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Abstract. We introduce an iterative algorithm for approximating a common fixed point of an
infinite family of left Bregman strongly nonexpansive mappings which is also a common solution
of a finite system of generalized mixed equilibrium problems and a common zero of a finite family
of maximal monotone operators in a reflexive real Banach space. A strong convergence theorem is
also proved for finding an element in the intersection of the set of solution of a fixed point problem
for infinite family of left Bregman strongly nonexpansive mappings, the set of solutions of a system
of generalized mixed equilibrium problems and the set of zero points of a finite family of maximal
monotone operators in a reflexive real Banach space. The result of this paper complement many
related and important results in the literature.
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1. INTRODUCTION

Let E be a reflexive real Banach space and C' a nonempty, closed and convex subset
of E. Throughout this paper, we shall denote the dual space of E by E*. The norm
and the duality pairing between E and E* are respectively denoted by ||.|| and (.,.).
R stands for the set of real numbers.

Let T : C' — C be a mapping, a point = € C' is called a fized point of T if Tz = .
The set of fixed points of T' is denoted by F(T).

Let g : C' x C — R be a bifunction, ¢ : C'— RU{+o00} be a function and B : C' — E*
be a nonlinear mapping. The Generalized mized equilibrium problem is to find u € C
such that

g(u,y) + (Bu,y —u) + @(y) — p(u) >0, Vy € C. (1.1)

335



336 F.U. OGBUISI AND O.T. MEWOMO

Denote the set of solutions of the problem (1.1) by GM EP(g,, B). That is
GMEP(g,¢,B) ={u € C:g(u,y) + (Bu,y —u) + ¢(y) — ¢(u) 2 0, Vy € C}.

If B = 0, then the generalized mixed equilibrium problem (1.1) reduces to the follow-
ing mized equilibrium problem, find v € C such that

9(u,y) + o(y) —e(u) >0, Vy € C.

If ¢ = 0, then the generalized mixed equilibrium problem (1.1) becomes the general-
ized equilibrium problem, find u € C such that

Again if B = ¢ = 0, then the generalized mixed equilibrium problem (1.1) becomes
the equilibrium problem, find u € C such that

g(u,y) >0, Vy € C.

Equilibrium problems and their generalizations are well known to have been important
tools for solving problems arising in the fields of linear or nonlinear programming,
variational inequalities, complementary problems, optimization problems, fixed point
problems and have been widely applied to physics, structural analysis, management
sciences and economics, etc (see, for example [9, 26, 40, 41]).

In solving equilibrium problem (1.1), the bifunction g is said to satisfy the following

conditions:

(A1) g(z,2) =0 for all z € C;

(A2) g is monotone, i.e., g(z,y) + g(y,z) > 0 for all x,y € C;

(A3) for each z,y € C, limy,0 g(tz + (1 — t)x;y) < g(z;y);

(A4) for each z € C; y — g(z,y) is convex and lower semicontinuous.

Cholamjiak and Suantai [25] proposed a hybrid iterative scheme for finding a com-
mon element in the solution set of system of equilibrium problems and the common
fixed points set of an infinitely countable family of quasi-nonexpansive mappings and
prove the following strong convergence theorem.

Theorem 1.1. Let E be a uniformly convex and uniformly smooth Banach space, and
let C be a nonempty, closed and convex subset of E. Let {f; ;Vil be bifunctions from
C x C to R which satisfies conditions (Al) — (A4), and let {T;}32, be an infinitely
countable family of closed and relatively quasi-nonexpansive mappings from C into
itself. Assume that F := (N2, F(T3)) N (ﬂjleEP(fj)) # 0. For any initial point
xo € E with x1 = llg,z9 and Cy1 = C, define the sequence {x,} as follows:

Yni = Jﬁl(anJmn + (1 - an)Jszn)a

Un,i = TZI%W'TJﬁI:in»-«Télynyn,iv

Chi1={2€Cy: SUP;>1 (b(zaun,i) < ¢(z,7n)},

ZTni1 = e, %o, n > 0.

(1.2)

Assume that {a,} and {r;,} for j = 1,2,..., M are sequences which satisfy the fol-
lowing conditions:

(B1) limsup,,_,., o < 1,

(B2) liminf, 00 75,n > 0.

Then the sequence {x,} converges strongly to Ilpx.



