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1. INTRODUCTION

In this paper, we consider the following nonlinear integrodifferential equation in N
variables

U(w)=g(w)+/3 H(%y,u(y%Dlu(y))derAK(w7y,u(y)7D1u(y))dy7 (1.1)

where x = (z1,...,2x) € 2=1[0,1]Vandg: Q = R, H : AxR?2 - R, K : OxQxR? —
R are given functions, with A = {(z,y) € O xQ:y € By}, By = [0,21] x ... X [0, zn].
Denote by Diju = (,;97“1, the partial derivative of a function u(z) defined on 2, with
respect to the first variable.

The problem of existence of solutions with certain properties for nonlinear integral
and integrodifferential equations has attracted the interest of scientists not only be-
cause of their major role in the fields of functional analysis but also because of their
important role in numerous applications, for example, mechanics, physics, population
dynamics, economics and other fields of science, see Corduneanu [7], Deimling (8], E.
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Zeidler [18]. In general, existence results of integral and integrodifferential equations
in one variable or N variables, have been obtained via the fundamental methods in
which the fixed point theorems are often applied, see [2] - [18] and the references
given therein. It is also known that existence theory for nonlinear integral equations,
strongly related with the evolution on fixed point theory, has been boosted ahead
after the remarkable work of Krasnosel’skii which signaled a new era in the research
of the subject, see [17] and the references given therein. Two main results of fixed
point theory are Schauder’s Theorem and Banach’s Theorem (also called contraction
mapping principle), Krasnosel’skii combined them into the following result.
Theorem 1.1. (sce [4], [8]). Let M be a nonempty bounded closed convex subset of
a Banach space (X, ||| ). Suppose that U : M — X is a contraction and C : M — X
is a completely continuous operator such that U(z) + C(y) € M, Vz,y € M. Then
U + C has a fixed point in M.

In [5], using a fixed point theorem of Krasnosel’skii, Avramescu and Vladimirescu
have proved the existence of asymptotically stable solutions to the following integral
equation

u(t) = q(t) +/0 K(t,s,u(s))ds + /000 G(t,s,u(s))ds, t € Ry, (1.2)

where the real functions are supposed to be continuous satisfying suitable conditions.

In [14], based on the well known Banach fixed point theorem coupled with Bi-
elecki type norm and a certain integral inequality with explicit estimate, B. G. Pach-
patte proved uniqueness and other properties of solutions of the following Fredholm
type integrodifferential equation

b
z(t) = g(t) +/ f(t,s,x(s), 2 (s), ..,z "V (s))ds, t € [a, ], (1.3)

where x, g, f are real valued functions and n > 2 is an integer. With the same
methods, B. G. Pachpatte studied the existence, uniqueness and some basic properties
of solutions of the Fredholm type integral equation in two variables, see [15],

a b
u(z,y) :f(x,y)+/0 /0 g(x,y,s,t,u(s,t), Dyu(s,t), Dau(s,t)) dtds, (1.4)

yet of certain Volterra integral and integrodifferential equations in two variables, see
[16].

In [6], El-Borai et al. have proved the existence of a unique solution of a nonlinear
integral equation of type Volterra-Hammerstein in n-dimensions of the form

pd(e.t) = fz,t) + A / / F(t, 1)K (2,9)y (g, 6(y.7)) dydr,  (L5)

where * = (21,...,%pn), ¥ = (Y1,-,Yn); 1, A are constants. After that, in [2], M.
A. Abdou et al. investigated the following mixed nonlinear integral equation of the
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second kind in n-dimensions

pola ) = A / k(e y)y (t, 9, 6y, 1) dy + A / /Q G(t, 7)k(z,y)y (7,9, d(y, 7)) dydr

Q
+)\/O F(t,m)p(x, 7)dr + f(x,1), (1.6)

where x = (21,...,2,), ¥y = (Y1, .-, Yn). Also using the Banach fixed point theorem,
the existence of a unique solution of these equations was proved.

M. A. Abdou et al. also considered the existence of integrable solution of nonlinear
integral equation, of type Hammerstein-Volterra of the second kind, by using the
technique of measure of weak noncompactness and Schauder fixed point theorem, see
[1].

