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1. INTRODUCTION

Let Hy, Hs and Hs be real Hilbert spaces, let C C H; and Q C Hs be nonempty
closed convex sets. We denote the inner product and norm of Hy, Hs and Hj3 by
notations (-,-) and | - |. The split feasibility problem (in short, S,FP) is to find a
point

Z € C such that Az € Q, (1.1)

where A : H;y — Hy is a bounded linear operator. The S,FP(1.1) in finite dimensional
Hilbert space was introduced by Censor and Elfving [7] for modeling inverse problem
which arise from retrievals and in medical image reconstruction [5]. Since then various
iterative methods have been proposed to solve S,FP(1.1); see for instance [1, 4, 10, 27].

Recently, Moudafi [20] introduced and studied the following split equality problem
which is a natural generalization of S,FP(1.1): find

T € C, § € Q such that AT = By, (1.2)
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where A : Hi — Hj3, B : Hy — Hj are two bounded linear operators. For related
work, see [21, 16]. Note that the problem (1.2) reduces to problem (1.1) if Hy = H3
and B = I, where I stands for the identity operator on Hs, in (1.2).

Further, Moudafi [22] introduced and studied the following split equality fixed point
problem (in short, S,EFPP): find (Z,7) € C x Q such that

Z € Fix(S), g € Fix(T) and Az = By, (1.3)

where S : C — C and T : Q@ — @ be nonlinear mappings and Fix(S) := {z €
C : Sz = z}. The solution set of SLEFPP(1.3) is denoted by ©. We note as given
in Zhao et al. [30] (see also Dong et al. [11], Moudafi [22]) that S,EFPP(1.3) and
related problems allow asymmetric and partial relations between the variables x and
y. The interest is to cover many situations, for instance in decomposition methods for
partial differential equations, applications in game theory and in intensity-modulated
radiation therapy (in short, IMRT). In decision sciences, this allows consideration of
agents that interplay only via some components of their decision variables (see, [2]).
In (IMRT), this amounts to envisage a weak coupling between the vector of doses
absorbed in all voxels and that of the radiation intensity (see, [8]).

Recently, Zhao [29] introduced and studied a simultaneous iterative method and
proved a weak convergence theorem for S,EFPP (1.3) for quasi-nonexpansive op-
erators. For further related work, see Zhao et al. [30] and Dong et al. [11].

It is well known that the theory of variational inequalities plays an important role
in optimization, economics and engineering sciences. Because of its vast range ap-
plicability, various extensions and generalizations of variational inequality problems
have been made and analyzed in various directions for past several years. One of the
important generalizations is variational-like inequality problem introduced by Parida
et al. [25] which has applications in optimization.

In 2006, Preda et al. [26] introduced and studied the general variational-like inequality
problem (in, short GVLIP) of finding Z € C such that

F(z,z;Z) > 0, Vo € C, (1.4)

which has applications in mathematical and equilibrium programming, see for exam-
ple [28].

Very recently, Kazmi and Ali [15] introduced the generalized general variational-like
inequality problem (in, short GGVLIP) which is to find Z € C such that
F(z,z;%) + ¢(z, %) — p(Z,7) > 0, Vz € C. (1.5)

They proved an existence theorem for GGVLIP(1.5) and proved strong convergence
theorem for an iterative method for approximating a common solution to a system of
GGVLIPs and a common fixed point problem in Banach space.

If weset F(z,Z; %) = (fz+9%, m(x,Z)) where f,g: C — Hy and 1y : CxC — H; then
GGVLIP(1.5) is reduced to the mixed variational-like inequality problem introduced
and studied by Noor [23].
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Further, if we set F(x,Z;Z) = (fz,m(x,Z)) where f: C — Hy and 1y : C x C — H;
and ¢ = 0, then GGVLIP(1.5) is reduced to the variational-like inequality problem
of finding = € C' such that

(fz,m(2,2)) >0, Vo € C,

introduced and studied by Parida et al. [25], which has applications in mathematical
programming problems.

Moreover if 1y (z, %) =  — Z for all z,Z € C, then variational-like inequality problem
is reduced to the classical variational inequality problem of finding Z € C such that

(fz,x — %) >0, Yo € C,
introduced and studied by Hartman and Stampacchia [12].

In this paper, we introduce the following split equality generalized general
variational-like inequality problem (in short, S,LEGGVLIP) which is an extension
of GGVLIP(1.5): find z € C and § € @ such that

F(z,2;2) + ¢(z, %) — $(2,7) 2 0, Vz € C, (1.6)
Gy, :9) +¥(v,9) —¥(¥,9) =20, Vy € Q (1.7)
and Az = By,

where F': OxCxC — Rand G : QxQxQ — R are trifunctions. When looked sepa-
rately, (1.6) is GGVLIP and its solution set is denoted by Sol(GGVLIP(1.6)). Solution
set of S;,EGGVLIP(1.6)-(1.7) is denoted by Sol(S,EGGVLIP(1.6)-(1.7))={(Z,9) €
C x Q: 7 € Sol(GGVLIP(1.6)), 7 € Sol(GGVLIP(1.7))

and AT = By}.

If we set ¢, = 0; H = R", Hy = R™ H3 = Rk; F("Evi‘;j) = <Vf§37”71(xaj)>
and G(y,7;9) = (Vg m2(y,9)) where 1 : O x C — R", o : Q x Q — R™ are
continuous, and f : C — R™ and g : @ — R™ are differentiable and respectively,
n1- and na-convex [25], then S,LEGGVLIP(1.6)-(1.7) is reduced to the following new
mathematical programming problem:
min f(Z),
min g(¥), 1.8
i o(9) (19)
and AT = By.

Further, we consider the following split equality monotone variational inclusion prob-
lem (in short, S,EMVIP): find Z € Hy, § € Hy such that

0€U(x)+ M(z), (1.9)
0€V(g)+ N(H), (1.10)
and Az = By,

where M : Hy — 271 and N : Hy — 272 are multi-valued maximal monotone
mappings. When looked separately, (1.9) is called monotone variational inclusion
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problem (in short, MVIP) and its solution set is denoted by Sol(MVIP(1.9)). Solution
set of S,EMVIP(1.9)-(1.10) is denoted by Sol(S,EMVIP(1.9)-(1.10)).

