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Abstract. In this paper, we introduce the notion of generalized coupled fixed points and, as a
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1. INTRODUCTION

Quadratic integral equations describe numerous problems and events of the real
world. For example, quadratic integral equations are often applicable in kinetic theory
of gases, in the theory of radiative transfer, in the traffic theory and in the theory of
neutron transport, see for instance the book [10] by Chandrasekhar and the research
papers of Bana$ et al. [6, 7], Darwish et al. [12, 13, 14, 15, 16, 17], Hu et al. [18],
Kelley [20], Leggett [22] and Stuart [26], and the references therein.

The concept of coupled fixed point appears in the theory of fixed point in metric
spaces [4, 8, 19, 21, 23, 24, 25]. Its definition is the following.

Definition 1.1. Let (X,d) be a metric space and G : X x X — X a mapping.
An element (z,y) € X x X is called a coupled fixed point of G if G(z,y) = x and
G<y’ .%') =Y.
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Recently, the authors in [1] proved the existence of coupled fixed points of a map-
ping G by using measures of noncompactness.

Next, we recollect some basic facts about measures of noncompactness.

Assume that F is a real Banach space with the norm ||.|| and the zero element 6.
By B(z,r) we denote the closed ball in E centered at x with radius r. By B, we
denote the ball B(f,r). If X is a nonempty subset of E then the symbols X and
ConvX denote the closure and closed convex hull of X, respectively. Moreover, by
Mp we will denote the family of all nonempty and bounded subsets of E and by Mg
its subfamily consisting of all relatively compact subsets.

Through this paper, we will accept the following definition of measure of noncom-
pactness which appears in [5].

Definition 1.2. A mapping p : Mp — [0,00) is said to be a measure of noncom-
pactness in F if it satisfies the following conditions:

1° The family kerp = {X € Mg : p(X) = 0} is nonempty and kerp C Ng.

2° X CY = pu(X) <)

30 u(X) = p(X).

4° p(ConvX) = pu(X).

5° pAX + (1 =NY) <A pu(X)+ (1 —=X) u(Y) for A €10,1].

6° If (X,) is a sequence of closed subsets of Mg such that X, y; C X,, and

nl;ngo 1(X,) = 0 then the intersection set Xo, = NS ; X, is nonempty.

The family keru appearing in 1° is called the kernel of the measure of noncom-
pactness p. Notice that the set X, appearing in 6° belongs to kerp. Indeed, since
(X)) < pu(Xy,) for any n, we infer that u(Xo) = 0 and this means that X, € kerp.

In [11], Darbo proved the following fixed point theorem which is a version of the
classical Banach contraction principle in the context of measures of noncompactness.
Theorem 1.3. Let Q) be a nonempty, bounded, closed and conver subset of a Banach
space E and let T : Q — € be a continuous mapping. Assume that there exists a
constant k € [0,1) satisfying

w(TX) < ku(X),
for any nonempty subset X of ), where pu is a measure of noncompactness in E.

Then T has a fized point in §Q.

The following generalization of Darbo’s fixed point theorem appears in [2].
Theorem 1.4. Let Q be a nonempty, bounded, closed and convexr subset of a Banach
space E and let T : Q@ — Q be a continuous operator satisfying

wW(TX) < p(u(X)),

for any nonempty and noncompact subset X of ), where u is a measure of non-
compactness in E and ¢ : [0,00) — [0,00) is a nondecreasing function such that
lim @™ (t) =0 for each t > 0, where ™ denotes the n—iteration of ¢.

n—oo

Then T has a fized point in €.

The following result appears in [3].
Theorem 1.5. Suppose that py, po, ..., iy, are measures of noncompactness in the
Banach spaces Ey, Es, ..., E,, respectively. Let F : [0,00)™ — [0,00) be a mapping
such that F is convex and F(x1,za,...,2,) =0 if and only if x; = 0 fori =1,2,...,n.
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Then
(X)) = F(p1(X1), p2(X2), - - o s in(Xn)),

where X is a nonempty and bounded subset of Fh X Fs X ... X E,,, defines a measure
compactness in 1y X Ey X ... x E,, being X; the natural projection of X into E;, for
i=1,2,...,n.
Remark 1.6. Let p be a measure of noncompactness in a Banach space E and let
F :[0,00) x [0,00) — [0,00) be the mapping defined by F(x,y) = max(x,y). It is
easily seen that F is convex and F(z,y) = 0 if and only if 2 = y = 0 and, therefore, by
Theorem 1.5, the function i(X) = max{u(X1), p(X2)} defined on Mg, « g, defines a
measure of noncompactness in the space E x E. Similarly, if we take F(x,y) =x+y
then it follows that i(X) = u(X1) + u(X2) defines a measure of noncompactness in
the space ¥ x F.

