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Abstract. Let (E,| - ||) be a Banach space with a cone P. Let F,p; : EXE — E (i =1,2,...,r)
be a finite number of mappings. We obtain sufficient conditions for the existence and uniqueness of

solutions to the problem
F(CC7 y) =
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wi(r,y) = Op, i=1,2,...,m7

where Og is the zero vector of E.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a nonempty set and F' : X x X — X be a given operator. A coupled
fixed point of F' is an element (x,y) € X x X satisfying the system of equations

{ F(z,y) =
F(y, ) Y.

Observe that (z,y) € X x X is a coupled fixed point of F if and only if (y,z) € X x X
is a coupled fixed point of F'.

The coupled fixed point’s concept was introduced by Opoitsev [14, 15] and then, by
Guo and Lakshmikantham [4] in connection with coupled quasi-solutions of an initial
value problem for ordinary differential equations. Various existence results of coupled
fixed points for different classes of operators were obtained by many authors. The
motivation of such contributions is the usefulness of the coupled fixed point approach
in studying the existence of solutions to nonlinear functional equations. For more
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details on coupled fixed point theory, we refer the reader to [2, 3, 5, 6, 7, 8, 9, 10, 11,
12, 13, 16, 17, 18, 20, 19, 21] and the references therein.

Let (E,|| - ||) be a Banach space with zero vector Og. Let F,p; : E X E — E
(i=1,2,...,7) be a finite number of given mappings. In this paper, we are interested
to study the existence and uniqueness of solutions to the following problem: Find
(z,y) € E x E such that

F(m7y) = I,
F(y,z) =y, (1.1)
ei(z,y) = O0p, i=1,2,...,r

We obtain sufficient conditions for the existence and uniqueness of solutions to Pb.
(1.1). Some interesting consequences are deduced from our main results.

At first, let us recall some basic definitions and some preliminary results that will
be used later. In this paper, the considered Banach space (E, || -||) is supposed to be
partially ordered by a cone P. Recall that a nonempty closed convex set P C E is
said to be a cone (see [7]) if it satisfies the following conditions:
(PHY)AX>0,z€ P= Az € P.

(P2) —z,x € P =2 =0p.
We define the partial order <p in F induced by the cone P by
(z,y) e EXE, z<py<—y—xzcP

Definition 1.1 ([1]). Let ¢ : E x E — E be a given mapping. We say that ¢ is level
closed from the right if for every e € E, the set
levoe, (e) :={(z,y) € EXE: ¢(z,y) <p e}
is closed.
Definition 1.2. Let ¢ : E x E — E be a given mapping. We say that ¢ is level
closed from the left if for every e € E, the set
levps ,(e) = {(z,y) e Ex E: e <p ¢(z,y)}
is closed.
We denote by ¥ the set of functions ¢ : [0,00) — [0, 00) satisfying the conditions:

(U1) % is non-decreasing.
(¥y) For all t > 0, we have

Zwk(t) < 0.
k=0
Here, 4" is the k-th iterate of 1.
The following properties are not difficult to prove.
Lemma 1.3. Let ¢ € V. Then
(1) ¥(t) <t, for allt > 0;
(i) ¥(0) =0;
(iil) ¢ is continuous at t = 0.

Example 1.4. As examples, the following functions belong to the set W:
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Y(t)=kt, ke (0,1).
(2 i o0<t<l,
v _{ 1/2 i t>1.

[ t)2 if 0<t<1,
W)_{tl/?, it t> 1.

Now, we are ready to state and prove our main results. This is the aim of the next
section.

2. MAIN RESULTS

Through this paper, (E, || -||) is a Banach space partially ordered by a cone P and
O0g denotes the zero vector of E.
Let us start with the case of one equality constraint.

