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1. INTRODUCTION

In 1994, Matthews [13] introduced the concept of partial metric spaces as a gener-
alization of metric spaces, motivated by the notion of non-zero self-distance from his
experience in computer science. He also studied Banach contraction mapping theorem
in the setting of partial metric spaces. Since then, many authors have studied fixed
point theory in the realm of these spaces using various contractive type mappings.
The study was later continued by several authors like Oltra and Valero [15], Altun et
al. [3], [2], [1], Gangopadhyay [5]. As of now, many researchers are pursuing a variety
of results in fixed point theory in partial metric spaces [11], [12], [14], [4].

First we recall some basic definitions on a partial metric space.

A partial metric on X is a function p : X x X — RT such that for all z,y,2 € X,

(i) z =y if and only if p(z,z) = p(y,y) = p(z,y),
(i) p(z,z) < p(z,y),
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(ili) p(z,y) = p(y, =),
(iv) p(z,2) < p(z,y) +p(y, 2) = (Y, y)-

A partial metric space is a pair (X, p) such that X is a non-empty set and p is a
partial metric on X. In a partial metric space (X, p) each point does not necessarily
possess zero distance from itself. Of course a metric space is a partial metric space
while the converse is false. An example of a partial metric space is the pair (RT,p)
where p(x,y) = max{x,y}, for all z,y € R*. It is not a metric space.

If z € X and € > 0, then the set p-B.(z) = {y € X : p(z,y) < p(x, x) + €} is called
a p-open ball in (X, p). By routine check up one finds {B.(z)},z € X and € > 0, is
a base to generate a topology 7, called the partial metric topology on X, and this
topology 7, is Ty in nature.

We have the following definitions in a partial metric space (X, p).

Definition 1.1. A sequence {z,} in a partial metric space (X,p) is said to be p-
Cauchy sequence if lim p(zy,z,,) exists (and is finite).
n,m—o0o
Definition 1.2. A sequence {z,} in a partial metric space (X,p) is said to be p-
convergent at xg € X if lim p(x,,z0) = p(xo, zo).
n—oo

Definition 1.3. A partial metric space (X, p) is said to be complete if every p-Cauchy
sequence in (X, p) p-converges to a point of X, i.e., if {z,, } is p-Cauchy in (X, p), there
is a point zy € X such that

leibrgoop(mn,xm) = lim_ p(@n,20) = p(o, o).

Definition 1.4. A function h : (X,p) — R is said to be p-lower semi-continuous
(p-ls.c.) at uw € X if given € > 0, there is a 6 > 0 such that

h(z) > h(u) — € for x € p-Bs(u),
or equivalently, if {x,} is a sequence in (X, p) p-converging to u, then

Also h is said to be a p-ls.c. function on X if it is so at every point of X.

Similarly, we define a p-upper semi-continuous function on a partial metric space
(X,p).

2. MAIN RESULTS

Here we introduce a notion of p-boundedness and p-diameter of a set in a partial
metric space (X, p) and establish a Cantor’s Intersection like theorem in a complete
partial metric space. Then employing Cantor’s Intersection like theorem, we have
proved a fixed point theorem for a mixed type mapping instead of applying Picard’s
iteration scheme.

Definition 2.1. (a) Let (X,p) be a partial metric space and G C X. If
0 < sup{p(z,y) — p(x,z) = p(y,y) : p(a,y) — p(z,2) = p(y,y) 2 0,2,y € G} < o0,
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then G is called p-bounded and the diameter of a p-bounded set G, denoted by
p-Diam(G) is defined by

p-Diam(G) = sup{z : z = p(z,y) — p(z,2) — p(y,y) = O;2,y € G}.

(b) A subset in (X, p) is called p-closed if it contains all its limit points with respect
to p.

Lemma 2.2. Let G be a p-bounded set in a partial metric space (X,p). Then its
closure G is p-bounded and p-Diam(G) = p-Diam(G).

