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1. INTRODUCTION

Fractional order differential equations appear in various areas of engineering, math-
ematics, physics, bio-engineering, etc. [15, 29]. For theoretical development of frac-
tional calculus and fractional differential equations, we refer the reader to the mono-
graphs by Abbas et al. [5, 6], Kilbas et al. [21] and Zhou [35, 36], and a series of
papers [3, 7, 8, 38, 39, 41, 40, 37|, and the references therein.

The nature of a dynamic system in engineering or natural sciences depends on the
accuracy of values of parameters describing the system. Further, a precisely described
dynamic system gives rise to a deterministic dynamical system. Unfortunately, in
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most cases, the available data for the description and evaluation of parameters of a
dynamic system are inaccurate, imprecise or confusing. In other words, evaluation
of parameters of a dynamical system involves certain uncertainties. In case the pa-
rameters of a dynamic system are of statistical nature (probabilistic), the common
approach to model such systems is based on random or stochastic differential equa-
tions. Random differential equations, regarded as natural extension of deterministic
ones, arise in many applications and have been investigated by many researchers, for
instance, see the monographs [9, 22, 31].

The issue of stability of functional equations was originally raised by Ulam [32]),
followed by Hyers [16] and Rassias [25]. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts
as a perturbation to the equation. Several authors have discussed Ulam-Hyers and
Ulam-Hyers-Rassias stabilities for functional equations, for example, see [6, 17], and
the articles by Abbas et al. [1, 2, 3, 4, 7], Petru et al. [23], etc. Rus [26, 27] discussed
the Ulam-Hyers stability for operatorial equations and inclusions. For the historical
and recent developments of such stabilities, for instance, see [18, 26].

In recent years, initial and boundary value problems of fractional differential
equations involving Hilfer fractional derivative have been studied by many authors
[11, 15, 19, 30, 33].

In this article, we discuss the existence and the Ulam stability of solutions for the
following problem of Random Hilfer fractional differential equations:

(DS Pu)(t,w) = f(t,u(t,w),w); t € Ry = [0, +00),
w € Q, (1.1)
(Iéﬂ“)(tvw)\t:o = p(w),

where o € (0,1), € [0,1], v = a+S—af, (R,.A) is a measurable space, ¢ :  — R is
a measurable function, f: Ry x R x Q — R is a given function, Ié 7 is the left-sided
mixed Riemann-Liouville integral of order 1 — ~, and Dy # is the Hilfer fractional
derivative of order o and type §.

Next, we consider the following problem of random Hilfer-Hadamard fractional
differential equations of the form

(" DPPu)(t,w) = g(t, ult,w), w); ¢ € [1,+00),
w € Q, (1.2)
("1 u) (L, w) = go(w),

where o € (0,1), B € [0,1], v =a+ 8 —afB, ¢o: Q — R is a measurable function,
g:[1,400) x Rx Q — R is a given function, Hflk7 is the left-sided mixed Hadamard
integral of order 1 — v, and # Df"ﬁ is the Hilfer-Hadamard fractional derivative of
order o and type (.

The present paper initiates the Ulam stability for random differential equations
involving Hilfer and Hilfer-Hadamard fractional derivatives in in Fréchet spaces.
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2. PRELIMINARIES

Let C be the Banach space of all continuous functions v from I :=[0,7]; T > 0
into R with the supremum (uniform) norm

[0]]oc = sup |v(#)].
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into R.
By L'(I), we denote the space of Lebesgue-integrable functions v : I — R with the

norm
T
lolly = / () dt.

Let L*°(I) be the Banach space of measurable functions v : I — R which are essen-
tially bounded, equipped with the norm

|lull e = inf{c > 0: |u(t)] <e¢, a.e. t €I}

By C,(I) and C}(I), we denote the weighted spaces of continuous functions defined
by
Cy(I) ={w: (0,T] = R: ! Tw(t) € C},
with the norm
lwlic, = sup[t'Tw(#)],
tel

and J
w
with the norm
lwlier = llwleo + [wllc, -
Throughout this paper, we denote ||wl|c, by [[w]|c.