The main result of [1] is the following.
Theorem 1.7. Let Q) be a nonempty, bounded, closed and convex subset of a Banach
space E and p a measure of noncompactness in E. Suppose that G : 2 x Q@ — Q is a
continuous mapping satisfying

pw(X1) + M(Xz))

W60 x X)) < o (M50

for any X; and X, subsets of Q, where ¢ : [0,00) — [0,00) is a nondecreasing and
upper semicontinuous function such that p(t) <t for anyt > 0.

Then G has at least a coupled fixed point.

The main aim of this paper is to present a generalization of the concept of coupled
fixed point and to prove a result about the existence of such points. Finally, we will
apply our result to the solvability of a general class of coupled systems of quadratic
nonlinear integral equations of Volterra type in the space of the real functions defined
and continuous on the interval [0, 1].

As our solutions are placed in the space C[0,1] = {z : [0,1] — R, x is continuous}
with the usual supremum norm, i.e., ||z|| = sup{|z(¢)| : ¢t € [0,1]} for z € C[0,1], we
will present the measure of noncompactness in C[0, 1] which will be used in our study.
To do this, let us fix X € M¢jo,1) and € > 0. For x € X, we denote by w(z,e) the
modulus of continuity of x, i.e.,

w(z,e) = sup{|z(t) — z(s)| : t,s € [0,1], |t — 5| < e}
Put
w(X,e) =sup{w(z,e) :x € X}
and

wo(X) = lim w(X, €).

e—0

In [5], it is proved that wo(X) is a measure of noncompactness in C|0, 1].

2. MAIN RESULTS

Our starting point in this section is the following definition.
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Definition 2.1. Let X be a nonempty set and G : X x X — X a mapping. Suppose
that F, H : X x X — X are two mappings. An element (z,y) € X x X is said to be
a F-H coupled fixed point of G if G(z,y) =« and G(F(x,y), H(z,y)) = y.
Remark 2.2. Notice that a coupled fixed point of a mapping G : X x X — X is
a F-H coupled fixed point of G, where F(z,y) = y and H(z,y) = x. Therefore,
Definition 2.1 is a generalization of the concept of coupled fixed point.

Next, we present the following result about the existence of F-H coupled fixed
point of a mapping G.
Theorem 2.3. Let Q be a nonempty, bounded, closed and convexr subset of a Banach
space E, p be a measure of noncompactness in E and ¢ : [0,00) — [0,00) be a
nondecreasing function such that nl;rréo ©"(t) = 0 for any t > 0. Suppose that G :

QxQ — Q is a continuous mapping and F, H : Q x Q — Q two continuous mappings
such that

H(F(X) % X2)) < max(u(X1), p(X2)) (2.1)
and

W(H(X % X2)) < max(u(X1), 1(Xa)) (2.2)

for any nonempty subsets X1 and X5 of €.
Assume that

H(G(X1 % X2)) < plmax(u(X1), u(X2))) (2.3)
for any nonempty subsets X1 and X5 of €.

Then G has at least a F-H coupled fixed point.
Proof. Taking into account Remark 1.6, the function f(X) = max(u(X1), u(X2)),
where X; (i = 1,2) denote the natural projections of X, is a measure of noncompact-
ness in the space E x E.
Now, we consider the operator G : Q x Q — Q x Q defined by

G(z,y) = (G(=,y), G(F(z,y), H(z,y))).

Since G, F and H are continuous mappings, it is clear that G is continuous on € x €.
In the sequel, we will prove that G satisfies the contractive condition appearing in

Theorem 1.4.

To do this, we take a nonempty subset X of Q0 x Q. Then

AMG(X) = A(G(X1 x Xa),G(F(X1 x Xo) x H(X; x X3)))
= max{u(G(X; x X3)), u(G(F(X; x X2) x H(X; x X2)))}. (2.4)
From (2.3), it follows that
1(G(X1 x X3)) < p(max(p(Xy), 1(Xz2))) (2.5)
and
u(G(F(X1 x X3) x H(Xy x X3))) < p(max(u(F (X1 x X3)), u(H (X1 x X3)))).

Taking into account (2.1), (2.2) and the fact that ¢ is nondecreasing, from the last
inequality we infer

W(G(F (X1 x Xa) x H(Xy x X3))) < p(max(u(X1), n(X2))). (2.6)
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Now, taking into account (2.5) and (2.6), from (2.4) we deduce

G (X)) < p(max(p(X1), n(X2))) = o(A(X)).