Proof. Since G C G, we have

0 < sup {p(z,y) —plz,z) —p(y,y)}

z,yeG
< sup {p(z,y) — p(z,z) — p(y,y)},
z,yeCG
so that
p-Diam(G) < p-Diam(G). (2.1)

On the other hand, let u,v € G such that p(u,v) — p(u,u) — p(v,v) > 0. Then given
€ > 0, there exists z,y € G to satisfy

pu,z) < ¢ + p(u, u)

2
and
p(v,y) < 5 +p(v,0).
Therefore

p(w,v) < p(u,x) +p(z,y) + p(y,v) — p(x, ) — p(y,y)
e +p(x,y) — p(x,2) — p(y,y) + p(u,u) + p(v,v)

A

which implies

p(u,v) = p(u,u) —p(v,v) < e+p(z,y) —ple,z) = py,y)
< e+ sup {p(z,y) — p(z,z) — p(y.y) > 0}
z,y€G
< €+ p-Diam(G).
Thus
p-Diam(G) < p-Diam(G). (2.2)
Combining (2.1) and (2.2),
p-Diam(G) = p-Diam(G). O

Theorem 2.3. (Cantor’s Intersection like Theorem) Let (X, p) be a complete partial
metric space. If {G} is a monotonically decreasing sequence of non-empty p-closed
o0

sets in (X, p) with p-Diam(G,,) — 0 as n — oo, then G = ﬂ Gy, is a singleton.

n=1
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Proof. The sequence {G,,} is a monotonically decreasing sequence of p-closed sets,
ie.,

GiD2GeD...0G, DGp41D ...
Let z,, € G,,n=1,2,.... Then if n < m, we have x,,x,, € Gy. So

0 < sup {p(xn, Tm) = P(Tn, Tn) — P(Trm, Tm) > 0}

Tm €Gp,m>n

IN

p-Diam(G,,) — 0 as m,n — oo.
Therefore, without loss of generality, we have
0 S p(-rnax'm) _p(xnwxn) _p(‘rnuxm)
— 0asm,n — oo.
So we get
—P(Cﬂm xn) - p(xnu xm) S p(xnu xm) - p(iUm xn) - p(xmy xm)
— 0asm,n — o0,

and thus p(x,, Tmy) — 0 as m,n — 0.
Since (X, p) is complete, there exists x € X such that

n’rl%rgoop(xn,xm) = nl;rrgop(xn,x) = p(z,z) =0.

As each set G, is p-closed, = € G,,, for all n which implies that = € ﬂ G, so that

n=1

G=)Gn#9¢.

n=1
Again, let z,y € G,z # y, then x,y € G,,, for all n. We have
0 < pla,y) —plz,z) —ply,y)
< p-Diam(G,) — 0 as n — 0.
Therefore p(z,y) = p(z,z) + p(y,y). Also z,x € G,,, for all n which gives
p(z,x) — p(x,z) — p(x,z) =0, or p(x,z) =0.

Similarly, p(y,y) = 0.
Thus p(x,y) =0 = p(x,x) = p(y, y) giving © = y. Hence G is a singleton. O

As an application of the above theorem, we find a result for which we begin with the
next lemma.

Lemma 2.4. Let (X,p) be a partial metric space and T be a self-mapping on X
satisfying the following condition
p(Tz,Ty) < ap(x, Tx) + B p(y, Ty) +vp(z,y)
where
a+B8+v<1 and a,B,7y>0, foralz,ye X,
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and let {a,} be a sequence of reals with 0 < «,, < 1, for all n and lim,, = 0. For
each n € N, if the set G, = {x € X : p(x,Tx) < a,} is non-empty, then {G,} is a
decreasing sequence of sets with p-Diam(Gy) — 0.

Proof. Clearly {G,} is monotone decreasing. Let x,y be elements in G, so that
p(x, Tz) < oy, and p(y, Ty) < . Now
plz,y) < p(e,Tx)+p(Te, Ty) + p(Ty,y) — p(Tx, Tx) — p(Ty, Ty)

< pla,Tz) +p(Tz, Ty) + p(Ty,y)

< 2an+ap,Tz)+ B ply, Ty) +7 p(z,y)-
So

2
p(z,y) < 741_C_V1:ﬁ ap — 0asn — oo.

