 Txk+n)7
Ml (xka karn) = max d(xk,Ter)d(@ktn,TTkyn) d(@k,Txr)d(@kgn,TTkin) . (26)
1+d(zk,Tk4n) ’ 1+d(Txk, TTktn)
Using the mathematical induction hypothesis, we find

d(ifk, xk+n) <e+ 57

d(l‘k,xk+1) < (5,
A(Tktns Thtnt1) <9, (2.7)
d(zg, Txr)d(Tg4n,TThtn) < 52
14+d(2k,Thin) 1+d(zk,Thin)’
d(zk, Tzr)d(@pgn,TTrin) 52

1+d(T:I?k,T:Ek+n) <

Using the conditions (2.6) and (2.7), we have Mj(x,Zp4n) < € + 6. From the
condition (2), we obtain

ler(TIk ,T1k+n) :

d(Txg, T2pin) = d(Tht1, Thint1) < €.

Therefore, the inequality (2.5) implies that {x,,} is Cauchy. Since (X, d) is a complete
metric space, there exists a point yo € X such that z,, — yo as n — oco. Also we get
T.’L‘n — Yo-
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Now we show that T'yy = yg. On the contrary, suppose that yq is not a fixed point
of T, that is, T'yo # yo. Then using the condition (1), we get
d(Ty07Txn) S w(Ml(yOaxn)) < Ml(y()vxn)
{ d(yo. wn), d(yo, Tyo), d(wy, Tz,), }
max<{ 4

(¥0,TY0)d(xn,Txn)  d(y0,Ty0)d(zn,Txn)
1+d(yo,zn) » T 1+d(Tyo,Txyn)

and so taking limit for n — co we have

d(TyOa yO) < d(y07 T?Jo) = d(Ty()v y0)7

which is a contradiction. Thus g is a fixed point of T'. We prove that the fixed point
9o is unique. Let zp be another fixed point of T" such that yg # z9. By the condition
(1), we find

d(Tyo, Tz0) = d(yo,z0) < Y(M1(yo,20)) < Mi(yo, 20)

d(ZUm ZO)a d(yo; y0)7 d<Z0a ZO),
= max d(yo,y0)d(20,20) d(yo,y0)d(20,20)
1+d(yo,z0) ' 1+d(yo,20)

= d(yo, 20),
which is a contradiction. Hence g is the unique fixed point of T'.

Finally, we prove that T is discontinuous at yq if and only if mILIEOMl(x’yO) # 0.
To do this, we show that T is continuous at yq if and only if lim M1 (z,y0) = 0. Let
T be continuous at the fixed point yg and x, — yo. Then Txiﬁ—yf Tyo = yo and

d(zy, Try) < d(n, yo) + d(TTn, yo) — 0.
Hence we get liELan (n,y0) = 0. On the other hand, if lim M;(x,,yo) = 0 then

Tn—Yo

d(xp, Tx,) — 0 as x, — yo. This implies Tz, — yo = Tyo, that is, T is continuous
at yo.
Remark 2.2. Notice that the conditions (1) and (2) are not independent in Theorem
2.1. Indeed, in the cases where the condition (2) is satisfied, we obtain d(Txz, Ty) <
M (z,y), where Mq(x,y) > 0. If My(x,y) =0 then d(Tz, Ty) = 0. So the inequality
d(Tz,Ty) < ¢ holds for any z,y € X with e < My(x,y) < e+ 9.

In the following example, we see that a self-mapping satisfying the conditions of
Theorem 2.1 has a unique fixed point at which 7" is discontinuous.
Example 2.3. Let X = [0,4] and d be the usual metric on X. Let us define a

belf—mapplng T . X — X by
Tx { 3 X

0 ; =z>2

Then T satisfies the conditions of Theorem 2.1 and has a unique fixed point x = 2 at
which T is discontinuous. It can be verified in this example that

d(Tz,Ty) =0 and 0 < My(z,y) < 4 when z,y < 2,
d(Tz,Ty) =0 and 2 < M;(z,y) < 16 when z,y > 2,
d(Tz,Ty) =2 and 2 < My(z,y) <4 when 2 <2,y > 2
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and
d(Tz,Ty) =2 and 2 < My(x,y) <4 when z > 2, y < 2.
Therefore the self-mapping T satisfies the condition (1) given in Theorem 2.1 with

