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Abstract. In the paper, there were studied Caristi-like conditions that guaranteed existence of
a minimum of a function on a metric space. For functions dependent on a parameter, there were
obtained conditions for existence of a minimum for each value of the parameter. These results were
applied to derive conditions for fixed point and coincidence point existence for mappings in metric
spaces. For mappings dependent on a parameter, there were obtained conditions of coincidence point
existence for each value of the parameter.
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INTRODUCTION

In the paper [5] by J.Caristi, conditions for the existence of a fixed point for a
mapping g : X — X acting in a complete metric space X were proposed. This result
can be interpreted as sufficient conditions for the function z — px (z, g(z)) to attain
its minimum and the minimal value to coincide with zero. This approach was used
in [1]. In this paper, it is proved that under a Caristi-like condition (see Definition
1.1 below) a bounded from below lower semi-continuous function attains its minimum
and an estimate of the distance from an arbitrary point to the minimum holds (see
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Theorem 3 from [1] and Theorem 1.2 below). Some results from [1] developed results
from [3].

It is important to note that these results on the existence of a minimum of a
function are not an end in itself and are not related to the theory of extremal problems
but provide a powerful research tool for studying non-linear equations. The main
purpose of these theorems is to be applied to obtain coincidence points and fixed
points existence conditions. The subsequent possible application of these results lies
in the areas of optimal control (see, for example, [11]), theory of ordinary differential
equations (see, for example, [13]) and control systems (see, for example, [12]).

Let us briefly describe the structure of this paper. It consists of four sections. In the
first section, we obtain global and local theorems (Theorems 1.2 and 1.3, respectively)
on the existence of a minimum for functions acting in metric spaces and satisfying
Caristi-like conditions. The proofs are based on Ekeland’s variational principle, which
is a powerful tool for research (e.g., [6, 4]). In addition, we study a stability of both
functions satisfying Caristi-like conditions and their minima (Propositions 1.5 — 1.8).
For a function acting in a Banach space, we obtain conditions in the terms of upper
Dini derivative for the function to satisfy Caristi-like condition (Lemma 1.9).

In the second section, we investigate the minimum existence problem for a function
dependent on a parameter. We obtain a theorem on the existence of a minimum
for all values of the parameter (Theorem 2.1), we obtain conditions for continuous
dependence of the set of minimum points on a parameter (Propositions 2.6 - 2.9),
and provide examples showing the essentiality of the assumptions of Theorem 2.1
(Example 2.10) and Propositions 2.7, 2.9 (Example 2.11).

In the third section, the obtained results on the minimum existence are applied
to obtain solvability conditions for equations in metric spaces. A local analogue of
Caristi fixed point theorem (Theorem 3.1) and coincidence point theorem for two set-
valued mappings in metric spaces (Theorem 3.2) as well as its corollary on fixed point
of a continuous mapping (Theorem 3.2’) are derived. An analogue of the coincidence
point theorem is obtained for mappings, dependent on a parameter (Theorem 3.7).
This result, in particular, generalizes the elementary implicit function theorem for
contractive mappings from [8, 7].

The fourth section contains discussions and comparison of Caristi fixed point the-
orem and Theorem 3.2’. Examples of mappings for which only one out of these
two theorems can be meaningfully applied are considered (Examples 4.1 —4.4). The
problem of the fixed point uniqueness is studied.

1. THE EXISTENCE OF A MINIMUM OF LOWER SEMI-CONTINUOUS FUNCTIONS
AND CARISTI-LIKE CONDITIONS

Let (X, px) be a complete metric space with the metric px. Given an arbitrary
point Z € X and a number ¢ > 0, denote a closed ball centered at  with the radius
0 by Bx({f76), i.e.

Bx(%,0) :={z € X : px(Z,z) < §}.
For non-empty subsets M7, My C X, denote the distance between them by

dist x (M1, Ma) := xleMilflngQEM2 px(x1,22),
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the excess from M; to My by

h% (My, Ms) := sup distx(x, Ma),
ze M,y

and the Hausdorff distance between M; and Ms by
hx(Ml, Mg) = max{h}(Ml, MQ), h};(Mg, Ml)}

Let U : X — RU {400} be a bounded from below function. Standardly denote by
dom U the domain of U, i.e.

domU :={z € X : U(z) < +oo}.
Our goal is to find conditions that guarantee that the function U attains its minimum.

Definition 1.1. Given a subsetN)? C X, we say that the function U satisfies the
Caristi-like condition on the set X for some k& > 0 if

VeeX 3 eX: o +4x, U@)+kpx(2,z) <U(z). (1.1)

We say that U satisfies the Caristi-like condition with & > 0 (without reference to the
set X) if it satisfies the Caristi-like condition on the set {z € X : U(x) > Eln)f{ U}
€

with k& > 0.

Let us discuss this definition. Let X be a Banach space. Assume that the function
U attains its minimum at the point x¢g € X, and U is continuously differentiable in
the neighbourhood of xg. It is a straightforward task to ensure that U does not satisfy
the Caristi-like condition on any punctured neighbourhood of the point x( for any
k > 0, since U'(zg) = 0. At the same time, for a function U(x) := ||z — zo] that is
non-differentiable at point xg, the Caristi-like condition holds for £ = 1 on any open
set that does not contain the point .

Consider the following property of the Caristi-like condition. Let the function
U: X — RU{+o0} satisfy the Caristi-like condition for some k& > 0, let a subset
X C X be closed, and U be the restriction of U to X. Then the Caristi-like condition
does not necessarily hold for the function U for any k& > 0. This can be illustrated
by the following example. Set X = [-1,1], U(z) = 2? Vx € [-1,1/2), and U(x) =
(=5 + 3)/2 Vx € [1/2,1]. The Caristi-like condition holds for k¥ = 1/2 (condition
(1.1) is satisfied if one takes #’ = 1). At the same time, Caristi-like conditions does
not hold for the restriction U of the function U on any ball X = Bx(0,4), § < 1/2,
for any k > 0, since U(z) = 2.

Theorem 1.2. Assume that the function U is lower semi-continuous and U(z) > =
for any x € X. Given T € domU, k > 0, and § > (U(Z) — ~v)/k, assume that U
satisfies the Caristi-like condition (1.1) on the set

X ={zeBx(z,0): v<U(x) <Ux)}.
Then
Uz) —v
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Proof. We will carry out the proof in analogy with Theorem 3 from [1] using Ekeland’s
variational principle (see [4], Chapter 5, §3).

The function 2 — U(x) — ~y satisfies the assumptions of the theorem. Therefore,
we can assume without loss of generality that v = 0 and, thus, U(z) > 0 for each
x € X. Set

X={zeX: U <U@)}

The set X is closed, since U is lower semi-continuous. Set ¢ := U(Z), A := ¢/k. In
virtue of Ekeland’s variational principle (see, for example, [4], Chapter 5, §3), applied
in the complete metric space (X, px), there exists £ € X, such that

U <U(), px(,8) <A,
Ulz) + %px(x,f) SU®E) VeeX: U)<U®), z#¢. (1.2)

Let’s prove that ¢ is the desired point. Since A < 0 we have £ € B(z,d). So, it is
enough to prove that U(£) = 0. Assume the contrary, i.e. U(§) > 0. In virtue of
Caristi-like condition (1.1) there exists «’ # & such that

U(a') + kpx(a',§) <U(&). (1.3)
This contradicts the strict inequality in (1.2), since /X = k. The contradiction proves
that U(§) = 0. O

In [10], it is proved that if U satisfies the Caristi-like condition (1.1) on the whole
X and the rest of the assumptions of Theorem 1.2 hold then U attains its minimum.

Note that Theorem 1.2 can be proved using a partial ordering of X x R proposed
by E. Bishop and R. Phelps (for more details see [1], [13]).

Assume that § = +00. Then Theorem 1.2 coincide with Theorem 3 from [1]. In
addition, under the assumptions of Theorem 1.2, condition (1.1) holds if for each
x € X one takes 2’ equal to the minimum point £ such that px (£, z) < (U(x) —v)/k.
Moreover,

U(#) -~ minU(x)

k
where = is the set of minima of the function U.

Consider the local analogue of Theorem 1.2. Let a point z € X, numbers v € R,
k>0, €[0,+00], and a function U : Bx(Z,d) = RU {400} be given.

distx (2, E) < Vre X,

Theorem 1.3. Assume that

(i) U is lower semi-continuous, bounded from below and U(x) > ~ for all x €
Bx (5?, (5),
(ii) 7 € domU, U(z) <y + 6k;
(iii) for each x € Bx(Z,0), if

vy<U(x) <U(Z) — kpx(z,T) (1.4)
then there exists ' € Bx(Z,d) such that x’ # = and
Uz + kpx(z,2") < U(x). (1.5)
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Then there exists £ € Bx(Z, ) such that

_ : _ _ U(z) —v
U(é)—xeg)l(%’é)U(x)—% px(x@)ST.

Proof. As before, we can assume without loss of generality that v = 0 and, therefore,
U(x) >0 Vo € Bx(Z,0). Set

X :={x € Bx(z,8): U(z) <U(z) — kpx (z,T)}.