ITERATIVE SCHEME 337

Many authors have contributed in developing efficient and implementable algo-
rithms for solving equilibrium problems and some of their generalizations, (see, for
example,[1, 26, 33] and the references therein).

Let A: E — 28" be a set valued mapping. The domain of A is the set domA =
{z € E: Az # 0} and the graph of A is the set G(A) = {(z,z*) € Ex E* : x* € Ax}.
A set-valued mapping A is said to be monotone if (z* — y*,x — y) > 0 whenever
(z,z*), (y,y*) € G(A). If in addition that the graph of A is not contained in the graph
of any other monotone operator, then A is said to be a maximal monotone operator
on E. It is well known that if A is maximal monotone , then the set A=1(0%) = {2z €
E :0* € Az} is closed and convex.

The problem of finding the zeroes of a maximal monotone operator is very vital
in optimization, because it can be reduced to a convex minimization problem and
variational inequality problem.

Rockafeller [49], motivated by the work of Martinet [35], introduced in a Hilbert
space H the following proximal point iterative algorithm:

r1=x € H,

{ Tpt1 = JIr, Tn, Y > 1, (1.3)
where {\,} C (0,00) and J,, is the resolvent of A defined by Jy = (I + AA)~!
for all A > 0, and A is a maximal monotone operator on H. He proved that the
sequence {z,} generated by (1.3) converges weakly to an element in A~1(0) provided
liminf, oo Ap > 0.

A weak convergence result was also obtained by Kamimura and Takahashi [30] in a
real Hilbert space with the following iterative scheme:

Tpt1 = @y + (1 — ap)Jdy, Tpn, Y0 > 1,

where {a,,} C [0,1] and {A,} C (0,00) under some suitable conditions on {\,} C
(0,00).

Inspired by the result of Kamimura and Takahashi [30], Kohsaka and Takahashi [32],
in reflexive Banach space introduced the following iterative algorithm:

Tny1 = VI (@ V(xn)+ (1 — )V, zn)), Vn>1,

where {a,} C [0,1] and {)\,} C (0,00), f : E — R is a Bregman function and
Jy = (Vf+MA)"IVf for all A > 0. They obtained a weak convergence result with
the proposed algorithm.

For some other existing results for finding zero points of maximal monotone operators
see for example [13, 14, 24, 29, 38, 44, 50] and some of the references therein.

In 1967, Bregman [12] introduced a nice and effective method for using the so
called Bregman distance function Dy (see Definition 2.1 in Section 2) in the process
of designing and analysing feasibility and optimization algorithms. This opened a
growing area of research in which Bregman’s technique is applied in various ways
in order to design and analyze iterative algorithms for solving equilibria, for ap-
proximating equilibria, and for computing fixed points of nonlinear mappings (see,
e.g.[2, 3,4, 5,8, 12, 16, 17, 19, 20, 21, 27, 31, 42, 43, 44, 45, 46, 47, 48, 51, 23] and
the references therein).
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Inspired and motivated by the researches going on in this direction, we propose
an iterative algorithm for approximating a fixed point of an infinite family of left
Bregman strongly nonexpansive mappings, which is a common solution to a finite
system of equilibrium problems and also a zero point of a finite family of maximal
monotone operators in a reflexive real Banach space and prove its strong convergence
in this work.

2. PRELIMINARIES

In this section, we present the basic notions and facts that are needed in the sequel.
The pairing (£, z) is defined by the action of £ € E* at « € E, that is, ({,z) := ().
The domain of a convex function f : E — R is defined to be

domf:={z € E: f(z) < +oo}.

When dom f # 0 , we say that f is proper. The Fenchel conjugate function of f is the
convex function f*: E* — R defined by

[ (&) = sup{(¢,2) — f(x) : z € E}.
It is not difficult to check that whenever f is proper and lower semicontinuous, so is
f*. The function f is said to be cofinite if dom f* = E*.
Let z € int(domf), for any y € E, we define the directional derivative of f at = by