v ={
Also T satisfies the condition (2) given in Theorem 2.1 with

15 ; e>2
6(5)_{55 ;o e<2

;> 2
;o <2

Nl DN

It can be easily checked that
lim M7 (x,2) # 0.
r—2

Consequently, T is discontinuous at the fixed point z = 2.
Now we give the following corollaries as the results of Theorem 2.1.
Corollary 2.4. Let (X, d) be a complete metric space and T be a self-mapping on X
satisfying the following conditions:
(1) d(Tz,Ty) < Mi(z,y) for any z,y € X with My (x,y) > 0;
(2) There exists a §(e) > 0 such that e < My(x,y) < e+ 0 implies d(Tz,Ty) < e
for a given € > 0.

Then T has a unique fized point yg € X and T"x — yo for each x € X. Also, T is
discontinuous at yo if and only if lim M (x,yo) # 0.
T—Yo

Corollary 2.5. Let (X, d) be a complete metric space and T be a self-mapping on X
satisfying the following conditions:
(1) There exists a function v : RT — R such that ¥(d(z,y)) < d(x,y) and
d(Tz, Ty) < (d(z,y));
(2) There exists a d(g) > 0 such that e <t < e+ 9 implies Y(t) < e for any t > 0
and a given € > 0.

Then T has a unique fixed point yo € X and T"x — yo for each x € X.

In the following theorem, we see that the power contraction of the type M (x,y)
allows the possibility of discontinuity at the fixed point.
Theorem 2.6. Let (X, d) be a complete metric space and T be a self-mapping on X
satisfying the following conditions:

(1) There exists a function ¢ : Rt — RT such that ¢(t) < t for each t > 0 and
d(T™z, T™y) < (M7 (x,y)) where

. d(z,y),d(x, T™x),d(y, T™y),
M7 (z,y) = maxs  d@,1™2)dy,I™y) dl@T"a)dy,T"y)

1+d(z,y) o 14+d(T™ma, T™y)
(2) There exists a 6(¢) > 0 such that e < M{(z,y) < e+ implies d(T™"z, T™y) <
e for a given € > 0.

Then T has a unique fixed point. Also, T is discontinuous at yo if and only if
lim M7 (z,y0) # 0.
T—Yo
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Proof. Using Theorem 2.1, we see that the function 77 has a unique fixed point yg,
that is, T™yo = yo. Hence we get

Tyo = TT™yo = T Tyo

and so Ty is a fixed point of T™. From the uniqueness of the fixed point, then we
obtain T'yy = yo. Consequently, T has a unique fixed point.
Remark 2.7. Using the continuity of the self-mapping T2 (resp. the continuity of
the self-mapping T?, the orbitally continuity of the self-mapping T') and the number
M; (z,y), we can also give new fixed-point results for this open question (see [1] and
[2] for this approach).

We give another result of discontinuity at fixed point on a metric space.
Theorem 2.8. Let (X, d) be a complete metric space and T be a self-mapping on X
satisfying the following conditions:

(1) There exists a function v : RY — RT such that ¥(t) < t for each t > 0 and
d(TJf,Ty) < %w(MQ(xay)) where
My (z,y) = max {d(z,y),d(Tz,z),d(Ty,y),d(Tz,y),d(Ty,)};
(2) There exists a 6(g) > 0 such that € < Ma(x,y) < e+ 9 implies d(Tz,Ty) < e
for a given € > 0.
Then T has a unique fized point yg € X and T"x — yo for each x € X. Also, T is
discontinuous at yo if and only if llm Ms(x,y0) # 0.
—Yo
Proof. Let g € X, x¢ # Txo and a sequence {z,} be defined as T"xg = Ty, = Tpt1
for all n € NU {0}. Using the condition (1), we have

1 1
d(.%'n,l'n+1) = d(T$n,1,T$n) < §¢(M2($n71733n)) < §M2(xn717xn>

{ d(xn—la .Tn), d(xn) l‘n—1>7 d(xn+l7 l‘n); }

d(l‘n, xn)a d(xn+17 xn—l)

I
=
&

max {d<xn717 xn)7 d($n+1; (En)u d(anrh xnfl)}

max d(xnfla xn) + d(xn+17 xn)7 d($n+1; xn) + d(xnflv :En);
d(xn-‘rla xn) + d(-rru xn—l)

