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Abstract. In this paper, we extend to the case of product spaces, two generalizations of Maia fixed

point theorem [Maia, Maria Grazia. Un’osservazione sulle contrazioni metriche. (Italian) Rend. Sem.
Mat. Univ. Padova 40 1968 139–143] given by Rus I. A. in [Rus, Ioan A. Generalized contractions.

Seminar on Fixed Point Theory, Babeş Bolyai Univ., Cluj-Napoca, 1983, Preprint nr. 3, pp. 1-130,

35] and [Rus, Ioan A. Basic problem for Maia’s theorem. Seminar on Fixed Point Theory, Babeş
Bolyai Univ., Cluj-Napoca, 1981, Preprint nr. 3, pp. 112-115]. Following the results in [Petruşel, A.,

Fredholm-Volterra integral equations and Maia’s theorem, Seminar on Fixed Point Theory, Babeş

Bolyai Univ., Cluj-Napoca, (1988), Preprint nr. 3, pp. 79–82], a theorem on the existence and
uniqueness of solutions of Fredholm-Volterra integral equations, using a theorem of Maia type in

product metric spaces, is proved.
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2010 Mathematics Subject Classification: 54H25, 47H10.

1. Introduction

In 1968, Maia M. G. [4] generalized the Banach contraction mapping principle for
sets endowed with two comparable metrics and is connected with Bielecki’s method
of changing the norm in the theory of differential equations. Maia type fixed point
results for singlevalued or multivalued operators have been studied in [9], [14], [13],
[15], [16], [12].

In 1977, Rus I. A. [12] published a result about Maia fixed point theorem, where
condition (i) and (iv) are changed. Two years later, the basic problem of the metrical
fixed point theory, in the case of Maia type fixed point theorems, was improved by
the same author in [11].

Following the above results of Rus and the Bielecki norms technique, in 1988,
Petruşel A. [8], proved a theorem on the existence and uniqueness of solutions of
Fredholm-Volterra integral equations.

Prešić S. B. [10] extended the famous Banach contraction principle [2] to the case

of product spaces in 1965. Recently, in 2007, Ćirić and Prešić [3], generalized the

Prešić’s theorem introducing Ćirić-Prešić contraction condition. Other important
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Prešić fixed point theorem generalizations and some related results can be found in
Păcurar’s papers [5], [7].

In an extended version, Prešić’s result may be stated as follows:
Theorem 1.1. [6] Let (X, d) be a complete metric space, k a positive integer and
f : Xk → X a Prešić operator, it is, a mapping for which there exists

α1, α2, . . . , αk ∈ R+,

k∑
i=1

αi = α < 1

such that:

d
(
f(x0, . . . , xk−1), f(x1, . . . , xk)

)
≤

k∑
i=1

αid(xi−1, xi), (1.1)

for all x0, . . . , xk ∈ X.
Then:
1) f has a unique fixed point x∗;
2) the sequence {yn}n≥0, yn+1 = f(yn, yn, . . . , yn), n ≥ 0, converges to x∗;
3) the sequence {xn}n≥0 with x0, . . . , xk−1 ∈ X and

xn = f(xn−k, xn−k+1, . . . , xn−1), n ≥ k,
also converges to x∗, with a rate estimated by

d(xn+1, x
∗) ≤ αd(xn, x

∗) +M · θn, n ≥ 0,

where M > 0 is constant.
The following lemma was given by Prešić [10] and we shall use it in the proof of

our results:

Lemma 1.1. [10] Let k ∈ N, k 6= 0 and α1, α2, . . . , αk ∈ R+ such that

k∑
i=1

αi = α < 1.

If {∆n}n≥1 is a sequence of positive numbers satisfying

∆n+k ≤ α1∆n + α2∆n+1 + · · ·+ αk∆n+k−1, n ≥ 1, (1.2)

then there exist L > 0 and θ ∈ (0, 1) such that

∆n ≤ L · θn, for all n ≥ 1. (1.3)

Starting from these results, the aim of this paper is to extend the results obtained
by Rus in [12] and [11], Petruşel A. in [8], to the case of product spaces using Prešić
contraction condition.

