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Abstract. We know that any linear operator associated with a positive square stochastic matrix
has a unique fixed point in the simplex. However, in general, the similar result for a quadratic
operator acting on the simplex does not hold true. Namely, there is a quadratic operator associated
with a positive cubic stochastic matrix which has more than one fixed point in the simplex. The
first attempt to give an example for such kind of quadratic operators was done by A.A. Krapivin
and Yu.l. Lyubich. However, we showed that their examples are wrong. Therefore, in this paper,
we decided to give a correct example for a quadratic operator with positive coefficients having three
fixed points in the simplex. Moreover, we also describe the number of fixed points of the quadratic
operator associated with a positive cubic stochastic matrix.

Key Words and Phrases: Cubic stochastic matrix, quadratic stochastic operator, fixed point.

2010 Mathematics Subject Classification: 47H10, 37C25, 58C30.

1. INTRODUCTION

In many fields, an equilibrium is the fundamental concept that can be described in
term of a fixed point of some mapping. In general, a problem of showing an existence
or/and uniqueness of fixed points of a mapping is a tedious task. However, there
are some results which speak about an existence and uniqueness of fixed points of a
continuous mapping in suitable spaces. For instance, the Perron—Frobenius theorem
states that a linear operator associated with a positive square stochastic matrix has
a unique fixed point in the simplex. However, the similar result in the nonlinear case
does not hold true. This is the mainstream of the paper.
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By being the simplest nonlinear mapping, a quadratic operator has an incredible
application in population genetics [1, 3, 4, 7, 10], game theory [2], control systems
[6, 17, 18]. In population genetics, the quadratic operator describes a distribution
of the next generation of the system if the current distribution is given [10, 20].
In this sense, the quadratic operator is a primary source for investigations of evolution
of population genetics. The detailed exposure of the theory of quadratic operators
is presented in [5, 11, 12, 13, 14, 15, 16]. Meanwhile, a fixed point of the quadratic
operator is an equilibrium for the system. In contrast to the linear case, the fixed point
set of the quadratic operator is sophisticated. For instance, regardless of positivity of
an associated cubic stochastic matrix, the quadratic operator may have more than one
fixed point. The first attempt to give an example for such kind of quadratic operators
was done by A. A. Krapivin in [8] and by Yu. I. Lyubich in [10]. However, it turns out
that their examples are wrong. In fact, we shall show that Krapivin’s example as well
as Lyubich’s example has a unique fixed point in the simplex. At the same time, we
shall also provide an example for the quadratic operator associated with the positive
cubic stochastic matrix which has three fixed points in the simplex. Moreover, we
also describe the number of fixed points of the quadratic operator associated with a
positive cubic stochastic matrix.

2. PRELIMINARY
Let ||x]jy = i |zx| be a norm of a vector x = (21, , %) € R™. We say that
x > 0 (resp. x k>:(1)) if 2 > 0 (resp. x), > 0) for all k =1, m. Let
Sl ={xeR™: x|y =1, x>0}

be the (m — 1)—dimensional standard simplex. An element of the simplex S™~! is
called a stochastic vector.
A square matrix P = (pij);nj:l is called stochastic if

m

Zp’bj = 1u DPij > 07 Vl?] = 17m'
j=1

Every square stochastic matrix is associated with a linear operator £ : S™~1 — Sm~1
as follows L(x) = xP, i.e.,

(L(x)); = inpijv Viji=1m. (2.1)
i=1

A square stochastic matrix P = (pij):'?jzl is said to be positive (written P > 0) if
pij >0, V4,7 =1,m. A linear operator associated with a positive square stochastic
matrix is called positive. Let Fix(£) = {x € S™~! : L(x) = x} be a fixed point set.
If £:S™~! — S™~!is the positive linear operator then due to the Perron-Frobenius
theorem, one has that |Fix(L£)| = 1.
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A cubic matrix P = (pij){" y—; is called stochastic if

m
> pijk =1, piji =0, Vi, j,k=T,m.
k=1

Every cubic stochastic matrix is associated with a quadratic operator Q : S™~! —
S™=1 as follows

m
(QE)k = Y miwspign, Vhk=Tm. (2:2)
i,j=1

A cubic stochastic matrix P = (pijk’)ZLj,kzl is said to be positive (written P > 0)
if pij > 0, Vi,j,k = 1,m. A quadratic operator associated with a positive cubic
stochastic matrix is called positive. Let Fix(Q) = {x € S™! : Q(x) = x} be a
fixed point set. Due to Brouwer’s fixed point theorem, Fix(Q) # (. In general,
if P > 0 then it is not necessary to be true that |Fix(Q)| = 1. The first attempt
to provide an example for the positive quadratic operator having more than one
fixed point was done by A.A.Krapivin [8]. Later, Y.I. Lyubich also provided an
example for the positive quadratic operator having three fixed points in his book [10]
by slightly modifying Krapivin’s example. It turns out that Krapivin’s example as well
as Lyubich’s example has a unique fixed point. In the next section, we shall discuss
those examples. Moreover, we shall also provide an example for positive quadratic
operators having three fixed points in the simplex.

