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Abstract. We give another proof of Czerwik’s fixed point theorem in the setting of b-metric spaces,
improving a recent version of this theorem in b-metric spaces obtained in [M. Jovanovié, Z. Kadelburg,
S. Radenovi¢, Common fixed point results in metric-type spaces, Fixed Point Theory Appl., (2010)].
An analogue of Reich contraction principle and Kannan’s fixed point theorem is proved in this space.
Our results generalize many known results in fixed point theory.
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1. INTRODUCTION AND PRELIMINARIES

In the papers of Bakhtin [2] and Czerwik [7, 8], the notion of b-metric space has
been introduced and some fixed point theorems for single-valued and multi-valued
mappings in b-metric spaces proved. Successively, this notion has been reintroduced
by Khamsi [13] and Khamsi and Hussain [14], with the name of metric-type space.
Several results have appeared in metric-type spaces, we refer to [1, 3, 4, 5, 6, 7, 8, 9,
10, 11, 14, 18].

Definition 1.1. Let X be a nonempty set and let b > 1 be a given real number. A
function d : X x X — [0, 00) is said to be a b-metric if and only if for all z,y,z € X
the following conditions are satisfied:

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) = d(y, z);

(3) d(z,z) < bld(x,y) +d(y, 2)].
A triplet (X,d,b), is called a b-metric space.

Note that a metric space is included in the class of b-metric spaces. In fact, the
notions of convergent sequence, Cauchy sequence and complete space are defined as
in metric spaces. Some examples of b-metric spaces can be seen in [1, 3, 4, 7, 8].
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In the paper [10] (Theorem 3.3) M. Jovanovi¢, Z. Kadelburg and S. Radenovié
obtain the following theorem (analogue of Banach contraction principle in b-metric
space).

Theorem 1.1. Let (X,d,b) be a complete b-metric space and T : X — X be a
mapping satisfying:

d(Tx, Ty) < Md(z,y) (1.1)
forallz,y € X, where 0 < A < %. Then T has a unique fized point x*, and for every
xo € X, the sequence {T™xo} converges to x*.

In this paper, we prove that in Theorem 1.1 the condition 0 < A < % can be relaxed
to the following one 0 < A < 1. Also, we obtain versions of the Kannan and Reich
contraction principle in b-metric space and improve some results from the literature.

2. RESULTS

The next theorem is known, see for example Theorem 12.2 in Kirk and Shahzad
[16]. We give another proof here.

Theorem 2.1. Let (X,d,b) be a complete b-metric space and T : X — X be a
mapping satisfying:

d(Tz, Ty) < Ad(z,y) (2.1)
for all x,y € X, where 0 < A < 1. Then T has a unique fized point x*, and for every
xo € X, the sequence {T™xo} converges to x*.

Proof. Let A € (0,1). Since lim A" = 0, there exists a natural number ng such that
n—oo

0< A p? <1, (2.2)

for all & > ny.
Let 29 € X be arbitrary. Define the sequence {z,} by 2,11 = Tz, for all n > 0.
Then (2.1) implies that

A Xptngs Tn) < A"d(Xpy, To), (2.3)
and
A(@mtno Tntno) < A0 d(T, Tn), (2.4)
Applying the triangle-type inequality (3) to triples (Zm, Tm-ng, Tn) We have
A(@m; 2n) < b(d(@m; Tming) + A @mtno, Tn)) » (2.5)
and applying the triangle-type inequality (3) to triples (Z4ngs Tntngs Tn) We obtain
A(Tm, Tn) < 0 [d(Tms Timtng) + 0 (A(Tmtngs Tntng) + ATntng, Tn))] - (2.6)
From (2.6), together with (2.3) and (2.4), we obtain
A Xy ) < D[N (20, Tng) + b (A0d(X4m, ) + A d(Xny, T0))] - (2.7)
So,