In [10], M. Lauran established sufficient conditions for the existence of solutions of
the integral equation of Volterra type by using the concepts of nonexpansive operators,
contraction principles and the Schaefer’s fixed point theorem.

In [3], A. Aghajani et al. proved some results on the existence, uniqueness and
estimation of the solutions of Fredholm type integro-differential equations in two
variables, by using Perov’s fixed point theorem.

Recently, in [11] - [13], using tools of functional analysis and a fixed point theorem
of Krasnosel’skii type, solvability and asymptotically stable of nonlinear functional
integral equations in one variable or two variables, or N variables have been investi-
gated.

Motivated by the problems in the above mentioned works, in this paper, we consider
(1.1). This paper consists of four sections. The main result is given in Section 3,
where we state and prove Theorem 3.1 about the existence and the compactness of
the solutions set for (1.1). The proof of this theorem requires a preliminary study of
an appropriate Banach space (X1, |||y,) defined below, and a sufficient condition
for relative compactness of subsets of X; presented in Section 2. We note more that
the Banach space X; with the property C1(Q;R) C X; C C(£;R) has not been used
before. Finally, in Section 4, we give an illustrative example.

2. PRELIMINARIES
Put Q =[0,1]" and let B, = [0,71] X ... X [0,zn], T = (21, ...,2x5) € RY,
A={(z,y) eQxQ:y € B}

We also denote by x = (21, ...,xn) = (21,2"), with 2’ = (29, ...,xN).

First, we construct an appropriate Banach space for (1.1) as follows.

By X = C(2;R), we denote the space of all continuous functions from €2 into R
equipped with the standard norm:

l[ull x = sup |u(z)[, u € X. (2.1)
zeQ
Put
X, ={ueX=C(:R): Dyuc X}, (2.2)

and
ullx, = llullx +[Drullx, v e Xi. (2.3)
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It is clear that C'(Q;R) C X; C X and that they do not coincide. Indeed, there

exists u(z) = u(zy,...,xN) = {xl | + |zo — 3|+ em Tt € X but w ¢ X1 And

there exists v(z) = v(z1,...,an) = 2} [z — 1| + em1 T F28 € Xy, but v ¢ C' (4 R).
We have the following lemma.

Lemma 2.1. X, is a Banach space with the norm defined by (2.3).

Proof. Let {u,;,} C X7 be a Cauchy sequence in X7, then

um = upll x, = llum — upllx + [[D1tim — Drupllx — 0, as m, p — oo, (2.4)

it implies that {u,,} and {Dju,,} are also the Cauchy sequences in X. Because X is
a complete space, {u,} converges to u and {Dju,,} converges to v in X i.e.,

lum —ull x = 0, | D1ty —v|| x — 0, as m — oo.

Clearly, it is enough to prove |[um, — ullyx, — 0, as m — oo, in the case Dyu = v. This
is true, by the fact that

z1
m(T1,2") — um (0,2) = / Diup(s,z")ds, Yo = (xq1,2") € Q. (2.5)
0

As m — o0, |[um —ul|y = 0 and || D1ty — o[y — 0, so

U (21, 2) = U (0,2") = u(z1, ') — w(0,2'), V(z1,2') € Q, (2.6)
and
T 1

/ Dy, (s,2')ds — / v(s,z’)ds, ¥Y(z1,2") € Q. (2.7)

Note that (2.7) holds, since

/ Diupy,(s,2')ds —/ v(s,z)ds
(2.8)
_/ | D1ty (s,2") — v(s,2")| ds < [[Dyum, — vl — 0.
0
It implies from (2.5)-(2.7) that
w(zy,2') —u(0,2') = / v(s,z")ds, V(z1,2") € Q. (2.9)
0

Therefore, Dyu = v € X. Hence, u € X; and u,, — v in X;. Lemma 2.1 is complete.
Next, we have the following lemma establishing a necessary and sufficient condition
for relative compactness of subsets in X;.