3. KRAPIVIN’S EXAMPLE

A. A. Krapivin has considered the following quadratic operator V. : S? — S2,
Ve(x) = x' = (a}, 24, 2%) in his paper [8]

X

L= (1 —4e)a? + 223 + 10ex3 + dexy@a + (1 + 4e)z123 + 8cwa73
Ve q @h =2ea? + (1 —3e)ad +exd + (3 + 28)w129 + 2exq23 + (1 + 8¢)2ows
f=2exf +ead + (1 - 1le)ad + (3 — 6e)miaa + (1 — 6e)z123 + (1 — 166)w273

A.A. Krapivin claimed [8] that the quadratic operator V. : S — S? has two fixed

points on the line segment L = { (t, i, 1) } where 0 < € < —1-. However,
202 2] )xuxa 100

this claim is wrong.

Proposition 3.1. The quadratic operator V. does not have any fixed point on L.

Proof. We search for a fixed point xo = (%, 15£, 1) on the line segment L. We should

have that V.(xg) = xg. After some algebraic calculations, we obtain the following

system of equations
(1 —6e)t? — (1 + 4e)t +20e =0
(1—6e)t? — (1 —4e)t +12e =0 (3.1)
(1—6e)t — (14 3e)t+2e=0

If we take a difference of the first two equations of the system (3.1) we then get
that 8¢t = 8¢ or t = 1. However, if we substitute ¢ = 1 into the third equation
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in the system (3.1) we then have that 10e = 0 which contradicts to the condition

0<e< ﬁ. Therefore, the system (3.1) does not have any solution. This completes

the proof.

Now, we are aiming to prove that [Fix(V;)| = 1.
It is clear that V.(S?) C intS? = {x € S? : x12273 > 0}. Hence, Fix(V.) C intS?.
In order to find all fixed points, we have to solve the system of equations

z1 = (1 —4e)a? + 2exd + 10e2? + dexrz2 + (1 + 4e) 123 + Sex2m3
zo = 2exf + (1 — 3e)a3 + exd + (3 + 26)z122 + 2ew123 + (1 4 8e)woxs
x3 = 2exf +exd + (1 — 1le)ad + (3 — 6e)wy22 + (1 — 6e)wya3 + (1 — 166)w073

Proposition 3.2. One has §1 # n1, §2 # 12, §3 # 13 for §,n € Fiz(V.), £ # 1.
Proof. Let &,n be two distinct solutions of the system given above (if any). Since

r3 =1 — x1 — x2, we can rewrite the system in terms of z; and x5 as follows

{2590% +4ex3 + (126 — 1)x129 — 16621 — 12em2 + 106 = 0 (3.2)

ex} — 10ex3 — (3 + 6e)w122 + 6ews +2 =0
Case &1 # 1. Our aim is to show that & # 7;. We suppose the contrary that is

& = n1. Since € # 1, we must have that £ # 7. This means that for 21 = & = ny,
the following two quadratic equations (with respect to xs)

deas 4 ((12e — 1)& — 12e)aq + (267 — 16, + 10)e = 0,
1
— 10ez2 + {— (2 +6€) & +6£} To+ (6 +1)e =0

must have two distinct common roots & and 72. Consequently, we should have that

4e (12e = 1) — 126 2¢} — 16& + 10

—10e 1 N 241
= (2+65> &1 + 6e S

It follows from the first equality that & = Sfil' Since 0 < € <
which is a contradiction.

Case &5 # 172. Our aim is to show that & # 12. We again suppose the contrary that
is & = n9. Since £ # 7, we must have that & # n;. It follows from (3.2) that for
X9 = & = 192, the following two quadratic equations (with respect to 1)

2ex? + (126 — 1)& — 16¢)x; + (4€2 — 12&, +10)e = 0,

L
1007

we get that & <0

1
ex; — (2 + 65) Eaxy + (1062 + 66 +1)e =0

must have two distinct common roots &; and 7;. Consequently, we should have that
2 (126 — 1)& — 16 462 — 126, + 10

1 T —10€2+6 1
€ _<2+6€>§2 §3 + 682 +
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It follows from the first equality that & = 2. By substituting & = % into the last

3
4€3-12£6,+10 _ 34 _ 2 .. . ..
o661 = 5 # 2 = <. This is again contradiction.