If we set U =0 and V' = 0, then S,LEMVIP(1.9)-(1.10) is reduced to the following
problem: find z € H; and § € H, such that

0 e M(z), (1.11)
0 € N(3), (1.12)
and AT = By.

Problem (1.11)-(1.12) is called the split equality null point problem (in short,
SpENPP). Solution set of S,LENPP(1.11)-(1.12) is denoted by Sol(S,ENPP(1.11)-
(1.12)). S,ENPP(1.11)-(1.12) generalizes split null point problem (in short, S,NPP)
studied by [6, 14].

Also, SLEMVIP(1.9)-(1.10) is a natural generalization of split monotone variational
inclusion problem (in short, S;MVIP) given by Moudafi [19]. Moudafi [19] proved a
weak convergence theorem for solving S,MVIP. It is worth to mention that the weak
and strong convergence are different in setting of general Hilbert spaces and in the
most cases, strong convergence is more desirable than weak convergence. However,
there is a very little progress in strong convergence results for iterative methods
for solving S,MVIP. Therefore, to prove a strong convergence theorem for finding a
common solution to S,EMVIP(1.9)-(1.10) (a more general problem than S,MVIP),
SpEGGVLIP(1.6)-(1.7) and S,EFPP(1.3) is the main interest of this paper.

Motivated by the ongoing work in this direction, we propose and analyze an iterative
method for solving S,EMVIP(1.9)-(1.10), S;,EGGVLIP(1.6)-(1.7) and S,EFPP(1.3)
and prove a strong convergence theorem for the proposed iterative algorithm to ap-
proximate a common solution to S,EMVIP(1.9)-(1.10), S,EGGVLIP(1.6)-(1.7) and
SpEFPP(1.3). Further, we derive some consequences from the main result. Finally,
we give a numerical example to justify the main result. The result presented here
extends and unifies some known results in the literature, see for instance, [29].

2. PRELIMINARIES

Throughout the paper, we denote the strong and weak convergence of a sequence
{z} to a point € X by x,, — = and x,, — x, respectively. For every point = € H,
there exists a unique nearest point of C, denoted by Pcx, such that ||z — Pox| <
||l — yl||, Vy € C. The mapping P is called the metric projection from H; onto C.
It is well known that P¢ is a firmly nonexpansive mapping from H; to C, i.e.,

|Pox — Pey||?> < (Pox — Poy,x —y),Va,y € Hy.
Further, for any x € H; and z € C, z = Pox if and only if
(x —z,z—y) >0,Vy € C. (2.1)

Definition 2.1. A mapping S : Hy — H; is said to be
(i) nonexpansive, if

1Sz = Syll < [z —yll, Vo € Hi, y € Hy;
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(ii) quasi-nonexpansive, if
[Sz — Sqll < |l —qll, Vo € Hi, q € Fix(5);
(iil) firmly quasi-nonexpansive, if
1Sz —q|” < |l = ql* = |z — Sz|*, ¥z € Hy, q € Fix(S)).

Lemma 2.1. [Corollary 4.15 [3]] Let C C H; be a nonempty, closed and convex set
and let S : C' — H;y be a nonexpansive mapping. Then Fix(S) is closed and convex.

Lemma 2.2, [18] Let S : Hi — H; be quasi-nonexpansive mapping. Set Sg =
BI+ (1 —B)S, for p € [0,1). Then the following properties are reached for all x €
Hy, g€ FIX(S)
(i) (z — Sz, —q) > 1|z — Sz||? and (z — Sz,q — Sz) <
(i) [ISpz —all* < [l —gl]* = B(1 — B)[| Sz — x|
(iii) (xz — Spz,z—q) > %Hx — Sz|%.

3lle — Szl

Remark 2.1. [18] Let Sg = BI+(1—0)S, where S : H; — H; is a quasi-nonexpansive
mapping and 8 € [0,1). We have Fix(Sg) = Fix(S) and

ISpz — z]|* = (1 - B)*[|Sz — «|*.

It follows from (ii) of Lemma 2.2 that

B
ISp — all* = |z — qll* — WHS@T - z|l?,

which implies that S3 is firmly nonexpansive when 8 = % On the other hand, if S is

a firmly quasi-nonexpansive mapping, we can easily obtain S = %I + %S’, where S is
quasi-nonexpansive.

Definition 2.2. A mapping U : Hy — H;y is said to be

(i) monotone, if (Ux —Uy,z —y) >0, Va,y € Hy;
(ii) strongly monotone, if there exists a constant 5 > 0 such that

<U$€ - Uy,x - y) > ﬂ”()’] - yH27 vxay € Hl;
(iii) B-inverse strongly monotone, if there exists a constant 8 > 0 such that
<U‘T - Uy,l’ - y> > 6HUI - Uy||27 Vx,y € Hl'

Definition 2.3. A multi-valued mapping M : Hy — 251 is called monotone if for all
z,y € Hi, ue Mz and v € My such that

(x —y,u—v)>0.
Definition 2.4. A monotone mapping M : Hy — 21 is maximal if the
Graph(M) .= {(x,y) : x € Hy,y € M(z)}

is mot properly contained in the graph of any other monotone mapping.
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It is known that a monotone mapping M is maximal if and only if for (z,u) €
Hy x Hy, (x —y,u —v) >0, for every (y,v) € Graph(M) implies that u € Mz.

Let A be a monotone mapping of C' into H; and Ngv the normal cone to C at
v e, ie.,
Nev={w € Hy : (v—u,w) >0, Yu e C},
and define a mapping M on C by

| Av+ Ngv, vel
M’U{[Z)’ ve C,

then M is maximal monotone and 0 € Mwv if and only if (Av,u—v) > 0 for all u € C.

Definition 2.5. Let M : Hy — 21 be a multi-valued mazimal monotone mapping.
Then, the resolvent mapping Ji\/f : Hi — H; associated with M, is defined by

JM(z) = (I +A\M)" Y (z), Vo € H.