Since 0 < p(z,y) — p(z,z) — p(y,y) < p(z,y), we get

mifé% {p(x,y) — p(z,z) = p(y,y)} = 0.

Therefore p-Diam(G,,) — 0 as n — oo. O
Lemma 2.5. Let (X, p) be a partial metric space. If the function f : X — RT defined

by f(z) = p(x,Tx) is a p-l.s.c. function, then the sets G,, as constructed in Lemma
2.4 are p-closed.

Proof. 1t is a consequence of p-l.s.c. property of f. O

Lemma 2.6. Let (X,p) be a partial metric space and T be a self-mapping on X
satisfying the conditions of Lemma 2.4. Then T(G,) C Gy, for all n, where the sets
G, appear there.

Proof. Let © € G,. Then p(x,Tz) < . Now

p(Tz,T?zr) = p(Tz,T(Tx))
< ap(z,Tx) + Bp(Tx, T?z) + yp(x, Tx)
or, (1= B)p(Tz,T?z) < (a+)p(z,Tx)
or, p(Tx, T?*z) < (fi—gan < apsince a+ 4+ v < 1.
Therefore, Tx € Gy, i.e., T(G,) C Gy. O

Theorem 2.7. Let (X,p) be a complete partial metric space and T : X — X be a
self mapping on X which satisfies the following conditions:

(i) p(Tz,Ty) < ap(z,Tz) + Bp(y, Ty) +7vp(z,y) where
a+B+y<1 and a,B,7v>0, foralxz,yeX,

and
(ii) p(x,Tx) is a p-l.s.c. function on X, for all z € X.

Then T has a fized point in X.
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Proof. Let xg € X. Also let 11 = Tz, for all n > 1. So we get

p(x1,22) = p(Tw,,Tx1)
ap(zo,z1) + pp(xr, Txy) + vp(xo, 1)

ap(zo, z1) + pp(x1, x2) + Yp(T0, 1),
o+ -y

1-p

IN

or, p(r1,xz2) < p(xo, 21).

Similarly

2
p(ze, z3) < (?—i_;) p(x0, 1)

and so on. Proceeding in this way, we obtain

p(ffm mn—&-l) § (

since a + 0+ v < 1.
Let {a,} be a sequence of real numbers such that 0 < «, < 1, for all n and
lim «v,, = 0. Let us construct the set

Gn={re X :p(z,Tx) < a,}.

Then G, # ¢ and by Lemma 2.4, {G,} is monotone decreasing with p-Diam(G,,)
— 0. By condition (ii) and Lemma 2.5, it follows that the sets G,, are p-closed.

o+
=5

n
> p(xo, 1) = 0asn — oo,

o0

Now we apply Theorem 2.3 to obtain G = m G, to be a singleton set {u}, say. Using
n=1

Lemma 2.6, we obtain T'u = u. Therefore, u is a fixed point of 7. O

Remark 2.8. Theorem 2.7 has been proved under completeness assumption of partial
metric space (X,p). This version of Theorem 2.7 is partially included in Theorem
2.6 proved by Haghi et al in [6], in proof of which the authors (i) assumed (X, p) as
O-complete, and (ii) had changed partial metric p into a full metric; and the rest of
their proof of concerned theorem owes to Picard’s iteration scheme for deriving a fixed
point of mapping in question. Ours is an attempt to explore an alternative route by
employing Cantor’s Intersection like theorem in a complete partial metric space to
produce desired fixed point of the mapping.

When operator T': X — X in Theorem 2.7 is purely of contractive type, i.e., when
a = 8 = 0, the hypothesis of completeness of the partial metric space (X, p) is not
redundant as supported by Example 2.9 below.

Example 2.9. Consider the set N of natural numbers. We take p : N x N — RT

given by
1 .
=+ ifm=n
m,n) =< " ’
P ) {i—i—rln if m # n.