Case &3 # n3. Our aim is to show that &3 # n3. We again suppose the contrary that
is &3 = n3. Since £ # 7, we must have that & # n;. In this case, we can rewrite the
system of equations in terms of x1 and x3 as follows

fraction, we get that

(1 — 6e)x? + dex? + (1 — de)x123 — 71 + 4ex3 +26 =0
(9 — 3)x? + 6ea3 + (182 — 3)w1w3 4 (3 — 82)wy — 18wz +e=10
This yields that for x3 = &3 = n3, the following two quadratic equations (with respect

to 1)

(1 —6e)z] + ((1 —4e)é3 — D)y + (465 +4&3 +2)e = 0,

3 3 3
(9 — §)x§ + [(185 - 2) &+ (2 - 85” z1 + (662 —18¢3+1)e =0
must have two distinct common roots & and 7;. Consequently, we should have that
1—-6e  (1—4de)s—1 454 4&5+2

0c—3 (18- §)&+3 -8 66186 +1

It follows from the first equality that & = % By substituting &3 = % into the last
2
%ﬁ% = —% —% = ;;62 This is again contradiction.

This completes the proof.

fraction, we get that

Theorem 3.3. Let V. : S? — S? be the quadratic operator given above. Then for

2
sufficiently small €, one has that Fix(V.) = {(M%:?;Z‘;H, ao, é:ggg)} where ag 18
1
'3

(9 — 54e)a* + (132¢ — 15)a® + (9 — 68¢)a® — (12¢ + 2)a + 10z = 0.

the unique positive root in (0 ) of the following quartic equation

Proof. Since x3 = 1 —x1 — x2, it is enough to find all solutions (x1, x2) of the following
system of equations
2ex? + 4exd + (126 — 1)z1m9 — 16621 — 12679 + 102 = 0 (3.3)
ex} — 10ex3 — (4 + 6e)w122 + 6ewa +£ =0 '
which satisfy the conditions 0 < 1,22 <1 and 0 < z1 + 22 < 1.
Let z1 = x be a variable and x2 = a be a parameter. Then the system (3.3) takes
the following form

126 = 1)a—1
224 1% 2);” 0 (20 —6a+5) =0, (3.4)
—1-12
z? + “(Tg)x + (=10a® + 6a + 1) = 0. (3.5)

Due to Proposition 3, these two quadratic equations cannot have two common roots.
Hence, the system (3.3) has a solution (z1,22) with 0 < 21,20 <1, 0 <21 + a2 < 1
if and only if two quadratic equations (3.4) and (3.5) must have a unique common
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root in (0,1) for a € (0,1). We know (see [19]) that two quadratic equations (3.4)
and (3.5) have a unique common root if and only if their resultant is equal to zero,
ie.,

(9 — 54e)a” + (1326 — 15)a® + (9 — 68¢)a® + (—12¢ — 2)a + 10z = 0. (3.6)
In this case, ©z = 3‘122_7# is the unique common root of two quadratic equations

(3.4) and (3.5). In order to have conditions 0 < 21,22 < 1, 0 < 21 +x2 < 1, we have
to solve the following system of inequalities

3a®—3a+1
0< 5= <1

0<axl1 (3.7
3a®—3a+1
0<a+ 245507 < 1
The solution of the system (3.7) is a € (0, ). Therefore, the total number of solutions
(z1,22), 0 < z1,22 < 1, 0 < z1 + 22 < 1 of the system (3.3) is the same as the total
number of roots of the quartic equation (3.6) in the interval (0, %) Moreover, there
is one-to-one correspondence between a root ag € (0, %) of the quartic equation (3.6)

. 3ag—3ao+1 1—2aq
and a fixed point ( 232, 305 3°34,

Now, we want to show that the quartic equation (3.6) has a unique root in the
interval (0, %) for sufficiently small €. To do so, we have to apply the Sturm theorem
for the quartic equation (3.6) in (0, 1) (see [19]).