2. Main results

The first result is the extension of the Theorem in [12], to the case of product
metric spaces. For this to be held, the condition (i) is created taking a particular case
of Prešić’s operator, i.e., α1 = α2 = · · · = αk = α and using the triangle inequality.
Theorem 2.1. Let X be a nonempty set, d and ρ two metrics on X and f : Xk → X
a mapping satisfying the condition:

ρ(f(x0, x1, . . . , xk−1), f(x1, x2, . . . , xk)) ≤ α1 · ρ(x0, x1) + α2 · ρ(x1, x2)

+ · · ·+ αk · ρ(xk−1, xk), (2.1)
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for any x0, x1, . . . , xk ∈ X, where αi, i = 1, n are nonnegative constants such that

α1 + α2 + · · ·+ αk < 1.

If
(1) there exists C > 0 such that

d(f(x0, x1, . . . , xk−1), f(x1, x2, . . . , xk)) ≤ C · ρ(x0, xk), (2.2)

for all x0, x1, . . . , xk ∈ X;
(2) (X, d) is a complete metric space;
(3) f : (Xk, d̄)→ (X, d) is continuous.

Then
(a) f has a unique fixed point x∗, x∗ = f(x∗, x∗, . . . , x∗);
(b) the sequence {xn}n≥0 with x0, . . . , xk−1 ∈ X and

xn+1 = f(xn, xn−1, . . . , xn−k+1), n ≥ k − 1,

converges to x∗ with respect to d;
(c) the sequence {yn}n≥0, yn+1 = f(yn, yn, . . . , yn), n ≥ 0, converges to x∗ with

respect to ρ.
Proof. Let {xn}n≥0, xn+1 = f(xn, xn−1, . . . , xn−k+1), n ≥ k − 1,

ρ(xn, xn+1) = ρ
(
f(xn−1, xn−2, . . . , xn−k), f(xn, xn−1, . . . , xn−k+1)

)
≤ α1ρ(xn−1, xn) + α2ρ(xn−2, xn−1) + · · ·+ αkρ(xn−k, xn−k+1).

By Lemma 1.1, we have

ρ(xn−1, xn) ≤ L · θn, n ≥ 1, (2.3)

For n ≥ 1,m ≥ 1, by (2.3) we obtain:

ρ(xn, xn+m) ≤ ρ(xn, xn+1) + ρ(xn+1, xn+2) + · · ·+ ρ(xn+m−1, xn+m)

≤ L · θn+1 + L · θn+2 + · · ·+ L · θn+m

= L · θn+1(1 + θ + θ2 + · · ·+ θm−1)

so

ρ(xn, xn+m) ≤ L · θn+1 · 1− θm

1− θ
, n ≥ 1,m ≥ 1.

Since θ ∈ (0, 1), it follows that {xn}n≥0 is a Cauchy sequence in (X, ρ).

d(xn, xn+m) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xn+m−1, xn+m)

From relation (2.2) we obtain:

d(xn, xn+1) = d(xn+1, xn)

= d(f(xn, xn−1, . . . , xn−k+1), f(xn−1, xn−2 . . . , xn−k+1, xn−k)) ≤ C · ρ(xn, xn−k)

and

ρ(xn, xn−k) ≤ L · θn−k+1 · 1− θk

1− θ
.

Since 1−θk
1−θ < 1, we have

d(xn+1, xn) ≤ C · L · θn−k+1.
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Similarly

d(xn+2, xn+1) ≤ C · L · θn−k+2, . . . , d(xn+m, xn+m−1) ≤ C · L · θn−k+m.

So,
d(xn, xn+m) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xn+m−1, xn+m)

≤ C · L · θn−k+1 + C · L · θn−k+2 + · · ·+ C · L · θn−k+m

= C · L · θn−k · (θ + θ2 + · · ·+ θm) = C · L · θn−k+1 · 1− θm

1− θ
.