This proves that G satisfies the conditions of Theorem 1.4 and, consequently, G
has at least a fixed point in Q X , i.e., there exists (z,y) € Q x Q such that
G(z,y) = (z,y). Since G(z,y) = (G(z,y),G(F(v,y), H(z,y))), we get G(z,y) = =
and G(F(z,y), H(x,y)) = y. This means that (z,y) is a F-H coupled fixed point of
G. This finishes the proof. O
As a consequence of Theorem 2.3, we have the following result about the existence
of coupled fixed point.
Corollary 2.4. Let Q2 be a nonempty, bounded, closed and convex subset of a Banach
space E, p be a measure of noncompactness in E and ¢ : [0,00) — [0,00) be a
nondecreasing function such that nl;rréo ©"(t) = 0 for any t > 0. Suppose that G :

Q x Q — Q is a continuous operator satisfying

(G (X1 x Xo)) < p(max(u(X1), u(X2)))

for any nonempty subsets X1 and Xo of Q. Then G has at least a coupled fized point.
Proof. By Remark 2.2, a coupled fixed point is a F-H coupled fixed point with
F(z,y) =y and H(x,y) = z. Since

p(F (X1 x Xo)) = p(Xo) < max(u(X1), u(X2))
and

p(G(X1 x X3)) = p(X1) < max(pu(X1), u(X2)),

all the conditions of Theorem 2.3 are satisfied. Consequently, G has a F-H coupled

fixed point with F(z,y) =y and H(z,y) = z, or, equivalently, G has a coupled fixed

point. This completes the proof. O
Corollary 2.4 is a similar result to Theorem 2.5 of [1].

Remark 2.5. An example of operator F' : 2 x Q — ) satisfying (2.1) is the following

F(z,y) =X+ (1- XNy, A€][0,1].

Notice that F' is well defined since () is convex. Moreover, taking into account the
properties of a measure of noncompactness,

p(F(X1 x X)) = p(AXy+ (1 - 2A)Xz)
< Au(Xy) + (1= M)u(X2)
< Amax(p(X1), 4(X2)) + (1 = A) max(u(X1), 1(X32))

= max(u(X1), u(X2)).

3. APPLICATIONS

In this section, as an application of our results, we will study the existence of
solutions for the following class of systems of nonlinear integral equations of Volterra
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type
£(t) = alt) + T(xy)(t jg a(s),y(s)) ds
y(t) = alt) + T(F(xy)(t), H jg (s, F(z,y)(s), H(z,)(s)) ds.

(3.1
We consider the following general assumptions:
(Al) a € C[O, ].]
(A2) ¢:[0,1] x [0,1] — R is a continuous function.
(As) T : C[0,1] x C[0,1] — C]0,1] is a continuous operator such that if X,Y €
mc[07l] then

wo(T(X x Y)) < p(max(wo(X),wo(Y))),

where wy is the measure of noncompactness in C|0, 1] appearing in Section
1. Moreover, T'(B, x B,) C B, for any r > 0, where B, is the ball in C]0, 1]
centered at # and with radius 7.

(A4) There exist nonnegative constants ¢ and d such that

1T (2, y)|| < ¢+ d max(|lz]], [y])

for any z,y € C0,1].
(A5) f:[0,1] x R x R — R is a continuous function satisfying

|f(tu,v) — ft,ur,v1)] < max(|u —ug|, |v — v1])

for any ¢ € [0,1] and for any u,v,u;,v; € R.
Notice that since f is continuous there exists sup{|f(¢,0,0)| : ¢ € [0,1]}.
Put M = sup{|f(¢,0,0)| : t € [0,1]}.
(A¢) F,H :C[0,1] x C[0,1] — C]0,1] are two continuous operators satisfying

max(wo(F(X X Y),wo(H(X xY)) < max(wo(X),wp(Y))),

for any X,Y € Mcpo,17. Moreover, F(B, x B,) C B, and H(B, x B,) C B,
for any r > 0.
(A7) There exists rg > 0 such that

lall + (¢ + dro)Q(ro + M) < ro,
where @ = sup{|g(t, s)| : t,s € [0,1]}, (the existence of @ is guaranteed by
assumption (As)). Moreover, Q(ro + M) < 1.
Now, we are ready to formulate the main result of this section.
Theorem 3.1. Under assumptions (A1) — (A7), the system (3.1) has at least one
solution (x,y) in the space C0,1] x CI0, 1].
Proof. We consider the space C|[0,1] — C|0, 1] with the measure of noncompactness
given by
@o(X xY) = max(wo(X),wo(Y))
for any X,Y € M¢io,1) (see Remark 1.6).
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Now, let G be the operator defined on C[0,1] — C[0,1] by
t

Glr.9)(8) = alt) + T(a.)(0) [ glt,)f(s.(5). () ds
0
for any x,y € C[0,1] and ¢ € [0,1].
First, we will prove that G(x,y) € C[0,1] for any x,y € C[0,1]. In fact, in virtue of
(A1) and (A3), it is sufficient to prove that L(z,y) € C[0,1], where L(z,y) is defined
by
t
L )(®) = [ o(t,9)f(s,(5),(s)) ds. ¢ € 0.1