This set is closed, since the function U is lower semi-continuous, and non-empty, since
it contains Z. Therefore, the metric space (X, px) is complete. Let us show that the
assumptions of Theorem 1.2 hold for the function U on the space X.

Take x € X such that U(z) > 0. It follows from (iii) that there exists 2’ € Bx(z, )
such that (1.5) holds. Moreover, 2’ € X, since

U(x') <U(x) — kpx(x,2") <U(Z) — kpx (Z,2) — kpx (z,2") <U(Z) — kpx (z,2').

Here the first inequality follows from (1.5), the second one follows from the fact that
z € X, and the third one from the triangle inequality for the metric px. Thus, the
metric space X and the restriction of the function U to X satisfy all the assumptions
of Theorem 1.2. So, the existence of the desired point £ follows from Theorem 1.2. [

In condition (iii) of Theorem 1.3, the set of points x, for which condition (1.5) have
to be verified, is defined by inequality (1.4). It is important that this set is smaller
than the one in Theorem 1.2, where it was defined by the inequality U(z) < U(Z).
In order to illustrate this fact consider the following simple example in which all the
assumptions of Theorem 1.3 hold. However, if we replace the second inequality in
(1.4) by the inequality U(x) < U(Z) then condition (1.5) does not hold.

Example 1.4. Let X =R, = 0. Fix arbitrary a > 0, b € R, and set U(z) = b+ ax
for <0, U(x) =b for z > 0.

Take an arbitrary ¢ > 0 and set v = min{U(z) : = € B(0,0)} = b — ad. Condition
(iii) of Theorem 1.3 holds for k = a, since (1.4) implies that inequality (1.5) should
be verified only for x < 0. At the same time, inequality (1.5) fails for each z € (0, ¢].

Let us discuss the dependence of the Caristi-like conditions and minimum points
on perturbations of the function U. Let a function U : X x X — R, a subset X C X,
and a number k£ > 0 be given.

Proposition 1.5. Assume that for each xy € X the function (7(-,:52) : X - R
satisfies Caristi-like condition (1.1) on the set X with the chosen k, and for each
x1 € X, the function U(xy,-) : X — R is I-Lipschitz on the set X, i.e.

|U(z1,2) — U(z1,2")| < lpx (z,2') Vz,2' € X.
If Il < k then the function
V:X R, V(z)=U(zaz) VoeX,
satisfies the Caristi-like condition on the set X with k — L.
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Proof. Take arbitrary = € X. Since (1.1) holds for the function U(-,z), we have
o' e X: o' £z, U@, z)+kpx(a',2) <U(z, ).
Since U(x',-) is I-Lipschitz, we have |U (2, 2") — U(z’,2)| < lpx (', ). Thus,
Uz, z) > U2, z) + kpx (¢, 2) = Uz, z) + lpx (¢, 2) + (k — D)px (z', )
> U z) + U, ') — U, 2)| + (k — Dpx (', 2) > Uz, 2') + (k — Dpx (2, z).
Therefore, the function V satisfies Caristi-like condition on X with k — 1. g

Given functions U, A : X — R, consider the special case, when

U(zy,x2) = U(x1) + A(z).
In this case, Proposition 1.5 implies the following assertion.

Corollary 1.6. Assume that the function U satisfies the Caristi-like condition on the
set X with k > 0, and the function A is l-Lipschitz on the set X. If I < k then the
function Ua : X — R, Ua(x) = U(x) + A(x), satisfies the Caristi-like condition on
the set X with k — L.

Corollary 1.6 and Theorem 1.2 imply the following assertion concerning minima
of the function Ua. Let the assumptions of Theorem 1.2 hold and § = +00. Assume
that U has the only point of minimum (existence of this point follows from Theorem
1.2). Then Theorem 1.2 implies

e X: U({):grcréi}r(lU(z), U(x) >U(&) + kpx(&,x) Vo e X.

Let the function A be I-Lipscitz on the set X, I < k. Then A(x) > A(&) —lpx (€, x)
for each x € X. Therefore,

Ux) + Az) 2 UE) + A6 + (k —Dpx (&) Ve e X.

Summarizing the above, under the above mentioned assumptions the function Up
attains its minimum at the only point &, which is the point of minimum of the function
U, and

Ua(z) 2 Ua(§) + (k= Dpx(§x) Vo e X.

Note that in these reasonings the assumption of the function U minimum point
uniqueness cannot be omitted. Namely, there exists a nonnegative function U with
multiple minimum points, satisfying Caristi-like condition with & = 1, such that for
every | € (0,1) there exists a bounded I-Lipschitz function A such that the function
Ua does not attain its minimum.

Let us consider now arbitrarily uniformly small perturbations of the function U.
Let U : X — RU {400} be a bounded from below lower-semicontinuous function,
{U,} be a sequence of lower semi-continuous functions U, : X — R U {+oo} that
converge uniformly to U, k > 0 be given.

Proposition 1.7. Let each function U, satisfy Caristi type condition with given k.
Then the functions U satisfies Caristi-like conditions with arbitrary positive k < k.
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Proof. We can assume without loss of generality that

2LV = R B =0

Take k < k and prove that U satisfies Caristi-like condition. Fix an arbitrary point
x € X such that U(z) > 0. Then U, (z) > 0 for sufficiently large n. Theorem 1.2
implies that for each n there exists z], € X such that

x, #z, Un(x)) =0, kpx(zl,x) < Uy,(z). (1.6)

So, each sequence {z!,} does not converge to z, since otherwise the uniform con-
vergence of {U,} to U and (1.6) imply that U(z) = 0, that contradicts the choice
of x. Therefore, there exists ¢ > 0 such that px(z),,z) > e for sufficiently large
n. Since, Uy (x}) = 0 and U,(z),) — U(x),) — 0 as n — oo, for each n we have
U(xl) + |U(x) — Un(z)| < (k — k)e for sufficiently large n. Substituting 2’ = z/, # x
into (1.6) we obtain U(z') + kpx (2, x) < U(x). O

Note that assumption of uniform convergence in Proposition 1.7 is essential and
cannot be replaced by pointwise convergence. For example, consider the function
U(z) = 2%, z € X = [~1,1]. For this function the Caristi-like condition does not
hold for any k > 0, since U’(0) = 0. Define a sequence of continuous functions {U, }
as follows: U,(z) := U(z) for each = ¢ [1/(n + 1),1/n], the function U, linearly
decreases until Uy, (z,,) = —2 on the segment [1/(n+ 1), z,], and linearly increases on
the segment [z,,,1/n]. Here z,, is the midpoint of the segment [1/(n + 1),1/n]. Then
U, (z) = U(z) for each z and for every function U, Caristi-like condition holds with
k =1 (in order to verify this it is enough to set 2’ := x,, for each = # x,,, for each n).

Note also that if the function U satisfies the Caristi-like condition with & > 0,
then there may exist a uniformly convergent to U sequence of functions that do not
satisfy the Caristi-like condition with any k& > 0. For example, consider the function
U(x) := |z|, = € R. For each n, let U,, be a continuously differentiable function such
that U, (z) = U(x) for each z such that || > 1/n, and U, is a quadratic function on
the segment [—1/n,1/n] that attains its minimum at zero.

The following proposition shows the stability of the minimum point to perturba-
tions of the function U. Let k > 0 be given.

Proposition 1.8. Assume that the function U : X — RU{4o00} attains its minimum
at the point x, the functions U, are bounded from below, lower semi-continuous, and
satisfy the Caristi-like condition with the same k for each n. Let U, (Z) — U(Z) and

Y 1= zlg"( U, (z) = U(Z).

Then there exits a sequence {x,} C X such that x, — T, for each n the point x, is
a minimum point of the function U, and

Un(Z) —m
—
Proof. It follows from Theorem 1.2 that for each n there exists a minimum point
xn € X of the function U,, such that (1.7) holds. The assumptions of the proposition
imply that {z,} is the desired sequence. O

px (T, x,) < (1.7)
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In conclusion, let us state the sufficient conditions for the Caristi-like condition
(1.1) to hold on an open subset of a normed space. Let X be a normed space with
the norm | - ||, a function U : X — R be given. Given z, e € X, |le|]| = 1, denote
the upper Dini derivative of the function U at the point = along the direction e by
Ul (zse), ie.

It is obvious that for two functions U,V : X — R the inequality
U+ V)i(ze) SU (wre) + Vi(xse)

holds if the values in the right-hand side of the inequality are not infinities with
opposite signs.

Lemma 1.9. Given a number k > 0 and an open subset X C X, assume that for
each x € X we have

Jee X : |le]|=1, Ul(zx;e) < —k. (1.8)

Then the function U satisfies the Caristi-like condition (1.1) on the set X with the
given k.

Proof. Take an arbitrary x € X , a vector e satisfying (1.8), and a number ¢ > 0 such
that U/ (z;e) < —(k+¢). For s > 0 we have U(z+se) —U(x) < —(k+¢)s+o(s). For
a sufficiently small s > 0 such that o(s) —es < 0 and z + se € X set 2/ := x + se. We
have z’ # x, U(z') + ks < U(z). Since ||z’ — z|| = s, the Caristi-like condition holds
on X with k. O

Remark 1.10. If the function U is differentiable on the set X and |U’(z)| > k for
each z € X then (1.8) holds.