Lemma 2.2. Let ' C Xy. Then F is relatively compact in X1 if and only if the
following conditions are satisfied
(i) IM > 0: [Jullx, <M, Vu € F;
(i) Ve > 0,30 >0:Vz, 2 €Q, [z —Z| < ¢ (2.10)
= 31612 (Ju(z) — u(@)| + |Dru(z) — Diu(Z)]) < €.

Proof. (a) Let F' be relatively compact in X;. Then F' is bounded, (2.10)(i) follows.
It remains to show that (2.10)(ii) holds.
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For every € > 0, considering a collection of open balls in X7, with center at u € F'

and radius §, as follows

3 _ _ £
By, (ug)={neXi:fu—aly, <

It is not difficult to verify that F C U Bx, (u, g) , where F is the closure of F.
uel

— I —
Since F' compact in X7, the open cover U Bx, (u, g) of F’ contains a finite subcover,

ueF
it means that there are uy,us,...,us € F such that

FeUbx (u.5).

i=1

}, u e F.

The functions w;, Dyu;, ¢ = 1,...; s, are uniformly continuous on 2, so there exists
0 > 0 such that
Vo, 2 € Q, |lv— 2| <0 = |ui(x) — wi(Z)| + |Diui(x) — Diui(Z)] < 5, Vi=1,...,s.
For all u € F, note that u € Bx, (u;, §) for some i = 1,..., s. Thus, for all z, 7 € Q, if
|z — Z| < § then we get
lu(z) — u(Z)| + |Dru(z) — Dyu(z)|
< fu(x) = wi(@)| + Jui(z) — ui(T)] + [ui(Z) — u(z)|
+ [Dru(z) — Dyui(2)] + [Dyui(x) — Diui(Z)| + [D1ui(z) — Dyu(Z))]
= |u(@) — ui(z)| + [Dru(z) — Diui(x)| + |ui(x) — ui(Z)
+ [Drui(z) — Drwi(@)] + [ui(Z) — u(Z)| + [D1ui(z) — Dyu(z)]
< 2lu =il x, + |ui(@) — ui(@)] + [Drui(r) — D1ui(Z)|
<ZE4e=¢
This implies that (2.10)(ii) holds.
(b) Conversely, let (2.10) hold.
In order to prove that F is relatively compact in X7, let {u,,} be a sequence in F,
we have to show that there exists a convergent subsequence of {u,, }.
By (2.10), Fy = {u, : m € N} and Fy = {Dju,, : m € N} are uniformly bounded
and equicontinuous in X. Hence an application of the Ascoli-Arzela theorem to Fj

implies that it is relatively compact in X, so there exists a subsequence {u,,} of
{um} and u € X such that

|, —ullx — 0, as k — oo.

Remark that { D1y, : k € N} C Fy is also uniformly bounded and equicontinuous
in X, so it is also relatively compact in X. We deduce the existence of a subsequence
of {Dyup, }, denoted by the same symbol, and v € X, such that

| D1tm,, — v|lx — 0, as k — oo.
By the fact that

z1
Uy, (21, 2) — U, (0, 2") = / Diup, (s,2")ds, Y(z1,2") € Q,
0
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furthermore by ||uy,, —u|ly — 0 and |[Diup, —v||x — 0, we obtain

w(xy,x’) —u(0,2') = /0931 v(s,z")ds, V(z1,2') € Q.

Aswv € X, we see that the right hand side is continuously differentiable with respect
to 1 and this leads to Dju = v € X. Therefore u € X; and uy,, — v in X;. Lemma
2.2 is proved.

3. THE EXISTENCE AND THE COMPACTNESS OF SOLUTIONS SET

In order to obtain the main result in section, we make the following assumptions
(A1) g€ Xy;

(A2) HeC(AxR%R), 82 € O(A x R%R), such that
There exist nonegative functions hg, hy : A — R with the following properties

(i) |H(m,y,u, U) - H(x,y,ﬂ,ﬁﬂ < hO(x’y) (lu - ﬂ‘ + |U - ’DD
V(:c,y) € Av vuavaﬂal_] € Ra
(i) |92 (2, y,u,v) — 2 (2, y,4,0)| < ha(z,y) (Ju — 1| + [0 — 0])
V(z,y) € A, Yu,v,u4,7 € R.