0

In order to prove this, we will see that lir%w(L(x,y),E) = 0. Fix € > 0 and take
e—

t1,t2 € [0, 1] such that |t; — ta] < e. Without loss of generality, we can suppose that
to > t1. Then, we have

| L(z, y)(t2) — L(z,y)(t1)]

/ " g(ta, 5) (5. 2(5), y(s)) ds — / gt ) f(s,2(5), y(s)) ds
0 0

/ gt ) f (5, 2(5), y(s)) ds + / (b2, ) F (5, 2(5), y(s)) ds
0 tq1

7/0 (1, ) (5, 2(s),y(s)) ds

/O (g(t2.5) — gltr, ) f(s,2(5), y(s)) ds + / (b2, 5)f (5, 2(5), y(s)) ds

t1

< / gtz s) — gt 9)] £ (s, 2(s),y(s))] ds + / 12 9(t2, 5)| | £ (5. 2(5), y(s))] ds

< [ nerate ol ds+ [ latta o) s 9060 ds, (3.2

t1

where

wy(e) =sup{lg(t,s) —g(t',s)| : t,¢ €[0,1], [t —t'| <e}.
Since f and g are continuous, there exist the following quantities

P =sup{[f(t,u,v) : t € [0,1], we [=|z]], lz]]], v e [=lyll, lyll]}
and
Q = sup{lg(t,5)| : t,s € [0, 1]}

(see assumption (Ar)). Therefore, from (3.2) it follows that

Lz, y)(t1) — Lz, y)(t2)] wg(e) Pty + QP (t2 — 1)
wq(e)P + QPe.

IAIA

This gives us
w(L(z,y),e) < wq(e)P + QPe. (3.3)
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Since ¢ is uniformly continuous on the compact [0, 1] x [0, 1], we have that w,(e) — 0
as € — 0. Therefore, from (3.3) we infer HH(I) w(L(x,y),e) = 0. This proves our claim.
e—

Therefore, G(x,y) € C[0, 1] for any z,y € C[0,1], i.e., G : C[0,1] x C[0,1] — C]0, 1].
Moreover, taking into account our assumptions, we derive the following estimate

Gz, y)()] < Ia(t)l+IT(33,?/)(t)I/0 l9(t, 8)| [f (s, 2(s), y(s))| ds

< el + IIT(x,y)IIQ/O [1£(s,2(s),y(s)) = f(5,0,0)[ + [f(s,0,0)[] ds
< llall + [e + dmax(]jz], Hyll)]Q/O (max(|z(s)], ly(s)]) + M] ds

< lall + fe + dmax([l]l, [[y|)]Q(max([|z]], [lyll) + M)

< llall + [e+ dmax([|z]], [ly[})]Q(max(][z]l, [[y]]) + M),

(recall that M = sup{|f(¢,0,0)| : t € [0,1]}, see assumption (As)).

Taking into account assumption (Ar), we deduce that G applies B, X By, into By,.
Next, we will prove that G is a continuous operator on the ball B,,. To do this,

we take sequences (z,,), (yn) C By, and z,y € B,, with z,, — = and y,, — y and we

have to prove that G(zn,yn) = G(z,y). In fact, for ¢t € [0, 1], we get

|G(mn’ yn)(t> - G(x’ y)(t>|

T(m, ya)(0) / 9(t, )£ (5, 2 (5), yn(s))ds — Tz, y)(0) / o(t, )£ (s, 2(5), y(s))ds

< \Tun,yn)(t) / 0t )£ (5, 20 (3), yn(3))ds— Tz, 1) (1) / 9t $)£(5, 5 (5), yn(5))ds
0 0

+ ]T@c,y)(w / (b, $) (5,2 (5), 4 ())ds — T, ) (1) / gt 5) (5, 2(5), y(5))ds

< |T(2n, yn)(t) — T(wyy)(t)|/0 lg(t, ) [1f (s, 2n(s), yn(s)) = f(5,0,0)|+]/(s,0,0)] ds
+\T($,y)(t)|/o lg(t, )1 (s, 2n(5), yn(s)) = f(s,2(s), y(s))l|ds
< T (n, yn) —T(w,y)HQ/O (max(|zn ()], lyn(s)]) + M] ds

+ IIT(a%y)HQ/0 max(|z,(s) — z(s)]; [yn(s) — y(s)[)ds

<N (2, yn) = T'(2,y)||Q fmax([lznl], lynll) + M]

+ [e + dmax({|z], [ly[))]Q max([|zn — ]|, [lyn — yl|)

SN (@n,yn) = T2, 9)1Q(ro + M) + (¢ + dro)Q max({|z, — |, [[yn — yl)-

Since T is a continuous operator, ||T(2n,yn) — T(z,y)|| — 0 when n — oo, and,

therefore, from the last inequality, we infer that ||G(zy,, yn)(t) — G(z,y)(t)|| — 0 when
n — oo. This proves the continuity of the operator G on B,, X By,.