Remark 2.2. (i) For all A > 0, the resolvent operator Ji/ is single-valued and
firmly nonexpansive.
(ii) If we take M = 0I¢, the subdifferential of the indicator function Ic of C,
where I is defined by

0, zeC
lo(z) = { +oo, x¢C,
then
y=JC(z) = (I +\lp) 'z &y = Pou.
(iii) It is easy to see that I¢ is a proper and lower semicontinuous convex function

on H; and the subdifferential 0~ of the indicator function I is maximal
monotone.

Assumption 2.1. Let F' and ¢ satisfy the following conditions:

(i) F(z,y;2) =0if x =y for any z,y,z € C;
(ii) F is generalized relaxed a-monotone, i.e., for any z,y € C and t € (0,1], we
have

F(yaxay) - F(y,x,x) > Oé(i,y),
where o : H; x H; — R such that

1—
t—0 t

iii) F(y,;-) is hemicontinuous for any fixed =,y € C;

iv) F(-,;2) is convex and lower semicontinuous for any fixed z,y € C;

(v) F(x,y;2) + F(y,z;2z) =0 for any z,y,z € C|

(vi) ¢(:,-) is weakly continuous and ¢(+,y) is convex for any fixed y € C;

(vil) ¢ is skew-symmetric, i.e., ¢(x,z)— ¢(z,y)+ ¢(y,y) — d(y,x) >0, Va,y € C.

—_
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For a given r > 0, define a mapping T'f" : H; — C as follows:

T (z) = {z eC:F(y,zz2)+ %(y—z,z—x) + é(z,y) — P(z,2) > 0,Vy € C’},
(2.2)
Ve € Hy.

The following lemma is a special case of Lemma 3.1-3.3 due to [15] in real Hilbert
space.

Lemma 2.3. [15] Assume that F : C x C x C — R and ¢ : C x C — R satisfy
Assumption 2.1. Suppose the mapping TF : Hy — C be defined as in (2.2). Then the
following holds:

(i) TF(x) # 0 for each x € Hy;

(ii) T.F is single valued;

(iii) TF is firmly nonexpansive, i.e.,

HTfl’ _TrFy||2 < <Tf$—Tfy,$ _y>v VﬂC,@/ € Hl;
(iv) Fix(TF) = Sol(GGVLIP(1.6));
(v) Sol(GGVLIP(1.6)) is closed and convez.

Assume that G : Q X Q@ x Q@ — R, ¥ : @ X @ — R satisfy Assumption 2.1. For
s> 0and u € Hy, define a mapping T : Hy — Q as follows

1
TGy = {v €Q: Gw,v;v) +p(w,v) —Y(v,v) + —(w —v,v —u) > 0,Yw € Q}.
s
(2.3)
Then it follows from Lemma 2.3 that T satisfies (i)-(v) of Lemma 2.3, and
Fix(TE) = Sol(GGVLIP(1.7)).

Definition 2.6. Let Hy be a real Hilbert space. A mapping S : Hy — H; is said to
be:

(i) demiclosed at origin if, for any sequence {x,} C Hy with x, — T and if the
sequence {Sx,} strongly converges to x*, we have ST = z*;

(ii) semi-compact if, for any bounded sequence {x,} C Hy with |z, — Sx,| — 0,
there exists a subsequence {x,,} C {x,} such that {z,,} converges strongly
to a point T € Hy;

(iil) weakly continuous at x if for any sequence {x, } which converges weakly to x,
the sequence {Sx,} converges weakly to Sx.

Lemma 2.4. [17]
(i) For all z,y € Hy, we have
lz = yl* = ll= ]I = lly1* - 2(z — ,3); (2.4)
(ii) For any x,y € Hy, we have
2(z,y) = llzlI* + lyl* = o = yll* =z + yl* = ll2l* = lyl*, Yo,y € Hi.  (2.5)

Lemma 2.5. [24] (Opial’s lemma) Let Hy be a Hilbert space and {{i,} be a sequence
in Hy such that there exists a nonempty set W C Hy satisfying:
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(i) For every p* € W, lm ||, — p*|| ezists.
n—oo
(il) Any weak-cluster point of the sequence {u,} belongs to W
Then there exists u* € W such that {u,} weakly converges to p*.

3. MAIN RESULTS

We prove a strong convergence theorem to approximate a common solu-
tion to S,LEMVIP(1.9)-(1.10), S,LEGGVLIP(1.6)-(1.7) and S,EFPP(1.3) for quasi-
nonexpansive mappings by selecting the step size in such a way that the implemen-
tation of the algorithm does not require the calculation or estimation of the operator
norms.

Theorem 3.1. Let Hy, Hy and Hs be real Hilbert spaces, C C Hy and QQ C Hy be
nonempty closed and convex sets. Assume that F': CxCxC - R, G: QxQxQ — R
are trifunctions and ¢ : C x C — R, ¢ : Q x Q@ — R are bifunctions satisfying
Assumption 2.1 with F(x,;x) and G(y,-;y) are weakly continuous, and let A : Hy —
Hs, B: Hy — Hj be two bounded linear operators. Let U : C — H; be an o-inverse
strongly monotone mapping and let M : Hy — 271 be a mazimal monotone mapping.
Let V : Q — Hy be an B-inverse strongly monotone mapping and let N : Hy — 2H2
be a mazimal monotone mapping. Let (x1,y1) € C x Q be given and the iteration
sequence {(x,,yn)} be generated by the scheme:

F(u, Un,; un) + ¢(U>un) - ¢(un7un)
1
4+— <u — Uy, Uy, — Jrj\f(ﬂcn — TnUJZn)> >0, YueC;

5p
G(U, Uns U’ﬂ) + wl(vv Un) - ¢(Un, Un)

+; <U — Un, Un — Jﬂi (yn - Tnvyn)> >0, Vv e @; (31)

Zn = PC(Un - ’YnA*(Aun - an));
Tl = Qnzn + (1 — ap)Szn;
wy, = Pg (v, + v B*(Au,, — Buy));

Ynt1 = AWy + (1 — o) Twh,,

where S : C — C and T : Q — @ be quasi-nonexpansive mappings and the step size
Yn 48 chosen in such a way that for some e > 0,

2|| Au,, — Bvy,||?
— A 3.2
€ (i B 15 G B~ ¢) - A 6

otherwise v, =y (v > 0), where the index set A = {n : Au,—Bv, # 0}, a,, C (6,1-0)
for some small enough 6§ > 0 and {r,}, {sn} C (0,00). Assume that the control
sequences {r,} and {s,} satisfy the following conditions:

(i) 0<r<r, <7 <2minf{o, §};

(ii) liminf s, > 0;

n—roo

(i) S =1 and T — I are demiclosed at 0.
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If T = Sol(S,EMVIP(1.9) — (1.10)) N Sol(S,EGGVLIP(1.6) — (1.7)) N © # 0, then
the sequence {(xn,yn)} converges weakly to a point (Z,3) of T. In addition if S and
T are semi-compact, then {(x,,yn)} converges strongly to the point (Z,y) of T.