Let p(a) = (9—54¢e)a*+ (1326 — 15)a® + (9 — 68¢)a’ + (—12e — 2)a+ 10e be a quartic
polynomial. Let {po(a),p1(a),p2(a), ps3(a),pa(a)} be a Sturm sequence of the quartic
polynomial p(a). Let (&) be the number of sign changes (ignoring zero terms) in the
sequence po(€), p1(£), p2(€), p3(§), p4(§). Then due to the Sturm theorem, the number
of roots of the quartic polynomial p(x) in the interval (0, 3) is equal to o(0) — o(3).
Simple calculations show that for sufficiently small e, one has that

) of the quadratic operator V; : S? — S? .

po(0) = 10e > 0, po(3)=—3%+3e<0,
()= —(12:+2) <0, pi(3) =L-se>0,
p2(0) 24(GE; i >0, P2 (3) = —52 >0,
p3(0) ~ (373%145)2 >0, ps (3) = m >0,
pa(0) ~ 525 <0, pa(3) ~ 527 <0

Therefore, we get that o(0) — o(5) = 3 — 2 = 1. Consequently, this means that the
quartic equation (3.6) has a unique root ag in the interval (0, %)7 or equivalently, the

3a2—3ag+1 1—2a0 \ -
2" 3a, 30y 2734, ) 1

quadratic operator V. : S? — S? has a unique fixed point <
the simplex S?. This completes the proof.
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4. LYUBICH’S EXAMPLE

Yu. I. Lyubich has considered (see [10], page 296) the following quadratic operator
We: S — §% We(x) =x' = (24, 25, 2%)

xp=(1- 45)m% + 2ex2 + 1022 + dexizo + (1 +4e)z123 + 8exaxs
W, : { zh =222 + 1- 35)3:% +ex? + (% + 2e)x122 + 26123 + (1 — 126) 2273
xh = 2exi + ex3 + (1 — 1le)z3 + (3 — 6e)z122 + (1 — 62)z123 + (1 + de)z23

where 0 < € < % In commentaries and references section, Yu.l. Lyubich wrote
that the quadratic operator W, : S?> — S? was constructed by A.A. Krapivin in
[8]. However, Krapivin’s example V. : S> — S? considered in the previous section is
slightly different from the quadratic operator W, : S — S? given in Lyubich’s book
[10]. Yu. I. Lyubich claimed that if 0 < ¢ < 9,13;/5 then the quadratic operator
W, : S — S? has three fixed points in the simplex S?. However, this is wrong.
Namely, the quadratic operator W, has a unique fixed point for any 0 < € < % For
the sake of argument, we shall present its proof by repeating the same method used
in Krapivin’s example.
It is clear that W.(S?) C intS%. Hence, Fix(W.) C intS2.

In order to find all fixed points, we have to solve the system of equations

x1 = (1 — 4e)x? + 2ex3 + 10e23 + dewy20 + (1 + 4e)7123 + 8cw273

zo = 2e2? + (1 — 3¢)a3 + exd + (3 + 2e)m12 + 262123 + (1 — 126) 2073

z3 = 2ex} +ead + (1 — 1le)ad + (3 — 6e)w122 + (1 — 6e)z125 + (1 + 4de)zaws
Proposition 4.1. One has {1 # i, & # 02,83 # 03 for §,n € Fig(We), § # .

Proof. Let &,n be two distinct solutions of the system given above (if any). Since
x3 =1 — x1 — x2, we can rewrite the system of equations in terms of z; and x5 as

{2ax§ + 4ea2 + (126 — D)ayxy — 16221 — 12625 + 102 = 0 1)

ex} + 10ex3 + (14e — L)wywg — 1dexy +e =0
Case & # m1. Our aim is to show that & # 7. We suppose the contrary that is

&1 = ny1. Since & # 1, we must have that & # 7. This means that for 1 = & = 7y,
the following two quadratic equations (with respect to xs)

dexd + (126 — 1)& — 128)ag + (267 — 161 + 10)e = 0,
1
10ex3 + ((14e — 5)51 —1e)za + (& +1)e =0

must have two distinct common roots & and 72. Consequently, we should have that

e (126 —1)& — 126 267 —16&;, 410

10e  (14e — L)&, —14e 241

8e : 1
g1 Since 0 < e < 5,

It follows from the first equality that & =
which is a contradiction.

Case &5 # 172. Our aim is to show that & # 12. We again suppose the contrary that
is & = 1. Since & # n, we must have that & # n;. It follows from (4.1) that for

we get that & < 0
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g9 = & = 12, the following two quadratic equations (with respect to 1)
2ex? 4+ (126 — 1)& — 16¢)x; + (4€5 — 1265 +10)e = 0,
ex? 4 (14¢ — %)gle + (1062 — 146, +1)e =0
must have two distinct common roots & and 7;. Consequently, we should have that

2 (126 —1)& —16c 465 — 126 + 10
e (lde—3)& 106 — 146+ 1

It follows from the first equality that & = —1 which is a contradiction.