(A3) K € C(92 x 2 x R%R) such that € C(Q x Q x R%R) and there exist
nonegative functions kg, k1 : Q2 x Q@ - R w1th the following properties

() 1K (2, y.u,0)] < kol,y) (1+ [ul + o]) , ¥(z,y) € 2 x Q, Yu,v € R,
(i) [ 3 (@, u,v)| < ka(,9) (L4 Jul + [o]), ¥, y) € 2 x @, Vu,v € R

(A4) B+ B2 <1, where

By = sup U / ho(z, 21,y )dy’ +/ ha(z, y)dy} + sup/ ho(, y)dy,
2€Q €N
B2 = sup/ ko(z,y)dy + Sup/ k1 (z,y)dy.
zeQ JQ

ze€Q JQ

Theorem 3.1. Let the functions g, H, K in (1.1) satisfy the assumptions
(A1) — (A4). Then the equation (1.1) has a solution in Xi. Furthermore, the set
of solutions is compact in Xj.

Proof. We rewrite (1.1) as follows

u(z) = (Au)(z),z € Q, (3.1)
where
(Au)(z) = (Uu)(z) + (Cu)(z),
<mmw—m>+/Amm%MWDw@mm
(3.2)
/K x,y,u(y), D1u(y))dy,

A simple verification shows that Uu, Cu € X1, Yu € X;.
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For M > 0, we consider a closed ball in X; as follows
={ue X1 |ullx, <M} (3.3)

We will show that there exists M > 0 such that
(i) Uu + Cv € By, for every u, v € By,
and the operators U, C satisty the conditions (ii)-(iv) below.
(ii) U : By — X is a contraction map,
(iii) C : By — X is continuous,
(iv) F = C(Byy) is relatively compact in X;.
Proof (i). Let M > 0. For every u € Byy, for all z € Q, we have

[(Uu) ()] < llgllx +/ |H (2, y,u(y), D1u(y))| dy

x

< ||9||X+/ IH(w,y,u(y),DW(y))—H(x,y70,0)|dy+/ |H(z,y,0,0)| dy

P B

< gllx + /B ho(2, ) (Ju(y)] + | Dru(y)]) dy + /B \H(z,4,0,0)| dy

x

<lolly +luly, [ ooty + [ 1H.p0.0)1dy

< |lgllx + Msup / ho(z,y)dy + sup / |H(z,y,0,0)| dy, (3.4)
z€QJ B, zeQ JB,
SO
IUullx < lglly + Msup / ho(2,y)dy + sup / H(z,5,0,0)|dy.  (35)
zeQ J B, €N

On the other hand, for all x = (x1,2') € Q,

W) =gte) + [ [ [ [ Gyt ) Dratn iy |

(3.6)
Therefore
D, (Uu)(xz) = Drg(x / / H(z,z1,y ,u(z1,y"), Dyu(zy,y))dy’
O0H
of a—1<x,y,u<y>7D1u<y>>dy
_Dlg / / .’17 55171//711(331»y/),DIU(iUlay/))_H($a$17y/7070)} dy/
N O0H 0H
o [ [ 00y [ | S ). D) - S w0.0.0) dy
+/ (z,y,0,0)dy, for all z = (z1,2") € Q. (3.7
B, 81‘1

It implies that
D1 (Au)(z)| < [[Drgllx
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xro TN
!/ ! ! !/ !/
+/ / H(z, 21,9/ u(zs, '), Dra(en, ) — Ha,21,/,0,0)| dy
0 0