Proof. Since the mappings U : C — H; and V : Q — Hs are o-inverse strongly
monotone and [-inverse strongly monotone mapping, respectively, and r, < ro<
2min{o, 8}, then we can easily show that (I —r,U) and (I —r,, V') are nonexpansive.
Hence JM(I — r,U) and JY (I — r,V) are nonexpansive. Since I' # 0, it follows
from Lemma 2.1 that Fix(JM (I —r,U)) = (U + M)~*(0) and Fix(JY (I —r,V)) =
(V 4+ N)~1(0) are closed and convex sets. Further, it follows from Lemma 2.3 that
TF and TS are nonexpansive and hence Fix(T7" ) and Fix(TC) are closed and convex
sets. Thus I' is nonempty closed and convex. Let (z,y) € T, it follows from Lemma
2.3 that x = T;:.’L' and y = Tgy. Also, we observe that © = J%(I — r,U)z and
y=JN (I —r,V)y. Since TL t,,, where t, = JM(I — r,U), is nonexpansive, we have

lwn — || = HTSIjLJTJ\f(xn —rpUx,) — TSFnJ%(I —r,U)z|
< lzn — 2. (3.3)

Similarly, we obtain
[vn =yl < llyn —yll- (3.4)
Since (z,y) € T, then x € C and hence Pox = z. Now, we estimate
[z — x||2 = [|Pc(un — 1A (Aup, — Buy)) — PCxHQ
< lun = n A*(Aup, — Boy) — ||
< lun — $||2 = 27n{up — z, A*(Auy, — Boy)) + ’YrQLHA*(Aun - an)”2

< up — :c||2 — 29 (Au,, — Az, Au,, — Bu,) + 'yZHA*(Aun - an)||2
(3.5)

< lun — x||2 + 29| Aup, — Az||||Auy, — By || + ’)/ELHA*(Aun - BUn)H2-
(3.6)

Now, using (2.5) in (3.5), we get
12 = 21 < llun = 2l|* = yallAup — Az|* = yallAun = Bva||* + 7| Bon — Az|?
+ 2| A* (Au,, — Bu,)|?. (3.7
By similar step as in (3.7), we obtain
lwn = ylI> < Nlon = yll* = Yl Bon — Byll* = yllAun — Bon|* + val| Au, — By|)?
+92 | B* (Aun, — Buy) || (3.8)
Adding (3.7) and (3.8), and using the fact that Az = By, we get
12 = @l* + wn =yl < llun = 2l + llva = yl1* = [2] Aun — Bon||?
~ (14" (Aup = Bun )|I* + [|B* (Aup — Bun)[?)]- (3.9)
Now, from assumption on ~,, we get

Iz = 2l® + llwn = ylI* < fun — 2 + o — ). (3.10)
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Since S and T are quasi-nonexpansive mappings, it follows from Lemma 2.2(ii) that
[Zn41 — I”Z = |lanzn + (1 — an)S(zn) — IHQ
< on = 2l® = an(l = an)[[S(z0) — 2. (3.11)
Similarly, we obtain
lynsr =yll* < Jlwn = yl* = an(l — an)[|T(wn) — wall*. (3.12)
Adding (3.11) and (3.12), we get
znt1 = 2l + llynar = ylI> < Nz — 2l + lwn - yl?
—an (1 = an)([[8(2n) = 2znll* + 1T (wn) — wal]?).
Using (3.3), (3.4) and (3.9) in above inequalities, we get
[Znt1 = 2l + l[ynsr = 9lI> < llzn =2l + lyn — yl1? — 7 [2]|Aun — Boy||?
(|4 (Auy, — Buy)||” + || B* (Aun, — Buy)||)]
—an(l —an)([|S(zn) — Zn||2 + T (wn) — wn||2)~ (3.13)
Now, setting py, (z,v) := ||n — 2> + |yn — y||* in (3.13), we obtain

A

pn+1(-73ay) = pn(x,y) - Vn[Z“Aun - B’Un||2
—Yn([|A*(Auy, — Buy)||? + || B* (Auy, — Buy)|1?)]
—an(1 = an)(|1S(2) = zal? + [|T(wn) — wal®).  (3.14)

From the condition (3.2) on ~,, we observe that the sequence {p,(z,y)} being de-
creasing and lower bounded by 0, therefore it converges to some finite limit, say
p(z,y). Thus condition (i) of Lemma 2.5 is satisfied with p, = (2, yn), u* = (z,v)
and W =T.

Since ||z, — 2||? < pn(z,v), |yn —ylI* < pu(z,y) and lim pn(x,y) exists, we observe
that {z,} and {y,} are bounded and hm 1 SUp |z — x|| and hm 1 SUp lyn — y|| exist.
From (3.3) and (3.4), we have that hm sup ||un — x| and hm sup an —y|| also exist.

Now, let Z and  be weak cluster pomts of the sequences {xn} and {yn}, respectively.
From Lemma 2.4(i), we have

241 — anQ = |zns1 —x — 20 + x||2
= ||Znt1 — $||2 —lzn — ZHQ = 2(Tpt1 — Tn, Tn — T)
= lzns1 — x| = |20 — 2||® — 2(xpi1 — T, T — x) + 2(x,, — T, 2, — ).
Hence,
limsup ||2p4+1 — zn] = 0. (3.15)
n—oo
Similarly, we have
limsup [|yn4+1 = ynll = 0. (3.16)
n—oo
Further, it follows from (3.15) and (3.16) that
lim ||2p+1 — 2n] =0, (3.17)
n—oo
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and
Jim {[yn 11— ynll = 0. (3.18)
For n € A, again from (3.14), we have

pnt1(®y) < palz,y) — ’Yn[QHAUn - BUnH2
—n([[A* (Auy — Buy)|I” + (| B*(Aup — Buy)[*)].