Case &3 # n3. Our aim is to show that &35 # n3. We again suppose the contrary that
is £3 = n3. Since £ # 71, we must have that & # n;. In this case, we can rewrite the
system of equations in terms of x; and x3 as follows

(1 —6e)x? + dex3 + (1 — de)zy23 — 21 + 4ex3 + 26 =0
(9 — 3)a? — 1dexd — (3 + 28)2123 + (2 — 8e)ay + 2ew3+6=0

This yields that for x3 = &3 = n3, the following two quadratic equations (with respect
to 1‘1)

(1—6e)af + (1 —4e)&s — 1)ay + (463 + 465 + 2)e =0,

(9 — g)x% + {— (2 +2€> &+ (; - 86)] w1+ [-14€5 + 26 +1]e =0

must have two distinct common roots & and 7;. Consequently, we should have that

1—6e (1—-4e)é3—1 462 + 46+ 2

9e— 2  —(B+2)&G+2 -8 142 +25+1°

It follows from the first equality that {5 = —1 which is a contradiction. This completes
the proof.

Theorem 4.2. Let W, : S> — S? be the quadratic operator given above. Then for

any 0 < e < 1—12, one has that Fix(W,) = {(%ﬂagfo), ao, ﬁ)} where ag is

the unique positive root in (0, %) of the following quartic equation

(2 — 12¢)a* + 16ca® + (16 — 3)a® — (16¢ + 1)a + 5e = 0.

Proof. Since x3 = 1—x1 —x2, it is enough to find all solutions (x1,x2) of the following
system of equations

(4.2)

2ex? + dexs + (126 — 1)x129 — 16637 — 12625 + 106 = 0
ez} + 10ex3 + (14e — H)wyzo — Mdexs +2 =10

which satisfy the conditions 0 < z1,22 < 1 and 0 < 1 + x4 < 1.
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Let 21 = x be a variable and z2 = a be a parameter. Then the system (4.2) takes
the following form

12¢ = Da—1
x2+( c 2); 6€x+(2a2—6a+5):0, (4.3)
14e — 1
22 1 wx + (10a® — 14a + 1) = 0. (4.4)

Due to Proposition 4, these two quadratic equations cannot have two common roots.
Hence, the system (4.2) has a solution (z1,22) with 0 < 21,20 <1, 0 <21 + a2 < 1
if and only if two quadratic equations (4.3) and (4.4) must have a unique common
root in (0,1) for a € (0,1). We know (see [19]) that two quadratic equations (4.3)
and (4.4) have a unique common root if and only if their resultant is equal to zero,
ie.,

(2 — 12¢)a* + 16ca® + (16 — 3)a® — (16¢ + 1)a + 5¢ = 0. (4.5)

In this case, x = %ﬁ;ﬁ)

(4.3) and (4.4). In order to have conditions 0 < z1,22 < 1, 0 < 21 +x2 < 1, we have
to solve the following system of inequalities

is the unique common root of two quadratic equations

14+2a(1—a)
0< Sara <1

0<axl1 (4.6)

14+2a(1—a)
0<a+ “2(lta) < 1.

The solution of the system (4.6) is a € (0, ). Therefore, the total number of solutions
(x1,22), 0 < 27,22 < 1, 0 < @1 + 22 < 1 of the system (4.2) is the same as the total
number of roots of the quartic equation (4.5) in the interval (0, %) Moreover, there
is one-to-one correspondence between a root ag € (0, %) of the quartic equation (4.5)

and a fixed point (1””0(17“0) 1=2a0 ) of the quadratic operator W, : S — S2.

2(1tao) * %00 2(Ttag)
We are aiming to study the number of positive roots of the quartic equation (4.5)
in the interval (0, 3). Let f(a) = (2 — 12¢)a* + 16ca® + (16 — 3)a® — (16¢ + 1)a + be.

Since 0 < e < %, it is easy to check that

F(0)=5:>0, f (;) = 1858 920, f(2) = 18— 27e > 0.
This means that the quartic equation (4.5) has at least two positive roots. On
the other hand, due to Descartes’s theorem, the number of positive roots cannot
be more than the number of sign changes between consecutive nonzero coefficients
2 — 12¢, 16¢, 16 — 3, —(16e + 1), 5e of the quartic equation (4.5) which is two.
Therefore, the quartic equation (4.5) has exactly two positive roots in which one of
them belongs to (0, %) and another one belongs to (%, 2). Hence, for any 0 < e < %,
there exists a unique positive root ag of the quartic equation (4.5) in the interval

(0, %) Consequently, for any 0 < € < 1—12, the quadratic operator W, has a unique

fixed point <1+2a°(17a°) 1—2d0 ) . This completes the proof

2(1+ao) ° %00 3(Ttag)
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5. POSITIVE QUADRATIC OPERATOR HAVING THREE FIXED POINTS

In this section, we provide an example for a quadratic operator with positive coef-
ficients having three fixed points in the simplex S2.