Let X be a Fréchet space with a family of semi-norms {|| - ||, }nen+<. We assume that
the family of semi-norms {| - ||,,} verifies:

x|l < |lz|l2 < ||z|js < ... for every z € X.

Let Y C X, we say that Y is bounded if for every n € N, there exists M,, > 0 such
that B
lylln <M, forallye.

To X we associate a sequence of Banach spaces {(X",| - |l»)} as follows: For every
n € N, we consider the equivalence relation ~,, defined by: x ~,, y if and only if
|z — y|ln =0 for z,y € X. We denote by X™ = (X|~,,| - ||») the quotient space, the
completion of X™ with respect to ||-||,. To every Y C X, we associate a sequence {Y™}
of subsets Y™ C X™ as follows: For every « € X, we denote by [z], the equivalence
class of z of subset X™ and we define Y™ = {[z],, : z € Y}. We denote Y™, int, (Y")
and 0, Y™, respectively, the closure, the interior and the boundary of Y™ with respect
to || - || in X™. For more details about the properties in Fréchet spaces see [10].

For each p € N\{0}, we set I, := [0, p], we consider the following set, C,, , = C4([0, p]),
and we define in C, the semi-norms by

ull, = sup [t Tu(t)].
t€[0,p]
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Then C, is a Fréchet space with the family of semi-norms {|lu|/,}. Also C, 1, is a
Fréchet space with the family of semi-norms {||v[|,},en (0,1}, such that

[oll, = sup [(Int)'~To(t)].
t€[L,p]

Let X be a Fréchet space. A mapping T : © x X — X is called a random operator
if T'(w, u) is measurable in w for all € X and it expressed as T'(w)x = T(w,z). In
this case we say that T'(w) is a random operator on X. A random operator T'(w) on
X is called continuous (resp. compact, totally bounded and completely continuous)
if T'(w,x) is continuous (resp. compact, totally bounded and completely continuous)
in z for all w € Q). The details of completely continuous random operators in Fréchet
spaces and their properties appear in Goudarzi [12].

Definition 2.1. Let Sx be the o-algebra of Borel subsets of X. A mappingv : Q@ — X
is said to be measurable if for any B € Sx, one has

v I (B) = {w e Q:v(w) € B} C A
A mapping T : Q x X — X is called jointly measurable if for any B € Sx, one has
T7YB)={(w,z) € Qx X : T(w,z) € B} C A x Bx,

where A x (g is the direct product of the o-algebras A and Sx those defined in Q2
and X respectively.

Definition 2.2. Let D be a nonempty convex subset of X. A self mapping 7" on D
is said to be affine if

TOx+ (1= XNy)=AT(x)+ (1 - NT(y),
for all z,y € D and A € (0,1).

As in [14], we can show the following results about the measurability and the random
Carathéodory mappings.

Lemma 2.3. Let T : Q x X — X be a mapping such that T(-,x) is measurable for
all x € X, and T(w,-) is continuous for all w € Q. Then the map (w,x) — T(w,x)
is jointly measurable.

Definition 2.4. A function f: 1 x X x Q — X is called random Carathéodory if the
following conditions are satisfied:

(i) The map (t,z,w) — f(¢, x,w) is jointly measurable for all x € X, and

(ii) The map = — f(t, z,w) is continuous for almost all ¢t € I and w € Q.

Now, we give some results and properties of fractional calculus.

Definition 2.5. [5, 21, 28] The Riemann-Liouville integral of order r > 0 of a function
w € LY(I) is defined by

1

(LLw)(t) = m/o (t— )" tw(s)ds; forae. tel,
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where I'(+) is the (Euler’s) Gamma function defined by
I) = /oo t=tetdt; € > 0.
0
Notice that for all 7,71,r2 > 0 and each w € C, we have [jw € C, and

(I 152 w) (t) = (I5 T2 w)(t); for ae. t € 1.

Definition 2.6. [5, 21, 28] The Riemann-Liouville fractional derivative of order r €
(0,1] of a function w € L'(I) is defined by

T d -
g = (F17w) o
! d/t(t )" w(s)ds; tel
= —— — ; for a.e. :
T dr s)""w(s)ds; for a.e

Let r € (0,1], v € [0,1) and w € C1_(I). Then the following expression leads to the
left inverse operator as follows.