2. THE EXISTENCE OF A MINIMUM OF FUNCTIONS DEPENDING ON A PARAMETER

As before, we assume that X is a complete metric space with a metric px. Let the
following be given: a metric space T' with a metric pr, a closed subset A C X with the
boundary 0A and the non-empty interior int A, a function U : A x T — R U {+o0}.
Elements t of the space T are considered as a parameter.

We say that the function U is continuous in ¢t at a point ¢y € T uniformly in =z,
if for every € > 0 there exists § > 0 such that for every ¢t € Br(tg,0) inequality
|U(z,t) — U(x,to)| < € holds for each € A. The function U is continuous in ¢
uniformly in z, if it is continuous in ¢ at every point ¢y € T uniformly in x.

Theorem 2.1. Let the metric space T be connected, domU(-,t) # O for each t € T,
a number k > 0 be given. Denote the set of minimum points x € A of the function
U(-,t) on the set A by M(t) for everyt € T. Set

9() = inf Ula, 1) (2.1)

Assume that

(i) the function U(-,t) is lower semi-continuous for every t € T;



CARISTI-LIKE CONDITIONS 39

(ii) the function U(-,t) is bounded from below for every t € T';
(iii) for every t € T, for every x € A, if
~v(t) < U(z,t) < ~v(t) + kdistx (x,0A) (2.2)
then there exists ©’' € A such that ' # x and
Uz’ t) + kpx (z,2') < Ulx,t);

(iv) the function U is continuous in t uniformly in x;

(v) Mt)NOA =0 for everyt € T;

(vi) for any pointt € T and a subsequence {t;} convergent to t, if M(t;) # 0 and
h*t(M(t;),0A) — O then there exists x; € M(t;) such that the sequence {x;}
contains a convergent subsequence.

Then if the set M(t) is non-empty for some t € T, then it is non-empty for allt € T.

Proof. Set ﬁ(m,t) = U(x,t) — v(t). Considering, if necessary, the function U instead
of U, we can assume without loss of generality that v = 0, U(z,t) > 0 for all x € A,
teT. Set
T:={teT: M) +#0}.

The set T is non-empty by assumption. It is enough to prove that T is both open and
closed. At first, we will prove that T is open. Let’s take an arbitrary point ¢ € T and
z € M(t). It follows from (v) that M(t) N 9A = 0. Thus, Z € int A. Hence, for some
d > 0, we have Bx(Z,d) C A. In particular, this inclusion implies § < distx (Z,0A).
It follows from condition (iv) that there exists € > 0 such that |U(z,t) —U(z,t)| < kd
for every x € A, for every t € Br(t,¢).

Let us prove that Br(t,¢) C T. Take an arbitrary point ¢t € Bz (£, e) and show that
the function U(+,t) satisfies all the conditions of Theorem 1.3 on the ball Bx(Z,0).
Condition (i) holds obviously. Since pr(t,t) < e and U(z,¢) = 0, we have

U(z,t) =U(z,t)—U(z,t) <|U(z,t) — U(z,1)| < k.

Therefore, Y& < 4. So, condition (ii) of Theorem 1.3 holds.

2
Let us prove that condition (iii) of Theorem 1.3 is satisfied. Fix an arbitrary t € T'
and for convenience set U(z) := U(x,t) for every z € A. Take an arbitrary point

x € A such that (1.4) holds. The triangle inequality implies
distx (z,04) < px(z,x) + distx (z, 0A).
So,
U(z) < k(6 — px(x,7)) < k(distx(z,04) — px(x, 7)) < kdistx (z,0A).
Thus, it follows from (2.2) that there exists #’ € A such that (1.5) holds. Let us prove
that 2’ € Bx(&,d). From (1.5), it follows that px (z,2') < @ Therefore,

U(x)
k

The last inequality holds, since the choice of = implies that (1.4) holds. Thus, condi-
tion (iii) of Theorem 1.3 holds.

px(T,2") < px(7,2) + px (z,2") < px (2, ) + <.
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It follows from Theorem 1.3 that the set M(t) is non-empty. Thus, it is proved
that Br(f,e) C T. Therefore, the set T is open. Let us prove that 7T is closed. Given
a sequence {t;} C T that converges to the point ¢, prove that t € T.

Let us show that for some § > 0 inequality ht(M(¢;),0A) > § holds for all suf-
ficiently large i. By assuming the contrary and considering a subsequence, we have
ht(M(t;),0A) — 0. Again considering a subsequence, we deduce from condition (vi)
that there exists a sequence of points z; € M (t;) and a point T € JA such that z; — Z.
It is obvious that Z € JA. Let us show that U(Z,t) = 0. Assume that a :== U(Z,¢) > 0.
Condition (i) implies that U(z;,t) > 2a/3 for sufficiently large i. Condition (iv) im-
plies that |U(z;,t;) — U(xs,t)| < a/3 for sufficiently large i. Therefore, U(z;,t;) > a/3
for sufficiently large i, whereas U(x;,t;) = 0 for each . The contradiction proves that
U(z,t) = 0. This contradicts condition (v).

Thus, there exists § > 0 such that h™(M(t;),0A4) > ¢ for all sufficiently large
i, that we will exclusively consider. Therefore, there exist x; € M(t;) such that
Bx (z;,8) C Afor alli. Condition (iv) implies that |U(x;, t;)—U (x4, t)| — 0. Therefore,
since U(z;,t;) = 0 for all 4, we have U(x;,t) < ké for some sufficiently large number
i. The function U(-,¢) on the ball Bx(x;,d) C A satisfies all conditions of Theorem
1.3. Indeed, conditions (i) and (ii) hold obviously, condition (iii) can be verified as
above (by replacing T by x; in the corresponding reasonings). Theorem 1.3 implies
that the set M () is non-empty. Therefore, T is closed.

Thus, the set T is simultaneously open, closed and non-empty. Therefore, T =T,
since T is connected. O

Remark 2.2. Note that (iv) implies that the function v(t) = inlf4 U(z,t) is continu-
kS
ous.

Remark 2.3. Theorem 2.1 is correct if T is not a metric but a topological space. In
this case, the function U is assumed to be continuous in ¢, uniformly in z, if for every
point ¢y € T and for every ¢ > 0 there exists a neighbourhood V' of the point ¢g, such
that |U(x,t) —U(z,t0)| <dforallz € Aand t € V.

Let us discuss condition (iv). It is quite burdensome but often it can be weakened.

Denote
co = inf sup U(x,1).
0 z€A tegf) ( )

If T is compact then it is easy to observe that cg is finite, whereas in the general
case it is not. For example, if X = A = R, T = R, and U(z,t) = |z — t|, then
Cco = +00.

For finite ¢y take an arbitrary ¢ > ¢y, set ¢ = +o0o if ¢g = 400. Consider the
condition:

(iv)c the function U is continuous in ¢ uniformly in
r€A.={zeA:U(zt) <cVteT}.

Proposition 2.4. Let ¢ > ¢o. Theorem 2.1 remains true if we replace condition (iv)
by a weaker condition (iv),.
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Proof. Let for the function U all assumptions of Theorem 2.1 except (iv) hold and let
(iv). hold as well. Set

| Ulx,t), if xzeA;
Ud(a, 1) ._{ e e

Its obvious that the set A, is non-empty. Condition (i) implies that this set is closed.
Moreover, it is a straightforward task to ensure that (iv). implies that condition (iv) of
Theorem 2.1 holds for the function U,. Thus, the desired result follows from Theorem
2.1. O

Assume now that the set T is linearly connected. Then Theorem 2.1 still holds, if
condition (iv) is replaced by the following weaker condition:

(iv)s for all ¢ € R, the function U is continuous in ¢ uniformly in
re€A.={zecA:U(x,t)<cVteT}.
Let us prove this. Fix t € T such that the set M (¢) is non-empty. Take an arbitrary
7 € T. We have to prove that the set M(7) is non-empty as well. Since T is linearly
connected, there exists a continuous curve [ that connects the points ¢ and 7. The
curve [ is compact. Therefore, as it was noted above, there exists ¢ € R, such that
¢ > inf sup U(z,t).
€A tell:) (& 1)
Condition (iv)s implies that condition (iv). holds for the chosen c. Therefore, replac-
ing the space T by its subspace [, from Proposition 2.4, we obtain that the set M ()
is non-empty.

Let us consider more general assumptions that allow to replace condition (iv) by
condition (iv)s in Theorem 2.1. Let the space T coincide with the union of sets Tj,
i € I, where I —is a set of indexes. Assume that each set T; is either linearly connected
or connected and compact. Moreover, let for arbitrary points ¢, 7 € T there exist such
indexes i1,...,im € I, that t € Ty, 7 € Tj,, and Ty, N T, #0,j=1,...,m—1.1In
this case, in Theorem 2.1, condition (iv) can be replaced by condition (iv)-. This fact
holds true due to the aforementioned arguments.

Proposition 2.5. Assume that all conditions of Theorem 2.1 hold and
(vii) there exist T € A and t € T such that U(Z,t) < v(t) + kdistx (z,0A).
Then the set M (t) is non-empty for all t € T.
Proof. Set § := M Condition (vii) implies that Bx(Z,d) C A. So, it follows

from Theorem 1.3 that the set M (f) is non-empty. Thus, Theorem 2.1 implies that
the set M (t) is non-empty for all t € 7. O

Let us study the properties of the set-valued mapping M.