Let A(0.1,0.2,0.7), B(0.4,0.3,0.3) and C(0.59,0.31,0.1) be points in the simplex.
We define a positive quadratic operator Qg : S? — S2, Qp(x) = x' = (2, zh, %) as
follows

/ __ 232873.2 |, AT17 .2 , 207 .2 , T 3 1
Tl = 37530071 T 7030072 T G3se0¥3 T 5T1L2 T 5T1T3 + 557273

)y 27 .2 1.2, 3.2 470171 378421 158157
Qo1 *2 = 1571 + 322 + 5573 * 3143002172 T 071500173 + graz00 4223

/) _ 54 .2, 433 .2 , 270372 , 18409 191589 1454157
T3 = 7982521 t 1030022 1 5193023 T 814300 X122 T 107150 £1%3 + Fia300 L273

The straightforward calculation shows that A, B, C are fixed points of the quadratic
operator Qg : S? — S2.

We can define another positive quadratic operator Q1 : S — §?, Q;(x) = x' =
(xh, xh, 25) as follows

/ _ 17322871 .2 | 990257 .2 1559 .2 | 13 16 11
T1 = 3235100021 T 216300022 1 1341060023 T 102172 + 35T1Z3 + 555223

) .y _ 224 2 | 488 .2 | 125 2 | 703327 19461451, . | 8271787 )
Q11972 = 50521 T 00022 + To00%3 T 10175757122 + 24155000 £1%3 + 54155000 T2L3
/ _ 4301 .2 , 117199 .2 , 2933179 .2 18371 13761989 1601951
T3 = Z370200%1 T 216300022 1 535265023 T 2035750 £1%2 t 24420000 £173 T 977160 L2738

The straightforward calculation shows that A, B, C are also fixed points of the qua-
dratic operator Qp : S? — S2.

Now, we can define a family of positive quadratic operators Q. : S? — S? as
Q.(x) = (1—¢)Qp(x) +Qi(x) for any x € S? and 0 < ¢ < 1. It is clear that A, B,C
are also fixed points of the family of positive quadratic operators Q. : S? — S2.

In the paper [9], it was conjectured that if the set of stationary vectors of a second-
order Markov chain contains k—interior points of the (k —1)—dimensional face of the
simplex then every vector in the (k — 1)—dimensional face is a stationary vector.

However, this conjecture is wrong. The family of quadratic stochastic operators
Q. : S? — S? defined above are counterexamples to this conjecture.

6. THE STRUCTURE OF THE FIXED POINT SET OF QUADRATIC OPERATOR

Let Q:S? - §?, Q(x) = x’ = (2}, ), 254) be a positive quadratic operator

/ 2 2 2
] = p11x1 + paa®s + P33r3 + 2p12012T2 + 2P13T1T3 + 2P23xals

. !/ 2 2 2
Q: q Ty = qux{ + q2275 + 3373 + 2q1271 72 + 2137173 + 2¢23T2T3
$é = 7’111’% + 7’221’% + T'33(L'§ + 2T12$1£L’2 + 2T13$11’3 + 2T23$2£L’3

where p;j, Gij, Ti; > 0, pij +qij +1i5 = 1, pij = Pjis Qg = Qjis Tij = Tji, Vi, 5 =1,2,3.
The possible number of fixed points of the positive quadratic operator acting on
2D simplex was described in [8, 10].
Proposition 5.1. ([8, 10]) One has that |Fix(Q)| =1 or 3.
We shall describe the number of fixed points of positive quadratic operator in terms
of its coefficients.
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For that purpose, we introduce the following constants.
Q11 = p11 + P33 — 2p13, Qoo = Pa2 + P33 — 2p23, Qa2 = P33 + P12 — P13 — P23,
Q1 = P13 — P33, Q2 = P23 — P33, Qo = P33,
P11 = q11 +q33 — 2q13, Bo2 = @22 + q33 — 2423, B12 = g33 + Q12 — 13 — 23,
B1 = q13 — q33, B2 = q23 — q33, Po = ¢33,
7 = (262 — 1o — 20211, Y2 = 1122 — 22311, Yo = Porr — o,
01 = ai2fi1 — Pieair, do = (200 — 1)B11 — 2f1001,
Ay = 7205 — 2718061 + 47007,
p1 = 2f1002 — (200 — 1) B2, po = aaf11 — 1122, po = 2200 — apPaz,
vy = 1222 — 212, Vo = 2222 — (252 - 1)0422,
Ay = povg — 2pvors + Apovi,
A1 = a1173 + 4a127261 + danads,