(DG Iiw)(t) = w(t); for all t € (0,T].

Moreover, if I;"w € Ci_(I), then the following composition is proved in [28]
(Ip~"w)(0F)
I'(r)
Definition 2.7. [5, 21, 28] The Caputo fractional derivative of order r € (0,1] of a

function w € AC(I) is defined by

(I D{w)(t) = w(t) — t"=1; for all t € (0,T).

o) = (17 gw)
1 t —r ./ .
F(l—r)/o (t—s)""w'(s)ds; for a.e. tel.

In [15], R. Hilfer studied applications of a generalized fractional operator having the
Riemann-Liouville and the Caputo derivatives as specific cases (see also [19, 30]).
Definition 2.8. (Hilfer derivative). Let o € (0,1), 8 € [0,1], w € L(I),

I(()l_a)(l_ﬁ) € AC(I). The Hilfer fractional derivative of order « and type (8 of w
is defined as

dt

Properties. Let a € (0,1), 8€[0,1], v = a+ B —af, and w € L*(I).
1) The operator (Dg"ﬂw)(t) can be written as

(DS Pw)(t) = (Ig(la)dléla)(lﬁ)w> (t); for a.e. tel. (2.1)

dt

Moreover, the parameter -y satisfies

’76(071],’}/2047’Y>B, 1_’7<1_5(1_a)'

(Dg”gw)(t) _ (Ig(la)d137w> (t) = ([5(17°‘)D3w) (t); for ae. tel.
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2) The generalization (2.1) for 8 = 0, coincides with the Riemann-Liouville derivative
and for § = 1 with the Caputo derivative.

DS = DY, and D" = °D.

3) If Doﬁ(lfa)w exists and in L!(I), then

(DEPTew)(t) = (TP D) (8); for ae. t €.
Furthermore, if w € C,(I) and Ié_’g(l_a)w € CI(I), then

(DSPIgw)(t) = w(t); for ae. tel.
4) If DJw exists and in L'(I), then
L (07
I'(y)

Corollary 2.9. Let h € C,(I). The linear problem

(I¢ DS Pw)(t) = (I] DJw)(t) = w(t) 71 for ae. t el

(D5 u)(t) = h(t); t e,

(I "u)(t)]1=0 = ¢,

has a unique solution u € L*(I) given by

@
“0 =50

From the above corollary, we concluded the following lemma.

77 (ISR)(1).

Lemma 2.10. Let f : Ry x R x Q@ — R be such that f(-,u(-,w),w) € C, for all
w € Q, and any u(w) € C,. Then problem (1.1) is equivalent to the problem of the
solutions of the integral equation
u(t,w) = Mﬂ_l + (IS fCul,w),w)(t); we Q.
L'(v)
Now, we consider the Ulam stability for the problem (1.1). Let e > 0 and ® : I xQ —
[0,00) be a measurable and bounded function. We consider the following inequalities

|(D8‘7Bu)(t7w) - f(t7u(t’w>7w)| <e¢ te Ip, w e Q, (22)
|(D8"ﬁu)(t,w) — fltu(t,w),w)| < ®(t,w); t €I, weQ, (2.3)
|(Dg76u)(tvw> - f(t7u(t7w)’w)| < G(I)(t>w)§ te Ip7 w € Q. (2-4)

Definition 2.11. [5, 26] The problem (1.1) is Ulam-Hyers stable if there exists a real
number ¢y > 0 such that for each € > 0 and for each random solution u : 2 — C of
the inequality (2.2) there exists a random solution v : Q@ — C., of (1.1) with

lu(t,w) —v(t,w)| <ecy; t €1y, wel
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Definition 2.12. [5, 26] The problem (1.1) is generalized Ulam-Hyers stable if there
exists ¢5 : C([0,00),[0,00)) with ¢f(0) = 0 such that for each € > 0 and for each

random solution u :  — C, of the inequality (2.2) there exists a random solution
v: Q= C, of (1.1) with

lu(t,w) —v(t,w)| < cple); t €I, we

Definition 2.13. [5, 26] The problem (1.1) is Ulam-Hyers-Rassias stable with respect
to @ if there exists a real number cf ¢ > 0 such that for each e > 0 and for each random
solution u : Q — C,, of the inequality (2.4) there exists a random solution v : Q@ — C,,
of (1.1) with

lu(t, w) —v(t,w)| < ecpe®(t,w); t €I, we .