Then (N, p) is a partial metric space which is not complete. For, if we consider the
sequence {n}, then p(n,m) = L + L — 0 as n,m — oo showing that {n} is a Cauchy
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sequence in (N, p). But for a fixed number ny,
1

p(?’lo,?’lo) = ’I’Lio > Oa
1 1 1
lim p(n,np) = lim ( + ) =—,
n—00 n—oo \ N o no
but lim p(n,m) = 0.

n,m—o0
Therefore lim p(n,m) # lim p(n,ng) = p(ng,no), which shows that {n} does not
n,m—00 n—o0

p-converge to any point of N. So (N, p) is not p-complete. Now let us consider a
self-mapping T on N defined by T'n = 2n, for all n € N.
For any m,n € N, m # n, we have

1 1
Tm,Tn) = — +—
p(Tm,Tn) 5 5
= 2 p(m,n) <2 pm,n)
= Zp(mn 1 Plmn

so that T satisfies the condition (i) of Theorem 2.7 with a = 0 = B,y = 3. Also
condition (ii) of Theorem 2.7 is satisfied. But T does not have a fixed point in (N, p).

When operator T : X — X is purely Kannan type (see [7], [8], [9], [10]), i.e.,
when v = 0 with a = 8 and 28 < 1, then assumption (ii) of Theorem 2.7 cannot be
dispensed with. The next Example 2.10 shall bear it out.

Example 2.10. We consider the set N* = NU {0} and define p : N* x N* — R™ by

p(m, n) - {

1
p(0,0) = 07 and p(07n) = p(n70) = E

ifm#0,n#0,m=n,
ifm#0,n#0,m#n;

S=3=

_|_

1
m

It can be verified that (N*,p) is a complete partial metric space. We define a self-
mapping T : N* — N* by
Tn =2n,for alln e N
and
7(0) = 1.
We now show that
p(Tx, Ty) < 28{p(z,Tx) + p(y,Ty)}, for all z,y € N*, where 23 < 1.

We consider the following cases:
Case (i). Let © =0,y = n, for some n € N. Then

1
p(Tz, Ty) = p(T0,Tn) =p(1,2n) =1+ o

and

1 1
p(z,Tz)+p(y, Ty) = p(0,1) + p(n,2n) =1+ o + o
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So,
p(Tz, Ty) < 26[p(x, Tx) + p(y, Ty)],
if
1+ 5+ = o
1+i4+. 71414 L ony 3
Case (ii). Let z = n,y = m for some n,m € N,n # m. Then

28 >

>1

1 1
p(Tz, Ty) = p(Tn,Tm) = p(2n,2m) = v
and
T2) + p(y, Ty) = p(n, 20) + p(m 2m)=3(1+1>
p(z, Tx) + p(y, Ty) = p(n, p(m, AR E
Therefore,
p(Tz,Ty) < 28[p(z, Tx) + p(y, Ty)]
! sGtm) 1
Priiv o

Case (iii). Let z = y = n,n € N. Then

1
p(T, Ty) = p(Tn, Tn) = p(2n, 20) = >

n
and 3 3
p(z, Tz) + p(y, Ty) = p(n,Tn) + p(n,Tn) =2 <2n> =
Therefore,
p(Tz, Ty) < 28[p(x, Tx) + p(y, Ty)]
if .
5 1

Thus when § < 28 < 1 we have

p(Tz,Ty) < 2B[p(z, Tx) + p(y, Ty)]
for all z,y € N*, and so condition (i) of Theorem 2.7 is satisfied.
Next we check that the function f : X — R* given by f(z) = p(x,Tx) is not p-ls.c.
at 0.
Let us suppose that f is p-l.s.c. at 0. Then given € > 0, there exists 6 > 0 such that

p-Bs(0) C {n € N*: p(n,Tn) > p(0,70) — €}.
Let € = % and § may be any positive number. If n € p-B;(0), then
1
p(0,n) < p(0,0) + 4, or, - < 4.
If we choose ¢ sufficiently close to 0, then the condition
p(?’l, Tn) > p(O,T(O)) —e=1-c¢

is violated.
Therefore f is not p-l.s.c. at 0 and T does not have a fixed point in N*.
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Now we deal with simultaneous fixed points, continuity of fixed points of mappings
in a partial metric space where mappings display some kind of contractive nature.