Since θ ∈ (0, 1), it follows that {xn}n≥0 is a Cauchy sequence in the complete metric
space (X, d) so {xn}n≥0 is also convergent: there exists x∗ ∈ X such that

lim
n→∞

d(xn, x
∗) = 0.

By continuity of f and considering the associate operator F : X → X,

F (x) = f(x, x, . . . , x),

for any x ∈ X we have:

d(F (x∗), x∗) = d(f(x∗, x∗, . . . , x∗), x∗) = d(f( lim
n→∞

xn, . . . , lim
n→∞

xn−k+1), x∗)

= lim
n→∞

d(f(xn, . . . , xn−k+1), x∗) = lim
n→∞

d(xn+1, x
∗) = 0.

Therefore x∗ = f(x∗, x∗, . . . , x∗) = F (x∗) is a fixed point of f .
We suppose that f has another fixed point y∗ = f(y∗, y∗, . . . , y∗).

ρ(x∗, y∗) = ρ(f(x∗, x∗, . . . , x∗), f(y∗, y∗, . . . , y∗))

≤ ρ(f(x∗, x∗, . . . , x∗), f(x∗, x∗, . . . , y∗))

+ ρ(f(x∗, x∗, . . . , y∗), f(x∗, . . . , x∗, y∗, y∗))

+ · · ·+ ρ(f(x∗, y∗, . . . , y∗), f(y∗, y∗, . . . , y∗))

≤ αk · ρ(x∗, y∗) + αk−1 · ρ(x∗, y∗) + · · ·+ α1 · ρ(x∗, y∗)

= ρ(x∗, y∗) ·
k∑
i=1

αi.

As

k∑
i=1

αi < 1, we obtain ρ(x∗, y∗) = 0, so x∗ = y∗. The uniqueness of fixed point is

proved.
From {yn}n≥0, yn+1 = f(yn, yn, . . . , yn), n ≥ 0 and considering the associate operator
F : X → X, F (x) = f(x, x, . . . , x), for any x, y ∈ X we have:

ρ
(
F (x), F (y))

)
= ρ
(
f(x, x, . . . , x), f(y, y, . . . , y)

)
≤ ρ
(
f(x, x, . . . , x), f(x, x, . . . , y)

)
+ ρ
(
f(x, x, . . . , y), f(x, . . . , x, y, y)

)
+ · · ·+ ρ

(
f(x, y, . . . , y), f(y, y, . . . , y)

)
.

By (2.1) we obtain:

ρ
(
F (x), F (y))

)
≤ [α1 · ρ(x, x) + α2 · ρ(x, x) + · · ·+ αk−1 · ρ(x, x) + αk · ρ(x, y)]

+[α1 · ρ(x, x) + α2 · ρ(x, x) + · · ·+ αk−1 · ρ(x, y) + αk · ρ(y, y)]
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+ · · ·+ [α1 · ρ(x, y) + α2 · ρ(y, y) + · · ·+ αk−1 · ρ(y, y) + αk · ρ(y, y)].

so

ρ
(
F (x), F (y))

)
≤

k∑
i=1

αi · ρ(x, y) = α · ρ(x, y),

for any x, y ∈ X, that is, F is a Banach contraction with constant α ∈ [0, 1).
By the Contraction Mapping Principle of Banach, F has a unique fixed point
x∗ = f(x∗, x∗, . . . , x∗),

lim
n→∞

F (yn) = x∗.