2.1. A coupled fixed point problem under one equality constraint. We are
interested with the existence and uniqueness of solutions to the problem: Find (x,y) €
FE x E such that

F(I7y) =
F(y,x) =y, (2.1)
o(r,y) = Og,

where F, ¢ : E x E — E are two given mappings.
The following theorem provides sufficient conditions for the existence and unique-
ness of solutions to Pb. (2.1).

Theorem 2.1. Let F,po : E X E — E be two given mappings. Suppose that the
following conditions are satisfied:
(i) ¢ is level closed from the right.
(ii) There ezists (xo,Y0) € E x E such that o(x0,y0) <p Of.
(iii) For every (z,y) € E x E, we have
p(2,y) <p 0p = ¢(F(z,y), F(y,2)) 2p Op.
(iv) For every (z,y) € E x E, we have
p(x,y) 2p Op = ¢(F(z,y), Fy,z)) <p Op.
(v) There exists some ¢ € U such that

1F(u,v) = F(z,y) |l + | F(y, 2) = Fo,u)| < ¢ ([lu— =[] +[lv —yl),

for all (z,y), (u,v) € E x E with o(x,y) <p 0g, p(u,v) >p 0.
Then Pb. (2.1) has a unique solution.
Proof. Let (x9,y0) € E x E be such that

©(x0,Y0) <p 0p.

Such a point exists from (ii). From (iii), we have

(xo,y0) <p 0p = @(F(x0,%0), F(y0,%0)) >p 0g.
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Define the sequences {z,,} and {y,} in E by
Ln+1 :F(xrnyn)a Yn+1 :F(ynvxn)v ﬂ:0,1727...
Then we have
o(x1,y1) >p Op.
From (iv), we have
@(x1,91) 2p 0p = @(F(x1,91), F(y1,21)) <p Og,
that is,
o(z2,y2) <p Op.
Again, using (iii), we get from the above inequality that
o(x3,y3) >p Op.
Then, by induction, we obtain
©(x2n,Y2n) <p 0p, ©(T2nt1,Y2n+1) 2p 0g, n=0,1,2,... (2.2)
Using (v) and (2.2), by symmetry, we obtain
[#n41 = Znll + lynt1 —ynll S ¢ (|20 — Zn-all + [lyn = yn-al), n=1,2,3,... (2.3)
From (2.3), since v is a non-decreasing function, for every n = 1,2,3, ..., we have

P (”xn - xn—l” + ”yn - yn—1||)
? (len—1 — Tn2ll + [Yn-1 = yn—2l))

[#n41 = znll + 1yn41 — ynll

INIA NN

¥ (lzr = @oll + llyr — woll) - (2.4)
Suppose that
21 — 2ol + llyr — yol = 0.
In this case, we have
zg =21 = F(20,90) and yo=y1 = F(yo, o).

Moreover, from (iii), since ¢(zo,y0) <p Og, we obtain ¢(z1,y1) = ¢(z0,y0) > Og.
Since P is a cone, the two inequalities ¢(x,yo) <p Og and ¢(zo,y0) >p 0 yield

v(x0,y0) = 0g.

Thus we proved that in this case, (zg,yo) € F x E is a solution to Pb. (2.1).
Now, we may suppose that ||z1 — 2ol + [|[y1 — yol| # 0. Set

6 = [ler = 2ol + llyr = woll > 0.
From (2.4), we have

|zns1 — x| <¥"(), n=0,1,2,... (2.5)
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Using the triangular inequality and (2.5), for all m = 1,2,3, ..., we have

[Zn = Tny1ll + |01 — Tngall + -+ [Tngm—1 — Togmll
() + MO+ P THS)

n+m—1

Z 1 (9)

< Zw%é).