Proposition 2.6. Assume that all conditions of Theorem 2.1 hold. Then the set-
valued mapping M is sequentially lower semi-continuous and closed (i.e. its graph is
closed).
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Proof. As before, we can assume without loss of generality that v(¢t) =0, U(x,t) > 0
for all x € A, t € T. Fix an arbitrary t € T, € M(¢), and a subsequence {¢;}
convergent to f. It follows from condition (v) that Bx(Z,d) C A for some § > 0.
Condition (iv) implies that U(Z,t;) — U(Z,t) = 0. Thus, using arguments analogous
to those in the proof of the openness of the set T in Theorem 2.1, we conclude that
the function U(-,¢;) on the ball Bx(Z,0) satisfies all the conditions of Theorem 1.3
for sufficiently large i. This theorem implies that there exist points & € M(¢;) such
that & — Z. So, M is sequentially lower semi-continuous.

The closedness of the graph of M follows from the fact that if x; — Z, t; — t and
U(x;,t;) = 0 for every i then U(Z,t) = 0. This property was shown in the proof of
Theorem 2.1. U

Let w be the modulus of continuity of the function U in the variable t, i.e.
w(e) =sup{|U(z,t1) = U(z,t2)| : x € A, t1,t2 €T, pr(t1,t2) <&}
for € > 0 (here and everywhere below we assume that (+00) — (4+00) = 0). Obviously
|U(x,t1) — Uz, ta)| <wl(pr(ti,te)) Vii,ta €T.

The condition w(e) — 0 as € — 0+ means that the function U is continuous in ¢
uniformly in .
Let us define the internal d-shell of the boundary of the set A as follows:

A(d) :={x € A: distx(z,04) < §}.

Proposition 2.7. Assume that all the conditions of Theorem 2.1, except (v), hold
and

(viii) there exists § > 0, such that M(t) N A(6) =0 for allt € T.

Moreover, let w(e) =0 ase = 0+.
Then if the set M (t) is non-empty for some t € T, then the conclusion of Theorem
2.1 holds and

hx(M(tl),M(tQ)) S k712UJ(pT(t1,t2)) th,tg eTl: UJ(pT(tl,tg)) S ko. (23)

Proof. Set «(t) := in1f4 U(z,t), t € T. The assumptions of the proposition imply that
re

the function ~y is uniformly continuous and its modulus of continuity does not exceed
w. Set ﬁ(x,t) := U(x,t) — y(t). Thus, passing to the function U from the function
U, we will assume that v = 0, U(z,t) > 0 for all x € A, t € T, and the modulus of
continuity of the function U with respect to variable ¢ does not exceed 2w.
Condition (v) follows from condition (viii). Therefore, it is enough to prove that
(2.3). For all t € T, x € M(t), condition (viii) implies Bx(z,d) C A. Take arbitrary
t1,ta € T such that 2w(pr(t1,t2)) < kd. Let 21 € M (t1). Then U(z1,t1) = 0 and thus
U(xy,ta) < 2w(pr(t1,t2)) < kd. Moreover, as it was mentioned above, Bx (x1,d) C A.
Therefore, Theorem 1.2 implies that there exists xo € A such that U(xy,t2) = 0,
px (1, 72) < k™1 2w(pr(t1,ta)). Carrying out analogical arguments for the set M (tz),
we have hx(M(tl),M(tg)) < 2k_1w(pT(t1,t2)). O
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Remark 2.8. If T is a convex subset of a normed space then inequality (2.3) holds
for all ¢t1,t; € T (i.e. the conditon w(pr(t1,t2)) < kd can be omitted in (2.3)).

Condition (vi) of Theorem 2.1 and condition (viii) of Proposition 2.7 are burden-
some. They are caused by the possible non-compactness of the set A C X. Condition
(vi) of Theorem 2.1 is required only for the proof of closedness of the set T In [9], the
closedness of the set T' was assumed instead of condition (vi). Moreover, condition
(vi) automatically holds in certain important applications, for example, as it is shown
below in specific problems related with fixed points.

Assume that A is compact. Then condition (vi) of Theorem 2.1 holds automatically.
Moreover, Proposition 2.6 implies that the set-valued mapping M is sequentially lower
semi-continuous and, therefore, continuous in Hausdorff metric. In addition, in this
case, condition (viii) of Proposition 2.7 is a corollary of condition (v) of Theorem 2.1.

Theorem 2.1 gives the following "homotopic” corollary.

Proposition 2.9. Let T = [0, 1], all the conditions of Proposition 2.7 hold, and there
exist xo € domU(+,0) such that U(zg,0) < v(0) + kdistx (zg, 0A).

Then there exists a point §& € A at which the function U(-,1) attains its minimum.
Moreover, the set M(t) is non-empty for all t and

hx(M(tl),M(tg)) S Qkilw(p']‘(tl,tg)) vthtz S [0, 1} (24)
Proof. Theorem 1.3 implies that the set M(t) is non-empty. Inequality (2.4) follows
from Proposition 2.7 and Remark 2.8. O

Unlike (2.3), estimate (2.4) is not local, since in Proposition 2.9, instead of an
arbitrary connected metric space, the interval [0, 1] is considered. If the modulus of
continuity of w satisfies inequality w(e) < ce for each € > 0 for a certain ¢ > 0, then
the function U is Lipschitz in ¢. Then (2.4) implies that the set-valued mapping M(-)
is also Lipschitz.

To conclude this section, we provide examples illustrating the results above. The
following example demonstrates the essentiality of assumption (vi) in Theorem 2.1.

Example 2.10. Let 7= [0,1/3], X = [3,00) x R, A = [3,00) x [0,1/2] C X,
px(z, @)= A=N|+|x—X| Ye=(N\x), 2=\, X)eX. (2.5)
Define a function U : A x T'— R as follows. Set

3
ao(\) =0, a1(\) = /\4)\74-1 as(\) = % az(\) = % b(\) =\ V€ [3,00), (2.6)
Dy ={(\t):aia(N) <t <a;(N)}, i=1,3,
|X*t|+al(/\) if (A1) € Dy ;
Ulz,t) = § Ix =t + (M) (a2(A) = 1), if (A, ¢) € Da;
|X—a2(/\)|, ()\ t)EDg.
It is a straightforward task to ensure that () := mf U(z,t) = 0 for every t € T.

When t # 0, the set of points of minimum of the functlon U(-,t) is the set
M) :={z=AAx") A=t}
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The function U(+,0) has no points of minimum, i.e. M (0) = ). So, the proposition of
Theorem 2.1 does not hold for the function U.

Let us show that all the conditions of Theorem 2.1 except (vi) hold for U. Condition
(i) holds, since the function U is continuous. Condition (ii) holds with v(¢) = 0. Let
us show that condition (iii) holds for k = 1. Take arbitrary t € T, x = (\,x) € A,
x & M(t). Consider three cases: (\,t) € Dj, j =1,2,3.

Let (A, t) € D1\ Da. If x # ¢ then for 2’ = (A, ¢) the following equation holds

Uz’ t) + p(z,2') = Uz, t), (2.7)
while if x = ¢ then inequality (2.2) is violated, since
distx (z,04) < x =t < a1(\) = Ul(x,t).
Thus, when (A, t) € Dy condition (iii) holds.

Let (A\,t) € Dy. If x # ¢ then (2.7) holds for ' = (A, ¢t). If x = ¢ then set
x' = (1/t,t). Since (1/t,t) € D3, we have

U’ #) + px (z,2") = % A< /\3a1()\)(1 - /\> < /\3t(1 _ /\> — U, b).

Thus, in the second case condition (iii) holds as well. Let now (A,t) € D3\ Ds. Then
x =N\ x) & M(t). So, (2.7) holds for &’ := (A, 1/X). Moreover, x # 2/, since x # 1/\.
Hence, condition (iii) holds.

Let us verify condition (iv). First, we prove that the function U is continuous at
the point t = 0 in t uniformly in x € A. For this purpose let us estimate the value
|U(z,0) —U(z,t)| for each t € T, x € A. Consider three cases: (A,t) € D;, j =1,2,3.

If (\,t) € Dy then |U(2,0) — Uz, )| = ||[x —t| — |x|| <t <2/A. If (\,t) € Dy then

U(x,0) = Uz, )| < [U(x,0) = Uz, a1 (M) + [U (2, a1(A)) = U(, 1))
< a1(A) + (= a1 () + (A (t — ar (X)) =t +b(A)(E — a1 (X))
< ag(A) +b(A)(az(N) — a1 (X)) < 2/A.

Finally, if (A,t) € D3 then U(z,t) = U(z,a2(N)), so

|U(x,0) = U(z,t)| <|U(z,0) — U(z,a1(N)| + |U(z,a1(X)) — Uz, az2(XN))| < 2/A.
Take an arbitrary € > 0. For z = (A, x) € [2/e,+00) x [0,1/2], t € T, we have
|U(x,0) — U(x,t)] < 2/A < e. Since the function U is continuous on the compact
[3,2/¢] x [0,1/2] x T, this function is uniformly continuous on it. Therefore,

J0>0: VYe=(\x) €[3,2/¢] x[0,1/2] Vte]0,§) |U(x,0)—U(z,t)|<e.

