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Abstract. In this paper, first we generalize the notion of L-embedded sets in Banach spaces, defined
by A.T.-M. Lau and Y. Zhang in ”Fixed point properties for semigroups of nonlinear mappings and
amenability”, Journal of Functional Analysis, 263 (2012), pp. 2949-2977, to the notion of L,-
embedded sets (p > 0). Then, for a given generalized hybrid mapping T, we introduce the concepts
of T-Chebyshev radius and T-Chebyshev center, generalizing the concepts of Chebyshev radius and
Chebyshev center for nonexpansive mappings. Finally, we study the existence of fixed points of
generalized hybrid mappings on Lg-embedded subsets of a Banach space by using the notions of
T-Chebyshev radius and T-Chebyshev center.
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1. INTRODUCTION

For a nonempty subset K of a Hilbert space H, a mapping T : K — K is said to
be nonexpansive if
In [8], Takahashi called T': K — K hybrid if

3Tz — Ty|* < lo = Ty|* + | Tz — ylI* + [lo — yl?, Va,y € K.
In [6], Kohsaka and Takahashi called T' nonspreading if
2|7z — Tyl]* < llo = Tyl* + [Tz — y||*, Va,y € K.

In 2010, Kocourek, Takahashi and Yao [5] introduced the concept of generalized
hybrid mappings, which contains the classes of nonexpansive mappings, nonspreading

mappings, and hybrid mappings as special cases. They called a mapping T : K — K,
(a, B)—generalized hybrid if there exist real numbers « and 5 such that

al| Tz = Ty|* + (1 = o)z = Ty||* < BTz — y|* + (1 = B)|lx - ylI*, Va,y € K.
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Evidently, the notions of nonexpansive, nonspreading and hybrid mappings are
equivalent to (1, 0)-generalized hybrid, (2, 1)-generalized hybrid and (%, %)—generalized
hybrid mappings, respectively.

In the last decades, there has been considerable interest to the existence of fixed points
of self-mappings or semigroups of self-mappings on a nonempty bounded closed convex
subset of a Hilbert space . Among these mappings are nonexpansive, nonspreading
and also hybrid mappings. The fixed points of nonexpansive mappings are extensively
studied in [1] and [2]. The fixed points of hybrid mappings are studied in [5]. Fixed
point of nonspreading mappings are also studied in [3] and [4]. Kocourek, Takahashi
and Yao in [5] proved that if K is closed convex and bounded subset of a Hilbert
space, then the (a, §)-generalized hybrid mapping T : K — K has a fixed point.

Let X be an arbitrary Banach space and let K be a nonempty subset of X. In this
paper, first we introduce the concept of L,-embedded subsets of a Banach space X
(Definition 2.1) and we show that the notion of Li-embedded sets coincides with that
of L-embedded sets defined by Lau and Zhang [7]. Next, for a bounded subset B of
X, we introduce the notions of T-Chebyshev radius and T-Chebyshev center of B in
K. Finally, we study the existence of fixed points of generalized hybrid mappings on
Lo-embedded subsets of X, by using the fact that the T-Chebyshev center of B in K
is actually a weakly compact set.

Let us recall some preliminary definitions.

In [7], Lau and Zhang called a nonempty subset K of a Banach space X, L—embedded

if there is a subspace X, of X** such that X + X, = X & X in X** and K’ c

K @1 X, that is, for each u € K there are k € K and € € X, such that u = k+& and
[lw]l = |lef|+ |I€]]- They showed that every weakly compact subset of X is L-embedded,
but not vice-versa.

Let K and B be two nonempty subsets of a Banach space X in which B is bounded.
The Chebyshev radius of B in K is defined by

rg(B)=inf{r >0:3z € K,sup ||z —b|| <r}.
beB

Clearly, we have 0 < rg(B) < oo. The Chebyshev center of B in K is defined to be
Wk(B)={z € K : iug |z —b|| <rg(B)}.
€

Note that, as a subset of K, Wk (B) may be empty.

2. MAIN RESULTS

In the next definition, we introduce the concept of an L,-embedded set.
Definition 2.1. Let K be a nonempty subset of a Banach space X. We say that K
is Ly-embedded if there exists a subspace X of X** such that X + X; = X ¢, X; in
X*and K* C K ©p X, (Fw is the closure of K in X** in the weak® topology of
X**) that is, for each u € K" there are k € K and ¢ € X, such that u = k + ¢ and
[[ull” = el” + [P
Let K and B be two nonempty subsets of a Banach space X in which B is bounded.
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Let T : K — K be any mapping. We define the T-Chebyshev radius of B in K as
follows:

rr(B) =inf{r >0:3x € K, Bsup||Tz —b||> + (1 — B)sup ||= — b||* < r*}.
beB beB

Clearly, we have 0 < rp g (B) < co. Also we define the T-Chebyshev center of B in
K by

Wrk(B) = {z € K : sup | Tz = b]|* + (1 = B) sup [l& — bl|* < rf «(B)}.
beB beB

Clearly, the notions of Chebyshev radius and Chebyshev center for nonexpansive
mappings coincide with the notions of T-Chebyshev radius and T-Chebyshev center,
respectively.