(1 = A" d(xy, ) < bd(0, Tpy ) [A™ + DA™] .
Now (2.2) implies that
bd(zo, Tny) [N™ 4 DA
1 — Anop2

d(xwm 1‘n) <
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Thus {z,} is a Cauchy sequence in X. By completeness of (X,d,b) there exists
z* € X such that

lim z, =z*. (2.9)
n—oo
Now we obtain that «* is the unique fixed point of T. Namely, for any n € N we have

d(z*,Tz*) < bld(z*, zps1) + d(xpg1, Tz))
bld(z*, xpt1) + d(Txp, Ta")]
bld(x™, xpt1) + Ad(zp, ™).

Since, lim d(z*,z,) = 0 and lim d(z*,z,41) = 0, we have d(z*,Tz*) = 01i. e,
n—oo n—oo
Tax* =x*.
For uniqueness, let y* be another fixed point of T. Then it follows from (2.1) that
d(z*,y*) = d(Tz*,Ty*) < Md(z*,y*) < d(z*,y*), is a contradiction. Therefore, we
must have d(z*,y*) =0, i.e., x* = y*. O

IN

Example 2.1. Let X =R, d(z,y) = (x —y)? forall z,y € X and T : X — X be
defined by Tx = \/gx Then (X,d,2) is a complete b-metric space. Theorem 2.1 is

applicable taking A = % On the other hand, Theorem 1.1 is not applicable since

condition 0 < A < % implies A < %
In the b-metric space X, let B[z, 7] denote the closed ball with centre x and radius r.

Corollary 2.1. Let (X,d,b) be a complete b-metric space, xo € X and T : B [xg,r] —
X be a mapping satisfying:

d(Tz, Ty) < Ad(z,y) (2.10)
for all x,y € Blxg,r], where 0 < \ < % and r = ﬁd(zo,T:ﬂg). Then T has a
unique fized point x* € B [xg,r] and the sequence T"xo converges to x*.

Proof. We show that T : Blzg,r] — B[xzo,r]. Let & € Blxg, r]. Then

d(Tz,xo) < bld(Tx,Txo)+ d(Txo,x0)]
< b[Nd(x, o) + d(Txo, zo)]
< b %d(mo,Tmo) + d(Txo, z0)
b d(zg, Txo) = 7.
1-Xb ’
By Theorem 2.1, the result follows. t

Corollary 2.2. If (X,d,b) is a complete b-metric space and T : X — X is a contrac-
tion mapping, then T has a unique fized point x*, and for any xo € X the sequence
T™xy converges to x*. In fact,

d(x ,T .’,C()) S md

where p € N such that 0 < \P - b < 1.

(£C0,Tp$0)7 (211)
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Proof. We have

d(z*, T"xq) < bld(z™, ) + d(zm, T"x0)],
now from inequality (2.8) we obtain
bd(a)‘o, Tpal‘()) [)\m + b)\n]

d(z*, T < b |d(z*, xm 2.12

(m ) SCO) — (m ,.'L' ) + 1 _ )\pbg ( )
Let m tend to infinity in the inequality (2.12), then from Theorem 2.1 we obtain the
proof. O

Remark 2.1. Obviously Theorem 2.1 is a generalization of the results from [10]
(Theorem 3.3) and [15] (Theorem 1).

The following result is a version of Kannan’s fixed point theorem (see [12]) in
b-metric spaces.