Hence, for all (A, x) € A, t € [0,6), we have |U(z,0) — U(x,t)| < €. Therefore, the
function U is continuous in ¢ at the point ¢ = 0 uniformly in z.

Now let us prove that the function U is continuous in ¢ at every point £ # 0
uniformly in x € A. Take arbitrary t1,t, € T,0 < t; < t < to. Note that ifx = (), x) €
A and A > 1/ty then (A, x) € D3 and, therefore, the function U(z,-) is constant on
[t1,t2]. Since the function U is continuous on the compact [0, 1/t2] x [0, 1/2] x [t1, t2], it
is uniformly continuous on it. Therefore, U is continuous in ¢ at the point ¢ uniformly
in z € A. Condition (v) holds, since (A,0) & M(¢) and (A, 1/2) & M(t).
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Theorem 2.1 implies that condition (vi) fails. Let us show this fact directly. For
any decreasing sequence t; — 0+ we have M (t;) # 0, h*(M(¢;),0A) = t; — 0. For
any sequence of elements z; € M (t;), ©; = (t;, A;), we have A\; > t[l. Therefore, this
sequence does not contain any convergent subsequence.

Consider an example showing that assumption (viii) on the separability of the set
M (t) from the boundary of the set A is essential in Propositions 2.7 and 2.9.

Example 2.11. Let T = [0,37!], X = [2,00) x R, A = [2,00) x [0,27}] C X. In
the space X = [2,00) x R, define a metric using the function (2.5). Set @ := a;(3),
b := b(3), where a;(-) and b(-) are defined by formula (2.6). Define the function
U:AxT — R as follows. If (A, x,t) € [3,00) x [0,271] x T then U(z,t) coincides
with the value U(z,t) from Example 2.10. If (A, x,t) € [2,3) x [0,271] x T' then

vy < | X+l Fa0-2), if (\ ) € Dy,
x,t) = - -
Ix =t =142 +0|3(A=2) —¢t|, if (\¢) € Dy;

where
Dy={(\t): 0<t<a(A—2)}, Dy={(\t):a(A—2)<t<1/3}.

It is a straightforward task to ensure that v(t) := inlf4 U(x,t) =0 for every t € T.
S

At the same time, the function U(-,t) attains its minimum at points of the set

o= fe= (v ) ons of (a2 )} s r0 0= {(2))

Thus, the statements of propositions 2.7 and 2.9 are violated for the function U, since
the set-valued mapping M is not continuous at zero.

Let us show that the function U satisfies all the conditions of Theorem 2.1. Con-
dition (i) holds, since U is continuous and (ii) holds with (¢) = 0.

Let us show that condition (iii) holds for any positive £ < 3a/(4 + 12a). For
arbitrary © = (A, x) € A and ¢t € T such that x ¢ M (t) and U(x,t) < kdistx(x,0A)
construct &’ € A, 2’ # x such that U(a’,t) + kpx (z,2") < U(x,t). For the case when
A > 3, the corresponding construction of the point 2’ was made in Example 2.10 for
k = 1. Since the values of distx (,0A) in Examples 2.10 and 2.11 coincide and k < 1,
the constructed point ' in 2.10 is the desired one.

Now let A € [2,3). Set 2 := (3t +2,1/3). If (A, £) € D; then

A A—2
3 3

U(x’,t)+kpx(x,x’)§k|)\—3t—2|+k‘x—t—1+ +k|—— —t
A 4 A 4
<k‘x—t—1+3‘+3k(A—2)+4kt<k‘X—t—1+3‘+3k()\—2)

A A
+4ka()\2)§k‘xtl+3‘+a(>\2)§ ‘Xt1+3‘+&(/\2)_U(x,t).
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If (A, ) € Dy then taking into account that 4k < b, we have

-2
U2’ t) + kpx(z,2') < k|)\—3t—2|+k‘x—t—1+§‘ +k’A3—t’

=k

A A—2 Al A A—2
—t— 14 S|k STt < Yt =1+ S+ b S — t = U, ).
g T g R v

Thus, condition (iii) holds.

Let us verify condition (iv). The restriction of the continuous function U to the
compact [2, 3] x [0,271] x T' is uniformly continuous. The restriction of the function U
to T x [3,00) x [0,27] considered in Example 2.10 satisfies condition (iv). Therefore,
condition (iv) holds for the function U. Conditions (v) and (vi) can be verified directly.

Thus, the function U satisfies all the conditions of Theorem 2.1. At the same time,
the set-valued mapping M (+) is discontinuous at zero, and, therefore, the function U
does not satisfy condition (viii).

3. FIXED POINTS AND COINCIDENCE POINTS

Let us present a local analogue of the Caristi fixed point theorem. As before, we
assume that X is a complete metric space with a metric px, T is a metric space
with a metric pr, A C X is a closed subset with the boundary 0A and the non-empty
interior int A. Let a number r € (0, +o0], a point Z € X, a mapping g : Bx(Z,r) — X,
and a function U : Bx(Z,7) = RU {+00} be given.

Theorem 3.1. Given v € R and k > 0, assume that
(i) the function U is lower semi-continuous and U(x) > v for every x € Bx (Z,r);
(ii) & € domU, U(z) < v +rk;
(iii) for every x € Bx(Z,r), if
Ulx) < U(@) - kpx (2,7)
then
Ulg(x)) + kpx (z, 9(x)) < U(x).

Then there exists a fixved point £ € X of the mapping g, i.e. g(§) =&, such that

_ U(x)—~
e < 100
Proof. Set 6 := (U(Z) —)/k. Condition (ii) implies that Bx (Z,d) C Bx(Z,r). Let us
show that the mapping ¢ has a fixed point £ € Bx(z,d). Consider the contrary, i.e.
g(z) # z for all © € Bx(Z, ). Then U(x) > ~ for every x € Bx(Z,9), since condition
(iii) implies that either

Ux) <U(2) — kpx(2,2) and U(z) > U(x) — kpx(z,9(z)) > U(g()) > 7,

or

Ulx) > U(Z) — kpx(x,2) > U(Z) —kéd =U(Z) — k% =1.
It follows from (iii) that for every x € Bx(Z,d) such that U(z) < U(Z) — kpx(x,Z),
for #’ := g(z), we have U(z') + kpx(z,2') < U(x). Moreover, ' # x, since ¢ has
no fixed points in the ball Bx(Z,d). Therefore, in the ball BX (Z,0), condition (iii)
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of Theorem 1.3 holds. Obviously, conditions (i) and (ii) of Theorem 1.3 hold as well.
Therefore, Theorem 1.3 implies that there exists a point £ € Bx(&,d) such that
U(&) = ~. However, it was shown above that U(x) > v for every x € Bx(Z,0). The
obtained contradiction completes the proof. O

The Caristi fixed point theorem (see [5]) directly follows from Theorem 3.1. Let
us recall it.
Let a mapping g : X — X be given.

Caristi fixed point theorem (Theorem 2.1’ from [5]) Assume that there exist a
number k > 0 and a proper function U : X — Ry U {400} (i.e. domU # () such
that U is lower semi-continuous and

U(g(z)) + kpx(z,g9(x)) <U(z) VzelX. (3.1)

Then for every point T € dom U, there exists a fired point £ € X of the mapping g
such that px(z,¢) < (U(z) —7)/k, 7v:= inf U(z).

The proof of this proposition consists in the direct application of Theorem 3.1 with
0 = 400. So, Theorem 3.1 is a local analogue of the Caristi fixed point theorem which
has a global nature. Note also that the continuity of the mapping g is not assumed
neither in the Caristi fixed point theorem nor in Theorem 3.1.

Let us proceed to generalized coincidence points of set-valued mappings. Let
(Y, py) be a metric space, let G1,Gy : X = Y be given set-valued mappings,
i.e. mappings that assign to every point * € X non-empty closed subsets of the
space Y. A point £ € X is called a coincidence point of the mappings G and Go, if
G1(§) N G2(€) # 0 and a generalized coincidence point, if disty (G1(€), G2(€)) = 0.
It is obvious that every coincidence point is a generalized coincidence point but not
vice-versa. If at least one of the sets G1(§) or Go(€) is compact (for example, if Gy
and G are “single-valued” mappings), then the generalized coincidence point £ is a
coincidence point.

Let a non-empty closed set A C X, the number k& > 0, the point Z € A and set-
valued mapping G1,Gs : A =2 Y be given. Let us denote the set of generalized points
of the mappings G1 and G2 by =, i.e.

== {€ € A disty (G1(€), Ga(€)) = 0}

Theorem 3.2. Given a number k > 0, assume that

(1) the set-valued mappings G1, Ga are sequentially upper semi-continuous;
(ii) disty (G1(@),Ga(z)) < kdistx (z,04);
(iii) for every x € A, if

0< diSty(Gl(.%'), GQ({L‘)) < diSty(Gl(i‘), Gg(if)) — kpx(x,gﬁ)
then there exists a point ' € A such that ' # x and

disty (G1(z"), Go(2')) + kpx (x,2') < disty (G1(z), G2(x)).
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Then the set of generalized coincidence points Z is non-empty and
< disty (G1(Z), G2(Z))
i k .