Since lim p,(z,y) exists, it follows from condition (3.2) that
n— oo

lim (| A*(Auy — Bug)||* + || B* (Aun — Bun)||*) = 0. (3.19)
(Note that Au,, — Bv, =0 if n ¢ A). Hence, we obtain
nh_}n;g |A* (Au,, — Buy,)|| = nlgr;o |B* (Au,, — Bvy,)|| = 0. (3.20)
Similarly, from assumption {a,} C (6,1 — ), § > 0 and (3.14), we observe that
Tim [z, — S(za)l| = lim_ [w, = Tw, )] = 0. (3.21)

Since v, is bounded and lim p,(z,y) exists, it follows from (3.14), (3.20) and (3.21)
n—0o0

that
lim ||Au,, — Bv,|| = 0. (3.22)
n— 00

Now, we estimate

lon =22 = [Pe(un — A" (Aun — Bun)) — Pex?
< Azn —x,up — VA" (Au,, — Bu,) — x)
1
= 5 { el o = 0" (A — B =

—lzn = un + ¥ A" (Au, — an)H2 } .

This implies that
l2n = 2* < llun — 2[|* = 290 {un — 2, A*(Aun — Bug)) + 1]l A* (Aun — Buy)||?
= llzn = unll® = 1R A" (Aup — Bon)|* = 290 (2 — tn, A*(Aup — Boy))
< Nun = @l* + 2yn | Aun — Az||| Aup — Bonl| = |20 — un?
+ 29, || Azy, — Auy||||Aun — Bogl.
Using (3.3) and above inequality in (3.11), we get
lnsr =@l < o — 2l + 2yn ([ Aun — Az]| + || Az — Aug )l A, — Bua|
—ll2n = unll? = (1 = an)[1S(zn) = za1*.
This implies that
120 —unll* < (e = 2ll + l2nss — zl)llzn — 24
+2vn (| Aup, — Az|| 4+ || Az — Auy||) || Ay, — Buy||
—an (1= a)||S(2n) — 2l (3.23)
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Using (3.17), (3.21) and (3.22) in (3.23), we get

HILH;O |z, — un || = 0. (3.24)
Similarly, we get
li_)rn |lwpn, — va|| = 0. (3.25)

Since JT]‘:[ is firmly nonexpansive, we find that
ltn —z|> < ((xn —rUxp) — (2 — ryUx), t, — )
= Sl —raUwa) — (@ = U2 + [t — 2l
~@n = raUzn) = (z = raUz) = (t, — )|*}

1

< Sillzn = 2?4 lra(Uay — Uz)|1? = 2rn0l|Usy — Uz + |t — ||
—||zp =ty — Uz, — Uz)||*}
1

< i{llxn - x”z + lrn(Uzn — Ux)||2 = 210Uz — Ux||2 + [t — 33”2

—zn = tall® = rn Uz — U) | + 2|25 — tall|rn Uy — Uz)|}-
It follows that
o — 2l < l2n — 2l + 2rallzn — talllUzn — Usll = o — tal®. (3.20)
Since TE is nonexpansive and u, = T t,, and x = T z, then we have
[un — 2| < [tn — |-
Using (3.6) and above relation in (3.11), we get
[2nt1 = @l* < llun — 2| + 2]l Aup — Az||[| Aun — Bog|| + 72 [ A" (Aun — Bog)|*
< ltn = $H2 + 29[| Auy, — Azl|[|Aun, — Buy ||
+ 2| A* (Au, — Buy,) | (3.27)
Using (3.26) in (3.27), we have
[Zns1 —zl® < Nan —)® + 2rl|lzn — tal||Uy — Uz|| = |20 — ta?
+29, | Auy, — Az|||| Aun — Bug|| + 72l A*(Auy, — By
Hence, we have
l2n —tall* < (2o — 2l + |2nt1 = 2)l2n = Tpgall + 2rnllzn — tal| Uz, — U]
+29, )| Aup, — Az ||| Aun — Bug|| 4+ 72l A*(Au, — By (3.28)
Again, since t,, = J,{\f(xn —r,Uxy,), we have
[tn — =l = ”J%(zn —raUy) — Jr]’\f([ —rU)z?
|(zn — rnUzy) — (x — 7,Ux)]|?
(2 — x) = (U, — Uz)||?
zn — || = rn(20 — rp)||Uzy — Uz|)?. (3.29)

INIA A
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Using (3.29) in (3.27), we have
lTn+1 — xH2 < o, — x”Q — (20 — 1) [|Uy, — Ux||2 + '7721”A*(Aun - an)”Q
+2v, || Auy, — Azl|||Awy, — By ||, (3.30)
which can be written as
rn(20 =) [|Uzn — Uzl* < (lan — 2] + @01 — 2l |20 — 2 |
+27, | Auy, — Az||||Auy, — Bug||

+2||A* (Au, — Buy,) || (3.31)
Taking n — oo and condition (i), using (3.17), (3.20) and (3.22) in (3.31), we have
lim ||Uz, — Uzx| = 0. (3.32)
n—oo
Again, taking n — oo, using (3.17), (3.20) (3.22) and (3.32) in (3.28), we get
nh_)ngo |xn — tn|| = 0. (3.33)
Similarly, we get
lim [[Vy, — Vgl =0 (3.34)
and
Jim [y, — ]| = 0, (3.35)
where t;z = J,],YL (yn — ™nVyn). Since Tsi is a firmly nonexpansive, therefore
lun =2l = TSty —2|?
S <tn — T, Up — $>
1
= St =2l + llun = 2* = [lun = ta]?),
ie.,
ltm — 2112 < Nt — 2l = lltn — £ (3.36)
llun — ng < lzn — x||2 —Tn(20 — 1)Uz, — Ux||2 — [Jun — thQ' (3.37)