Theorem 2.2. Let (X,d,b) be a complete b-metric space and T : X — X be a
mapping satisfying:

d(T, Ty) < Nld(z, Tw) + d(y, Ty)] (2.13)
for all x,y € X, where 0 < A < % Then T has a unique fized point x* and for
any xg € X the sequence T"xy converges to x* if any of the following conditions are

satisfied

(i) T is continuous at a point x* € X,
(i) Ab< 1,
(iii) b < 2.
Proof. Let g € X be arbitrary. Define the sequence {z,} by z,1 = Tx, for all
n > 0. Then (2.13) implies that
d(Tpy1,7n) < Nd(@n, Tny1) + d(Tn—1,70)] (2.14)
From (2.14) we have

d(Xpp1,Tn) < %d(mn_l,xn). (2.15)
Now by the induction we show that for each n > 1
d(Tpa1,Tn) < (1/\)\)nd(m1,x0). (2.16)
Applying the condition (2.13) to a pair (z,, z,), we obtain
d(@m, xn) < AN[d(Tm-1,Tm) + d(Tn_1,2n)], (2.17)

From (2.17), together with (2.16), we obtain

A(Zpm, ) < Ad(1, z0) K&)m_l + (1’\/\>n_1] : (2.18)

Thus {x,} is a Cauchy sequence in X. By completeness of (X,d,b) there exists
2* € X such that
lim z, =z*. (2.19)

n—oo
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Now we obtain that x* is a unique fixed point of T'. Namely, for any n € N we have
d(z*,Tz") < bld(z™, py1) + d(Txy, Tx™)). (2.20)
(i) Suppose that T is a continuous map at a point z* € X.

Since lim d(z*,2,4+1) = 0 and T is a continuous at a point 2* we have
n—roo

lim d(Tx,, Tx*) =d(Tz*,Tz*) =0
n—oo
and from (2.20) we obtain d(z*,Tx*) =01i. e., Ta* = z*.
(ii) Let Ab < 1,

d(z*, Tx*) < bld(z*,zp41) + d(@py1, Tx¥)]
= bld(z",xpnt1) + d(Txyn, Ta™)]
< bld(z*, Tpy1) + Ad(mn, Tay) + d(z*, Tz™))]
)+0b

bd(x*, Tpy1) + OAA(Xy, Tpi1 M (z*, Tx").

So, we have
(1 =bN)d(z*, Tz*) < bd(z*,xpnt1) + bAd(T0, Tpy1). (2.21)
Since nl;rl;o d(z*, 2p41) =0, nhHH;O d(Tpn, Znt1) = 0 and 0 < bA < 1 we have Tz* = z*.
(iii) Clearly (iii) implies (ii).
For uniqueness, let y* be another fixed point of T. Then it follows from (2.13) that
d(z*,y*) =d(Tx*,Ty") < Md(z*,Tz") + d(y*, Ty*)] = 0.

Therefore, we must have d(z*,y*) =0, i.e., z* = y*.
(]

Reich [19], for mappings T : X — X, generalized the fixed point theorems by
Banach and Kannan, using contractive condition:

d(Tz,Ty) < ad(z,y) + Bd(z, Tx) +vd(y, Ty), (2.22)

for all x,y € X, where o,y are nonnegative constants with a4+ 5+~ < 1. An example
in [19] shows that the condition (2.22) is a proper generalization of (2.10) and (2.13).
The next is a fixed point theorem of Reich type in b-metric spaces.

Theorem 2.3. Let (X,d,b) be a complete b-metric space and T : X — X be a
mapping satisfying:

d(Tz, Ty) < ad(z,y) + Bd(z, Tx) + vd(y, Ty) (2.23)

for all x,y € X, where o, 8,7 are nonnegative constants with « + 3+~ < 1. Then T
has a unique fized point z* and for any xo € X the sequence T"xq converges to x* if
satisfies any one of the following conditions

i) T is continuous at a point x* € X,
p

(i) b8 < 1,

(iii) by < 1.
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Proof. Let xzp € X be arbitrary. Define the sequence {x,} by z,+1 = Ta, for all
n > 0. From condition (2.23) we have that