Let K be an Lo-embedded subset of X, therefore there exists a subspace Xy of X**

—w*

such that X + X, = X @, X, in X** and K C K @ X,. Now put K = K in
X**. We define T : K — X** where T(c—l—g) =T(c)+ &, for all c € K and € € X;.
Then we have the following lemma.

Lemma 2.2. IfT : K — K is an («, 8)-generalized hybrid mapping, then so is
T:K— X*.

Proof.

a|Tz = Ty|* + (1 - )|z — Ty|?
= al|Tey + & — Tey — &of| + (1= a)ller + & — Teg — &)
= a[|Ter = Teo|? + allér = &? + (1 = a)ller = Tea|* + (1 = a)[|&1 — &
< BITer — col > + (1 = B)ller — cal* + (161 — & ?
= B||Ter = eo|* + Bl = &> + (1 = B)ller — e2||* + (1 = B)[|&1 — &
=BlTer + & — o = &P+ (1= B)ler + & — ea — &2
=BTz —yl* + (1 = B) ]|z — y|?

This shows that 7 : K — X** is also an (a, B)-generalized hybrid mapping.
Recall that T : K — K is called affine if T'(az + by) = aTx + bT'y for all constant
a,b>0with a+b=1 and for all z,y € K.
Theorem 2.3. Let K be a nonempty La-embedded subset of a Banach space X and
B a nonempty bounded subset of X. Let T : K — K be any («.f)-generalized hybrid
mapping with « > 1 and 0 < < 1. Then the following results hold.
(i) Wr.xc(B) #0.
(i1) W k (B) is weakly compact.
(i11) If B C K with B C T(B), then Wr i (B) is T-invariant, that is

T(WTyK(B)) C WT,K(B).
() If K is convex and T : K — K is affine, then W i (B) is convex.
Proof. (i) From the definition of the T-Chebyshev radius r ¢ (B), for each n > 0,
there is x,, € C such that

1
Bsup [Tz —b|* + (1 — B)sup [« — bl <17 o(B) + =
beB beB n



206 A. JABBARI AND R. KESHAVARZI

Let «** be any w*-limit point of (z,) in X**. Since K is Ls-embedded, therefore
there exist ¢ € K and ¢ € X such that ™ = ¢+ ¢ and also

Iz = flell® + ll€]1*,

in which X Is an Aa}rbitrary subspace of X** such that X + X, = X &5 X,.
The mapping T : K — X™** is a generalized hybrid mapping by the above lemma and,

BlITe —b|* + (1 = B)lle — bl*
< BITe—bl* + (1 = B)lle - bl* + [I€]I?
= BlITe = blI* + BlIEN* + (1 = B)lle — blI* + (1 = B)IIE]®
= BITec+&=bl* + (1 = B)llc+ € — b||?

= Bl Ta™ = b|* + (1 = B)]lz"* — b|]”

. 1
lim 7"%70(3) + o T?F,C(B)

n—oo

for all b € B. Thus ¢ € Wr x(B).
(ii) Let K be as in the above lemma. Then K is a nonempty weak* closed subset
of X** and K C K @5 X,. Consider B as a subset of X**. We show that

Wi 7 (B) = Wrk(B).

Take x € Wx 7(B). Then there is ¢ € K and £ € X such that x = ¢ + £. By using
the fact that for each b € B we have

[ = ][> = [le — b]1* + [|€]1?,
one have:
rz 2 (B) = sup Bl Tw — b|12 + (1 — 8) sup |l — bl
beB beB
=Bsup |Tc+&—b|* + (1 — B)sup [le+ & — b||?
beB beB

= Bsup||Te —b]* + (1 — B)sup [lc — bl|* + [|€]1* = r7,  (B) + [I€]1*.
beB beB
On the other hand, from the definition of the T-Chebyshev radius,

Tf,g(B) S ’I“T,K(B).
Thus, £ = 0 and r7 z(B) = rrx(B). Hence Wg (B) = Wr k(B). Now, it is
obvious that Wz z(B) is weak™ closed and bounded. Therefore, it is weak* compact.
Hence Wy i (B) is weakly compact, (since on Wr g (B) the weak™ topology of X**
coincides with the weak topology of X).
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(iii) Suppose that z € Wr k(B).