0 o Jetty) = f(x)

o = iy L1
If the limit as ¢ — 07 in (2.1) exists for each y, then the function f is said to be
Gateaur differentiable at x. In this case, the gradient of f at x is the linear func-
tion V f(x), which is defined by (Vf(z),y) := f°(z,y) for all y € E (see [22]). The
function f is said to be Gateaux differentiable if it is Gateaux differentiable at each
x € int(domf). When the limit as t — 0 in (2.1) is attained uniformly for any y € E
with [|y|| = 1, we say that f is Fréchet differentiable at . Throughout this paper,
f: E — R is always an admissible function, that is, a proper, lower semicontinuous,
convex and Gateaux differentiable function. Under these conditions we know that f
is continuous in int(domf) (see [6]).
The function f is said to be Legendre if it satisfies the following two conditions.
(L1) int(domf) # 0, and the subdifferential df is single-valued on its domain.
(L2) int(domf*) # (b, and 9f* is single-valued on its domain.
The class of Legendre functions in infinite dimensional Banach spaces was first intro-
duced and studied by Bauschke, Borwein and Combettes in [6]. Their definition is
equivalent to conditions (L1) and (L2) because the space E is assumed to be reflexive
(see [6], Theorems 5.4 and 5.6, page 634). It is well known that in reflexive Banach
spaces Vf = (Vf*)~! (see [10], page 83). When this fact is combined with conditions
(L1) and (L2), we obtain

ranV f = domV f* = int(domf)*and ranV f* = domV f = int(domf).

It also follows that f is Legendre if and only if f* is Legendre (see [6], Corollary 5.5,
page 634) and that the functions f and f* are Gateaux differentiable and strictly
convex in the interior of their respective domains.

(2.1)
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When the Banach space E is smooth and strictly convex, in particular, a Hilbert space,
1

the function () [I.IIP with p € (1,00) is Legendre (cf. [6], Lemma 6.2, page 639).
p

For examples and more information regarding Legendre functions, see, for instance,
[5, 6].
Definition 2.1. The bifunction Dy : domf x int(domf) — [0; +00) defined by

Dy(y, ) := f(y) — f(z) = (Vf(z),y — ) (2.2)
is called the Bregman distance (cf. [12, 22]).
The Bregman distance does not satisfy the well-known properties of a metric, but
it does have the following important property, which is called the three point identity:
for any x € domf and y, z € int(domf)

Dy(z,y) + Ds(y,2) = Dy(x,2) = (V(2) = V[(y),z —y). (2.3)

The modulus of total convexity of f is the bifunction vy : int(domf) x [0,4+00) —
[0, +00] which is defined by

vi(x,t) =inf{Ds(y,x) : y € domf, ||y —z| =1).

The function f is said to be totally convex at a point x € int(domf) if vy(z;t) > 0
whenever ¢ > 0. The function f is said to be totally conver when it is totally convex
at every point = € int(domf). This property is less stringent than uniform convexity
(see [16], Section 2.3, page 92). Examples of totally convex functions can be found,
for instance, in [11, 16, 19].

We remark that f is totally convex on bounded subsets if and only if f is uniformly
convex on bounded subsets (see [19], Theorem 2.10, page 9).

The Bregman projection (cf. [12]) with respect to f of z € int(domf) onto a
nonempty, closed and convex set C' C int(domf) is defined as the necessarily unique
vector Projé(a:) € C which satisfies

Dy (Projl(z),z) = inf{Ds(y,z) : y € C}. (2.4)

Let C be a nonempty, closed, and convex subset of E. Let f: E — R be a Gateaux
differentiable and totally convex function and let z € E. It is known from [19] that

z= Projéo: if and only if (Vf(x) — Vf(2),y — 2z) <0 for all y € C. We also have
Df(y,Proj(];(x)) + Df(Projé(ac),x) < D¢(y,z), Vx € E,y € C. (2.5)

Similar to the metric projection in Hilbert spaces, the Bregman projection with re-
spect to totally convex and Gateaux differentiable functions has a variational charac-
terization (cf. [19], Corollary 4.4, page 23).

Proposition 2.2. (see [43]) (Characterization of Bregman Projections) Suppose that
f + E — R is totally convex and Gateaux differentiable in int(domf). Let x €
int(domf) and let C C int(domf) be a nonempty, closed and convex set. If & € C,
then the following conditions are equivalent.

(i) The vector & is the Bregman projection of x onto C with respect to f.

(i) The vector & is the unique solution of the variational inequality

(Vf(z) =Vf(z),z—y) >0, VyeC.
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(iii) The vector & is the unique solution of the inequality
Dy(y,z) + Ds(z,x) < Dy(y,x) Vy € C.