T2 TN
+/ / |H (x,71,y',0,0)| dy’
0 0
oOH OH
+ / O oy u(y), Dru(y)) — 2L (,,0,0)| dy + /
B, 6501 3 B,
< |Daglly + / / ho(e, 21,4') ([u(zr, )] + | Dru(er, o)) dy’

x2
/ / "E xlay/7070)|dy/

# [ men) (uto)+ D) dy+ [ |5 0.0y

x

<|\Dlgux+uu||xl/ / ho(z, 1,9/ dy+/ / Hz,21,9/,0,0)|dy

tlall, [ m s+ [ S 0.0
By €1

<||Dlg||X+M[/ / ho(w, 21,/ dy+/ hlxmdy}
0

H
axl

<|[D1gl x + Msup [/ / ho(x7x1,y’)dy’+/ hl(x,y)dy]
zeQ [Jo 0 B,

OH
+sup[/ [y 00+ [ ]<m,y,o,o>\dy]. (3.8)
zeQ [Jo 0 Ba. O0x1
This yields

€T TN
1Dyl < [Diglly + Msup [ / / ho(e, o1,y )dy' + / h1<x,y>dy}
ze 0 0 B,

e oH
+ sup |:/ / |H($7l‘1,y/a070)| dy/ +/ ’(x7ya0a0)‘ dy:| .
zeQ [ Jo 0 B, | 071

From (3.5) and (3.9), it gives
1Tl x, = 1Tl x + 1Dy (Uw)]lx < llgllx, + a1+ MBi, (3.10)

0
92, ¢

H
z,y,0, 0)‘ dy

where

ay = Sup/ |H(z,y,0,0)| dy
By

z€eQ
OH *2 TN
al(x,y,0,0)’dy—i—/ / H(l’,$1,y’,070)|dy’}’
0 0

+ sup [/
TEQ B,

B1 = sup ho (z,y)dy+ sup {/ / ho(x, x1,y")dy' —|—/ hl(x,y)dy] .
z€Q e LJo 0 B,
(3.11)
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On the other hand, for every v € By, for all x € 2, we have

(Cv) ()] < / K (2,9, 0(y), Dyo(y)) dy
Q
<

< / ko y) (1 + [o(y)| + | Dyv(y)]) dy (3.12)
< [ uleny) (14 ol dy < (1420 sup [ kol )y,
Q zeQ JQ
Thus
ICv] x < (1+ M) sup/ ko(z,y)dy. (3.13)
TzeQ JQ
Similarly,
0K
| D1(Cv)()| S/ +—(@,y,0(y), D1v(y))| dy < (1 + M) Sup/ k1 (z, y)dy,
Q axl e
(3.14)
therefore
|Di(Cv)| x < (14 M) sup/ ki(x,y)d (3.15)
From (3.12) and (3.15) we take
||Cv||X < [sug ko(z,y)dy + sug/ kl(x,y)dy] =(1+ M)B. (3.16)
TE xe

From (3.10) and (3.16) we have that
[Uu+Cvlly, < [Uully, + O]y, < lgllx, +ar+Ba+ M (Bu+52). (317
Choose M > ||g|lx, + a1+ B2+ M (B + Bz)

T 1-Bi b
Then Uu + Cv € Byy, for all u,v € B)y.
Proof (ii). In view of (A4), U : By — X is a contraction map, if we show that

[Uu— Ul y, < Billu—1ly,, Vu, @€ By. (3.18)
For every u, 4 € By, for all (x,y) € Q, using (A2,4), (3.2) leads to

|(UU)(‘T) - (U’lj) (.’1?)| < /B |H(,’L‘7 Y, u(y)a Dlu(y)> - H(SL’, Y, ﬁ(y), Dla(y))l dy

x

< / ho(,y) (Ju(y) — a(y)| + | Dru(y) — Dya(y)]) dy
< (igg/B ho(%y)dy) lu—aly, -

0w~ vl < (sup [ e )y ) =l (3.19)

Thus
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Similarly, by (3.7) we deduce that, for all z = (x1,2') € Q,
Dy(Uu)(x) — Dy (U)(x)
/ / H(z, 21,y u(z1,y"), Diu(zy,y'))
—H(z,21,y',u(21,y"), Diu(z1,y'))ldy
+Lj$ﬁa%mmmww—gim%mew@>@7

using (A2,ii), we get
|D1(Uu)(z) — D1(Un) ()]
/ l/\mewumh>DmM,»
_H(x ‘rhy u(xh ) Dlu(xh ))|dy/

|Gt mat). Do) = G (o), Dyt d

(3.20)