On the other hand, since Y2, ¥*(8) < oo, we have

|Zn — Tniml|

IN A

Z?/)i((S) — 0 asn — oo,

which implies that {z,} is a Cauchy sequence in (E, || - ||). The same argument gives
us that {y,} is a Cauchy sequence in (E, || - ||). As consequence, there exists a pair of
points (z*,y*) € E x E such that

Tim [z, — || = lm [y — 3" = 0. (2.6
From (2.2), we have

o(Ton,yon) <pO0g, n=0,1,2,...,
that is,
(T2n,Yon) € levo. (0p), n=0,1,2,...,
Since ¢ is level closed from the right, passing to the limit as n — oo and using (2.6),
we obtain

(@",y") € levpc , (0p),
that is,
p(z*,y") <p Op. (2.7)
Now, using (2.2), (2.7) and (v), we obtain
[F (z2nt1, Y2nt1) — F(@y) + [[F (Y7, 27) = F(yant1, Tan1) ||
<Y ([w2n1 — 2| + lyzntr — 7)),
for all n =0,1,2,..., which implies that
[22nt2 = F(2" y") | + 1 F(y" 2%) = yansall < ¢ (lr2nts — 2" + [ly2ne = 7)),

for all n = 0,1,2,... Passing to the limit as n — oo, using (2.6), the continuity of
at 0, and the fact that ¢¥(0) = 0 (see Lemma 1.3), we get

2% = F(a®, y") | + | F(y",2") —y*[| = 0,
that is,
¥ =F(z*,y*) and y* = F(y*,z%).
This proves that (z*,y*) € E x E is a coupled fixed point of F. Finally, using (2.7)
and the fact that (z*,y*) is a coupled fixed point of F', it follows from (iii) that

e(z*,y") 2p Op. (2.8)
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Then (2.7) and (2.8) yield

Thus we proved that (z*,y*) € E x E is a solution to Pb. (2.1). Suppose now that
(u*,v*) € E x E is a solution to Pb. (2.1) with (z*,y*) # (u*,v*). Using (v), we
obtain

[l = 2|+ ly™ — "l < o(llu” = 2" + [ly" = o).
Since [|u* — z*|| + |ly* — v*|| > 0, from (i) of Lemma 1.3, we have
Pl =2+ lly* = o) <llu” =2 + |ly" —o*[|.
Then
" — 2™ + lly* — 0" < [lu” — 2" + [ly* — "],

which is a contradiction. As consequence, (x*,y*) is the unique solution to Pb. (2.1).

Remark 2.2. Observe that the conclusion of Theorem 2.1 is still valid if we replace
condition (i) by the following condition:

(’) ¢ is level closed from the left.

In fact, from (2.2), we have

90($27L+17y2n+1) ZP OE7 TL:O71,2,...,
that is,

(£2n+1,y2n+1) € levcpzp, n=20,1,2,...
Passing to the limit as n — oo and using (2.6), we obtain

e(x*,y") 2p Op. (2.9)
Using (2.2), (2.9) and (v), we obtain
[F (22, y2n) = F (@ y") |+ 1F(y*, %) = F(y2n, 2n) | < ¢ (lz2n — 27| + ly2n — y" ),
for all n =0,1,2,..., which implies that
221 — F(a", ")+ [1F(y", 2) — yansall < ¥ (lwzn — 2% + ly2n — y*[D)

for all m =0,1,2,... Passing to the limit as n — oo, we get

2" = F(z" y") | + 1 F(y", 2%) = y*[ = 0,

which proves that (z*,y*) € E x E is a coupled fixed point of F. Using (2.9) and the
fact that (x*,y*) is a coupled fixed point of F', it follows from (iv) that

e, y") <p Op. (2.10)
Then (2.9) and (2.10) yield

e(x",y") = 0p.
Thus (z*,y*) € E x E is a solution to Pb. (2.1).
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2.2. A coupled fixed point problem under two equality constraints. Here, we
are interested with the existence and uniqueness of solutions to the following problem:
Find (x,y) € E x E such that

F(r,y) = =,
F(y,z) = vy,

2.11
eoi(z,y) = Og, (2.11)
902(x3y) = OE'v

where F, 1,2 : E X E — E are three given mappings.
We have the following result.