Definition 2.14. [5, 26] The problem (1.1) is generalized Ulam-Hyers-Rassias stable
with respect to ® if there exists a real number cy o > 0 such that for each random
solution u : Q — C,, of the inequality (2.3), there exists a random solution v : Q@ — C,,
of (1.1) with

lu(t,w) —v(t,w)| < cra®(t,w); t €Iy, well

Remark 2.15. It is clear that

(i) Definition 2.11 = Definition 2.12,
(ii) Definition 2.13 = Definition 2.14,
(iii) Definition 2.13 for ®(,-) =1 = Definition 2.11.

One can have similar remarks for the inequalities (2.2) and (2.4).

In pure and applied aspects of Fixed point Theory, there are useful results such
as Markov-Kakutani and Krasnoselski theorems. We need the following stochastic
analogue fixed point of these theorems in the case of a Fréchet space.

Theorem 2.16. [12] Let K be a compact convex subset of a Fréchet space X and
T:Qx K — K be a continuous affine random operator. Then T has a random fixed
point.

We recall now an integral inequality which based on an iteration argument.

Lemma 2.17. [34] Suppose 8 > 0, a(t) is a nonnegative function locally integrable
on0<t<T (someT < +00) and g(t) is a nonnegative, nondecreasing continuous
function defined on 0 <t < T, g(t) < M (constant), and suppose u(t) is nonnegative
and locally integrable on 0 <t < T with

u(t) < a(t) + g(¢) /O (t — )P u(s)ds

on this interval. Then

t
0 F

u(t) < alt) —l—/

i W(t _ s)"ﬂ_la(s)‘| ds, 0<t<T.

From the above lemma, we concluded the following lemma.
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Lemma 2.18. Suppose 8 > 0, a(t,w) is a nonnegative function locally integrable on
[0,T) x Q (some T < 400) and g(t,w is a nonnegative, nondecreasing continuous
function with respect to t defined on [0,T) x Q, g(t,w) < M (constant), and suppose
u(t, w) is nonnegative and locally integrable with respect to t on [0,T) x Q with

u(t,w) < a(t,w) + g(t,w) -/0 (t — 5)P~Lu(s, w)ds
on [0,T) x Q. Then

> W@ - s)ﬂﬂ—1a<s7w>l ds, (t,w) € [0,T) x Q.

u(t.w) < at.w) + [

3. HILFER FRACTIONAL RANDOM DIFFERENTIAL EQUATIONS

In this section, we are concerned with the existence and Ulam-Hyers-Rassias sta-
bility for problem (1.1). Let us start by defining what we mean by a random solution
of the problem (1.1).

Definition 3.1. By a random solution of the problem (1.1) we mean a measurable
function u : Q@ — C, that satisfies the condition (I; "u)(0%,w) = ¢(w), and the
equation (DY u)(t,w) = f(t, u(t,w), w) on I x Q.

The following hypotheses will be used in the sequel.
(H1) The function f : I, x R x Q — f(¢,u,w) € R is random Carathéodory on

I, x R x €, and affine with respect to u,
(H3) There exists a measurable and bounded function [ : Q — L (I}, [0, 0)), such
that
lf(t, u,w) — f(t,v,w)] <I(t,w)|lu—v|; forae. tel, andeach u,veR, weQ,
(Hs) There exists Ap > 0 such that for each ¢t € I,, and w € Q, we have

' S (l;)n noa—1
A |le_:1 F(TLO[) (t - S) q)(s7w) ds < )\@‘b(ﬂﬂj),

where I = sup [l1(w) | z,).
For any p € N\{0}, set

f; = sup Hf(~,0,w)HLoo(1p), and ¢* = sup |p(w)|.
weN weN

Now, we shall prove the following theorem concerning the existence of random
solutions of problem (1.1).