/ / ho(z, 20, 4) [Juer, o) — a(@1,y')] + |Dyu(zr,y') — Dy, )] dy’

/ ha(x,y) [luly) — a(y)| + |Druly) — Dru(y)|] dy

<sup{/ / ho(z, z1,y")dy' +/ hlxydy} u — 1l 5, -
€N

Then
[ D1(Uu) — Dl(UU)Hx
< sup {/ ho(z, z1,y")dy’ —|—/ hi(x y)dy] Hu—uHX
zEQ 0

From (3.19) and (3.22) we take
1w = Uall, < By flu—aly,

where
Bi<Bi+pB <1,
by (A4).

(3.21)

(3.22)

(3.23)

(3.24)

Proof (iii). To prove (iii), let {um} C By, u € B, [|um — ullx, — 0, as m — oo, we

have to prove that

|Cupm, — Cul x — 0 and ||D1(Curm) — D1(Cu)||y — 0, as m — oo.

Note that

(3.25)

[(Cum)(z) = (Cu) ()| SAIK(x,y,um(y)7D1um(y))—K(x,y,U(y)yDlu(y))\dy-

(3.26)
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Give € > 0. Since the function K is uniformly continuous on  x  x [—M, M] x
[-M, M], there exists 6 > 0 such that

V(z,y) € Q x Q, Yu,v,a,v € [-M, M],
lu—al+ v -7 < § = |K(z,y,u,v) — K(z,y,a,0)| <e.
By ||um — ul|x = 0, and || Dy, — Dyul|x — 0, there is mo € N such that
Vm e N, m > mog = ||um — ullx + [[Ditm — Drul|x <6.
It follows that Vm € N, if m > mg then
(K (@, y, um (y), D1um(y)) — K(z,y,u(y), Diu(y))| <e,
V(z,y) € Q xQ, so
[(Cum)(z) — (Cu)(z)| < &, Yo € Q, Ym > my,
it means that
|Cum, — Cullx < e, Ym > my, (3.27)
ie., |Cup — Cul y — 0, as m — oo.
By the same way, we get || D1(Cuy,) — D1(Cu)| x — 0, as m — oo.

Proof (iv). To prove (iv), we use Lemma 2.2. Condition (2.10)(i) holds because by
(i), we have that F' = C(Bjps) C Bps. It remains to show (2.10)(ii). We have, for all
u € By, for all z,x € (),

(Cu)(z) — (Cu)(7) :/ (K (2, y,u(y), D1u(y)) — K(Z,y, u(y), Dru(y))] dy,

Q
(3.28)
Let € > 0. By the fact that K is uniformly continuous on Q x Qx [-M, M| x [-M, M],
there exists d; > 0 such that Vx, T € ,

|z —Z| < 01 = |K(z,y,u,0) — K(Z,y,u,0)| < 5, V(y,u,v) € Q x [-M, M].
Then
Ve, T €Q, |r—F| <
= |K(2,y, u(y), D1u(y)) — K(Z,y, u(y), D1u(y))| < 5, V(y,u) € Q x By,
SO
Ve, T €Q, |z —T| <01

— [ 1Ky, uly), Druly)) = K@y, u(u), Dra(w)| dy < 5, Yu € B,
Q

This yields
Vo, z € Q, |v —z| <0 = |(Cu)(z) — (Cu)(z)| < §, Yu € By (3.29)
Similarly, by the uniformly continuity of g—fl, D;g, on their domains, we also have
that for the € > 0 considered there is a d3 > 0 such that Vz, T € Q,
|z — 2| < 0o = |D1(Cu)(x) — D1(Cu)(Z)| < §, Yu € By (3.30)
Consequently, choosing § = min{d;,d2}, we obtain Vz, T € Q,

2 — 7| < 6 = |(Cu)(z) — (Cu)(@)] + |D1(Cu)(z) — D1 (Cu)(z)| < &, Yu € By
(3.31)
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Lemma 2.2 implies that ' = C(Byy) is relatively compact in X;. Applying the
Krasnosel’skii fixed point theorem (Theorem 1.1), the existence of a solution is proved.
Now, we show that the set .S of solutions is compact in X; :

S={ueBy:u=Uu+Cu} ={u€ By :u=I—-U)"1Cul}.