Theorem 2.3. Let F,p1,p2 : E X E — E be three given mappings. Suppose that the
following conditions are satisfied:

(i) ¢; (i =1,2) is level closed from the right.

(ii) There exists (xo,y0) € E x E such that ¢;(xo,y0) <p Op (i=1,2).

(iii) For every (z,y) € E x E, we have

@i(w,y) SP OEa 1= 172 — (PZ(F(JJ7y),F(y,$)) ZP OE’ i= 172
(iv) For every (z,y) € E x E, we have
pi(r,y) 2P 0p, i = 1,2 = @i(F(2,y), F(y,2)) <p 0p, i = 1,2.
(v) There exists some ¢ € U such that
1 (u, v) = F(z,y) || + [ F(y, ) = Fv, )| <4 (JJu =zl +[lv=yl),

for all (z,y), (u,v) € E x E with v;(z,y) <p 0g, ¢;(u,v) >p 0g, i = 1,2.
Then Pb. (2.11) has a unique solution.
Proof. Let (x9,y0) € E x E be such that

vi(zo,%) <p 0p, i=1,2.

Then from (iii), we have
@i(F(20,y0), F(yo,70)) >2p O, i=1,2.
Define the sequences {z,} and {y,} in E by
Tl = F(ZnyUn)y Ynt1 = Fyn,xn), n=0,1,2,...

We have

ei(r1,y1) 2p 0p, 1=1,2.
Then from (iv), we obtain

pi(w2,y2) <pOp, 1=1,2.
Again, using (iii), we get from the above inequality that

vi(zs,y3) >p 0, =1,2.
Then, by induction, we obtain

@i(T2n,Y2n) <p Op, @i(T2n+1,Y2n41) 2P O, i=1,2,n=0,1,2,...

Then, using (v), we obtain

H-TnJrl - xn” + ||yn+1 - ynll <9 (Hxn - $n71|| + Hyn - ynle)7 n=123,...



618 MOHAMED JLELI AND BESSEM SAMET

Now, we argue exactly as in the proof of Theorem 2.1 to show that {x,} and {y,}
are Cauchy sequences in (E,| - |). As consequence, there exists a pair of points
(x*,y*) € E x E such that
lim ||z, — 2" = lim ||y, —y*|| =0.
n—oo n—oo
On the other hand, we have
(T2n, Y2n) € levp;c . (0p), i=1,2,n=0,1,2,...,
Since ¢; (i = 1,2) is level closed from the right, passing to the limit as n — oo, we
obtain
(z*,y") €levpic,(0g), i=1,2,
that is,
901(35*71/*) <p OE7 22172
Then we have
1F (z2n+1,Y2n41) — F(2™ y") |+ [[F(y", 2") = F(y2n+1, T2nt1) |
<Y (lzonsr — 2 + lly2nt — ¥7 1),
for all n = 0,1,2, ..., which implies that

[@2n12 — F(a* y") |+ [1F(y", 2") — yanell < ¢ (|lw2n+1 — 2 + ly2nr1 — 7)),

for all n =0,1,2,... Passing to the limit as n — oo, we get

2" = F(z"y")| + |1F(y*, ") —y*|| =0,
that is,

¥ =F(z*,y") and y* = F(y*, z%).

This proves that (z*,y*) € Ex E is a coupled fixed point of F'. Since ;(z*,y*) <p Og
for i = 1,2, from (iii) we have

ei(F(z",y"), Fy",2")) 2p Op, i=1,2,
that is,

wi(z*,y") >p 0g, i=1,2.

Finally, the two inequalities ¢;(z*,y*) <p Op and @;(z*,y*) >p Op, i = 1,2 yield
wi(x*,y*) = 0g, i = 1,2. Then we proved that (z*,y*) € E x E is a solution to Pb.

(2.11). The uniqueness can be obtained using a similar argument as in the proof of
Theorem 2.1.