d(Tpt1,Tn) < @d(@p, Tp—1) + Bd(Tn, Tpnt1) + vd(Tn—1,T4). (2.24)
Therefore,
d(Tpg1, ) < ?jgd(xn,xn,l). (2.25)
Put A = %rg We have that A € [0,1). It follows from (2.25) that
d(Tpt1,Tn) < AN'd(x1,20) for all n > 1. (2.26)
From condition (2.23) we have
A(@ptp; Tn) < d(@pip-1,Tn-1) + Bd(@nip-1, Tnp) + VA (Tn—1, Tn). (2.27)
From (2.26) and (2.27) we obtain
A(Zpips Tn) < Qd(Tpgp—1,Tn-1) + d(wo, 21) [BATPTT + A" (2.28)
Let r = max{c, A}. Then from (2.28) follows
Tnspsn) < rd(Tnsp 1,00 1) + 17 d(mo,20) B0 4], (229)
Applying the method of mathematical induction on inequality (2.29) we obtain
A Zptpths Tnk) < de(xn-&-pv ) + k" (o, 1) [BrP 4] . (2.30)
Let ng be a natural number such that
0<rm™. b < 1. (2.31)

Applying the triangle-type inequality (3) we obtain

A(@ptp; Tn) < b[d(Tntp, Trtping) + 0 (A @ntptng, Tnng) + ATntng, 2n))] - (2.32)
So, together with (2.25) and (2.30) we obtain
Ad(Zptps Tn) < br™ (1P +b)d (2, Tpy ) + 0% [r™0d(Tntp, n) + nor™  d(zo, 1) (BrP + )]
Now (2.31) implies that

br(r? + b)d(zo, Tny ) + b*nor™ 1 (BrP + ) d(z0, 21)
1 — b2pno

Thus {z,} is a Cauchy sequence in X. By completeness of (X,d,b) there exists

z* € X such that

d(Tnqp, Tn) < (2.33)

lim z, =z*. (2.34)

n—oo
Now we obtain that x* is the unique fixed point of T'.
For any n € N we have

d(z*, Tx*) < bld(x", xpny1) + d(Txp, Ta"))]. (2.35)

(i) Suppose that T is a continuous map at a point z* € X.
Since, lim d(z*,x,41) =0 and T is a continuous at a point 2* we have
n—oo

lim d(Tx,, Tx*) =d(Tz*,Tz*) =0

n—oo
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and from (2.35) we obtain d(z*,T2*) =01i. e., Ta* = z*.
(ii) Suppose that b < 1.
We have
d(Tz*,xz*) < bld(Tx" xpy1) + d(@pi1,27)]
bld(Tx*, Txy) + d(Tpi1,x™))
blad(z*, xy,) + Bd(a*, Tx™) + vd(xpn, Tnt1) + d(Tp1, 7))
Since b5 < 1, we have Tz* = z*.
(iii) Suppose that by < 1.
Then we have,

d(x*, Tx")

IN

IN

bld(x", xnt1) + d(zns1, Tx")]
= bld(z", xpni1) + d(Txy, Tx™)]
< bld(a*, xpt1) + ad(zy, %) + Bd(xn, Tpr1) + yd(a™, Ta™)].

Since by < 1, we obtain Tz* = z*.
For uniqueness, let y* be another fixed point of T. Then it follows from (2.23) that

diz*,y") = d(Tz",Ty") < ad(z",y") + Bd(z", Ta") +vd(y", Ty")
= ad(z”,y") <d(z",y")
is a contradiction. Therefore, we must have d(z*,y*) =0, i.e., 2* = y*. (]

Example 2.2. Let X =[0,2], d(x,y) = (z —y)? forall 2,y € X and T : X — X be
defined by
Tx = {
Then
(1) (X,d,2) is a complete b-metric space.

(2) There exist a, 8,7 >0,(a=F=v= %) such that T satisfies the contraction
condition (2.23) in Theorem 2.3 and 0 is unique fixed point of 7T

€ 10,1],

wlR N8

b

Remark 2.2. Theorem 2.3 is an improvement of the results from [17] (Theorem 3.2)
and [18] (Theorem 4).
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