Definition 2.11. Let (X,p) be a partial metric space. A sequence {T,,} of self-
mappings on X is said to be strongly uniformly convergent to a self-mapping T on
X if given € > 0, there exists a natural number N such that for every x € X,

p(Thx, Tox) <€, for n> N.

Theorem 2.12. Let (X, p) be a complete partial metric space and {T,} be a sequence
of self-mappings on X which is strongly uniformly convergent to Ty : (X, p) — (X, p)
satisfying the following condition:

p(TOx?Toy) < Oé[p($,ToiL’) +p(y7T0y)] + Bp(zay)a fOT all:r,y € Xv

where >0 and B >0 with a+ B < 1. If u, is a fivzed point of T,, in X and ugy
is a fized point of Ty in X, then p- lim u, = ug.
n—oo

Proof. Let € > 0 be given. Then one can find N such that

1—
p(Thx, Tox) < B €, forn > N, for all x € X.

1+«
Now
p(u07un) = p(TOUO;Tnun)
< p(Touo, Town) + p(Totn, Tntin) — p(Totn, Toun)
and
p(Touo, Toun) < afp(uo, Touo) + p(tn, Toun)] + Bp(uo, uny).
Therefore
p(UOa un) < a[p(UOa UO) + p(Tnuna TOUTL)] + Bp(an un) + p(TOuna Tnun)a
1
or, p(UO,’LLn) S ﬁ p(u07u0) + 1_1_7; p(TnUmTOUn)
= iéﬁ p(ug, uo) + €,m > N.
Therefore p-limu,, < ug. (]

The condition of strong uniform convergence of the sequence of self-mappings on
the partial metric space (X, p) cannot be dispensed with in the above theorem as can
be found from the following example.

Example 2.13. We take X = {0, %}n:l,Q,m with usual metric d of reals. We define
T.0)=T,(1) =1

T, 1 _ %, if n =m,
m 1, ifn#m,

and for m > 2,
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where {T,,} converges to Ty pointwise in X, with To(z) = 1 for x € X. Also Ty
satisfies

d(TOxaTOy) S Oz[d($7T0117) + d(yaTOy)] + 5d(l’,y), T,y € X
anda>0,8>0,a+8<1.

Here fixed point of T, is %, n=12,..and % — 0 which is not a fixed point of Tj.
Further routine verification shows that {T},} does not strongly uniformly converge to
To over X.

Theorem 2.14. Let (X,p) be a complete partial metric space and Ty, T be two self-
mappings on X satisfying

p(Thz, Try) < a p(z,y), for allz,y € X,0 <a <1
Then Ty and Ty have a common fixed point in X.

PT’OOf. Let To € X. We take Ton41 — T1($2n),I2n+2 = Tg(l‘gn_i_l),’l’b = 0, 1,2,' A
Now

pr2,21) = p(Ta(z1),T1(20))
< ap(zo, 1),
plxs,z2) = p(Ti(z2),T2(21))
< ap(x, 1) < ®p(xo, z1).
In general
P(Tny1,2n) < a"p(xo,71).
So
p(xn+m7 mn) < p($n+ma $n+m71) + p(anrmfh CUnJﬂan) +F p(anrh xn)
< (@ + a4 @™ (g, )
< o p(zo,21) = 0 asn — oo.

1 —
This implies that {z,} is Cauchy in X and since X is complete, we can find u € X
such that
lim p(z,,zn) =0= lim p(z,,u) = p(u,u).

n,m— 00 n—o00
Now

p(Tru, To(x9p-1)) < ap(u,z2,-1) = 0asn — oo or,

p(Tiu, xo,) — 0 as n — oo.