It follows that yn+1 = f(yn, yn, . . . , yn) = F (yn) converges to x∗ = f(x∗, x∗, . . . , x∗)
in (X, ρ).
Remark 2.1. We have the following particular cases of Theorem 2.1:

1. If k = 1, C = 1, by Theorem 2.1 we get Maia’s fixed point theorem, see [4].
2. If k = 1, by Theorem 2.1 we get a Maia type fixed point theorem, given by Rus

I. A. in [12].
The following result is the extension of Petruşel’s theorem in [8] regarding the

existence and uniqueness of solutions of Fredholm-Volterra integral equations, to the
case of product spaces.
Theorem 2.2. Let [a, b] ⊂ R, X = C([a, b]). On Xk we define the following two
metrics:

d(x, y) = max
t∈[a,b]

[|x(t)− y(t)| · e−τ(t−a)] (2.4)

ρ(x, y) =

(∫ b

a

|x(t)− y(t)|2 · e−τ(t−a)dt

) 1
2

(2.5)

where x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk) ∈ Xk.
Let the following Fredholm-Volterra equation be:

x(t) =

∫ b

a

K(t, s, x(s))ds+

∫ t

a

H(t, s, x(s))ds; t ∈ [a, b]; (2.6)

We suppose that:
(i) K,H ∈ C([a, b]× [a, b]×Xk);
(ii) there exists LK1 , LK2 , . . . , LKk ≥ 0, LK1 +LK2 + · · ·+LKk = LK ∈ (0, 1) such

that

|K(t, s, x(s))−K(t, s, y(s))|

≤ LK1
· |x1(s)− y1(s)|+ LK2

· |x2(s)− y2(s)|+ · · ·+ LKk · |xk(s)− yk(s)|
for all t, s ∈ [a, b], x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk) ∈ Xk;

(iii) there exists LH1 , LH2 , . . . , LHk ≥ 0, LH1 +LH2 + · · ·+LHk = LH ∈ (0, 1) such
that

|H(t, s, x(s))−H(t, s, y(s))|

≤ LH1
· |x1(s)− y1(s)|+ LH2

· |x2(s)− y2(s)|+ · · ·+ LHk · |xk(s)− yk(s)|
for all t, s ∈ [a, b], x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk) ∈ Xk;
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(iv) there exists τ > 0 such that

LK · e
τ
2 (b−t) + LH√
τ

< 1

Then the equation (2.6) has in Xk a unique solution.
Proof. Let f : Xk → X, where

f(x)(t) =

∫ b

a

K(t, s, x(s))ds+

∫ t

a

H(t, s, x(s))ds; t ∈ [a, b]

We consider on Xk the two metrics given in (2.4), (2.5). We have:

ρ(f(x), f(y)) =

(∫ b

a

|f(x)(t)− f(y)(t)|2 · e−τ(t−a)dt

) 1
2

=

(∫ b

a

∣∣∣∣∣
∫ b

a

(K(t, s, x(s))−K(t, s, y(s)))ds

+

∫ t

a

(H(t, s, x(s))−H(t, s, y(s)))ds

∣∣∣∣2 · e−τ(t−a)dt

) 1
2

Using the Minkovski inequality we have:

ρ(f(x), f(y)) ≤

∫ b

a

[∫ b

a

|K(t, s, x(s))−K(t, s, y(s))|ds

]2

· e−τ(t−a)ds

 1
2

+

(∫ b

a

[∫ t

a

|H(t, s, x(s))−H(t, s, y(s))|ds
]2

· e−τ(t−a)ds

) 1
2

We use now the Hölder inequality:∫ b

a

|K(t, s, x(s))−K(t, s, y(s))|ds =

∫ b

a

|K(t, s, x(s))−K(t, s, y(s))|·e− τ2 (s−a)·e τ2 (s−a)ds

≤

(∫ b

a

|K(t, s, x(s))−K(t, s, y(s))|2 · e−τ(s−a)ds

) 1
2
(∫ b

a

eτ(s−a)

) 1
2

=

(∫ b

a

|K(t, s, (x1, x2, . . . , xk)(s))−K(t, s, (y1, y2, . . . , yk)(s))|2 · e−τ(s−a)ds

) 1
2

·

(∫ b

a

eτ(s−a)

) 1
2

≤
[ ∫ b

a

(LK1 |x1(s)− y1(s)|+ LK2 |x2(s)− y2(s)|+ . . .