Recall that the function f is said to be sequentially consistent [7] if for any two se-
quences {x,} and {y,} in E such that the first is bounded,

nhﬁngo D¢(zp,yn) =0= nhﬂn;o lxn — ynl = 0. (2.6)

The resolvent of a bifunction g : C x C' — R (see, [45]) is the operator Resg; E—=C
defined by

Resg(x) ={ze€C:g(z,y)+ (Vf(z) = Vf(z),y—2) >0Vy e C}. (2.7)

For any x € E, there exists z € C such that z = Res/ (z), see [45].
Let C be a convex subset of int(domf) and let T be a self-mapping of C. A point
p € C is said to be an asymptotic fized point of T if C contains a sequence {z,}5
which converges weakly to p and lim,,_, ||, — Tz,|| = 0. The set of asymptotic fixed
points of T' is denoted by EF(T).

Recall that the Bregman distance is not symmetric, we define the following oper-
ators.
Definition 2.3. A mapping T with a nonempty asymptotic fixed point set is said to
be:
(i) left Bregman strongly nonexpansive (see [37]) with respect to a nonempty EF(T) if

D¢(p,Tz) < Df(p,z) Vo € C,p € F(T)
and if whenever {z,} C C' is bounded, p € F(T) and
Tim (Dy(p.2,) ~ Dy(p. T,)) = 0.

it follows that
lim D¢(Txy,z,) =0.

n—oo

According to Martin-Mdrquez et al. [36], a left Bregman strongly nonexpansive map-
ping T with respect to a nonempty F’(T) is called strictly left Bregman strongly non-
eTpansive mapping.

(ii) An operator T : C — int(domf) is said to be left Bregman firmly nonexpansive
(L-BFNE) if

(Vf(Tz) = V[f(Ty), Tz — Ty) < (Vf(x) = Vf(y), Tz — Ty)
for any z,y € C, or equivalently,
Dy(Tx,Ty) + Dy(Ty, Tx) + Dy(Tx,x) + Dy (Ty,y) < Dy(Tx,y) + Dy(Ty, x).

See [7, 11, 46], for more information and examples of L-BFNE operators (operators in
this class are also called Dy -firm and BFNE). For two recent studies of the existence
and approximation of fixed points of left Bregman firmly nonexpansive operators,
see [37, 46]. It is also known that if T is left Bregman firmly nonexpansive and f
is Legendre function which is bounded, uniformly Fréchet differentiable and totally
convex on bounded subsets of E, then F(T) = F(T) and F(T) is closed and convex
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(see [46]). It also follows that every left Bregman firmly nonexpansive mapping is left
Bregman strongly nonexpansive with respect to F(T') = F (T).
Let Vy : E x E* — [0, 00) associated with f be defined by

Vi(x,2*) = f(z) — (z",2) + f*(a¥),Ve € E, 2" € E*.

Observe that Vy is nonnegative and Vy(z,2*) = Dy¢(z, Vf*(2*)), Vo € E,z* € E*.

Let f : E — R be a convex, Legendre and Gateaux differentiable function. In
addition, if f : E — (—oo0;+00] is a proper lower semi-continuous function, then
f*: E* = (—00,400] is a proper weak* lower semi-continuous and convex function
(see [39]). Hence Vy is convex in the second variable. Thus, for all z € E,

N N
Dyp(z,Vf* (Y t:Vf(x:)) <Y t:Dy(z,:) (2.8)

=1 i=1

where {z;}., C E and {t;} C (0,1) with Y~ #; = 1.
Let A be a maximal monotone operator, the resolvent of A denoted by Resf4 : B — 2F,
is defined as follows [7]:

Resi(m) = (Vf+A)oVf(x).

It is known that F(Res’;) = A~Y0%), and Resﬁ is single valued (see [7]). If f is
Legendre function which is bounded, uniformly Fréchet differentiable on bounded
subsets of F, then F(Resf;) = F(Resi) (see [7]). The Yosida approximation Ay :
E — E, X > 0 is also defined by

Ax(@) = (V5 (2) - VI (Res{ 4(2)))

for all z € E. From Proposition 2.7 [44], it is known that (Res{ ,(z)), Ax(z)) € G(A),
and 0* € Az if and only if 0* € Az for all z € E and X\ > 0.