Therefore

pu, Thu) < p(u, x2n) + p(T2n, Tiw) — p(T2n, T2n)

< pu,x9n) + p(xon, T1u) — 0 as n — oo.

So

p(u, Tru) = 0 = p(u, u) = p(Tiu, Tiu),
which gives u = T1(u). Again

p(Tou, Tixo,) < a p(xan,u) — 0 asn — oo,
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or,
p(Tou, xont1) — 0 asn — oco.
Now p(u, Tou) < p(u, Tant1) + P(2nt1, Tou) = 0 as n — oo giving u = T5(u). Hence

u is a common fixed point of T7 and T5. O

Theorem 2.15. Let (X,p) be a complete partial metric space and T : X — X be a
mapping satisfying

1

p(Tz,Ty) < hmax{p(z,y), p(z, T), p(y, Ty), p(z, Ty), p(y, T2)},0 < h < 5.
Then T has a unique fized point u in X.
Proof. We take any 2o € X and consider the iterated sequence x,, = T" (),
n=12---. Then
p(Tmn—ly Txn)
p(xna anrl)
hmaX{p(‘rnfla xn)ap(xnfla xn)7p(xna anrl)ap(xnfl» $n+1),p($n, xn)}
= hmaX{p(In_l,zn),p(mn,xn_;,_l),p(xn_l,:En+1)}.

IA

Now p(Zp, Zn+1) is not the maximum value of {p(xn_1, ), P(Tn, Tni1),
P(Tn—1,%ns1)} because it leads to p(zy,, Tny1) < hp(xy, Tpy1) which is impossible.
Now following two cases arise:

Case I. If the maximum value is p(2,,—1, %), then p(z,, Zni1) < Ap(Tp_1,xy).
Case II. If the maximum value is p(@,—1, Tp41), then

P(Tn, Tng1) < hp(Tp—1,Tpi1)
< h[p(@n-1,2n) + p(Tn, Tpg1) — P(Tn, Tn)]
§ h[p(xn—laxn) +p(xna$n+l)}
or, p(mnaxn+1) S mp(xnflv‘rn)'

From these two cases, we find that
h
P(@n, Tn1) < max|h, o ) p(Tn-1,2s)

ﬁ p(xn—laxn)

h 2
(1—h> P($n7279€n71)

(&)np(xoaxl)

= A'p(xo,z1), where A =

IN

IN

h

1.
1—h°
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Let m > n, then
P(Tn, T
< p(@n, Tgr) o+ P(@Tn—1, Tm)
—{p(@n+1, Tpt1) + -+ D@1, Tm-1)}
< A (1 +)\+~-~+)\m_”_1)p(mo,$1) —0asn — oo.
Therefore {z,} is Cauchy in (X,p). Hence we can find u € X to satisfy

m’lrllgoop(xma xn) =0= nlggop(xna u) - p(“a u)

Now
p(zny1,Tu) = p(Txy, Tu)
S h maX{P(QTm U)ap(xm mn+1)7p(ua TU>7P(33n, Tu),p(u, Txn)}

Therefore
lim p(xp41,Tu) < hmax{p(u,Tu), lim p(z,,Tu)}
n—oo Nn— 00
= hp(u,Tu)
< hp(u, zny1) + pleny1, Tw)], for all n
—  h lim p(u,2pq1) + b lim p(@,41, Tu)
n— o0 n—o00
giving
lim p($n+1,T’U,) =0.
n—oo
Thus

p(u,Tu) < p(u, ny1) + p(@nt1, Tu) = p(Tnt1, Tnt1)
< p(u,Tpt1) + p(Tnt1,Tu) — 0 as n — oo.

Hence p(u, Tu) = 0 and so u = Tu.
Suppose u = Tu and v = T'v for some u,v € X. Then

p(ua U) - p(Tu’ TU)
1
< hmax{p(u,v),p(u, Tu), p(v, Tv), p(u, Tv),p(v,Tu)},0 < h < 3

= hp(u,v).
Thus p(u,v) = 0 and this gives u = v.