Theorem 3.2. Assume that the hypotheses (H1) and (Hz) hold. If
*,01— [e%
Lpt—t
1+«

then problem (1.1) has at least one random solution in the space C.. Furthermore,

if the hypothesis (Hs) holds, then problem (1.1) is generalized Ulam-Hyers-Rassias
stable.

<1, (3.1)



HILFER AND HADAMARD RANDOM FRACTIONAL DIFFERENTIAL EQUATIONS 399

Proof. Define a mapping N : Q) x C, — C,, by:

(N (w)u)(t) = ‘{i((;”))ﬂ—w /0 (t—s)a—lwds. (3.2)

The map ¢ is measurable for all w € Q2. Again, as the indefinite integral is continuous
on I, then N(w) defines a mapping N : Q x Cy — C,. Thus u is a random solution
for the problem (1.1) if and only if © = N(w)u.

For each p € N\{0} and any w € Q, we can show that N(w) transforms the ball
B, :={ue Cy : |lullp, < np} into itself, where

¢*T(L+a) +T(y) frpt 7t
= F(’Y)(F(l “+ a) _ l;;plf’%’*a) .

Indeed, for any w € €2, and each v € By, and t € fp, we have

[t (N (w)u)(8)] < |?((:J))|+;(_oj)/0(t_5)a_1|f(s7u(s,w)aw)|d5

< 5+ f e
T %/ (t = )7 1f (s, u(s,w), w) = f(5,0,w)|ds
< |(§((:’))| ;(;;/O(t_g)a*1|f(5,0,w)|d8

1—v t
+ lt“(a) / (t — )21 (s, w) u(s, w)|ds

lp(w)| | FT 7
< Iy ) /O(t—S) ds

l* Tl—'y t
¢ UpHGmpt e
= T() I(1l+a)
< .

Thus
IN (w)ully < np. (3:3)

We shall show that the operator N : Q x B, — B, satisfies all the assumptions of
Theorem 2.16. The proof will be given in several steps.
Step 1. N(w) is a random operator on 2 x B,, into B,,.
Since f(t,u,w) is random Carathéodory, the map w — f (¢, u, w) is measurable in view
of Definition 2.1. Similarly, the product (t —s)*~! f(s, u(s, w),w) of a continuous and
a measurable function is again measurable. Further, the integral is a limit of a finite
sum of measurable functions, therefore, the map

$(w) —s)!

w mﬂ_l +/0 (tr(a)f(s,u(s,w),w)ds,
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is measurable. As a result, N(w) is a random operator on Q x B, into B,,.

Step 2. N(w) is continuous.

Let {uy }nen be a sequence such that u, — u in B,,. Then, for each t € I,, and w € €,
we have

tl’”(N(w)un)(t) (N (w)u) (1)

<% tl . fo t—s)a (s, un(s,w),w) — f(s,u(s,w),w)|ds
< ?l(aj)_fo YO (s, w) [un (s, w) — u(s,w)|ds (34)
<5 fo t—s)a ot (5, w) — u(s, w)|ds.

Since u,, — u as n — oo, then (3.4) implies
|IN(w)u, — N(w)u|, =0 asn— oco.

Step 3. N(w) is affine.
For eachu,v € By, t € I,, and any X € (0,1) and w € €2, we have

_ t a— s,(Au —\)v)(s,w),w
N(w)vu+ (1= Np) = gt 1+f0(t—s) 1 £ +<1F(a§ s.w)w) g

_ b gy L — g)at Llsulsw)w
_Wt’vl+>\f0 — 1 NO) ) ds

t a s,v(s,w),w
_)\)fo(t_ 1f( F(( )) ) ds

_ Ao — a—1 f(s,u(s,w),w)
_Wt'y 1+)\f0(t—8) 1Td3

_’_(11:(’/?;(#{)’*1 + (1 _ )\) fot(t _ S)Ot 1 f(s 'UIE? ";’) w) dS
= AN (w)(u) + (1 — A)N(w)(v).