From the compactness of the operator C' : By; — By and the continuity of (I—-U)~1! :
By — Buy, and S = (I — U)~1C(S), we only prove that S is closed. Let {u,,} C S,
u € X1, |[tm — ullx, = 0. The continuity of (I —U)~'C leads to

lu— (= 0)7Cully, < llu=tmllx, + Jum — (1 = U)o,
= llu—tmlly, + || = U) " Cgpy — (I = U)*lcuHXl -0,

sou= (I —U)"1Cu € S. Theorem 3.1 is proved.
4. AN EXAMPLE
Consider (1.1), with the functions H, K, g as follows
H(z,y,u,v) = h(z) [yi‘...yj‘v sin (%) +yq ...y} cos (Dﬁfo”(y))} ,
K(z,y,u,v) = h(z)Ki(y,u,v), (4.1)

2 a+1___ o+1 2 ’Y+1“. y+1
g(w) = wo(w) — h(w) (ZEL b 4 Bl i),

where

e e |l w N L [ el o )P
Kl(y7u7v) =Y --Yn |:u0(y) + (uo(y)) :| +y1yN l:D1u0(?/) + (D1u0(y)) :| )
N
up(z) = " + 2" |z — | + Z lz; —af,
=3
i N
hz) =a)" vz — & + ) |z —al,
i=3

and o, v, a, Y2, V1, Q, Y2, 71 are positive constants satisfying

O0<a<],0<yn <1<y,

0<a<l,0<y <1<y,

o (<g+11)zv—1 n (Wf)N,l) [max{mz, (1-&7"} + (N - 2) max{a,1 — d}]

+2(1+7) (3w + v ) X
x [(1 +31) max{a™”, (1 — &)™} + (N — 2) max{a,1 — &} } <1

(4.3)

Note that
N

up(x) = ™ + 2 |za — o] + Z |z — o,
i=3

Diug(z) = ™ + v |zg — al™,
so ug € X7 and ug(x) > 1, Dyug(z) > 1.
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We can prove that (A1), (A2) hold. It is easy to see that (A1) holds, since ug,
h e X;.

Assumption (A2) holds, by the following. First, H € C(£2 x  x R%;R). On the
other hand,

oh
—c X
8321 <
and
OH 8h(){0 US,(WU )+v Wcos( 27v )]
in| —— — ],
dx,  Ory Yi--In 2up(y) Yi--Un Diup(y)
hence SH
o 2.
O € C(2x QxR%R).

Next, it is obviously that
- 2
|H(z,y,u,v) = H(z,,50)] < hle) [y -y% 2 + v} ]

< 2mh(z) (YT + ) ul) [lu—a + v —of]  (44)
= ho(@,y) (lu —al + Jv—12),

with
ho(@,y) = 2wh(z) (Y7 - y% + Yl --yx) - (4.5)
Similarly
P (2, y,u,0) = $2L (2,0, 0)| < hlw,y) (lu—al + o —ol),  (46)
where
ha(@, ) = 27 | 20 (2)| (5 s + 070 (4.7)

Assumption (A3) holds, by the following. First, K € C(Q x 2 x R%;R). On the
other hand,

oh oK oh
— K
81‘1 € ) axl axl( ) 1(y7u ’U)
% 0K
— Q x Q x R%R).
2, € C(Q x QxR%R)
Next, applying the inequality
r<1+z? Vx>0, Vg>1, (4.8)
we have
K (s, 0)] < o [T+ UO‘(;)} o]k 1+ 2] (£9)
<2 (91 YRyl yn) (L [l + o))
It follows that
|K (2, y, u,v)| = h(z) [K1(y, u, v)| < Koz, y) (1 + |ul + |v]), (4.10)
with
ko(z,y) = 2h(x) (Y7 .--y% +yi--y) - (4.11)
Similarly

Foe (g u,0)| < ka(z,y) (14 Jul + [o]) (4.12)



268 LE THI PHUONG NGOC, HUYNH THI HOANG DUNG AND NGUYEN THANH LONG

in which

ki(z,y) =2

2 ()] (08 0+ w7 (4.13)

To see that assumption QA4) holds, we make the following estimations.
(i) Estimating the term [3.