Bsup | T(Tz) — Th||> + (1 — B) sup | Tz — Tb||”
beB beB

2 1-— -1
< i sup || 7%z — b||* + pa=B) sup || Tz — b||* + fla=l) sup ||Tz — Tb||?
QO peB (e beB « beB
1-— 1—B)2 —1)(1—
+8028) g e — v+ L g — g2 - L DA B G 2
(e} beB (e} beB & beB
2 —92p2 2 _
= s sup || 7%z — b||* + p=26"+Pa sup [Tz — b||* + p-abta sup ||z — Tb|?
QO peB (e} beB a beB
therefore,
2 -9 2_|_ a
R (R I Lk
& peB « beB
2 _ _
< pF-abta 6sup\|x—b\|2.
« beB
fla=5) sup |72z — b||* + (@ =) = 28(c = ) sup ||Tz — b||?
« beB « beB
BB —a) + (o= B)

< sup [l — |12

o
Hence
B(a— B) sup ||T2:1: — b||2 + (a—=B)(1—28)sup||Tx — b||2
beB beB

< (a=B)(1— B)sup |z —b]]*.
beB
Dividing by (a — ), we have
Bsup ||T%z —b]|> + (1 = 8 — B) sup | Tz — b||?
beB beB
< (1-B)sup |z — bl
beB
So we obtain
Bsup |72z = b|? + (1 — B) sup || Tz — b2
beB beB

< Bsup [|Tz = b]|* + (1 = B)sup [l — b]|* < 73 x (B).
beB beB

Thus Tz € Wr k(B) and Wy k(B) is T-invariant.
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(iv) Assume that K is convex and T is affine. To show that Wr g (B) is convex,
let z,y € K and 0 < A <1, then

Bsup [T(Az + (1= N)y) — bl|> + (1 = B) sup [ Az + (1 = Ny — b||

beB beB
= Bsup [A(Tz —b) + (1 = A\)(Ty — b)||* + (1 = B)sup [|A(z — b) + (1 — A)(y — b)[|?

beB beB
< Bsup [Tz — B> + B(1 — ) sup [Ty — b + sup{—BA(1 — N)|Tz — Ty|?)

beB beB beB
+ (1= B)Asup [z — bl|> + (1 — B)(1 — A)sup ||y — b||?
beB beB

+sup{—(1 = AL — Az — b||*}
beB

<N g (B) + (1= Nk (B) + ggg{—ﬁ)\(l — N||Tz — Ty|*}

+sup{—(1 = AL — A)[lz - b||*}
beB

< r% x(B).
This complete the proof. O

In [7], Lau and Zhang proved the following result, which is needed in the sequel.
Lemma 2.4. Suppose that K is a weakly compact nonempty subset of a Banach space
X. LetT : K — K be a weakly continuous on K. Then there is a weakly compact
subset B in K such that T'(B) = B.

We are ready to state and prove our main result.
Theorem 2.5. Let T : K — K be an (a,f)-generalized hybrid mapping on a
nonempty Lo-embedded convexr subset K of a Banach space X with T being weakly
continuous on every weakly compact invariant conver subset of K. If K contains a
nonempty bounded subset B such that T(B) = B, then T has a fized point on K.
Proof. From proposition 2 the T-Chebyshev center Wr i (B) is a nonempty invariant
weakly compact convex subset of K. Hence T is weakly continuous on Wy k(B). Let
U be a minimal nonempty weakly compact convex invariant subset of Wy k(B), and
let F' be a minimal nonempty weakly compact invariant subset of U. The existence
of such U and F' is guaranteed by Zorn’s Lemma. Since the T restricted on Wy k(B)
is weakly continuous, hence by Lemma 2, F satisfies T(F) = F. Also, F is norm
compact and hence has a normal structure. Assume that F' contains more than one
point. Since F' has a normal structure and T(F') = F, there is yo € coF C U (where
coF denotes the closed convex hull of F') such that
I?

Bsup [Tz — yo| >+ (1—B) sup ||z — yol|*> = B'sup ||z — yol|*+ (1—8) sup [|lz — yo* <
zeF zeF zeF zeF

B sup [la—yl|* + (1~ p) sup |z —yl|* =5 sup [Tz —y|*+ (1~ B)sup |z —y|*.
z,yeF z,yeF z,yeF xEeF

Then we define
r% ={Bsup||Tx — yo||2 + (1-8)sup ||z — y0||2 :x € F} with 7o > 0.
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Then
1 < A{Bsup||Ta —y|I” + (1 = B)sup ||z —y|* : 2,y € Fa # y}.

Let M ={x € U:B|Tz—y|?+ (1 —B)||lz —y||* <rd for all y € F}. Then M is a
nonempty, norm closed convex (hence weakly closed) subset of U. Since T is («, 3)-
generalized hybrid mapping and T'(F) = F, hence M is invariant. But FF ¢ M. So
M C U. This contradicts with the minimality of U. Therefore F' must be a singleton.
Thus T has a fixed point on K.

The next corollary is a direct consequence of our main result.
Corollary 2.6. Let T : K — K be a hybrid mapping, a nonspreading mapping or
a nmonexpansive mapping on a nonempty Lo-embedded convex subset K of a Banach
space X with T being weakly continuous on every weakly compact invariant convex
subset of K. If K contains a nonempty bounded subset B such that T(B) = B, then
T has a fixed point on K.

Problem. Can Theorem 2.5 be generalized to semigroup of mappings as in [7],
Theorem 3.77

Acknowledgments. We would like to express our gratitude to the referee for the
kind suggestions and also for posing the following problem.
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