Hence N (w) is affine.
As a consequence of Steps 1 to 3, together with the Theorem 2.16, we deduce that
N has a random fixed point v which is a random solution of the problem (1.1).

Step 4. The generalized Ulam-Hyers-Rassias stability.
Let u be a random solution of the inequality (2.3), and let us assume that v is a
random solution of problem (1.1). Thus, we have

¢(w) -1 /t —1 f(s,v(s,w),w)
vt w) = 27 [ (¢ =gyt T T g
R VO L A XY
From the inequality (2.3) for each ¢t € I,, and w € Q, we have
(b(w) —1 /t _1f(s,u(s,w),w) ‘
u(t,w) — =2t [ (g — et T T ol < (19®)(t, w).
From hypotheses (H2) and (Hz), for each ¢ € I,, and w € Q, we get

u(t,w) —v(t,w)| < |ut,w) - ‘flf((:))ﬂ—l - /0 (t - s)a—lf(s’uézl;”)’w) ds
! —_3 a—l‘f(&u(svw)vw)_f(svv(s7w)7w)| S
AED Ia) a

*

l t
(13@)(t,w)+r(';)/o(t—s)a—lm(s,w)—v(s,w)us.

IN
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D(t, w) +/0t

< 2014 20t w)

From Lemma 2.18, we have

lu(t,w) — v(t,w)| < Ag

Z Ifii):) (t— s)"“‘“b(&w)} ds}

n=1

= Cf’q)(I)(t, w)

Hence, the problem (1.1) is generalized Ulam-Hyers-Rassias stable.

4. HILFER-HADAMARD FRACTIONAL RANDOM DIFFERENTIAL EQUATIONS

Now, we are concerned with the existence and the Ulam-Hyers-Rassias stability for
problem (1.2).
Set C':= C([1,T]). Denote the weighted space of continuous functions defined by

Coym([1,T]) = {w(t) : (nt)'Tw(t) € C},
with the norm

[wllc, = sup [(Int)'"w(t)].
te[1,T)

Let us recall some definitions and properties of Hadamard fractional integration
and differentiation. We refer to [13, 21] for a more detailed analysis.

Definition 4.1. [13, 21] (Hadamard fractional integral). The Hadamard fractional
integral of order ¢ > 0 for a function g € L*([1,T)), is defined as

(1)) = s [ (%) s

provided the integral exists.

Example 4.2. Let 0 < ¢ < 1. Then

1
Hrfnt = m(lnt)”rq, for a.e. t €[0,e].
Set
5—xi >0, n=[]+1
- dm7 q 9 - q 9
and

ACY = {u:[1,T] = E : 6" u(z)] € AC(I)}.
Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional de-
rivative is defined in terms of the Hadamard fractional integral in the following way:

Definition 4.3. [13, 21] (Hadamard fractional derivative). The Hadamard fractional
derivative of order ¢ > 0 applied to the function w € ACY is defined as

(' Dw)(z) = 6" (" I} "w) (x).
In particular, if ¢ € (0, 1], then
(" Diw)(w) = 6(" 1, w)(x).
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Example 4.4. Let 0 < ¢ < 1. Then

HDIInt = (Int)'=7, for a.e. t € [0,e].

_
I'2-q)
It has been proved (see e.g. Kilbas [[20], Theorem 4.8]) that in the space L' (I, E), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional
integral, i.e.
(DY) (" {w)(2) = w(w).

From Theorem 2.3 of [21], we have

("1~ "w)(1)

I'(q)

Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional de-
rivative is defined in the following way:

("1{) (" Diw)(z) = w(x) — (In )7,

Definition 4.5. (Caputo-Hadamard fractional derivative). The Caputo-Hadamard
fractional derivative of order ¢ > 0 applied to the function w € ACY is defined as

(F¢Diw)(x) = (116" w) ().
In particular, if ¢ € (0, 1], then
("eDfw)(x) = (F1,~6w)(x).