The proof of this theorem uses the following auxiliary proposition (see [1]).

distx (Z, 2)

Lemma 3.3. If the set-valued mappings G1 and Go are sequentially upper semi-
continuous, then the function U : x — disty (G1(z),Gae(x)), v € A, is lower semi-
continuous.

Proof. Let x € A, z; — x. For each i take points y1 ; € G1(z;), y2,; € Ga2(z;) such that
py (Y14, y2.:) < disty (G1(x;), Ga(x;)) + i~ 1. Since G; and Gy are sequentially upper
semi-continuous, there exist 31,; € G1(z) and g2 ; € Ga(x) such that py (y1,4,91,:) = 0
and py (y2,i, 2.:) — 0. Applying the triangle inequality we obtain

disty (G1(x), G2(x)) < py (J1,i:T2,i) < py (1,65 Y2,) + py (Y165 T1,i) + py (2,65 2,i)
< disty (G1(2:), G2(2:)) + i7" + py (Y10, G11) + py (Y2,i, Foi) Vi

Therefore, the function U is lower semi-continuous. O

Proof of Theorem 3.2. Set U(x) := disty (G1(z),Ga(x)), z € A, v:=0,
§ :=distx (z,0A).

It is obvious that Bx (Z,d) C A. Let us show that the restriction of the function U to
the ball Bx(Z,d) satisfies all the conditions of Theorem 1.3 hold.

It is obvious that U(z) > 0 for every x € Bx(Z,d). Moreover, Lemma 3.3 im-
plies that U is lower semi-continuous. Therefore, condition (i) of Theorem 1.3 holds.
Assumptions (ii) and (iii) imply that conditions (ii) and (iii) of Theorem 1.3 hold.
Thus, the restriction of U to Bx(Z,0) satisfies all the conditions of Theorem 1.3.
Theorem 1.3 implies that there exists a point §& € Bx(Z,d) such that U(§) = 0 and
px(z,&) < U(Z)/k. Obviously, £ is a generalized coincidence point. The desired
estimate follows the inequality px (z,&) < U(%)/k. O

Theorem 3.2 is a analogue of Theorem 4 from [2] on generalized coincidence points
which has a global nature. Theorem 4 from [2] is a direct corollary of Theorem 3.2.
Let us recall the result from [2].

Given set-valued mappings G1,Gs : X = Y, denote

W(.i‘) = {ZE eX:0< diSty(Gl(.’L‘),GQ(QTD < diSty(Gl(.T), GQ(.’Y;))} Vz e X.

Corollary 3.4. (Theorem 4 from [2]) Assume that the mappings G1, Ga are sequen-
tially upper semi-continuous, there exist a point & € X and a number k > 0 such that
for every x € W(Z) there exists a point ' € X, &’ # x, satisfying the relation

disty (G1(z"), Go(2')) + kpx (x,2') < disty (G1(z), G2(x)). (3.2)
Then the set of generalized coincidence points = of G1 and Ga is non-empty and

< diSty(Gl (ki'), GZ(i'))

distx (z, 2)
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In order to prove this proposition it is enough to take 0 := kdisty (G1(Z), G2(Z))
and apply Theorem 3.2 to the restriction of the mappings G; and G to the ball
Bx (i’, (5)

Remark 3.5. If the assumptions of Corollary 3.4 hold then the mappings G; and
G2 may have no coincidence points. For example, let X be a complete metric space,
Y =R3,

Gi(x)={(t,1/t) : t >0}, Ga(z) ={(t,2/t): t > 0}.

All the assumptions of Corollary 3.4 hold, since disty (G1(x), Ga(x)) = 0. However, Gy
and G2 have no coincidence points, even though all the points z € X are generalized
coincidence points.

Remark 3.6. In [2], it was shown that if for certain &« > S > 0 the mapping G,
is a-covering and has a closed graph, while G5 is (-Lipschitz with respect to the
Hausdorff metric, then condition (3.2) holds for any positive k < o — 3.

Apply Corollary 3.4 to the fixed point problem we obtain the following result.

Theorem 3.2'. Assume that the mapping g : X — X is continuous, T € X, there
ezists a number k > 0 such that

0 < px(z,9(x)) < px(z,9(T))

=30 eX: o A, px(@ g(@) +kpx(e,) < px(z,gx).  (33)
Then there exists a fived point & € X of the mapping g such that

px(%,€) < px(z,9(z))/k.

In [8] (see Chapter I, §1.3) the elementary implicit function theorem for contractive
mappings was obtained. Let us consider its analogue for generalized coincidence points
of set-valued mappings.

Let set-valued mappings G1,Gs : A X T == Y be given (recall that T is a metric
space with a metric pr, A C X is a non-empty closed subset, intA # @). For every
t € T denote the set of all generalized coincidence points of the mappings G4 (+,t) and
Ga(-,t) by E(t), ie.

E(t) == {€ € A : disty (G1(&,1), Go(£,8)) =0} VteT.

We will say that the set-valued mapping G : A x T' = Y is continuous in ¢ at
a point tg € T uniformly in z, if for every € > 0 there exists § > 0 such that
hy (G(x,t0),G(x,t)) < ¢ for all t € Br(tg, ), for all z € A. We will say that the set-
valued mapping G : A x T' =2 Y is continuous in ¢ uniformly in z, if it is continuous
in t at every point ty € T uniformly in x.

Theorem 3.7. Let the metric space T be connected, a number k > 0 be given. Assume
that
(i) the set-valued mappings Gi(-,t) and Gs(-,t) are sequentially upper semi-
continuous for each t € T;
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(ii) for each t € T, for each x € A, if
0 < disty (G (z,t), Ga(z,t)) < kdistx(x,0A) (3.4)
then there exists ©’' € A such that ¥’ # x and
disty (G1(2',t), Go(2', 1)) + kpx (x,2") < disty (G1(z,t), Ga(z,1);

(iii) the set-valued mappings G1 and Go are continuous in t uniformly in x;

(iv) E@)NOA =0 for each t € T;

(v) for any point t € T and a subsequence {t;} convergent to t, if Z(t;) is non-
empty and h*(2(t;),04) — 0, then there exists xv; € Z(t;) such that the
sequence {x;} contains a convergent subsequence.

Then if the set Z(t) is non-empty for some t € T, then it is non-empty for all t € T.

Proof. Set U(x,t) := disty (G1(x,t), Ga(z,t)), v(t) :==0,t € T, x € A. Let us show
that the function U satisfies all the conditions of Theorem 2.1.

Lemma 3.3 and sequential upper semi-continuity of the functions G; and G5 with
respect to the variable x imply that condition (i) of Theorem 2.1 holds. The definition
of the functions U and v imply that condition (ii) of Theorem 2.1 holds. The definition
of the functions U and 7 and assumption (ii) imply that condition (iii) holds. Let us
verify condition (iv). Assumption (iii) imply that for arbitrary ¢t € T and € > 0, there
exists 0 > 0 such that hy (Gi(z,t0), Gi(x,t)) < €/2, hy(Ga(z, o), Go(z,t)) < &/2
hold for every © € A, t € Br(to,0). Therefore, by the definition of functions hy and
disty, we have

diSty(Gl(.’E, t)7 GQ(.’E, t)) - diSty(Gl (ZL', to), Gg(am to))
< hy(Gl (.’17, t), Gy (l’, to)) + hy(GQ(l’, t), GQ(SI’J, to)) <eg,
diSty(G1 (.T, to), GQ(.’E, t())) — diSty(G1 (.T, t), GQ(SI’J, t))
< hy(G1<.’E, t), Gl(l', to)) + hy(GQ(l’, t), GQ(CIL’, to)) < e.
Therefore, |U(x,t) — U(z,to)| < € for every ¢t € Br(tp,d) and x € A. So, condition
(iv) holds. Assumptions (iv) and (v) imply that conditions (v) and (vi) of Theorem
2.1 hold. Thus, all the conditions of Theorem 2.1 hold.

Theorem 2.1 implies that for each ¢ € T there exists a point £(t) € T such that
U(t,&(t)) = y(t) = 0. Therefore, £(t) € Z(t) for every t € T. O

Let us show that assumption (v) in Theorem 3.7 is essential.

Example 3.8. Let T' = [0,1/3], X = [3,00) x R, A = [3,00) x [0,1/2] C X, the
metric px is defined by (2.5), U : A x T — R is the function from Example 2.10. In
Example 2.10, it was shown that all the conditions of Theorem 2.1 hold true, except
condition (vi), and the function U(-,¢) has points of minimum for every t € T except
t=0.

Let G1,G2 : AXxT = R, Gi(z,t) == {y € R: y > U(x,t)}, Ga(z,t) := {0}.
It is obvious that the set-valued mappings G; and G satisfy all the assumptions of
Theorem 3.7 except (v), while the mappings G1(+,0) and Gz(+, 0) have no generalized
coincidence points.
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The corollary of the obtained result is the elementary implicit function theorem for
single-valued contractive mappings (see [8], Chapter I, §1.3). Let us formulate and
prove a proposition of greater generality.