ON GENERALIZED COUPLED FIXED POINTS WITH APPLICATIONS

In the sequel, we will prove that G satisfies condition (2.3) appearing in Theorem

2.3. To do this, we fix € > 0 and take two nonempty subsets X; and X5 of B,,.

Let t1,t2 € [0, 1] be such that [t; —¢2] < & and suppose that t; < t3. Then for z € X;

and y € X5, and, taking into account our assumptions, we get

|G(Z‘,y)(t2) - G(x’y)(tl)l

= a(t2)+T(I,y)(t2)/029(t2,8)f(5,x(5)7y(5))d8

—dn)—iwayxuyé1guh@f@~usxy@»ds

smwwwmn+ﬁmww¢AEmJV@ﬂﬂmaws
—Tww@qébmﬁV@a$M@ws

+ﬁuwwq/3@ﬁﬁ@ﬂ> QMwJuwwq/Emﬁﬁwaamm@
0 0

+ﬁwqu/3mﬁﬁ@m> UM&-@ywq/}mﬁﬁ@ﬂﬁmm@
0 0

< w(a,e) +|T(z,y)(t2) — T(z,y)(t)| ; 2 lg(ta, )| | f(s,2(s),y(s))lds

to

+Taa)0)] [ lottar) = a(tn. )] /(5. 2(s). (s)lds
+wwwmnlWmeuww@w@mw
SM@@+MTxyeQAﬁV@M%Mﬁ%f@&W+U@Q®WS

+ | T(2,y ||/ wg(e)[|f(s,2(s),y(s)) — f(5,0,0)[ +[f(s,0,0)[]ds
+ T (2, y) | QP (t2 — 1)
< w(a,e) + w(T(z,y),e)Qmax(||lz[|, ly[) + M]
+ [¢ + dmax([[z|, ly])]wg (e) max([|z|, [|y]]) + M] + [c + dmax(|[z], [ly])]QPr.e
<w(a,e) +w(T(z,y),e)Q(ro + M) + (c + dro)wg(e)(ro + M) + (¢ + dro)QPyé,
where
wy(e) = sup{lg(t,s) — g(t',s)| : t,t € [0,1], |t — | < e}
and

Py = sup{|f(t,u,v)| : t € [0,1], u,v € [~ro,70]}.
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Therefore, we infer that

w(G(X1 x Xa),e) < w(a,e)+w(T (X1 x X2),6)Q(ro + M)
+(c+dro)wg(e)(ro + M) + (¢ + dro) QP e.
Since wy(e) — 0 as ¢ — 0 by uniform continuity of the function g on the compact

[0,1] x [0,1] and w(a,e) — 0 as € — 0 by the continuity of @ on [0, 1], from the last
inequality, it follows that

w()(G(Xl X Xg)) < wO(T(X1 X XQ))Q(?"Q + M)
Now, taking into account assumptions (As), we have
wo(G(X1 x X3)) < Q(ro + M)p(max(wo(X1), wo(X2)).

Since Q(rg + M) < 1, the function ¢1 = Q(ro + M )¢ is nondecreasing and satisfies
cpgn) (t) — 0 for ¢ > 0. This proves that G satisfies condition (2.3) of Theorem 2.3.
Since the operators F, H : C[0,1] x C[0,1] — C0,1] satisfy F, H : B,, X By, — By,
and

max(wo(F(X xY)),wo(H(X xY))) < max(wy(X),wo(Y))

for any X,Y € M¢io,1) (assumption (Ag)), the conditions of Theorem 2.3 are satis-
fies and, by this theorem, G has at least a F-H coupled fixed point in B,, x B,,.
This means that there exists (x,y) € By, x By, such that G(z,y) = « and
G(F(z,y),H(z,y)) = y or, equivalently,

8
—~

~
=

a(t) + T 9) (1) / olt, ) F (s, 2(s), y(s)) ds,

y(t) = a(t)+ T(F(x,y), Hiz,y)(t) / o(t, )£ (5, F (2, 9)(s), H(z,y)(s)) ds.

This is the desired result.
This finishes the proof. O
Since the operators F, H : C[0,1] x C|0,1] — C]0, 1] defined by

F(z,y) =yand H(z,y) =z

satisfy assumption (Ag) of Theorem 3.1, we have the following corollary.
Corollary 3.2. Suppose the following system of nonlinear integral equations

() = a(t) + T(w,y)(t) [ g(t,5)f(5,2(s), y(s)) ds
(3.4)

y(t) = a(t) + T(y,2)(t) | 9(t,5)f(s,y(s), 2(s)) ds.

OO —«

Under assumptions (A1) — (As) and (A7) of Theorem 3.1, the system (3.4) has at
least one solution (x,y) in the space C[0,1] x C[0,1].