[d(xnflv xn) + d(anrla xn)}

N = N~ N~ N~

and so
2d(p, Tnt1) < d(Tp—1,Tn) + d(Tpy1, T0). (2.8)
Using the inequality (2.8), we get
A(ZTpy Tpt1) < d(Tp—1,Ts).
If we put d(xy,, n+1) = u, then from the above inequality we obtain
Uy < Up_1, (2.9)

that is, u, is a strictly decreasing sequence of positive real numbers and so the se-
quence u, tends to a limit u > 0.
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Suppose that u > 0. There exists a positive integer k € N such that n > k implies
u < up <u+(u). (2.10)

Using the condition (2) and the inequality (2.9), we get
A(Txp-1,Txyn) = d(Tn, Tni1) = Up < u, (2.11)

for n > k. The inequality (2.11) contradicts to the inequality (2.10). Thus it should
be u = 0.

Now we show that {u,} is a Cauchy sequence. Let us fix an € > 0. Without loss
of generality, we can assume that d(¢) < . There exists k € N such that
4]
2 )
for n > k since u,, — 0. Following Jachymski (see [7] and [8] for more details), using
the mathematical induction, we prove

A(Tpn, Tnt1) = up <

5
d(l’k71’k+n) <&+ 57 (212)
for any n € N. The inequality (2.12) holds for n = 1 since

1) 0
d($k7$k+1) =ug < 5 <€+ 5

Assume that the inequality (2.12) is true for some n. We prove it for n + 1. Using
the triangle inequality, we have

d(@ky Thynt1) <A@k, Tra1) + d(Trp1, Thpntr)-
It suffices to show d(g41,Tg+nt1) < €. To do this, we prove My (zg, Tpin) < €49,
where

. d(l'k,xk;+n),d(Txk,xk-),d(Txk+n7xk+n),
Miapsmiga) = max{ AT Ao

d(Tky Thtn), ATt 1, Th)s ATkt nt1s Thotn)s
= 2.13
max{ d(Tp+1, Thtn), A(Thtnt1, Ti) (2.13)
ATk, Thyn ) ATk, Thop1) A(Thgns Thont1),
< max d(xg, Tr+1) + ATk, Than),
A(Tkgn, Thpnt1) + ATk, Titn)

Using the mathematical induction hypothesis, we get

d(xp, Tpan) < e+ %,
d(xk7zk+1) < ga
d($k+n,$k+n+1) < %, (214)
ngxk,xk-&-l) +d(Tp, Thyn) < €+0,

Trgn s Thint1)Fd(Tr,Trin)
5 <e+49.

Using the conditions (2.13) and (2.14), we have Ma(x, Tp+n) < € +d. From the
condition (2), we obtain

d(Txg, T2p4n) = d(Tht1, Thtnt1) < €
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Therefore, the inequality (2.12) implies that {z,} is Cauchy. Since (X, d) is a complete
metric space, there exists a point yo € X such that z,, — yo as n — oco. Also we get
Tx, — Yo-

Now we show that T'yy = yog. On the contrary, yg is not a fixed point of T, that is,
Tyo # yo. Then using the condition (1), we get

1 1
d(Tyo, Txy,) < §¢(M2(yo,$n))<§M2(yo7$n)

- 1max{ d(yo, 2n), d(Tyo, yo), d(Tn, 1), }
2 d(Ty07 xn), d(TJ?,“ yo)

and so taking limit for n — co we have
1
d(Tyo, yo) < §d(Ty0,yo)7

which is a contradiction. Thus yq is a fixed point of 7. We prove that the fixed point
Yo is unique. Let zy be another fixed point of T such that yy # z9. From the condition
(1), we find

1 1
d(Tyo,Tz) = d(yo,20) < 51/)(M2(y0720)) < §M2(yo,Zo)
_ 1 d(yOaZO)vd(yO7y0)7d(Z07ZO)a }
2 Inax{ d(y0, 20), d(20,Yo0)
1
= §d(y072‘0)7

which is a contradiction. Hence g is a unique fixed point of 7.
Finally, we prove that T is discontinuous at yo if and only if lim Ms(x,yy) # 0.
T—>Yo

To do this, we show that 7" is continuous at yq if and only if lim Ms(z,yo) = 0. Let

T be continuous at the fixed point yg and x, — yo. Then Txg;ﬁ—y: Tyo = yo and
d(xp, Try) < d(@n,y0) + d(Txp,yo) — 0.