Similarly, we can find
lon = y11” < llyn = yl* = ra(28 = ra)lIVy = Viyl* = llon — 1,
Using (3.6), (3.37) in (3.11), we get
[Znt1 = 2l* < llun — 2| + 2] Aup — Az||[| Aun — Bog|| + 7 [ A" (Aun — Buy)|?
<wn = )|* = rn(20 = ro)|Un = Uz||* = [Jug — tnl|®
+ Yl A" (Aun — Bon)|” + 29[| Aun — Az||[| Auy — Bu,|l,

which can be written as

ltn = tall? < (ln — 2l + s — 2|z — nsall = (20 — 1)U — Us]?
72 | A (Aup — Bug)[|* + 27 || Aun, — Az ||| Auy, — Bu||.
Now, using (3.20), (3.22), (3.17) and (3.32) in above inequality, we get
lim |lu, —t,|| = 0. (3.38)
n—oo
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Now,
[tun = @l < llun = tall + [[tn — @]l
Using (3.33) and (3.38), we have
lim ||u, — 2z,] = 0. (3.39)
n—oo

Again, since
||Zn - xn” < ||Zn - un” + ||un - an
Using (3.24) and (3.39), we get

nh_)rréo |z, — 2n || = 0. (3.40)
Similarly, we can also obtain

nh_}rlgo llvn, — t,]l =0, (3.41)
and

nh—{%o lvn — yn|l = 0, (3.42)

nhHH;O lwn, — vn|| =0, (3.43)

nh_)n;o [lwn, — yn |l = 0. (3.44)

Since {x,} is bounded, there exists a subsequence {z,} of {z,,} such that x,,, =
and hence it follows from (3.40) that there is a subsequence {z,,} of {z,} such that
Zn; — Z. Further, demiclosedness of S—1 at 0 and (3.21) imply that Z € Fix(S). Also,
it follows from boundedness of {y, } and (3.44) that there exist subsequences {y,, } of
{yn} and {w,,} of {w,} such that y,, — ¥ and w,, — § and hence demiclosedness
of T — I at 0 and (3.21) yield that § € Fix(T). Since every Hilbert space satisfies
Opial’s condition which ensures that the weakly subsequential limit of {(z,,y,)} is
unique. Since {z,} and {u,} both have the same asymptotic behaviour, then there
is a subsequence {uy,} of {uy} such that u,, — z.

Now, we show that Z € Sol(GGVLIP(1.6)) and § € Sol(GGVLIP(1.7)).
Since u,, = Titn, where t,, = Jff(mn —rpUxy,), we have

1
F(u, tn; un) + d(u, ) — d(tn, un) + s—(u — U, Uy — ) >0, Yu € C.
n
It follows from generalized relaxed a-monotonicity of F', above inequality implies that
Up,; — tn,

i

) > —F(u, up,; u) + a(un,,u), Yu € C.

(3.45)
Since liminf s,, > 0, then there exists a real number s > 0 such that s, > s, V n and
n—oo

¢(u7 um) - ¢(unmum) + <u = Un,,

uz

hence we have

”um — tni < ||un7. — tni
Sn; o S

It follows from (3.38) that lim |lu,, — tn,|| = 0 and hence
1—> 00

—tn, 1
i M =l o L g o =00
i—00 Sn; peo
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Since « is lower semicontinuous in the first argument, ¢ is weakly continuous and
F(u,-;u) is weakly continuous then on taking n — oo in (3.45), we get

a(z,u) — F(u,Z;u) — ¢(u, Z) + ¢(Z,7) <0, Vu e C. (3.46)
For t with 0 <t <1 and u € C, set u; = tu+ (1 —t)z. Since C is convex set, u; € C,
then from (3.46), we have

a(Z,up) — F(ug, Tyug) — d(ug, ) + o(z,2) <0, (3.47)

which implies that
F(ug, T us) — ¢(Z, %) + p(ug, T)
tF(u,Zu) + (1= ) F(Z,&5u) — &(Z,T) + top(u, Z) + (1 — 8)o(Z, T)
t[F (u, T; up) + o(u, T) — &(Z, T)]. (3.48)

Since F'(u,T;-) is hemicontinuous and letting ¢ — 0, we have

a(Z, uy)

VAN VANVAN

lim (P, ) + 0(u,7) — 6(7,7)} > lim T (3.49)
which implies
F(u,z; %) + ¢(u,z) — ¢(z,T) > 0. (3.50)

This implies that Z € Sol(GGVLIP(1.6)). Following a similar argument as the proof
of above, we have § € Sol(GGVLIPP(1.7)).

Next, we show that (Z,7) € Sol(S,EMVIP(1.9) — (1.10)). Since
tn; = wa\,/z[ (xnz - ranl'm)

can be written as :
Ty — tn.
L L Uz, € Mt,,.
T,

i

Let 4 € Mwv. Since M is monotone, we have

Ty, — T
<M —Uzy, — p,tn, —v> > 0.
Tn,

It follows from (3.33) and condition (i) that (—UZ — p, Z — v) > 0. This implies that
—Uz € Mz, that is, z € (U + M)~%(0). Similarly, § € (V + N)~1(0).

||? is weakly lower semicontinuous, we have

|AZ — By||?> < lim inf ||Au,, — Bv,||* =0, (3.51)
n—oo

Since || -

ie., AT = By. Thus, (Z,5) € T and hence wy(xn,,yn,) C I'. Now, it follows
from Lemma 2.5 that the sequence {(x,,y,)} generated by iterative algorithm (3.1)
converges weakly to (Z,g) € T.