Now, we present some examples of operators defined on C[0,1] x C|0, 1] satisfying
assumption (A4g) of Theorem 3.1.
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Example 3.3. Suppose that ¢; : [0,1] — [0, 1] (4 = 1,2) are two continuous functions
with bounded derivatives by K; (i = 1,2). Consider the operator F,, ., defined on
C10,1] x C[0,1] by

Fov g (,9)(0) = 5(2(o1(1)) + y(oa(t)) for t € [0,1]

It is clear that Fy,, ., applies C[0,1] x C[0,1] into CI0, 1]. Moreover, if ||z|| < r and
lyl] < r for r» > 0 then

1Fer o (@9l = sup{[Foy g, (2,9)(B)] - £ € [0, 1]}

sup { 3lee1(0) + (ealo)] s ¢ € 0.1

IN

IN

1
5 Uzl + iyl
< max(|lz]l, [[yl]) <.

Therefore, F,, ,,(B, x B,) C B, for any r > 0.
Next, fix z,y € C[0,1] and for € > 0 and ¢1,¢2 € [0,1] with |to — ¢1| < e, we have

|F<P1,392 (1’,y)(t2) - F<P17<P2 (x7y)(t1)|

< Slleler(t) — 2(er(t))] + ly(p2(ta)) — y(w2(t2))]]:

N | =

Since ¢ and o have bounded derivatives, by using the Mean Value Theorem, we
have

[p1(t2) — @1(ta)| < Kilts — 11| < Khe
and

lp2(t2) — pa2(t1)]| < Kalta — t1] < Kae.
Then, from the last inequality, it follows that

Py ipa:9),€) < 3l Kre) +ly, Ke)]

and, therefore, for any X,Y € Mo 1), we have

1
W(Fyp, (X xY),e) <

<3 [w(X, Kie) + w(Y, Ka¢)].

Letting € — 0, we infer
1
W0(Fipy 2 (X X ¥)) < 5 [w0(X) + wo(¥)] < max(up(X), wo(¥)).
Therefore, F,, ,, satisfies assumption (Ag) of Theorem 3.1.

Example 3.4. Suppose that ¢; : [0,1] — [0, 1] (¢ = 1, 2) are two continuous functions.
Consider the operator F¥'#2 defined on C|0, 1] x C10, 1] by

For22 (3, y)(t) = %[x(t)(pl(t) + y(t)p2(t)] for t € [0,1].
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It is clear that F¥1¥2 applies C|0, 1] x C]0, 1] into C[0,1]. Moreover, if ||z| < r and
lyll <= for r > 0 then, for ¢ € [0, 1], we have

[Feez(z,y)(1)] < %[l@l(t)‘ z(8)] + lp2(t)] [y ()]

1
< Uil + 1yl
< max(||z|, |¥)
<

Therefore, F#1¥2(B,. x B,.) C B, for any r > 0.
Next, fix z,y € C[0,1] and, for ¢ > 0 and t1,t5 € [0, 1] with |t2 — t1] < &, we have

|F202 (2, y) (t2) — F2022 (2, ) (6)]

= | Sletea)entta) + u(taheatta)] - Floten)ea(t) + v(e)paen)]

IN
DN | =

alt2)on(12) ~ 2t )r (8] + | glu(tea(t) - slen)gaton)]

IN

[[(t2)p1(te) — x(t1)p1(te)| + [2(t1)p1(t) — (t1)p1 ()]

[[y(t2)p2(ta) —y(t1)pa(t2)] + [y(t1)pa(ta) — y(t1)p2(t1)]]

INA
N | =

[

z(tz) — x(t)| lp1(t2)] + [z(t1)] 1 (t2) — p1(t1)l]

[ly(t2) — y(t)] lp2(t2)] + |y(t1)] |p2(t2) — pa(t1)]]

DN | =

IN
DN = + N + N |

Wiz, &) + [lz]|lw(epr,e)] + %[W(y,e) + lyllw(pz, )],

where we have used the fact that ||;|| <1 (i = 1,2). Therefore, we have

S0, 9) + lyllwlpz, L

From this, we infer that, for any X,Y € M¢g 1], we have

W(F#2(2,9),€) < 3ol €) + zllwler, ] +

WEPDP (X X ¥),€) S Sw(X,) + [ X o(on, )] + SlYse) + [V lioa, )

where for A € Mc(g,1], the symbol || Al| denotes the quantity ||Al| = sup{|lal| : a € A}.
In virtue of the continuity of ¢; and @2, we have that w(¢s,¢€),w(p2,e) — 0 when
€ — 0. Therefore, from the last inequality, we get

wo(FE2(X x V) < 2len(X) +wo(Y)]
< max(wo(X),wo(Y))

and, consequently, F'¥1%2 satisfies assumption (Ag) of Theorem 3.1.
Example 3.5. Let ¢; : R — R (i = 1,2) be nonexpansive mappings, i.e.,

|6i(t) = ¢i(t)] < [t — 1|
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for any ¢,t' € R (¢ = 1,2) and, moreover, ¢;(0) =0 (¢ = 1,2). Consider the operator
Hy, ¢, defined on C[0,1] x C[0,1] by

Hey, 0, (2, y)(t) = %[Qﬁl(ﬂﬁ(t)) + ¢2(y(t))] for ¢ € [0, 1].