The following lemmas are very useful in establishing our main results.
Lemma 2.4. (Reich and Sabach [43]) If f : E — R is uniformly Fréchet differentiable
and bounded on bounded subsets of E, then V f is uniformly continuous on bounded
subsets of E from the strong topology of E to the strong topology of E*.
Lemma 2.5. (Butnariu and Iusem [16]) The function f is totally convex on bounded
sets if and only if it is sequentially consistent.
Lemma 2.6. (Reich and Sabach [44]) Let f : E — R be a Gateauz differentiable and
totally convex function. If xg € E and the sequence {D(xn,z0)}52; is bounded, then
the sequence {x,}52 1 is also bounded.
Lemma 2.7. (Reich and Sabach [45]) Let f : E — (—o00,+00) be a coercive and
Gateaux differentiable function. Let C be a closed and convex subset of E. If the
bifunction g : C x C — R satisfies conditions (A1)-(A4), then,
1. Resi]c is single-valued;
2. Resg is a Bregman firmly nonezrpansive mapping;
3. F(Res]) = EP(g);
4. EP(g) is a closed and convex subset of C;
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5. forallxz € E and q € F(Resg),
Dy(q, Res}(x)) + D¢ (Res} (), 2) < Dy(q, z)-

Lemma 2.8. (Xu [53]) Let {a,} be a sequence of nonnegative real numbers satisfying
the following relations:

apy1 < (1 - an)an + apon + Yny, N2> 0,

where,

(i) {an} € [0,1], Y an = o3

(i) lim sup o,, < 0;

(111) vn, > 0(n > 0),> vn < 00.

Then {a,} — 0, as n — oo.

Lemma 2.9. (Mainge [34]) Let {a,} be a sequence of real numbers such that there
exists a subsequence {n;} of {n} such that a,, < an,+1 for alli € N. Then there exists
a nondecreasing sequence {my} C N such that my — oo and the following properties
are satisfied by all (sufficiently large) numbers k € N:

Oy, < A1 and ag < Gppyt1-

In fact, mp = max{j < k:a; < ajy1}.

Lemma 2.10. (Suantai et al.[52]) Let E be a reflexive real Banach space. Let C' be
a nonempty, closed and convex function of E. Let f : E — R be a Gateaux differen-
tiable and totally convex function. Suppose T is a left Bregman strongly nonexpansive
mappings of C into E such that F(T) = F(T) # 0. If {x,}52, is bounded sequence

such that x,, — Tz, — 0 and z := rojg;u, then
lim sup(z,, — z, Vf(u) — Vf(z)) <O0.
n— oo

Lemma 2.11. ([44]) Let A : E — 2" be a mazimal monotone operator such that
AY0*) = 0. Then

Dy(p, Res{ 4 (x) + Dg(Res] 4 (), x) < Dy (p, )
for all A > 0,p € A71(0%) and z € E.

3. MAIN RESULTS

Theorem 3.1. Let E be a reflexive real Banach space and C a nonempty, closed
and convex subset of E. Let {Tj};";l be an infinite family of left Bregman strongly
nonezpasive mappings from C' into itself and F(T;) = F(Tj), Vj > 1. Let gi :
CxC — R (k=1,2,.. N) be bifunctions satisfying conditions (A1) — (A4). Let
By : E — E* (k=1,2,..,N) be continuous and monotone mappings, ¢ : C —
R U {+o0},(k = 1,2,...,N) be proper lower semicontinuous and convex functions.
Let f : E — R be strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convexr on bounded subsets of E such that C C
int(domf) and A; : E — 25 (i = 1,2,..., N) be mazximal monotone operators, such
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YN (NN EP(Gy) N (NN, A;71(0)) # 0. Then the sequence {z,}
generated for arbitrary u, r1 € E by

o Res’

f f
AT AN © © Res}‘%A2 © Res}\iLAlxn’

Up = ReséN o ReséN_1 0..0 Resé2 o Resélyn,
Tni1 = V[ (anV f(u) + B,V fun) + Zji1 i V[ (Tjun)), Vn > 1,
<_
converges strongly to a point p = Projg;u € Q, where

G(z,y) = g(z,y) + (Br,y — x) + o(y) — p()

and the sequences aup, Bn, Ynj and Ay, satisfy the following conditions:

(1) limy oo @ = 0;

oo
(i) Z Q= 00;
n=1

(i) on + B + > Ynj = 1;

j=1

oo
(iv) 0 < a < B, Z’ynj<b<1;

j=1
(v) liminfA\f > 0 for each k =1,2,...,N.
n—oo

A prototype example of the control sequences are:

Qp =

1
n+6

n? +6n+9 1

= e mr s M T ey

Proof. Tt is known (see [54]) that the function

G(z,y) == g(x,y) + (Bx,y — ) + ¢(y) — ()
satisfies (A1) — (A4) and GM EP(g, ¢, B) is closed and convex.
For any z* € Q, then from (3.1), we have that

Df(x*uyn) =

<

<
Also from (3.1), we
Dy(z*, uy)

Df(.%'*
Df(x*

Df(x*

have

<

IN

(3.1)

f f f f
’ReSMYAN o Res/\ff‘lAN,l o o ]*’LesA%A2 o Res/\}LAlxn)
f f f
,Res}\g,lm\’_1 0---0 ResA%A2 o ResA%,Alxn)
axn)-

Dy (z™, ReséN o Resé}w1 0.0 Resé2 o Resélyn)
Dy (z™, Reséz\,i1 0..0 Resé2 ° Resélyn)

Df(fC*,yn)-
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Again from (2.8), (3.1), (3.2) and (3.3), we have

Dy(a",@nt1) = Dy(@*, Vf*(anV f(u) + BV f (un) + 105V f(Tjun)))

=1

< o Dy(a*,u) + Bu Dy (2" un) + D g Dy (@™, Ty (un))

Jj=1

< 0, Dy (2%, u) + Bu Dy (2% un) + Y Yo Dy(x*, 1)
j=1

= anDy(a",u) + (Bp + Y ) Dy (", un)
j=1

< an Dy, u) + (B + ) v0g) Dy, yn)

j=1
< CYan(CL'*, u) + (Bn + Z'Ynj)Df(x*7-Tn)
j=1
=a,Dy(z",u) + (1 — ap)Ds(x*, z,)
< max{Dy(z",u), Dy(z", zn)}

< max{Dy(z",u), Ds(z",x1)}. (3.4)

Therefore {Dy(z*,2,)} is bounded and so also are {Dy(z*, u,)} and {Ds(z*, yn)},
and consequently, we have that the sequences {z,}, {u,} and {y,} are bounded.
Moreover,

Df(x*aun-i-l) S Df(.lf*, xn—f—l)

= Vf(x*’ Oéan(u) + anf(un) + Z’YnJVf(Tjun))

J=1

< Vi(a®, anV f (W) + BV f(un) + > 1 VF(Tjun)

J=1

— an(Vf(u) = V(@) = (VI (anV f(u) + B,V f (un)
+ 3 VI (Tjun)) — 2, —an(V f(u) = Vf(z")))

j=1

= Vi(a*, anV (@) + BuV f (un) + Y gV f (Tyun))

j=1

+ an(@pt1 — 2%, V(u) = V("))
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= Dy(a", VI (nV (@) + BV (tn) + Y Y0 VF(Tjun))
j=1

+ an(@ns1 — 2", VI(u) = V(@)

j=1
+ Oln<~73n+1 - 33*7 Vf(u) - Vf(x*)>
= BuDy (@ n) + 3 g Dy (2, Tytn)
j=1

+ o (@p1 — 2", Vf(u) = Vf(z"))

< BnDy(z*,u,) + Z’ynij(x*,un)

+ ap(Tns1 — 2%, V(u) = Vf(@"))
= (1 —an)Ds(x*, up) + an(Tpe1 — ™, Vf(u) — Vf(z")). (3.5)

We now consider two cases to obtain strong convergence.
Case 1. Suppose that there exists ng € Nsuch that {Dy(z*, u,)}52; is monotonically
nonincreasing. Then {Dy(z*, u,)}52; converges and

D¢(2z", ups1) — Dy(x™, un) = 0,n — oc0.