Given a mapping g : A x T'— X, denote the set of all fixed points of the mapping
g(-,t) by E(t), i.e.

Hit):={e€A:£E=¢g(t,8)} VteT.

Corollary 3.9. Let T be a connected metric space, 8 € [0,1) be given. Assume that
the mapping g is uniformly continuous, for every fized t € T the mapping g(-,t) is
contractive with the constant 3, and Z(t) N DA = 0 for every t € T. Then if the set
E(t) is non-empty for some t € T, then Z(t) is non-empty and singleton for each
teT.

Proof. Let us show that the mappings G (z,t) = {g(x,t)} and Ga(x,t) := {z},
(z,t) € A x T satisfy all the conditions of Theorem 3.7 with the constant &k :=1 — .
Condition (i) holds, since g is continuous. Let us verify (ii). Let inequality (3.4)
hold for some (z,t) € X x T. Set 2’ := g(x,t).
We have 2’ # x, since 0 < px(x,g(x,t)); 2’ € A, since
px(z,2") = px(z,g(z,t)) < Bdistx (z,04) < (1 — B)distx (z,DA)
and
diStY(Gl (Z‘/, t)7 GQ(J:/’ t)) + kpX (.13, x/) = PX (g($7 t)7 g(g(x7 t)a t))
+(1 - B)px(xa g(tv x)) < 6PX(333 g(tv SC)) + (1 - ﬂ)pX(xvg(ta :L’))
= pX(xa g(t7 l’)) = diStY(Gl (:I;7 t)7 GQ(xa t))
Thus, condition (ii) holds. Conditions (iii) and (iv) by the assumptions.
Let us verify condition (v). Assume that there exists a sequence {t;} C T such
that t; — £, Z(t;) # () for every i and h} (Z(t;),0A) — 0 as i — oo. Take an arbitrary

sequence {z;} C X such that x; € Z(t;) for every i. Since the set valued mapping g
is contractive in z, we have

px (9(,t:), x;)
1-p

Let us prove that {x;} is a Cauchy sequence. Take an arbitrary € > 0.

The uniform continuity of the mapping g implies that there exists a number N such

that px(g9(z,t:), g(z,t)) < (1 — B)/2 for every i > N, x € X. Thus, inequality (3.5)

implies that

px(x,z;) < Ve A (3.5)

X\Liydg) > 1_ B 1_ B
< ,DX(Q(CL’“ tl)a g(wza t)) + PX (g(CE“ t)v g(CE“ t]))
< 11— 3
for every ¢, j > N. Thus, {;} is a Cauchy sequence. Completeness of X and closedness
of A imply that {z;} converges to some point T € A. Since h¥(Z(t;),04) — 0, we
have Z € 0A. Since the mapping g is continuous, passing to the limit as ¢ — oo in
the equation z; = g(t;,x;), we obtain £ = g(¢,Z). Since T € dA, the last equality

<e
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contradicts the assumption =(¢f) N A = . Therefore, the considered sequence {t;}
does not exist, so, condition (v) of the theorem holds.

Theorem 3.7 implies that Z(¢) # () for all ¢. The fact that the set Z(t) is singleton
directly follows from the fact that g is a contraction in x. O

4. COMPARISON OF FIXED POINT THEOREMS

Everywhere in this section X is a complete metric space with a metric px.
Let us start with an example in which the assumptions of Theorem 3.2’ hold, while
it is onerous to verify the assumptions of the other fixed point theorems.

Example 4.1. Given continuously differentiable functions 01,05 : R? — R of the
variable = (21, 72) € R?, assume that there exists u < 1 such that

Oo 0o 0o 0oz
- < — > —_— < P — <
@) <m g @) 20, 2@ <0, 2@ <p

for every = € R?, and both functions oy, oy are bounded.
Define a mapping g : R? — R? as follows:

g(z) = (acg +o1(x), —x? + 02(33)) , r € R2
Let us show that the mapping ¢ satisfies all the assumptions of Theorem 3.2". Set

U(z) = |lg(z) — z||, = € R2. Here ||z| is the Euclidean norm of a vector z € R2.
Let us prove that for every d > 0, the set Ly := {x € R? : U(x) < d} is bounded.
For every @ € Lg, we have |23 + o1(z) — 21| < d and | — 23 + 02(z) — 22| < d, s0

|z3| < d+ |o1(z)] + |2z1] and |23| < d + |o2(z)] + |22|. Summing up these inequalities
we obtain
1% + Jo|® < 2d + |21] + |22| + |01 (2)] + |02(2)]

1 1
llzll? < 2d+ 2]zl + o (@) +loa(2)] = Sllwl® = 2|2l - (a +2d) <0,
where a > 0 is such that |o1(x)| + |o2(z)| < a for every x. Thus, we have
1
§||$||3 —2||z|| = (a+2d) <0Vax € Lg. (4.1)

Denote by R = R(d) the maximal solution of the inequality $r*—2r—(a+2d) < 0. In
virtue of (4.1) we have ||z|| < R for each x € Ly and, therefore, the set L4 is bounded.
Set f(z) := x — g(x). Let us prove that for every d > 0 there exists ¢(d) > 0 such

that .
af h
|(52)
Since

of 1- %(x) —3a — gol (z) 2 2.2 2
—_ = 1 T2 > _ > _
det(ax (m)> det ( 3rf— §2(x) 1-52(x) > (L=p) 4+ 9zizy > (1-p)7,

< ¢(d) for every x € Ly.

the matrix ?(9:) is non-degenerate for z € R?. So, the desired value c(d) exists in
x

virtue of compactness of the set L.
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Let us verify the assumptions of Theorem 3.2. Take arbitrary = € R2.
Set d := U(Z)+1. For arbitrary z from the open set X := {x € R? : 0 < U(z) < d+1}

denote e := %, A= %(z). Since ||e]| = 1, we have
oU H H JA-UlleAll _ feAd 1 |
Yol = lleall = > = > .
H oz ") A 2 A AT S qd i)

Therefore, in virtue of Remark 1.10 to Lemma 1.9, the function U satisfy Carisiti-like
condition (1.1) on the set X with arbitrary k < (¢(d+1))~L. Therefore, (3.3) holds for
all z € X and specifically, for all 2 such that 0 < ||z — g(z)|| < ||Z — g(Z)]|. So, all the
assumptions of Theorem 3.2 hold. Hence there exists a fixed point of the mapping g.

Let us discuss the Caristi’s theorem and Theorem 3.2’ and compare them.

The Caristi’s theorem is not only a sufficient condition but also a necessary con-
dition for the existence of a fixed point for a mapping g : X — X, in the case when
the set of fixed points of this mapping is closed. Indeed, let the set of fixed points
of the mapping g be non-empty and closed. Set U(x) := 0 for € X such that
x = g(z) and U(z) := +oo for € X such that x # g(z). Obviously, this function
is lower semi-continuous, bounded from below and satisfies condition (3.1). So, the
assumptions of the Caristi’s theorem hold if for the mapping g : X — X the set
of fixed points is closed (for example, if ¢ is continuous) and non-empty. Therefore,
only those mappings are of interest for which there exists a function U such that not
only condition (3.1) holds but also z # g(z) for a certain € dom U. Let us give an
example of a corresponding mapping for which function U with the desired property
exists, although there exists no function U that is finite on X satisfying condition
(3.1).

Example 4.2. Let g: [-1,1] — [-1,1], g(z) = —2>. Set

U(-1)=U(1) = 400, Ulx) Ve (—1,1).

1o
Then condition (3.1) holds for U = U, U(z) is finite for all z € (—1,1) and the only
fixed point of g is zero.

At the same time, if a function U satisfies condition (3.1), we have U(—1) = U(1) =
+00. Indeed, if U(—1) is finite, then (3.1) implies U(1) < U(—1) and U(-1) < U(1).
If U(1) is finite we obtain the contradiction also.

Generally speaking, the class of mappings g such that there fixed points set is non-
empty and closed and any aforementioned function U satisfy the relation U(z) = 400
for each z such that g(x) # x, is quite wide. It includes all expanding mappings g.
Recall that the mapping g : X — X is said to be an expanding map, if for some A > 1
the following inequality holds

px(g9(x),g(u)) > Apx(z,u) Vz,ue X. (4.2)

It is known that a surjective expanding mapping of a complete metric space has a
unique fixed point.
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Proposition 4.3. Let g : X — X be an expanding mapping, a function U be bounded
below, k > 0, and (3.1) hold. Then U(x) = +oo for each x such that g(x) # x. If, in
addition, the mapping g is surjective then (3.3) holds for some k > 0.

Proof. Assume that for a certain A > 1, inequality (4.2) holds and U satisfies
(3.1). Let g(z) # x. Inequality (3.1) implies kpx(z,g(z)) < U(z) — U(g(z)) and
kpx (g™ (z), g™tV (z)) < U(g™ (x)) — U(g"*V(x)). Here n is an arbitrary non-
negative integer, g¢ is the i-th iteration of the mapping g, ¢°(z) = 2. Summing up
these inequalities, we have

EY (g (@), 6(@) < U@) ~ Ulg"(2) <U@) — ¥n>2,  (43)
1=0

where v = a;lg)f< U(z).