Since nonexpansive mappings are continuous, it is clear that Hy, 4, applies C0, 1] x
C0,1] into C[0, 1]. Moreover, if ||z|| < r and ||y|| < r for » > 0 then, for t € [0, 1], we
have

[Hp, g0 (2,9)(H)] < %[chl(x(t))lﬂcﬁz(y(t))l]

= %[I(bl(x(t)) — ¢1(0)] + [92(y(t)) — d2(0)]]

< U]+ o)
< 50l + lyl)
< max(lel, o)
S /r7

where we have used the facts that ¢;(0) = 0 (¢ = 1,2) and ¢; are nonexpansive
mappings (i = 1,2). Therefore, Hy, 4,(B; x B,) C B, for any r > 0.
Moreover, for z,y € C[0,1] and, for € > 0 and t1,t5 € [0,1] with |t3 —t1] < €, we have

[Hip 0 9)(02)~ Ho 0, 9)(10)| < 3101 (0(22)) = 1 (1) [ 82(y(t2)) ~ (001
< 3 alt2) = a(e0)] + ly(t2) — y(t)]
< Slwlee) Tyl

Therefore,
1

W(H¢1,¢2 (1'7 y)7 5) < 5 [OJ(I'7 5) + W(y7 6)]

and, therefore, for any X,Y € Mg(o,1}, we deduce
1

< 2leo(X) +uo(Y)]
< max(wo(X),wo(Y)).
This proves that Hy, ¢, satisfies assumption (Ag) of Theorem 3.1.
Remark 3.6. Examples of functions ¢; satisfying conditions of Example 3.5 are
@(t) = sint, ¢(t) = arctant and ¢(t) = In(1 4 ¢).
Example 3.7. In [9], the authors proved that the operator @ defined on C[0, 1] by

(Qa)(t) = max la(r)

wo(Hepy,¢, (X X Y))

satisfies
(a) Q:C[0,1] = C[0,1]
(0) w(Qxz,e) <w(x,e) for any x € C[0,1] and € > 0
(¢) @ is continuous
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(d) Q[ < [l]-
Taking into account this, it is easily checked that the operator Hg defined on C[0, 1] x
C10,1] by

Ha(,)(H) = 5((Q2)(1) + (@y)(0)

satisfies assumption (Ag) of Theorem 3.1.
Example 3.8. Consider the operator K defined on C[0,1] b

t
(Kz)(t) :/ x(s) ds.
0
It is clear that K applies C]0, 1] into itself. Moreover, K is continuous and
Kz < [l
On the other hand, for x € C[0,1], ¢ > 0 and t1,t2 € [0,1] with |[t2 — ¢1] < e and

t1 < to, we have
[(Kz)(t2) — (Kx)(t1)| = /0 ’ x(s) ds — /0 ' x(s) ds
/t : x(s) ds

]| (t2 = 1)
e,

INIA

and, from this, it is easily proved that wo(X) = 0 for any X € M¢o 1)
Therefore, using the same argument that in Example 3.7, the operator Hg defined
on C[0,1] x C[0,1] by

Hile.)0 = ( | C(s) ds + / e is)

satisfies wo(H (7,y)) = 0 for any X, Y € Mco,1). Therefore, Hy satisfies assumption
(Ag) of Theorem 3.1.

Remark 3.9. Notice that the arguments used in Examples 3.3, 3.4, 3.5, 3.7 and 3.8
also work for the operators on C|0, 1] x C[0, 1] defined by

F, o0 (,9)(t) = Ma(01())) + (1 = M) (y(e2(1))),
XV (@, y) (1) = Aw(t)er (8) + (1= Ny ()2 (t),
H3, o, (,9)(t) = A1 (2(1)) + (1 = Na(y(t)),

H o)) = ) o, ()] + (1= ) gna o))

<r<t
and

t
Hy (z,y)(t )\/ s)ds+ ( l—A)/y(s)ds,
0

where A € [0, 1], and, therefore, these operators are also examples of operators satis-
fying assumption (Ag) of Theorem 3.1.
In order to illustrate our results, we present the following example.
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Example 3.10. Consider the following system of integral equations

x(t) = ae™t + <)\fta:(s)ds +(1- /\)fty(s)ds>
\ 0 0
X Ofsin(t +5) (s + 3 arctanz(s) + 3y(s)) ds

y(t) = ae t + (A}y(s)ds +(1— A)fx(s)ds)
0 0
X Ofsin(t +5) (s + % arctany(s) + 1x(s)) ds

where A € [0,1] and « > 0.