‘We have
/B ho(z,y)dy = 2rh(x )/ (Y7 -y +ylun) dy
o‘+1 o+1 'y+1
o [ E TN . 1 N 1 )h(x),
(c+ 1N 7+1 a+1)N (y+ 1N
h Y
hi(z,y)dy = 27 af(x) (WS yX +yl - yl) dy
B, B,
1 1 oh
<2 4.14
< ”<<a+1>N+<v+ ¥ )’axl”‘ (4.14)
and

T2 TN x2 TN
/ / ho(z, 21,y )dy = 27rh(x)/ / (27yg..y% + 2] ys . yx) dy’
0 0 0 0

o+l o+l ﬂ/+1 y+1
x{x X xlx T
_ 27Th(.’)3) < 142 N + 12 N )

e R

1 1
< 27h(z) <(U+ VT + o+ 1)N1> . (4.15)

In order to continue, we need the following lemma, its proof is not difficult so we omit
it.

Lemma 4.1. Let positive constants a, va, 71 satisfy 0 < a < 1,0 < v <1 < 7.
Then

0 <2l |z2 — o] <max{a??, (1 —a)"}, Vay, 22 € [0,1],

0 (4.16)
0<a]* |z — o™ <max{a™, (1 —a)”}, Va1, 22 € [0, 1].
Using Lemma 4.1, we get
0 < h(z) =a]" |zg — oz|72—|-2|xz ,
h(z) < max{a®, (1— &)™) + (N — %) max{a, 1 — a): (4.17)

oh o 5 5 3
0< (@) =ua] ™ oo — 6 < 5 max{a™, (1 - &)} Vo € O
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Then
ho(z, y)dy
B, B
< 2 (gt + ) [max(@™, (1= &%) + (N - 2 max{a 1 -} |
1 1 . -
hi(z,y)dy < 27 ~ + 31 max{a?, (1 — &)},

B, (v+1)
/ : / ho(x, 1,y )dy

< 27 (Gt + e ) [max{@®, (1 - 6)7} + (V = 2) max{d, 1 - a} | .

(4.18)
Therefore
i) N
=sup [ ho(z,y)dy+ sup [/ h1(x,y)dy+/ / ho(x,wl,y’)dy’}
reN e B, 0 0

= 2m (<a+1>N*1 + <v+1>N*1) [max{d%» (1—@)"} + (N - 2) max{a,1 - 5‘}]

27 (b + e ) [+ 3 max{a®, (1 @)} + (N - 2) max{a, 1 - a}].
(4:19)
(ii) Estimating the term Ba.
Similarly, using Lemma 4.1, we get

/Qko(x,y)dy = 2h(w)/9(y?-~y7v +ylyk) dy =2 <(J jl)N + (le)zv> h(x)

<2 (W + W) [max{mz, (1—a)™ + (N - 2) max{a,1 - a} } ,

/k:lxydy—Q a@h( )
e+ ) |4

<2 ((U+1 v+ ('y+1)N) 2! max{aﬂz 1 - a):m )

(y-i’---yj‘v + 1 yk) dy

8:1}1 ‘

(4.20)

where

Bo = sup/ ko(z,y)dy+ Sup/ ki(x,y)dy
ze€N JO zeQ JQ

IN

2 (ﬁ + W) [(1 + 7)) max{@”, (1 — @) + (N — 2) max{a@, 1 — @} }
(4.21)
It follows from (4.3), (4.19) and (4.21) that

Bi+ B2 < 1. (4.22)

Theorem 3.1 is fulfilled in this case. Furthermore, ug € X is also a solution of (1.1).
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