Hence we get li7rlnM2(xn,yo) = 0. On the other hand, if lim Ms(z,,yo) = 0 then

Tn—Yo
d(xp, Tx,) — 0 as x, — yo. This implies Tz, — yo = Ty, that is, T is continuous

at yo.

In the following example, we see that the self-mapping satisfying the conditions of
Theorem 2.8 has a unique fixed point at which T is continuous.
Example 2.9. Let X = [0,4] and d be the usual metric on X. Let us define a
self-mapping T': X — X by

Tr =2,

for all z € X. Then T satisfies the conditions of Theorem 2.8 and has a unique fixed
point x = 2 at which T is continuous. It can be verified in this example that

d(Tz,Ty) =0 and 0 < Ms(z,y) <4 when z,y € X.
Therefore the self-mapping T satisfies the condition (1) given in Theorem 2.8 with
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Also T satisfies the condition (2) given in Theorem 2.8 with
de)=5—c¢

It can be easily checked that
liI%Mg(x, 2)=0.
r—r

Consequently, T" is continuous at the fixed point x = 2.

Now we give the following corollaries as the results of Theorem 2.8.
Corollary 2.10. Let (X,d) be a complete metric space and T be a self-mapping on
X satisfying the following conditions:

(1) d(Tz,Ty) < w for any x,y € X with My(z,y) > 0;

(2) There exists a 6(¢) > 0 such that € < Ma(x,y) < € + 9 implies d(Tx,Ty) < e
for a given € > 0.

Then T has a unique fized point yg € X and T"x — yo for each x € X. Also, T is

discontinuous at yg if and only if IIEE Ms(z,y0) # 0.
Yo

Corollary 2.11. Let (X,d) be a complete metric space and T be a self-mapping on
X satisfying the following conditions:
(1) There exists a function v : RT — RT such that ¥(d(z,y)) < d(x,y) and
d(Tx, Ty) < 3¢(d(z,y)) ;
(2) There exists a 6(¢) > 0 such that e <t < e+ 3§ implies Y(t) < e for anyt >0
and a given € > 0.
Then T has a unique fized point yo € X and T"x — yg for each x € X.
In the following theorem, we can see that the power contraction of the type Ms(x, y)
allows the possibility of discontinuity at the fixed point.
Theorem 2.12. Let (X,d) be a complete metric space and T be a self-mapping on
X satisfying the following conditions:
(1) There exists a function v : RY — R such that ¥ (t) <t for each t > 0 and
ATz, T™y) < Ly (M (z,y)) where
M (x,y) = max {d(z,y),d(T"z,z),dT"y,y),d(T"z,y),d(T™y,z)};
(2) There exists a 6(e) > 0 such that e < My (x,y) < e+d implies d(T™z, T™y) <
€ for a given € > 0.
Then T has a unique fixed point. Also, T is discontinuous at yo if and only if
lim M3 (z,y0) # 0.
T—Yo
Proof. Using Theorem 2.8, we see that the function 77" has a unique fixed point yg,
that is, T™yo = yo. Hence we get
Tyo =TT"yo =T"Tyo

and so Ty is a fixed point of 7. From the uniqueness of the fixed point, then we
obtain T'yy = yg. Consequently, T has a unique fixed point.

Remark 2.13. Using the continuity of the self-mapping T2 (resp. the continuity of
the self-mapping TP, the orbitally continuity of the self-mapping T') and the number
My (z,y), we can also give new fixed-point results for this open question (see [1] and
[2] for this approach).
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3. AN APPLICATION OF THE MAIN RESULTS TO DISCONTINUOUS ACTIVATION
FUNCTIONS IN NEURAL NETWORKS

Discontinuous activation functions in neural networks have been become important
and frequently do arise in practise (see [6] and [10] for more details). In this section,
we give an application of the results obtained in Section 2 to discontinuous activation
functions. Recently, this topic has been extensively studied.

In [19], the multistability analysis was investigated for neural networks with a
class of continuous (but not monotonically increasing) Mexican-hat-type activation
functions defined by

m; ;o oo < x < p;
li1x + ¢ ; < x<r
T%x: 2,1 + i1 Di > ) ’ (31)
lipt+cio 5 m<z<g
m; ;¢ < < +00

where p;, 74, ¢i, M, li 1, Ui 2, ¢;,1 and ¢; 2 are constants with —oo < p; < 1; < ¢; < +o00,
li71 > 0 and li)g <0,7=1,2,...,n.