A3 = 20117271 + 20127200 + daray161 + 4ot 7281 — 27201 + 4azadido + 8azdi,
A2 = 20117270 + @111 + 20127180 + 4127001 + 2017280 + dary181 — Y280 — 27161
+a2267 + 8aad1 6 + 4 b7,

A1 = 2011717 + 20127000 + 2017100 + 417001 — Y160 — 27001 + 20285 + dagdi o,
Ao = a1 + (21 — 1)7080 + oda-

Let us consider the following system of inequalities in the interval ¢ € (0,1)

Yot + Y1t 4+ Yo

0 < (2 + 260" + (71 + do)t + 70 <1
201t + g

It is clear that the set 2 of solutions of the system (6.1) is a union of finite number
n
of disjoint open intervals, i.e., Q@ = | (wgl),w§2)> .
i=1
Let p(z) = Azt + Azx® 4+ Xax? + Mz + Ao be a quartic polynomial. Let us
construct the Sturm sequence {po(x), p1(x), p2(z), p3(x), pa(x)} of the polynomial p(x)
(see [19]). Let o(§) be the number of sign changes (ignoring zero terms) in the
sequence po(&),p1(€),p2(€),p3(€),pa(§). Then due to the Sturm theorem [19], the

number of roots of the quartic polynomial p(z) in the interval (wgl),w?)) is equal to

o (wi(l)) —o <w£2)) . Consequently, the total number of roots of the quartic polynomial

n

p(z)in Q= |J (wil),wl(z)) is

i=1
)= 5 o (a7) o ()
i=1

Theorem 5.2. Let p(x) = A\ga* +X\32% + X\ox® + A\1x+ Ao be a quartic polynomial and
1101102282210 # 0. Let Q be a solution set of the system (6.1). Then one has
that | Fix(Q)| = #(p; Q). Moreover, (Ao, ag, 1 — By) is the fized point of the quadratic
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operator Q@ : S? — S? corresponding to each Toot ay € Q of the quartic equation
p(z) = 0 where

_ 7285 + 7190 + %
251@() + 50

(72 + 261)ag + (1 + do)ao + 70
2(510,0 + (5() '

Ay , DBo=

Proof. In order to find all fixed points of the positive quadratic operator Q : S? — S2?,
we have to solve the following system of equations

T1 = pr1ai + p22x3 + P33l + 2p127172 + 2P137173 + 2P23TaT3
To = qu1TT + 2223 + 3323 + 2q1221 %2 + 2q137153 + 2423723 (6.2)
xr3 = 7“111‘% =+ 7“2233% =+ 7“3333% + 2r102122 + 21132123 + 21937013
Since 3 = 1 — 1 — x, it is enough to find all solutions (z1,x3) of the first and
second equations of the system (6.2) which satisfy the conditions 1,22 > 0 and

0 < x1 + x2 < 1. By plugging x3 = 1 — x1 — x2 into the first and second equations of
the system (6.2), we may get the following system of equations

a117? + 923 + 20107172 + (201 — 1)1 + 20002 + g = 0
B112% + Pagxi + 2B12m122 + 28121 + (282 — Vw2 + Bo =0

Let 1 = x be a variable and x2 = a be a parameter. Since 11511 # 0, the last
system of equations takes the following form

2 200 — 1 242
$2+ 120 + 2001 x+a22a + 2000 +

= ()7
i1 i1
2 2 2 20 — 1
e Br2a + 51x+ﬁ22a + (262 )a+50:0.
B11 B11
Let
A = 20100 + 2001 — 17 B, = Q99a? + 2050 + aO’
Qi1 Qg1
A — 2B12a + 23 B, — B220* + (262 — 1)a + fo
2= ———F——, ba= .
B11 P11

We then have the following two quadratic equations
Z‘2+A1$+Blzo, $2+A21‘—|—BQZO.

Since A; # 0, we have that A; # Ay and By # Bs. This means that for any
x,y € Fix(Q) one has that x5 # yo. Similarly, since agsf20A2 # 0, one can show
that x1 # y; for any x,y € Fix(Q).

Therefore, the system of equations (6.2) has a solution (z1,z2) with 0 < z1, x5 < 1,
0 < x1 4+ x2 < 1 if and only if the last two quadratic equations must have a unique
common root in (0,1) for a € (0,1). We know [19] that the last two quadratic
equations have a unique common root if and only if their resultant is equal to zero,
i.e., (B2 - 31)2 +A1(B2 - Bl)(Al — Ag) +Bl (Al — A2)2 = 0. In this case, r = ﬁf:ﬁ;
is the unique common root. It is clear that

By— By =

(720,2 +’71a+’)/0), A — Ay = (261&4’(50).