Now, replace @9 in Theorem 2.3 by —¢s, we obtain the following result.

Theorem 2.4. Let F,p1,p2 : E X E — E be three given mappings. Suppose that the
following conditions are satisfied:

(i) @1 is level closed from the right and s is level closed from the left.

(ii) There exists (zo,y0) € E X E such that v1(xo,v0) <p 0g and p2(xo,yo) >, Og.
(iii) For every (x,y) € E x E with ¢1(x,y) <p 0p and ps(x,y) >p 0, we have

gpl(F(x,y),F(y,a:)) >p Og, @2(F($,y)7F(y,!L‘)) <pOg.
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(iv) For every (x,y) € E X E with ¢1(x,y) >p 0 and v2(x,y) <p Op, we have
wl(F(xay)aF(yaI» <p OE7 @Q(F(.’Ii,y)7F(y,$)) >p OE
(v) There exists some 1 € U such that
1F(u,0) = Fz, )l + [ F(y, 2) = F(o,u)l| < ¢ ([lu =2 + v =yl),
for all (z,y),(u,v) € E x E with p1(z,y) <p O, p2(z,y) =p Op, p1(u,v) =p
Og, w2(u,v) <p 0g. Then Pb. (2.11) has a unique solution.
Replace ¢ in Theorem 2.4 by —¢1, we obtain the following result.

Theorem 2.5. Let F,p1,p2 : E X E — E be three given mappings. Suppose that the
following conditions are satisfied:

(i) i (i =1,2) is level closed from the left.

(ii) There exists (zo,y0) € E X E such that ¢;(xo,y0) >p 0p (i =1,2).

(ili) For every (x,y) € E x E, we have

cpl(:r,y) <plg,i=12= CPz(F(l’»y)aF(ya-T)) >p0p,i=1,2.
(iv) For every (z,y) € E x E, we have
cpl(:r,y) >p0g,i=12= @1(F(I,y),F(y,$)) <pOg,i=1,2.
(v) There exists some 1 € ¥ such that
1 (u, v) = F(z,y) || + [ F(y, ) = Fv,w)|| <9 (JJu =zl + flv =yl
for all (z,y), (u,v) € E x E with ¢;(z,y) <p 0g, ¢;(u,v) >p 0g, i = 1,2.
Then Pb. (2.11) has a unique solution.

2.3. A coupled fixed point problem under r equality constraints. Now, we

argue exactly as in the proof of Theorem 2.3 to obtain the following existence result
for Pb. (1.1).

Theorem 2.6. Let F,p; : EXxE — E (i =1,2,...,r) be r + 1 given mappings.
Suppose that the following conditions are satisfied:

(1) wi (i=1,2,...,7) is level closed from the right.

(ii) There exists (xg,y0) € E X E such that ¢;(zo,y0) <p O0g (i=1,2,...,r).

(iii) For every (z,y) € E X E, we have

vilz,y) <pOp,i=1,2,...,r = p;(F(x,y),F(y,x)) >p 0p, i =1,2,...,r.
(iv) For every (z,y) € E x E, we have
vi(z,y) 2p0g,i=1,2,...,7r = p;(F(z,y),F(y,z)) <pO0g,i=1,2,...,7
(v) There exists some 1 € U such that
[1F(u,v) = F(z,y)ll + | F(y, 2) = Fo,u)|| < ¢ ([lu— =[] +[lv —yl),

for all (z,y), (u,v) € E x E with p;(z,y) <p 0g, pi(u,v) >p0g,i=1,2,...,7.
Then Pb. (1.1) has a unique solution.
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3. SOME CONSEQUENCES
In this section, we present some consequences following from Theorem 2.6.

3.1. A fixed point problem under symmetric equality constraints. We need
the following definition.

Definition 3.1. Let X be a nonempty set and let F' : X x X — X be a given
mapping. We say that € X is a fixed point of F if F(z,z) = .