+LKk |xk(s)− yk(s)|)2 · e−τ(s−a)ds
] 1

2

(∫ b

a

eτ(s−a)

) 1
2
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≤
[ ∫ b

a

(L2
K1
|x1(s)− y1(s)|2 + L2

K2
|x2(s)− y2(s)|2 + . . .

+L2
Kk
|xk(s)− yk(s)|2) · e−τ(s−a)ds

] 1
2

(∫ b

a

eτ(s−a)

) 1
2

≤

(∫ b

a

L2
K1
|x1(s)− y1(s)|2 · e− τ2 (s−a)ds

) 1
2

+

(∫ b

a

L2
K2
|x2(s)− y2(s)|2 · e− τ2 (s−a)ds

) 1
2

+ . . .

+

(∫ b

a

L2
Kk
|xk(s)− yk(s)|2 · e− τ2 (s−a)ds

) 1
2

(∫ b

a

eτ(s−a)

) 1
2

≤

LK1

(∫ b

a

|x1(s)− y1(s)|2 · e− τ2 (s−a)ds

) 1
2

+LK2

(∫ b

a

|x2(s)− y2(s)|2 · e− τ2 (s−a)ds

) 1
2

+ . . .

+LKk

(∫ b

a

|xk(s)− yk(s)|2 · e− τ2 (s−a)ds

) 1
2

(1

τ
· eτ(b−a)

) 1
2

= LK1
·
(

1

τ
· eτ(b−a)

) 1
2

· ρ(x1(s), y1(s)) + LK2
·
(

1

τ
· eτ(b−a)

) 1
2

· ρ(x2(s), y2(s))

+ · · ·+ LKk ·
(

1

τ
· eτ(b−a)

) 1
2

· ρ(xk(s), yk(s)).

By a similar approach we have:∫ b

a

|H(t, s, x(s))−H(t, s, y(s))|

≤ LH1
·
(

1

τ
· eτ(t−a)

) 1
2

· ρ(x1(s), y1(s)) + LH2
·
(

1

τ
· eτ(t−a)

) 1
2

· ρ(x2(s), y2(s))

+ · · ·+ LHk ·
(

1

τ
· eτ(t−a)

) 1
2

· ρ(xk(s), yk(s))

and so it follows:

ρ(f(x), f(y)) ≤ LK · e
τ
2 (b−t) + LH√
τ

· (ρ(x1, y1) + ρ(x2, y2) + · · ·+ ρ(xk, yk)).

The operator f satisfies the conditions of the Theorem 2.1, and the theorem is proved.
The following result is the extension of Theorem in [11] extended to the case of

product metric spaces.
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Theorem 2.3. Let X be a nonempty set, d and ρ two metrics on X and f : Xk → X
a Prešić operator w.r.t. ρ. We suppose that:

(i) there exists c > 0 such that

d(f(x0, x1, . . . , xk−1), f(x1, x2, . . . , xk)) ≤ c · ρ(x0, xk),

for all x0, x1, . . . , xk ∈ X;
(ii) there exists c1 > 0 such that

ρ(x0, x1) ≤ c1 · d(x0, x1),

for all x0, x1 ∈ X;
(iii) (X, d) is a complete metric space;
(iv) f : (Xk, d̄)→ (X, d) is continuous.

Then:
(a) f has a unique fixed point x∗ = f(x∗, . . . , x∗);
(b) the sequence {xn}n≥0 with x0, . . . , xk−1 ∈ X and

xn+1 = f(xn, xn−1, . . . , xn−k+1), n ≥ k − 1,

converges to x∗ w.r.t. d, with a rate estimated by

d(xn+1, x
∗) ≤ c · c1 · αd(xn−k, x

∗) + c2 · c1 ·M · θn−k−1, (2.7)

where M = L[α1 + (α1 + α2)θ−1 + · · ·+ (α1 + · · ·+ αk−1)θ−k] > 0.
(c) let g : Xk → X be such that there exists η > 0, for all x ∈ X

d(f(x, x, . . . , x), g(x, x, . . . , x)) ≤ η,

If x∗g ∈ Fg, x∗g = g(x∗g, x
∗
g, . . . , x

∗
g), then

d(f(x∗f , x
∗
f , . . . , x

∗
f ), g(x∗g, x

∗
g, . . . , x

∗
g)) ≤

η

1− c · c1 · α
. (2.8)