From the Hadamard fractional integral, the Hilfer-Hadamard fractional derivative is
defined in the following way:

Definition 4.6. (Hilfer-Hadamard fractional derivative).Let o« € (0,1), 8 € [0,1],
y=a+B—aB, we LY(I), and HIfl_a)(l_ﬁ)w € AC(I). The Hilfer-Hadamard
fractional derivative of order o and type S applied to the function w is defined as

(D3P w)(t) = (T (T DYw)) (1) )
= (Hlf(l_a)é(Hfllfww)) (t); for ae. t€[1,T). .

This new fractional derivative (4.1) may be viewed as interpolating the Hadamard
fractional derivative and the Caputo-Hadamard fractional derivative. Indeed for 5 = 0
this derivative reduces to the Hadamard fractional derivative and when § = 1, we
recover the Caputo-Hadamard fractional derivative.

Hpy® = "Dg. and "Dyt = HeDy.
From Theorem 21 in [24], we concluded the following lemma

Lemma 4.7. Let g : I xR xQ — R be such that g(-, u(-,w), w) € Cy1n([1,T]) for any
u(.,w) € Cym([1,T)). Then Then problem (1.2) is equivalent to the following volterra
integral equation

Po(w)

F(’y) (lnt>’y_ +( If‘g(-,u(-,w%w))(t); w € ().

u(t,w) =
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Definition 4.8. By a random solution of the problem (1.2) we mean a measurable
function u € C,1, that satisfies the condition (17 7u)(1*,w) = ¢o(w), and the
equation

(7 DY)t w) = g(t, u(t,w),w) on [1,T] x Q.

For each p € N\{0, 1} we consider following set, Cp 1n = C([1,p]), and we define
in Cy 1 the semi-norms by
ull, = sup |(nt)" " Vu(t)].
t€[0,p]

Then C, 1, is a Fréchet space with the family of semi-norms {||u|,}.
Now we give (without proof) existence and Ulam stability results for problem (1.2).
The following hypotheses will be used in the sequel.
(Hj) The function f: [1,p] x R x Q — f(t,u,w) € R is random Carathéodory on
[1,p] x R x Q, and affine with respect to u,
(H}) There exists a measurable and bounded function [ : @ — L*([1,p], [0, 0)),
such that
lg(t, u, w) — g(t,v,w)| < i(t,w)\u —v|; for a.e. t€[l,p], and each u,v € R, w € Q,

(H%) There exists A¢ > 0 such that for each ¢t € [1,p], and w € Q, we have

/j Lf:l lgl(p;i:; (111 z>"“_1¢(s,w)] % < Ao®(t, w),

where l,, = sup HZ(W)HL“([LPD'
weN

Theorem 4.9. Assume that the hypotheses (Hy) and (H}) hold. If
Lp«(Inp)t=7te
I'l+a) ’
then problem (1.2) has at least one random solution in the space C, 1n. Furthermore,

if the hypothesis (HY%) holds, then problem (1.2) is generalized Ulam-Hyers-Rassias
stable.

(4.2)

5. AN EXAMPLE

Let Q = (—00,0) be equipped with the usual o-algebra consisting of Lebesgue
measurable subsets of (—00,0). Given a measurable function u : 2 — Cs ([0,1]).
As an application of our results, we consider the following problem of Hilfer fractional
differential equation of the form

{@é’%u)(t,w) = [t ultw),w); te00), o (5.1)
(Igu)(t)|t=0 = 1,

where o
cpt ™™ usint

t’ u7w = p ;
I ) 1+ V)1 +w?)

t e (0, €R,
(0, 00) w € Q,
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and 0 < ¢, < @p*?’/‘l; p € N — {0}. The hypothesis (Hz) is satisfied with

—1
cpt T | sint|

l t,w = P ) te 07 ’

0= G A a v Oy cq
[,(0,w) =0,

Also, the hypothesis (H3) is satisfied with
e3 - cy

P(t =— d e = —r

(7’LU) 1+w2’an [} ;F(1+TLO{)

A simple computation shows that conditions of Theorem 3.2 are satisfied. Hence,
problem (5.1) has at least one solution defined on [0, 1]. Moreover, problem (5.1) is
generalized Ulam-Hyers-Rassias stable.
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