Notice that this system is a particular case of system (3.1) with a(t) = ae™*

)

t t
7)) = A [ y(s)ds+ (1= ) [ als)ds,
0 0
g(t,s) =sin(s +t)
and
1 1
ftu,v)=t+ 3 arctanu + V-
It is clear that assumptions (A4;) and (As) of Theorem 3.1 are satisfied.
Notice that the operator T is the operator Hp appearing in Remark 3.9 and, therefore,
wo(T(XxY)) = wo(Hp(XxY)) =0and T(B, x B,) C B, for any r > 0 (see Example
3.8). Consequently, assumption (As) of Theorem 3.1 is satisfied. Moreover, we have
T (2, y)(t)] Allzll + (1 =)l

< max(|[z]], [lyl])

ANVAN

for any t € [0, 1] and, therefore,
IT (2, y) || < max(||z]l, [[y[])-

This proves that assumption (A4) of Theorem 3.1 is satisfied with ¢ =0 and d = 1.
For assumption (As) of Theorem 3.1, we have, for any ¢t € [0,1] and for any
u,v,u1,v1 € R,

1 1 1 1
|t u,v) — f(tu,v1)] = iarctanu—i—gv—gamtanul—fvl

1 1
< §|arctanu— arctan u | + §|v —vp].

Since |arctanu — arctanuq| < |u — uq| (by the Mean Value Theorem), from the last
inequality, it follows that

IA

1 1
|f(t,’U;,'U)_f(t,U1,’U1)‘ §|U—U1‘+§"U—’U1|

IN

max(ju — uy|, v — v1]),
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and this proves that assumption (As) of Theorem 3.1 is satisfied. Moreover, it is clear
that

M = sup{|f(¢,0,0)] : t € [0,1]} =sup{|t: t € [0,1]} = 1.

In this particular case, the operators F' and H appearing in Theorem 3.1 are defined
by F(z,y) =y and H(z,y) = = and it is clear that these operators satisfy assumption
(Ag) of Theorem 3.1.

Finally, the inequality appearing in assumption (A7) of Theorem 3.1 takes the form

V

ro > |la|| + (¢4 dro)Q(ro + M)
a+7ro(ro+1)sin2,

where we have used that |la|| = @ and

Q SuP{lg<t78)| tse [Oa 1]}
sup{|sin(t + s)| : s € [0,1]}

= sin2.

This gives us
rasin2 + (sin2 — 1)rg +a < 0.

in2—1)2

This inequality has a positive solution for a < G Tonz~ Which is

(1 —sin2) — /(sin2 — 1)2 — 4asin 2

0<rg=
"o 2sin 2

Moreover, it is easily seen that Q(rg + M) < 1. Therefore, assumptions of Theorem
. 2
3.1 are satisfied and this proves that, for 0 < a < %7 the system (3.5) has a

solution (z,y) € C[0,1] x C[0,1] with

(1 —sin2) — /(sin2 — 1)2 — 4arsin 2
25sin 2 ‘

[l lyll < 7o =

Notice that the same argument can be used to prove that the following systems, for
example,

x(t) = ae™t + <)\ftac(s)ds + (1 — A)jy(s)ds)
. 0 0
x [sin(t + s) (s + 3 arctanz(s) + 1y(s)) ds
0 (3.6)

t i
y(t) = ae— + (A{ ()0l gy 4 (1 — N s(m(s);y(s))ds)

¢
X Ofsin(t +8) (s + % arctan 52(1(5)24-;,(5)) + %S(I(s);y(s))> ds
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have a solution (z,y) € C[0,1] x C[0,1] with

(1 —sin2) — /(sin2 — 1)2 — 4asin 2

2sin 2 '
This is due to that the operators F, H : C[0,1] x [0, 1] — C][0, 1] appearing in Theorem
3.1 must satisfy only assumption (Ag) of Theorem 3.1 and, in the system (3.6), these
operators are defined as

]l 1yl < ro =

Fla,y)(t) = 5 [A() +y(0)]

1
He,)(1) = 5 [1a() + (1)
which satisfy assumption (Ag) of Theorem 3.1 (see Example 3.4).
In the system (3.7), these operators are

Fla.y)(t) = & (max 2(r)] + max |y<f>|)

2 \o<r<t 0<r<t

and
H(z,y)(t) = =(t)
and they satisfy assumption (Ag) of Theorem 3.1 (see Example 3.5).
This proves that our Theorem 3.1 is applicable to a great number of similar systems
of nonlinear integral equations to (3.1).
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