At the same time, (4.2) implies px (¢° (), ¢'(z)) > N7 px (z, g(z)) for every i > 2.
Since A > 1 and px(x, g(x)) > 0 the obtained inequality implies U(z) = +oo.

Let us additionally assume that the mapping g is surjective. It is a straightforward
task to ensure that (3.3) holds for 2/ := g~ !(z) and k := X — 1. O

Thus, Theorem 3.2’ can be substantially applied to the class of surjective expanding
mappings, whereas the Caristi’s theorem is non-applicable. The following example
shows that there exist continuous mappings for which the Caristi’s theorem can be
substantially applied unlike Theorem 3.2’

Example 4.4. Let

x
'R R = Ulx) = k=1
g + 7 Ry, g($) 142’ (.13) €L,y
Then U(z) < +oo for every « € Ry and condition (3.1) holds, since

Ulg(x)) + px (2, 9(x) = —— + 2 — — 2 =U(x).

1+ 1+

At the same time, condition (3.3) fails for any & > 0. In fact, if (3.3) holds, then for
every x # 0 there exists 2’ < z, such that

/

/ T /
x —1+x/—|—k(m—x)§x—

1+z°
Then

1 T x’
E<1- — =1- -
z—a'\1+z 1+2 (1+z)(1+2)
Passing to the limit as  — 0, since 2’ < z, we obtain k < 0.

Consider general corollaries of the Caristi’s theorem and Theorem 3.2’.
Corollary 4.5. Let there exist § € [0,1), such that

px(9*(x), g(x)) < Bpx(9(x),2) Va e X.
Then for every x € X, there exists £ € X such that

§=9(&) and px(2,€) < px(z,9(x))/(1 - B).
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This proposition directly follows from the Caristi’s theorem and Theorem 3.2. For
derivation of Corollary 4.5 from the Caristi’s theorem, it is enough to apply it to the
mapping g and the function U(z) = px(x, g(x)). For derivation of Corollary 4.5 from
Theorem 3.2’ it is enough to apply it to the mapping g, assuming that 2’ := g(x) for
all z € X.

Note that unlike the contraction mapping principle, the assumptions of the Caristi’s
theorem and Theorem 3.2’ are not sufficient for the uniqueness of the fixed point. Let
us provide a corresponding example.

Example 4.6. Let g : R? — R? g(x) = (21,0), z = (71,22) € R2 Then the
assumptions of the Caristi’s theorem and Theorem 3.2’ hold, since the assumptions
of Corollary 4.5 hold for 8 = 0. The set of fixed points is {z : zo = 0}.

As it was noted above the Caristi’s theorem holds true without prior assumption
of continuity of the mapping g. However, if g is continuous then for the function U
we can take the function U, defined by the equality

U) = px(g"(x).g"  (x)). (4.4)
n=0

Here we assume that U (x) = +oo if the series in (4.4) diverges. Function U was
considered in ([4], Chapter 5, §3) as a minimal function, satisfying condition (3.1).

Elements of the functional series (4.4) are non-negative continuous functions, since
g is continuous. Thus, the function U is lower semi-continuous. It also follows from
(4.4) that ﬁ(g(x)) = U(z) — px(z,g(z)) and, therefore, (3.1) holds with U = U
and k = 1. Thus, the function U defined by the relationship (4.4) is non-negative,
lower semi-continuous, it satisfies condition (3.1), and if = is a fixed point of g then
U(x) =0.

Let us show that if the mapping g is continuous then the condition of the Caristi’s
theorem is equivalent to the fact that the series in (4.4) converges for a certain z € X.

Proposition 4.7. If the mapping g is continuous, then the series in (4.4) converges
at a point x € X if and only if there exists a lower semi-continuous proper function
U, that is bounded from below and satisfies (3.1).

Proof. Let such a function U exist. Then (4.3) implies that the series in (4.4) converges
for every x € domU # (). Conversely, if the series in (4.4) converges at a point = then
the function U defined by the relationship (4.4) is the desired one. ]

Thus, if the mapping g is continuous, then the condition in the Caristi’s theorem
is equivalent to the fact that the sequence in (4.4) converges for a certain z € X.
Conversely the convergence of this series guarantees that the sequence of iterations
{g"(x)} is a Cauchy sequence and, therefore, converges to a certain point £ € X. It
is obvious that g(§) = &.

Proposition 4.7 demonstrates that if the mapping ¢ is continuous, then for the
function U in the Caristi’s theorem it is natural to take U, defined by formula (4.4).
For discontinuous mappings g the statement of Proposition 4.7 might fail, since the
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function U may be not lower semi-continuous. Let us demonstrate this fact by the
following examples. In these examples, the function U is finite at every point x but
is not lower semi-continuous. At the same time in the first example the mapping
g has a unique fixed point, however the estimate of the distance to the fixed point
from Theorem 3.2" does not hold. In the second example, the mapping g has no fixed
points.

Example 4.8. Let g : [0,2] — [0, 2],

+2,if ze(1,2).

| R

o) =5, it ze01], gl =

Then the function U , defined by the equality (4.4), has the form

O) = pox(g"(@).0" (@) = S Sod =a—1 it ae(1,2)
n=0 n=0
U) =Y px(g"@) g™ @) =Y gog =« if xel01]
n=0 n=0

It is obvious that the function U is not lower semi-continuous at the point x = 1. The
Caristi condition (3.1) holds for it by the construction. However, the propositions of
Theorem 3.2’ and specifically the estimate of the distance to a fixed point does not
hold for it for any k > 0. Let us show this. Set Z, :==1+n"', n # 1, v:= 0. The
U(z,) — 1 1
U@ =7 pen1s < L

only fixed point of g is £ = 0. Therefore, if px (T, &) < <
k n ~ nk

and thus k < n for every n. So, the estimate in Theorem 3.2’ does not hold for
n

any k > 0.

Example 4.9. Let ¢ : R = R, g(x) = g —|—% for z € (4,5 +1], j€Z.

When 2z € (4, j + 1], we have

0) =3 px(a" (00" o) = 3 (g~ o ) = -
n=0

n=0

It is obvious that the function U is not lower semi-continuous at the points z € Z.
Note that there exists no function U satisfying all the conditions of Caristi’s Theorem,
since g does not have fixed points.

Acknowledgements. The results of Sections 1, 3 and 4 are due to the first and
the second authors, who were supported by a grant from the Russian Science Foun-
dation (project no. 17-11-01168). The investigation was supported by the RFBR
grants (projects no. 17-51-12064, 18-01-00106, 17-01-00553) and by the Volkswagen
Foundation.



[1]

(10]
(11]

(12]

(13]

(14]

CARISTI-LIKE CONDITIONS 57

REFERENCES

A.V. Arutyunov, Caristi’s condition and existence of a minimum of a lower bounded function
in a metric space. Applications to the theory of coincidence points, Proc. of the Steklov Inst. of
Math., 291(2015), no. 1, 24-37.

A.V. Arutyunov, On the existence of solutions of nonlinear equations, Doklady Mathematics,
95(2017), no. 2, 1-4.

A.V. Arutyunov, B.D. Gel’'man, Minimum of a functional in a metric space and fized points,
Comp. Math. & Math. Physics, 49(2009), no. 7, 1111-1118.

J.-P. Aubin, 1. Ekeland, Applied Nonlinear Analysis, John Wiley & Sons, 1984.

J. Caristi, Fized point theorems for mappings satisfying inwardness conditions, Trans. Amer.
Math. Soc., 215(1976), 241-251.

F.H. Clarke, Optimization and Nonsmooth Analysis, John Wiley & Sons, 1983.

A. Granas, Continuation method for contractive maps, Topol. Methods Nonlinear Anal.,
3(1994), no. 2, 375-379.

A. Granas, J. Dugundji, Fized Point Theory, Springer-Verlag, 2003.

R. Precup, On the continuation method and the nonlinear alternative for Caristi-type non-self-
mappings, J. Fixed Point Theory Appl., 16(2014), no. 1, 3-10.

W. Takahashi, Minimization theorems and fized point theorems, Nonlinear Anal. & Math. Eco-
nomics, 829(1993), 175-191.

A.V. Arutyunov, R.B. Vinter, A simple finite approrimations proof of the Pontryagin mazimum
principle under reduced differentiability hypotheses, Set-Valued Analysis, 12(2004), 5-24.

E.R. Avakov, A.V. Arutyunov, E.S. Zhukovskii, Covering mappings and their applications to
differential equations unsolved for the derivative, Differential Equations, 45(2009), no. 5, 627-
649.

A.V. Arutyunov, E.S. Zhukovskiy, S.E. Zhukovskiy, Coincidence points principle for mappings
in partially ordered spaces, Topology and its Appl., 179(2015), no. 1, 13-33.

A.V. Arutyunov, S.E. Zhukovskiy, Ezistence of local solutions in constrained dynamic systems,
Applicable Anal., 90(2011), no. 6, 839-898.

Received: March 27, 2017; Accepted: July 5, 2017.



58 A.V. ARUTYUNOV, B.D. GEL’MAN, E.S. ZHUKOVSKIY AND S.E. ZHUKOVSKIY