Let s, = V/* (£22- V£ (uy) + chii;Z"fo(Tjun)). Then,

Di(@'ysn) = Dy’ VI (720 (un) + 5= 22V (Tjun)
n
ﬁn * Z;ilfynj *
< TPDslat ) + U D Tyu)
ﬁn * Z;.i17nj *
< D n D )y 'n
< PPD ) + D )
Bn"‘zﬁlr}/n]’
el Ly s PP T 3.6
< SRR ) (36)
Thus,
0 < Dg(x%un) = Dy(x7, 5n)
Dy(@",un) = Dp(a", tng1) + Dy(2", uny1) — Dy(a", sn)
< Dy(a*,un) — Df(a™, uny1) + Dp(z™, png1) — Dy(x™, sp)
< Dy(z*, uy) (", Unt1) + an Dy (", u)

— Dy
+(1 = an)Dy(x", sn) — Dy(x", 5n)
Df('r*aun) _Df(x*vun-i-l)

+an(Dy(z",u) — D¢(z*, 55,)) = 0, — 0. (3.7)
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Furthermore,
* 6% * Zjoil ’an *
< ==L " )
Df(fE ,Sn) = 1_aan(Ivun)+ 1—a, Df(IaT]un)

20‘11 Ynj * Zoil Tnj *

= (1 - 1]_ ay, )Df(d? ,Un) + 1J_ an Df(w 7Tjun)
* Zoil Tnj * *

= Dy(z" un) + 71]_(1 (Dy(@", Tjun) — Dy(a", un)).  (3.8)

Therefore from (3.8), we have

(Dy (2, un) — Dy(x*, Tyuy)) < Dy(a*,un) — Dy(x*, 5,) — 0,0 — 0. (3.9)
Since T} is left Bregman strongly nonexpansive, we obtain that
nh_)rrgo Dy (up, Tjuyn) =0,
which implies that
”11_>H;O [l — Tjun,|| = 0. (3.10)

Since {uy} is bounded and E is a reflexive Banach space, there exists a subsequence
{tn,} of {u,} that converges weakly to p € C. It then follows from (3.10) that

p € N2 F(Ty), since F(Ty) = F(T}).
We next show that p € N2, EP(Gy) = N2, GMEP(Fy,, vk, By).
Denote 6 = Resék o R&sék_IO,...,OResé1 for k =1,2,...N and ©g = I. We note
that u,, = ©ny,. Now, by using the fact that Resék, k=1,2,--- N is properly left
Bregman nonexpansive mapping, we have

Dy(z*, uy)

*

Df(x ) @Nyn)

Df(x*,ReséN@N_lyn)

Dy(z™,©On-1yn) < -+ < Dg(2", yn)

Dy(z™, xy). (3.11)

[VANVAN

Since z* € EP(GyN) = F(Resén), then from Lemma 2.7, (3.3) and (3.11), we have

Df(un,ReséN@N,lyn) Df(ReséN@N,lyn), ON-1Yn)
< Dy(z",On_1yn) — Ds(z*, uy)
< Dy(z*,yn) — Dy(z", upn)
< Dy(x*,xzn) — Df(x™,up)
< (1 —an-1)Ds(@™, un—1)
+op_1(zy, — 2", Vf(u) — Vf(@")) — Dp(z*, up)
< a1 M

+Dg(x*, up—1) — Dy(z*,uy) — 0,n — 00, (3.12)
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where M > 0 is such that Ds(a*, up—1) + (xn, — 2*, Vf(u) — Vf(z*)) < M.
Therefore,
Jim D(Onyn, On-1yn) = lm Dy (un, On-1yn) = 0.
From Lemma 2.5, we have
lim |0y, — 0N "1y,|| = lim [|u, — N 1y,|| = 0. (3.13)
n—oo n— oo
Thus, we have from (3.13) that
Tim [[V(6%y,) = VFO 1y, = 0. (3.14)
Again, since z* € EP(Gny_1) = F(Resé}\_l)7 it follows from (3.11) and Lemma 2.7
that
Df(@Nilyrn @N72yn)

Il
!
Ry
=
)

( SéN_1@N72yn,@N72yn)
Dy(z*,0% %y,) — Dy(a*, 0" 1y,)
Df(x*vyn) - Df($*>un)

VAN VAN VAN VA

+Dy(z" ,up—1) — Dg(x*, up) — 0,n — 00. (3.15)