(d) If (Xk, ‖·‖1, ‖·‖2) is a linear space with two norms and

d(x, y) = ‖x− y‖1 = max
t∈X
|x(t)− y(t)|,

and

ρ(x, y) = ‖x− y‖2 =

(∫
X

|x(t)− y(t)|2dt
) 1

2

,

where x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk) ∈ Xk, then

1Xk − f : (Xk, ‖·‖1)→ (X, ‖·‖2)

is a homeomorphism.
Proof. (a) and (b):

Let {xn}n≥0, xn+1 = f(xn, xn−1, . . . , xn−k+1), n ≥ k − 1,

ρ(xn, xn+1) = ρ
(
f(xn−1, xn−2, . . . , xn−k), f(xn, xn−1, . . . , xn−k+1)

)
≤ α1ρ(xn−1, xn) + α2ρ(xn−2, xn−1) + · · ·+ αkρ(xn−k, xn−k+1).

By Lemma 1.1, we have

ρ(xn−1, xn) ≤ L · θn, n ≥ 1, (2.9)
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For n ≥ 1,m ≥ 1, by (2.9) we obtain:

ρ(xn, xn+m) ≤ ρ(xn, xn+1) + ρ(xn+1, xn+2) + · · ·+ ρ(xn+m−1, xn+m)

≤ L · θn+1 + L · θn+2 + · · ·+ L · θn+m

= L · θn+1(1 + θ + θ2 + · · ·+ θm−1)

so

ρ(xn, xn+m) ≤ L · θn+1 · 1− θm

1− θ
, n ≥ 1, m ≥ 1.

Since θ ∈ (0, 1), it follows that {xn}n≥0 is a Cauchy sequence in (X, ρ).
For n ≤ m,

d(xn, xn+m) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xn+m−1, xn+m)

From relation (i) we obtain:

d(xn, xn+1) = d(xn+1, xn)

= d(f(xn, xn−1, . . . , xn−k+1), f(xn−1, xn−2 . . . , xn−k+1, xn−k)) ≤ c · ρ(xn, xn−k)

and

ρ(xn, xn−k) ≤ L · θn−k+1 · 1− θk

1− θ
.

Since 1−θk
1−θ < 1, we have

d(xn+1, xn) ≤ c · L · θn−k+1. (2.10)

Similarly

d(xn+2, xn+1) ≤ c · L · θn−k+2, . . . , d(xn+m, xn+m−1) ≤ c · L · θn−k+m.

So,

d(xn, xn+m) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xn+m−1, xn+m)

≤ c · L · θn−k+1 + c · L · θn−k+2 + · · ·+ c · L · θn−k+m

= c · L · θn−k · (θ + θ2 + · · ·+ θm) = c · L · θn−k+1 · 1− θm

1− θ
.

Since θ ∈ (0, 1), it follows that {xn}n≥0 is a Cauchy sequence in the complete metric
space (X, d) so {xn}n≥0 is also convergent: there exists x∗ ∈ X such that

lim
n→∞

d(xn, x
∗) = 0.

By continuity of f and considering the associate operator F : X → X,

F (x) = f(x, x, . . . , x),

for any x ∈ X we have:

d(F (x∗), x∗) = d(f(x∗, x∗, . . . , x∗), x∗) = d(f( lim
n→∞

xn, . . . , lim
n→∞

xn−k+1), x∗)

= lim
n→∞

d(f(xn, . . . , xn−k+1), x∗) = lim
n→∞

d(xn+1, x
∗) = 0.

Therefore x∗ = f(x∗, x∗, . . . , x∗) = F (x∗) is a fixed point of f .
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We suppose that f has another fixed point y∗ = f(y∗, y∗, . . . , y∗).