Further, since S and T are semi-compact, {z,} and {y,} are bounded, and S — I
and T — I are demiclosed at 0 then there exist subsequences {x,, } of {z,} and {y,,}
of {yn} such that {z,,} and {y,,} converge strongly to some @ € H; and v € Hs,
respectively. Since {x,, } and {y,,} converge weakly to Z and ¢, respectively then we
have u = z, v = y, ¢ € Fix(9) and ¢ € Fix(T). Finally, using the same argument
as the proof of above, we have T € Sol(GGVLIP(1.6)) and § € Sol(GGVLIP(1.7)),
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Z € Sol(MVIP(1.9)) and 3§ € Sol(MVIP(1.10)). Since Au,, — Bv,, - AZ — By, we
have

|AZ — By||? < lim inf ||Au,, — Bov,,||* =0, (3.52)
11— 00

which implies Az = By and hence (z,7) € I

On the other hand, since p,(z,y) = ||z, — z||* + |lyn — yl||?, for any (x,y) € T then

lim p,,(Z,y) = 0. Further, since lim p,(Z,§) exists then lim p,(Z,7) = 0 and

i—00 n—oo n—oo

hence lim ||z, —Z|| =0 and lim |y, — g|| = 0. Thus {(zn,yn)} converges strongly
n—oo n—oo

to (Z,y) € T'. This completes the proof. O

4. CONSEQUENCES

We now give some consequences of Theorem 3.1. First, we have the follow-
ing convergence result to approximate a common solution of S,ENPP(1.11)-(1.12),
SpEGGVLIP(1.6)-(1.7) and S,EFPP(1.3).

Corollary 4.1. Let Hy, Hy and Hs be real Hilbert spaces, C C Hy and QQ C Hs be
nonempty closed and convex sets. Assume that F: CxCxC = R, G: QxQxQ — R
are trifunctions and ¢ : C x C = R, ¥ : Q x Q@ — R are bifunctions satisfying
Assumption 2.1 with F(z,;x) and G(y,-;y) are weakly continuous, and let A : Hy —
Hs, B : Hy — Hs be two bounded linear operators. Let M : Hy — 281 N : Hy — 282
be a maximal monotone mappings. Let (x1,y1) € C x @ be given and the iteration
sequence {(xn,yn)} be generated by the scheme:

1
F(uytn; un) + d(u, upn) — d(tn, uy) + — <u — Up, Uy — JT]‘T/{:L‘”> >0, Yu € C;
Sn,

1
G(0,05;50,) + (v, v,) — Y(vp, vp) + . <11 — Up, Uy — Jﬁyn> >0, Vv e Q;
zn = Po(un — 1 A*(Au,, — Buy,));
Tl = Qnzn + (1 — ap)Szn;
wy, = Pg(vn, + v B*(Au,, — Buy,));
Ynt+1 = QpWy + (1 - O‘n)Twnv

(4.1)
where S : C — C and T : Q — @ be quasi-nonexpansive mappings and the step size
Yn 18 chosen in such a way that for some € > 0,

2|| Au,, — By, ||? )
n € | € —€],neA 4.2
0 & (T = B+ 13- = BT 2
otherwise v, =~y (v > 0), where the index set A = {n : Au,,—Bv, # 0}, o, C (6,1-9)
for some small enough 6 > 0 and {r,}, {sn} C (0,00). Assume that the control
sequences {r,} and {s,} satisfy the following conditions:

(i) liminfr, > 0, liminfs, > 0;
n—roo n—roo

(i) S—1T and T — I are demiclosed at 0.
If T := Sol(S,ENPP(1.11) — (1.12)) N Sol(S,EGGVLIP(1.6) — (1.7)) N © # 0, then
the sequence {(xn,yn)} converges weakly to a point (Z,y) of T'. In addition if S and
T are semi-compact, then {(x,,yn)} converges strongly to the point (Z,y) of T.
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Proof. Take U =0 and V =0 in Theorem 3.1. (|

Further, if we take M = 0I¢c and N = 0Ig then S,EMVIP(1.9)-(1.10) is reduced
to the following problem: find Z € C' and 7y € @Q such that

{U(@),z —z)>0,Vz € C (4.3)
V(@),y-9) =0y eq (4.4)
and Az = By.

Problem (4.3)-(4.4) is called the split equality variational inequality problem (in short,
SpEVIP). Solution set of S,EVIP(4.3)-(4.4) is denoted by Sol(S,EVIP(4.3)-(4.4)).
SpEVIP(4.3)-(4.4) generalizes split variational inequality problem (in short, S, VIP)
studied in [9)].

Finally, we have the following convergence result to approximate a common solution
of SLEVIP(4.3)-(4.4), S,LEGGVLIP(1.6)-(1.7) and S,EFPP(1.3).

Corollary 4.2. Let Hy, Hy and Hs be real Hilbert spaces, C C Hy and QQ C Hs be
nonempty closed and convex sets. Assume that F: CxCxC - R, G: QxQxQ — R
are trifunctions and ¢ : C x C = R, ¥ : Q x Q@ — R are bifunctions satisfying
Assumption 2.1 with F(z,;x) and G(y,-;y) are weakly continuous, and let A : Hy —
Hs, B : Hy — H3 be two bounded linear operators. Let U : C' — Hy be an o-inverse
strongly monotone mapping and V : Q — Hy be an [-inverse strongly monotone
mapping. Let (x1,y1) € C x Q be given and the iteration sequence {(z,,yn)} be
generated by the scheme:

F(u, un;upn) + ¢(u, un) — ¢(un, up)

1
+— (u — up,up — Po(x, — rpyUxy,)) > 0,Yu € C

Sn
G(’U, Un; Un) + '(/J(U7 'Un) - w(v’ru 'Un)
1
+ = (V= vn,tn = P(yn = V) 2 0,0 € Q; (4.5)

zn = Po(un — 1 A*(Au, — Boy));
Tl = Qpzn + (1 — ap)Szn;
wy, = Pg (Un, + Y B*(Auy,, — Boy));

Yn+1 = OpWy, + (1 - an)Twn;

where S : C — C and T : Q — Q be quasi-nonexpansive mappings and the step size
Yn @S chosen in such a way that for some e > 0,
2|| Au,, — Bvy,||? >
n € | € —€], neA 4.6

& (O =B 15~ BT 0
otherwise v, = (v > 0), where the index set A = {n : Au,—Bv,, # 0}, a, C (J,1-9)
for some small enough 6§ > 0 and {r,}, {sn} C (0,00). Assume that the control
sequences {r,} and {s,} satisfy the following conditions:

(i) 0<r<r, <r <2minf{o, 8};
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(ii) liminfs, > 0;
n—oo
(i) S—1I and T — I are demiclosed at 0.
If T = Sol(S,EVIP(4.3) — (4.4)) N Sol(S,EGGVLIP(1.6) — (1.7)) N © # 0, then the
sequence {(xn,yn)} converges weakly to a point (Z,y) of T'. In addition if S and T
are semi-compact, then {(z,,yn)} converges strongly to the point (z,y) of .