Theorem 2.16. Let (X, p) be a complete partial metric space and {T,} be a sequence

of self-mappings on X satisfying

1
p(Thx, Try) < hmax{p(z,y), p(z, Tnx),p(y, Tny), p(x, Try), p(y, Tnx)},0 < h <

Let Ty : X — X such that {T,} converges to Ty pointwise. If p(x,y) is sectionally
continuous in each variable x and y, then Ty has a fixed point ug € X such that

ug = lim u,, where u, is a fived point of T,(n =1,2,---).
n—oo
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Proof. Given

p(Thx, Toy) < hmax{p(z,y), p(z, Tnx), p(y, Tny), p(z, Ty), p(y, Tax)},
p being sectionally continuous, passing on to limit as n — oo gives
p(Tox, Toy) < hmax{p(z,y), p(z, Tox), p(y, Toy), p(z, Toy), p(y, Tox)}-
By the previous theorem, Ty has a fixed point ug € X, i.e., To(ug) = up. Taking
Up = Tp(up),n=1,2,---, we have
p(uo,un) = p(Touo, Tnun)
p(TOUO, TnUO) + p(TnUO; Tnun) - p(Tnu07 TnuO)

IN

Now,

p(Tnu07 Tnun) < hmax{p(an un),p(uo, TnUO)vp(u'm Tnun)ap(UOa Tnun)vp(unv TnUO)}

Therefore
p(uO; un)
< p(Touo, Thuo)
+h maX[P(UO, un)7 p(u07 TnUO)ap(un7 Tnun)yp(UO; un);p(uny TnuO)]
< p(Touo, Thuo)
+h max{p(uo, Un),p(TOUO, Tn’u,o), p(unv un)7
p(an un),p(un, UO) + p(U07 TnuO)}
< p(Toug, Tuuo) + hp(tn, uo) + p(Touo, Trhuo)).
And so
1+h
p(UOa un) S m p(T0uO7 TnuO)-
Hence
. 1+h .
Jgrgop(uO,un) < =% nh_{r;op(ﬂ)uoyTnuO) =0.
Therefore
lim p(ug, un) =0
n—oo
and so ug = lim, o0 Un,. O

Theorem 2.17. (Caccioppoli like theorem)Let (X, p) be a complete partial metric
space and T; : (X,p) — (X,p) satisfy

1

x#yin X, where 0 < ¢;; < 0,0 < a <1 for all 1,7, such that ZCi’i+1 is (C,1)
i=1
summable. Then {T;} has a unique common fized point in X.
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Proof. We take xg € X and construct a sequence {z,} by z, = T,,(z,—1),

n=12,---. Now

P(Tn, Tnt1) = P(Tn@n—1,Tht12n)

IN

cn,n+1 maX{p(l’n—la -rn)7p(xn—la Tn-rn—l))p(mny Tn-i—lxn)a

1
5 [P(xn—la TnJrlxn) + p(xnu Tnxnfl)]}

1
2

= Cn,n+1 maX{p(fEn—h xn)vp(xn—la xn)ap(xnv xn—i—l)v

7[p($n—1, $n+1) + p(xn, mn)]}'

NOW p(xnfh anrl) S p(mnfla xn) + p(xna anrl) - p(xna xn)
Therefore the above inequality reads as

p(xru anrl)

<

<

Cn,nJrl maX{P(xn—h -Tn)vp(mna xn+1)7
1

i[p(xn—la xn) + p(iﬂn, xn+1)}}

Cn,n+1 max{p(xn—h In)7p(1'n, xn—&-l)}

Now max value # p(x,, Tn+1) because p(xn, Tnt1) < Cnnt1P(Xn, Tni1) is untenable.