ρ(x∗, y∗) = ρ(f(x∗, x∗, . . . , x∗), f(y∗, y∗, . . . , y∗))

≤ ρ(f(x∗, x∗, . . . , x∗), f(x∗, x∗, . . . , y∗))

+ρ(f(x∗, x∗, . . . , y∗), f(x∗, . . . , x∗, y∗, y∗))

+ · · ·+ ρ(f(x∗, y∗, . . . , y∗), f(y∗, y∗, . . . , y∗))

≤ αk · ρ(x∗, y∗) + αk−1 · ρ(x∗, y∗) + · · ·+ α1 · ρ(x∗, y∗)

= ρ(x∗, y∗) ·
k∑
i=1

αi.

As

k∑
i=1

αi < 1, we obtain ρ(x∗, y∗) = 0, so x∗ = y∗. The uniqueness of fixed point is

proved.
To obtain the estimation (2.7) we use (i), the Prešić contraction condition and (ii):

d(xn+1, x
∗) = d(f(xn, xn−1, . . . , xn−k+1), f(x∗, x∗, . . . , x∗))

≤ c · ρ(xn, x
∗) = c · ρ(f(xn−1, xn−2, . . . , xn−k), f(x∗, x∗, . . . , x∗))

≤ c · [ρ(f(xn−1, xn−2, . . . , xn−k), f(xn−2, . . . , xn−k, x
∗))

+ρ(f(xn−2, . . . , xn−k, x
∗), f(xn−3, . . . , xn−k, x

∗, x∗)) + . . .

+ρ(f(xn−k, x
∗, . . . , x∗), f(x∗, x∗, . . . , x∗))]

≤ c · [α1ρ(xn−1, xn−2) + α2ρ(xn−2, xn−3) + · · ·+ αkρ(xn−k, x
∗)

+α1ρ(xn−2, xn−3) + α2ρ(xn−3, xn−4) + · · ·+ αk−1ρ(xn−k, x
∗) + αkρ(x∗, x∗)

+ · · ·+ α1ρ(xn−k, x
∗) + α2ρ(x∗, x∗) + · · ·+ αkρ(x∗, x∗)]

≤ c · c1 · [α1d(xn−1, xn−2) + α2d(xn−2, xn−3) + · · ·+ αkd(xn−k, x
∗)

+α1d(xn−2, xn−3) + α2d(xn−3, xn−4) + · · ·+ αk−1d(xn−k, x
∗) + αkd(x∗, x∗)

+ · · ·+ α1d(xn−k, x
∗) + α2d(x∗, x∗) + · · ·+ αkd(x∗, x∗)]

d(xn+1, x
∗) ≤ c · c1 · [α1d(xn−1, xn−2) + (α1 + α2)d(xn−2, xn−3)

+(α1 + α2 + α3)d(xn−3, xn−4) + . . .

+(α1 + α2 + · · ·+ αk−1)d(xn−k−1, xn−k) + αd(xn−k, x
∗)].

Now using (2.10) it follows that

d(xn+1, x
∗) ≤ c · c1 · [α1 · c · L · θn−k−1 + (α1 + α2) · c · L · θn−k−2

+(α1+α2+α3)·c·L·θn−k−3+· · ·+(α1+α2+· · ·+αk−1)·c·L·θn−2k−1+αd(xn−k, x
∗)]

= c ·c1 ·αd(xn−k, x
∗)+c2 ·c1 ·L ·θn−k−1 · [α1 +(α1 +α2)θ−1 + · · ·+(α1 + · · ·+αk−1)θ−k]

Denoting M = L[α1 + (α1 + α2)θ−1 + · · · + (α1 + · · · + αk−1)θ−k], we obtain the
estimation (2.7).