Let F,p: E x E — E be given mappings. We consider the problem: Find x € F

such that
F(z,z) = =z
’ ’ 3.1
{ o(z,z) = O0g. (3.1)

We have the following result.

Corollary 3.2. Let F,p : E x E — E be two given mappings. Suppose that the
following conditions are satisfied:
(i) ¢ is level closed from the right.
(ii) ¢ is symmetric, that is,
plz,y) = ¢y, x), (v,y) € ExE.

(iii) There exists (zg,yo) € E x E such that ¢(zo,yo) <p Og.
(iv) For every (z,y) € E x E, we have
(v) For every (z,y) € E x E, we have
(vi) There exists some ¥ € ¥ such that

[1E(u,v) = F(z,y)|l + | F(y, 2) = Fo,u)|| < ¢ ([lu— =[] +[lv —yl),

for all (z,y), (u,v) € E x E with p(x,y) <p 0g and p(u,v) >p 0g.

Then Pb. (3.1) has a unique solution.

Proof. From Theorem 2.1, we know that Pb. (2.1) has a unique solution (z*,y*) €
E x E. Since ¢ is symmetric, (y*,z*) is also a solution to (2.1). By uniqueness, we
get * = y*. Then 2* € E is the unique solution to Pb. (3.1).

Let F,p, : EXE — FE (i=1,2,...,r) be r + 1 given mappings. We consider the
problem: Find z € X such that

F(z,z) = «z,
{ vi(z,z) = 0, i=1,2,...,m (3.2)

Similarly, from Theorem 2.6, we have the following result.
Corollary 3.3. Let F,p, : EXE — E (i =1,2,...,r) be r + 1 given mappings.

Suppose that the following conditions are satisfied:
(i) ¢; (i=1,2,...,r) is level closed from the right.
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(ii) i (i=1,2,...,7) is symmetric.
(iii) There ezists (zo,y0) € E X E such that ¢;(xo,y0) <p Or (i=1,2,...,7).
(iv) For every (x,y) € E x E, we have

vi(z,y) <pO0g,i=1,2,....,r = p;(F(z,y),F(y,z)) >p O0p,i=1,2,...,7
(v) For every (z,y) € E x E, we have
vi(z,y) >p0p,i=1,2,....,7r = p;(F(z,y),F(y,z)) <pOp,i=1,2,...,7
(vi) There exists some ¥ € ¥ such that
1 (u, v) = F(z,y) | + [ F(y, ) = Fv, )| <4 (u =zl + [lv—yl),
for all (z,y), (u,v) € E x E with p;(x,y) <p 0g, pi(u,v) >p 0, i=1,2,...,7.
Then Pb. (3.2) has a unique solution.

3.2. A common coupled fixed point result. We need the following definition.

Definition 3.4. Let X be a nonempty set, F': X x X - X and g : X — X be
two given mappings. We say that the pair of elements (z,y) € X x X is a common
coupled fixed point of F' and g if

v=gx="F(z,y) and y=gy=F(y )
We have the following common coupled fixed point result.
Corollary 3.5. Let F: Ex E — E and g : E — FE be two given mappings. Suppose
that the following conditions hold:

(i) g is a continuous mapping.
(ii) There ezists (xo,y0) € E x E such that

gr0 <pxo and gyo <p Yo
(ili) For every (x,y) € E x E, we have
gr <pw, gy <py = gF(2,y) Zp F(z,y), gF(y,x) >p F(y,z).
(iv) For every (z,y) € E x E, we have
gr >px, gy >py = gF(z,y) <p F(z,y), gF(y,2) <p F(y, ).
(v) There exists some 1 € U such that
1 (u, v) = F(z,y) | + [ F(y, ) = Fv, )| <o (JJu =zl + o=yl

for all (z,y), (u,v) € E x E with gx <p x, gy <p y and gu >p u, gv >p v.
Then F and g have a unique common coupled fixed point.
Proof. Let us consider the mappings 1,9 : ' X E — E defined by

wl(x,y)zgw—:a (mvy)EEXE

and
oo(z,y) =gy —y, (z,y) € EXE.