Therefore, we have

P(xm $n+1)

Now, for m > n,

p(xm xm) <

IN

IN

k

Putting s, = Zcq;,i+1 and Sy =

i=1

Cn,nJrl p(xnflv mn)
cn,n—l—l Cn—l,n p(xn—Zaxn—l)
Cnn+1 Cn—1n """ C12 p(3307 331)

n
H Ci,i+1p($0, 901)-

i=1

INIAIA

p('rn7xn+1) +--- +p(xm—17xm)

p(l'n, anrl) +--- +p($n+(mfn71)a anr(mfn))
n+(m—n—1)

k
Z <H Ci,i+1> p(xo, 331)

k=n

n+(m—n—1)

S i )
Z <z=1k“+> plao, 1)

k=n

k
Zl/:l Sy

P by (C,1) summability of Zcmﬂ, we

i=1

have z:S;C < 00. Therefore limyg_,o, Sy = 0. As 0 < a < 1, then Sy < « for large

k=1
values of k, and thus

k

2k < Sk < a, for large values of k.
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Therefore
S k
lim (k> < lim o = 0.
k—o0 k k—oo

Treating case of n > m in a similar way, one concludes that {z, } is a Cauchy sequence
in (X, p) which is complete. Let u € X with

im p(an, ) = lim plan, u) = p(u,u),

ie.,

0= lig (T, ) = lim p(z,,u) = p(u,u).

Given m, we have

p(Tru, )

p(Tmu; Tnxn—l) + p(Tnxn—la u)
p(Tmu, Tnmnfl) + p(x'ru u)

S Cm,n max{p(u, xn*l)vp(ua Tmu)a p(xnfl, Tn$n71)7
1
2 [p(u, Tnn-1) +p(Tn-1, Tmu)]} + p(zn, u)
1
< amax{p(u, Tn-1),p(u, Tnu), p(Tn-1,%n), 5 [P(U; Tn) + p(Tn—1, Tnu)]}

2
+p(Tn, u).

Now passing on to limit as n — oo, we have

p(Tnu, u) < amax{p(u,u), p(u, Tymu), p(u,u), %[p(u7 u) + p(u, Trw)]} + plu, )

or, p(Tmu,u) < amax{p(u, Tpu), p(u,u)} + p(u, u).

As p(u,u) = 0, we have
p(Tru,u) < a p(u, Tpu).

That means p(T,u,u) = 0 giving T, u = u.
For uniqueness of u as a common fixed point of {7}, }, suppose T,,u = u and T,,v = v
for all n, and u,v € X, we have

p(u,v) = p(Thu, Tyv)
< o max{p(u,0), p(u, Tow), p(v, o), 3 p(u, Tow) + p(v, Tuu)])
= o ma{p(u, ), p(u, ), (0, 0), 3 [p(,0) + plo, 0]}
As p(u,u) < p(u,v) and p(v,v) < p(u,v), we get

p(u,v) < cppn p(u,v)

That means p(u,v) = 0 and hence u = v. O

Theorem 2.17 gives following fixed point theorem due to Ray in [16] as a Corollary.
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Theorem 2.18. (Ray’s Theorem) Let X be a complete metric space, 0 < ¢;; < 1 and

Zcmﬂ is (C,1) summable, and T; : X — X satisfies
i=1
d(TZxaij) S Cijd('l:ay) for'ray € va 3& yala.] = 1a27 .

Then {T;} has a unique common fized point in X .

Remark 2.19. One may be inclined to infer from Ray’s Theorem above that at
a non-isolated point x € X, all T;’s agree, and in that case a single contraction
mapping acting on the closed subspace of all non-isolated points of X does the job.
This inclination is false as we see that a contraction mapping may send a non-isolated
point to an isolated point of a metric space.

Example 2.20. We take S, :%+2%+-~~+2%,n:1,2,~~ and

X ={1,2,8,:1,1+ S,,n € N}.

Then X is a complete metric space with usual metric d of reals. Now we define
T:X — X where

T(1) = T(Sp41)=1+51,
and T(2) = 2.

By routine check up we see that T' is a contraction mapping satisfying
1

for all z,y € X. Here T sends non-isolated point x =1 to T'(1) = 1 + % that is an
isolated point in X.
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