(c) :
d(x∗f , x

∗
g) = d(f(x∗f , x

∗
f , . . . , x

∗
f ), g(x∗g, x

∗
g, . . . , x

∗
g))

≤ d(f(x∗f , x
∗
f , . . . , x

∗
f ), f(x∗g, x

∗
g, . . . , x

∗
g)) + d(f(x∗g, x

∗
g, . . . , x

∗
g), g(x∗g, x

∗
g, . . . , x

∗
g))

≤ d(f(x∗f , x
∗
f , . . . , x

∗
f ), f(x∗g, x

∗
g, . . . , x

∗
g)) + η

≤ c · ρ(f(x∗f , x
∗
f , . . . , x

∗
f ), f(x∗g, x

∗
g, . . . , x

∗
g)) + η
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≤ c·[ρ(f(x∗f , x
∗
f , . . . , x

∗
f ), f(x∗f , . . . , x

∗
f , x
∗
g))+ρ(f(x∗f , . . . , x

∗
f , x
∗
g), f(x∗f , . . . , x

∗
f , x
∗
g, x
∗
g))

+ · · ·+ ρ(f(x∗f , x
∗
g, . . . , x

∗
g), f(x∗g, x

∗
g, . . . , x

∗
g))] + η

and further on

≤ c · [α1ρ(x∗f , x
∗
f ) + α2ρ(x∗f , x

∗
f ) + · · ·+ αkρ(x∗f , x

∗
g)

+α1ρ(x∗f , x
∗
f ) + · · ·+ αk−1ρ(x∗f , x

∗
g) + αkρ(x∗f , x

∗
g)

+ · · ·+ α1ρ(x∗f , x
∗
f ) + α2ρ(x∗g, x

∗
g) + · · ·+ αkρ(x∗g, x

∗
g)] + η

= c · α · ρ(x∗f , x
∗
g) + η

d(x∗f , x
∗
g) ≤ c · α · c1 · d(x∗f , x

∗
g) + η

d(x∗f , x
∗
g) ≤

η

1− c · c1 · α
.

(d) :
Let x, y ∈ Xk, x = (x1, x2, . . . , xk), y = (y1, y2, . . . , yk). 1Xk − f : Xk → X is

injective if from 1Xk − f(x) = 1Xk − f(y), we have x = y.
In 1Xk − f(x) = 1Xk − f(y), 1Xk(x, x, . . . , x) = (x, x, . . . , x), so f(x) = f(y).

d(f(x), f(y)) = d((x1, x2, . . . , xk), (y1, y2, . . . , yk)) = |x1−y1|+|x2−y2|+· · ·+|xk−yk|

and

d(f(x), f(y)) = ‖f(x)− f(y)‖ = 0

so

x1 = y1, x2 = y2, . . . , xk = yk, that is x = y.

1Xk−f : Xk → X is surjective if for any y ∈ X, there exists x = (x1, x2, . . . , xk) ∈ Xk

such that 1Xk − f(x) = y.
We define the mapping g : Xk → X by

(x1, x2, . . . , xk) 7→ f(x1, x2, . . . , xk) + y.

We have

‖f(x1, x2, . . . , xk)− g(x2, x3, . . . , xk+1)‖2 = ‖f(x1, x2, . . . , xk)− f(x2, x3, . . . , xk+1)‖2

≤ α1‖x1 − x2‖2 + α2‖x2 − x3‖2 + · · ·+ αk‖xk − xk+1‖2.
By Theorem 2.1, the mapping g has a unique fixed point, x∗ = f(x∗, x∗, . . . , x∗), and
x∗ − f(x∗) = y.

We obtain 1Xk − f : Xk → X is a bijection, from (i), (iii), (iv) and f a Prešić
operator.

From (iv), 1Xk − f : (Xk, d̄)→ (X, d) is continuous.
From (c), (1Xk − f)−1 : (Xk, d̄)→ (X, d) is continuous.

Remark. We have the following important particular cases of Theorem 2.3:
1. If k = 1, by Theorem 2.3 we get a Maia type fixed point theorem, given by Rus

I. A. in [13].
2. If d = ρ and k = 1 by Theorem 2.1 we get Banach’s fixed point theorem [2].
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