In [10], with the inspiration from the continuous Mexican-hat-type activation func-
tion (3.1), a general class of discontinuous activation functions was defined by

U; ;o oo < x < p;
li1x + ¢ ; < x<r
Ex: 2,1 + i1 Di > ) , (32)
lipt+cio 5 m<z<g
v, ;¢ < T < 400

where p;, 14, qi, ui, Vi, 11, li2, ¢i;1 and ¢; 2 are constants with —oo < p; <1; < ¢; <
+oo, Ii1 > 0, Lz < 0, ug = laps + ci1 = lioq + Ci2, liami +ci1 = liari + ¢ 2,
v; > Tirg, o= 1,2,...,n. It can be easily seen that the function T;x is continuous
in R except the point of discontinuity x = ¢;. Then, it was studied the problem of
multistability of competitive neural networks with discontinuous activation functions
(see [10] for more details).

GOFT T T T T T T T T

55)

50f
a5) A The activation function T

: 7

FIGURE 1. The graphic of the discontinuous activation function
given in (3.3).
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To obtain an application of our results given in the previous section, now we take

Di = —177‘1' = 17Qi :37
u; = 3,v; =6,l;1 =1,
Ci1 = 4,11‘,2 = *1701‘,2 =6,

in (3.2) to get the following discontinuous activation function:

3 ; —oo<r<—1
. z+4 —1<z<1
Tw= —z+6 ; 1<z <3 : (3:3)
6 ;0 3<r <400

The function Tz has two fixed points 1 = 3 and x5 = 6. Since we have
ili’%Ml(”’G) =0 (resp. .%ILI%MQ((E,(i) = O) ,

T is continuous at the fixed point 6. But, there is not a limit of M;(z,3)
(resp. Ms(x,3)) as  — 3 and so T is discontinuous at the fixed point 3 (see Fig-
ure 1). Consequently, using the numbers M (z,y) and Ma(z,y) we can see that the
activation function defined in (3.3) is discontinuous at which fixed points.

More generally, in the case that the number of the fixed points of an activation
function is greater than two, our results will become important to determine the
discontinuity at fixed points. We note that fixed points can be infinitely many. For
example, there are some functions which fix a circle with infinitely many points and
these kind functions can be considered as activation functions. For example, in [11]
it was used new types of activation functions which fix a circle for a complex valued
neural network (CVNN). The existence of fixed points of the complex-valued Hopfield
neural network (CVHNN) was guaranteed by using these types of activation functions.
By these reasons, now we consider Theorem 1.5 and the number M;(z,y) together.
We obtain the following proposition.

Proposition 3.1. Let (X, d) be a metric space, T be a self-mapping on X and Cy,
be a fized circle of T. Then T is discontinuous at any x € Cy, » if and only if
lim M (z,z) # 0.
zZ—x
Proof. Let T be a continuous self-mapping at « € C,,, and z,, — x. Then
Tz, — Tx =z and d(z,,Tz,) — 0.
Hence we get li7rlnM1 (Tp,z) =0.

On the other hand, if Ilir_r)lle (zpn,x) = 0 then d(z,,Tx,) — 0 as x,, — x. This

implies ’

T, > x=T,
that is, T is continuous at z.
Example 3.2. If we consider the function T defined in (3.3) then it is easy to check
that T satisfies the conditions of Theorem 1.5 for the circle Cy, ,» = {3,6} with the
center zy = 5 and the radius r = 2. Therefore T fixes the circle Cy, , = {3,6} as
another point of view. By the above proposition, it can be easily deduced that the
function T is continuous at the point 1 = 6 but is not continuous at xo = 3.
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Finally, we note that it is possible to use the number My (z,y) for the investigation
of discontinuity at any point on the fixed circle of the activation function.

4. CONCLUSION

We mention that our main results are applicable to neural nets under suitable
conditions (see [5], [4] and [18] for more details). For example, McCulloch-Pitts model
is frequently used in Biology and Artificial Intelligence according to the discontinuity
at fixed point. Also our main results can be applied on complex-valued metric spaces
since discontinuity of functions have been used in various applicable areas such as
complex-valued Hopfield neural networks (see [20] for more details).

Acknowledgement. The authors gratefully thank to the referees for the constructive
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quality of the paper.
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