Proof. Take M = 0I¢c and N = 0l in Theorem 3.1. O

Remark 4.1. Further effort is needed to extend the iterative method presented
in this paper to the viscosity iterative method to approximate a common solution
to S,LEMVIP(1.9) — (1.10), S,EGGVLIP(1.6) — (1.7) and S,EFPP(1.3) for quasi-
nonexpansive mappings by selecting the step size in such a way that the implemen-
tation of the algorithm does not require the calculation or estimation of the operator
norms.

5. NUMERICAL EXAMPLE
Now, we give a numerical example which justify Theorem 3.1.

Example 5.1. Let Hy = Hy = H3 = R, the set of all real numbers, with the
inner product defined by (x,y) = zy, V 2,y € R, and induced usual norm |- |. Let
C =[0,400) and Q = (—0,0];let F: CxCxC - Rand G: QxQxQ — R
be defined by F(y,z;z) = (z — 2)(y — ), with a(z,y) = (y — z)?, V 2,y € C and
G(w,u:u) = (u+10)(w —u), with a(u,w) = (w—u)? Vu,w € Q;let ¢ : C x C — R
and ¥ : @ x Q@ — R be defined by ¢(z,y) = zy, Vo,y € C and ¢¥(u,w) = uw,
Yu,w € @Q; let the mappings U : C — Hy and V : Q — Hs be defined by U(x) = 2z—5,
Yz € C and V(y) = y + 25, Yy € Q, respectively; let M, N : R — R be defined by
Mz =2z, Vr € Rand Ny =4y, Vy € R; let A: Hy — H3, B : Hy — Hj3 be defined
by A(z) = 4z, Vo € C, B(y) = —y, Vy € Q and let the mappings S : C' — C and

2
T:Q—>Qbedeﬁnedbysx:“TTJFE”WEQTZ/:y +157
y_

Yy € @, respectively.

1
If we set a,, = 2 Vn, then there are unique sequences {z,}, {y,} generated by the

iterative schemes:

5 ¢ s
tn = JM(zn — rnUmy); up = (2 + s:> 28“:_ T
t;z = J7{V (yn - Tnvyn)§ Up = i — 10 on 3
" Sn 2s, +1 (5.1)
zn = (1 = 1679, upn — 4ynvn; Wy = —49,un + (1 — v,)vp;
1 n 3 n 54w,

x =4+ =2, =w _

n+1 2 5 ni Yn+1 n 2(wn — 1)7

Then the sequence {(zn,yn)} converges to a point (zZ,y) € T

Proof. 1t is easy to prove that the trifunctions F,G and bifunctions ¢, ¢ satisfy
Assumption 2.1 and G is upper semicontinuous. A and B are bounded linear operators
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on R with adjoint operators A*, B* and || Al = ||A*|| = 4, ||B|| = ||B*|| = 1 and
2 1 1
hence v, € (e, A 6). Therefore, for € = 100’ we can choose v, = % Further,

we observe that U,V are respectively, 3 and l-inverse strongly monotone mappings.

Since {rn},{sn} C (0,00) such that 0 < r < 7, < r < 2min{o, 3}, so we set
rn, = 8, = 0.4, Vn. Also, we can easily verify that M, N are maximal monotone
mappings. Furthermore, we observe that S, 7T are quasi-nonexpansive mappings with

Fix(S) = {i}, Fix(T) = {-5} and (S —I), (T — I) are demiclosed at 0. Indeed, if
2, — T and Sz, — 2, — 0 then by continuity of S, we have T = SZ, i.e., T € Fix(5) =

{Z} Finally, we observe that I' := Sol(S,EMVIP(1.9) — (1.10)) N Sol(S,EGGVLIP

(1.6) — (1.7) NG = <Z, 5> # (. After simplification, iterative schemes (5.1) are

reduced to the following:

. _L 3 (5,2 9 204,
TS T s\ 9" T 39 T 9 "7 )’
_4(5, .9 306 9%
Yot = o\ g1™ T T 117 TRl (5.2)
4 —5 9 306 95
L 5+ 55 (522 + 150 — 110 + &)

2(5 (SPon + 1i7n — 307 +57) — 1)

Next, using the software Matlab 7.8.0, we have following table and figure which

5
shows that {(xn,yn)} converges to a point (Z,7) = (4, —5).

No. of Ty Yn Axy — Byn No. of Ty Yn Axyp — Byn
iterations | 1 =0 y1 =0 iterations

1 1.171795 | -4.430693 | 0.128243 16 1.249989 | -4.999912 | 0.000173
2 1.206873 | -4.681621 | 0.137057 17 1.249994 | -4.999951 | 0.000099
3 1.226190 | -4.822298 | 0.109758 18 1.249997 | -4.999973 | 0.000056
4 1.236842 | -4.900912 | 0.078108 19 1.249998 | -4.999985 | 0.000032
5 1.242724 | -4.944775 | 0.052114 20 1.249999 | -4.999991 | 0.000018
6 1.245974 | -4.969229 | 0.033389 21 1.249999 | -4.999995 | 0.000010
7 1.247771 | -4.982858 | 0.020807 22 1.250000 | -4.999997 | 0.000006
8 1.248765 | -4.990451 | 0.012708 23 1.250000 | -4.999999 | 0.000003
9 1.249315 | -4.994681 | 0.007644 24 1.250000 | -4.999999 | 0.000002
10 1.249620 | -4.997037 | 0.004545 25 1.250000 | -5.000000 | 0.000001
11 1.249789 | -4.998350 | 0.002676 26 1.250000 | -5.000000 | 0.000001
12 1.249883 | -4.999081 | 0.001564 27 1.250000 | -5.000000 | 0.000000
13 1.249935 | -4.999488 | 0.000908 28 1.250000 | -5.000000 | 0.000000
14 1.249964 | -4.999715 | 0.000525 29 1.250000 | -5.000000 | 0.000000
15 1.249980 | -4.999841 | 0.000302 30 1.250000 | -5.000000 | 0.000000
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Convergence for initial values x O=0, y0=0
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This completes the proof. O
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