Observe that (z,y) € E x E is a common coupled fixed point of F' and ¢ if and only
if (z,y) € E x E is a solution to Pb. (2.11). Note that since g is continuous, then
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©; is level closed from the right (also from the left) for all ¢ = 1,2. Now, applying
Theorem 2.3, we obtain the desired result.

3.3. A fixed point result. We denote by ¥ the set of functions v : [0, 00) — [0, c)
satisfying the following conditions:

(U1) v € 0.
(o) For all a,b € [0,00), we have

P(a) +1(b) < ¢(a+b).

Example 3.6. As example, let us consider the function

o t)2 if 0<t<l,
w(t){t—1/3 it ot>1.

It is not difficult to observe that ¢y € W. Now, let us consider an arbitrary pair
(a,b) € [0,00) x [0,00). We discuss three possible cases.

Case 1. If (a,b) € [0,1) x [0, 1).

In this case, we have ¥(a)+1(b) = (a+b)/2. O the other hand, we have a+b € [0, 2).
So,if 0 < a+b < 1, then ¢(a)+¢(b) = (a+b)/2 = Y (a+0b). However, if 1 <a+b < 2,
then ¢ (a + b) — ¥(a) — ¥(b) = (a +b)/2 — 1/3 > 0.

Case 2. If (a,b) € [0,1) x [1,00).

In this case, we have ¥(a) +¢(b) =a/2+b—1/3<a+b—1/3=1(a+D).

Case 3. If (a,b) € [1,00) x [1,00).

In this case, we have ¢(a) +¢(b) =a+b—-2/3<a+b—1/3=1¢(a+D).

Therefore, we have 1) € 0.

Note that the set ¥ is more large than the set U. The following example illustrates
this fact.

Example 3.7. Let us consider the function

¢(t)={ t/2 if 0<t<1,

1/2 if ¢t>1
Clearly, we have ¢ € U. However,
P(A4+1)=1/2<1=4(1)+ (1),
which proves that ¢ ¢ 0.
We have the following fixed point result.

Corollary 3.8. Let T : E — E be a given mapping. Suppose that there exists some
¥ € U such that

[Tu =Tzl < ¢([Ju—zl]), (u,z)eExE. (3.3)

Then T has a unique fized point.
Proof. Let us define the mapping F': £ x E — E by

F(z,y) =Tz, (x,y)€ ExE.
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Let g : E — FE be the identity mapping, that is,
gr=z, x€E.
From (3.3), for all (z,y), (u,v) € E x E, we have
[Tu — Tzl < ¢(]ju— z])
and
1Ty — Tl < ([l —yl)-
Then
[Tu = Tl + [Ty — Tol| < ¢(lu—=[]) + (v —yl)-
Using the property (¥s), we obtain
ITw—Tal) + Ty — Toll < @(lu—2z] + o —yl), (2y), (wv) € E x E.
From the definitions of F' and g, we obtain
[F(w,v) = F(z, y)ll + [ F(y, 2) — Fo,u)|| < ¢ (lu—=z[ +lv—yl),
for all (x,y), (u,v) € E x E with gx <p x, gy <p y and gu >p u, gv >p v.
By Corollary 3.5, there exists a unique (z*,y*) € E x E such that
¥ =F(a*,y*)=Tz* and y*=F(y",2")=Ty".
Suppose that z* # y*. By (3.3), we have
lz* =y = Tz" = Ty"|| < o(lz" —y*) <ll=z" =y,

which is a contradiction. As consequence, x* € E is the unique fixed point of T'.

Remark 3.9. Taking

P(t) =kt, t>0,
where k € (0,1) is a constant, we obtain from Corollary 3.8 the Banach Contraction
Principle.
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