11811 a11511
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After simple algebra, we get the following quartic equation

/\4&4 + /\?,CL3 + /\2@2 + Aa—+ Xy =0. (63)
and x = ﬁf:f; = 72‘122541';};3:'70.

In order to have conditions 0 < z1,25 < 1, 0 < x1 + 22 < 1, we have to solve the
following system of inequalities

Y2a? + 10 + Yo

0 1
< 261&4’50
0<ax<l1
2 281)a? 1)
0<’72a +’Y1a+70+a:(’72+ 1)a” + (y1 + 0)a+’70<1
2d1a + dg 201a + dg

Let Q be a set of solutions of the system given above. Hence, the number of solutions
(z1,22), 0 < 1,22 < 1, 0 < x1 + 29 < 1 of the system (6.2) is the same as the
number of roots of the quartic equation (6.3) over the set Q, i.e., |Fix(Q)| = #(p; Q).
Moreover, (Ao, ag,1 — Byp) is the fixed point of the quadratic operator corresponding

Y2a3+71a0+70

261a0+d0 and

to each roots ag € € of the quartic equation (6.3) where Ay =

_ _ (72+261)ag+(v1+60)ao+70
By = Ao +ap = 261a0+00
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. This completes the proof.

REFERENCES

(1] S. Bernstein, Solution of a mathematical problem connected with the theory of heredity, Annals
of Math. Statistics, 13(1942), 53-61.
[2] N. Ganikhodjaev, R. Ganikhodjaev, U. Jamilov, Quadratic stochastic operators and zero-sum
game dynamics, Ergodic Th. and Dynamical Systems, 35(2015), no. 5, 1443-1473.
[3] N. Ganikhodjaev, M. Saburov, U. Jamilov, Mendelian and Non-Mendelian quadratic operators,
App. Math. Info. Sci., 7(2013), no. 5, 1721-1729.
[4] N. Ganikhodjaev, M. Saburov, A.M. Nawi, Mutation and chaos in nonlinear models of heredity,
The Scientific World J., 2014(2014), 1-11.
[5] R. Ganikhodzhaev, F. Mukhamedov, U. Rozikov, Quadratic stochastic operators and processes:
Results and Open Problems, Inf. Dim. Anal. Quan. Prob. Rel. Top., 14(2011), no. 2, 279-335.
[6] R. Ganikhodjaev, M. Saburov, Kh. Saburov, Schur monotone decreasing sequences, AIP Con-
ference Proceedings, 1557(2013), 108-111.
[7] H. Kesten, Quadratic transformations: A model for population growth I, Adv. App. Prob.,
2(1970), 1-82.
[8] A.A. Krapivin, Fized points of quadratic operators with positive coefficients, Theory of Func-
tions, Functional Anal. Appl., 25(1975), 62-67.
[9] C.-K.Li, S. Zhang, Stationary probability vectors of higher-order Markov chains, Linear Algebra
App., 473(2015), 114-125.
[10] Yu.l. Lyubich, Mathematical Structures in Population Genetics, Springer—Verlag, 1992.
[11] F. Mukhamedov, M. Saburov, On homotopy of volterrian quadratic stochastic operator, App.
Math. Info. Sci., 4(2010), 47-62.
[12] F. Mukhamedov, M. Saburov, On dynamics of Lotka—Volterra type operators, Bull. Malay.
Math. Sci. Soc, 37(2014), 59-64.
[13] F. Mukhamedov, M. Saburov, I. Qaralleh, On £°—quadratic stochastic operators on two-
dimensional simplex and their behavior, Abstract Applied Anal., 2013(2013), 942038.



396 MANSOOR SABUROV AND NUR ATIKAH YUSOF

[14] M. Saburov, Some strange properties of quadratic stochastic Volterra operators, World Applied
Science J., 21(2013), 94-97.

[15] M. Saburov, A class of nonergodic Lotka—Volterra operators, Math. Notes, 97(2015), no. 5,
759-763.

[16] M. Saburov, On divergence of any order Cesaro mean of Lotka—Volterra operators, Ann. Funct.
Anal., 6(2015), no. 4, 247-254.

[17] M. Saburov, Kh. Saburov, Mathematical models of nonlinear uniform consensus, Science Asia,
40(2014), no. 4, 306-312.

[18] M. Saburov, Kh. Saburov, Reaching a nonlinear consensus: Polynomial stochastic operators,
Inter. J. Cont. Auto. Systems, 12(2014), no. 6, 1276-1282.

[19] B. Sturmfels, Solving Systems of Polynomial Equations, Texas, 2002.

[20] S. Ulam, A Collection of Mathematical Problems, New-York, London 1960.

Received: June 30, 2015; Accepted: December 11, 2015.