That is,
lim D(ON 1y, 0N "2y,) = 0.
Hence from Lemma 2.5, we have
lim [[©N 1y, — 0N "2y, || =0, (3.16)

and consequently we have
lim ||V /(O 'y,) = V(O 2y,)[| = 0. (3.17)

n— o0

In a similar way, we can verify that

lim ||©N 2y, —0N3y,||=---= lim [|®'y, —y.|| = 0. (3.18)
n— o0 n—00
It is now easily seen from (3.13),(3.16) and (3.18), that
lim 0%y, — 0% 1y, || =0,k =1,2,---,N. (3.19)
and
lim ||u, —yn|| =0.
n— o0
Now since u,, — p and lim,, o ||n—yn|| = 0, we have that y,,; — p. Also from (3.13),

(3.16), (3.18) and y,,, — p, we have that Oy, — p,j — oo, forecach k =1,2,--- , N.
Again using (3.19), we get that

lim [|V£(©"yn) — V(O lyn)[[ =0,k =1,2,--- . N. (3.20)
Therefore by (2.7), we have that for each k =1,2,--- | N,
Gk(ekynjay) + <y - ekyn17vf(®kynJ) - vf(@k—lynj)> > 07 Vy eC.
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Again using (A2), we obtain
(y — 0 yn,, V(O yn,) = V(O yn,)) > Gi(y, 0 yn,). (3.21)
Thus, a combination of (A4),(3.20),(3.21) and ©Fy,, — p,j — oo, gives us that for
each k=1,2,--- N,
Gr(y,p) <0, Vy € C.
Then for fixed y € C, let 2z, := ty + (1 — t)p for all ¢ € (0,1]. This implies that

2ty € C and further yields that G (2, p) < 0. It then follows from (Al) and (A4)
that

=
I

Gr(zty: 2ty)

< tGr(2y,y) + (1 = 1)Gr(2ty,p)

< tGr(2ey,Y)-

Hence, from condition (A3), we obtain G(p,y) > 0, Vy € C, which implies that

p € Nh_,EP(Gy).

Next, we show that p € NN, A71(0) = ﬂﬁilF(Resf\ci A
Set ®* = Resf\C;Ai o Resig_lAFl 0---0 Resf\%A2 ) Resﬁlﬁq17 for each i =1,2,--- , N,

and ®° = I. We note that y,, = ®'z,,.
Since 2* € Ay'(0), by Lemma 2.11, we have
Dy (yn, @ H(wn)) < Dy(a®, @V (20)) = Dy (2™, yn)
Dy(z®xn) = Dyp(z", yn)
(1 —an—1)Ds(a", up—1)
tan-1(zn1 — 2", Vf(u) = Vf(@")) = Ds(z", yn)
< ap_1Mi+ Dy(x*, up—1 — Dy(z",un) = 0,n = od(3.22)

IN

where M; is such that Dy (2", tp—1) + 0n—1(2n—1 —2*, V f(u) =V f(2z*)) < M;. Since
f is sequentially consistent, then we have from (3.22) that

lim ||y, — ®N 1, || =0, (3.23)
n—oo
and hence
lim ||V f(2n) - Vi@ 1z, = 0. (3.24)

Again, since z* € Aj}ll(O), by Lemma 2.11, we have
Dp(®N (), @V 2 () Dy(a*, @ "2(2,)) — Dy(x*, @V ()
Dy(z*,2pn) — D(2", yn)
Op—1 My
+Df(z", up—1) — Dy(z*, upn) = 0,0 — 00(3.25)

IA A IA

Thus since f is sequentially consistent, we have

lim [0V (2,) — @V 2 ()| = 0, (3.26)



ITERATIVE SCHEME 349

and hence
Tim [[VA(@N T (20)) = V@V ()| = 0.

Following the same procedure, we have that
T [[8Y () — @V ()| = - = Tim (|8} w,) — | = 0. (320)
Therefore, from (3.23),(3.26) and (3.27), we conclude that
nli_)rr;OHCI)i(xn) — o Hx,)||=0,i=1,2,---,N

and
lim ||Vf(<I>i(xn)) — Vf(q)i_l(xn))ﬂ =0. (3.28)
n—oo
Thus we have that
lim ||y, —x,|| =0.
n— oo
Since y,, — p and lim, llyn — zn|| = 0, we have that Tn, — p. For each i =

1,2,---, N, we note that ®¥(x,,) = Resf\C%Aidﬂ_l(mn) and therefore

, 1 . ,
|[Axi, @' 2n|| = yllvf@“l(wn)) = V(@ (zn))]]-

Hence from (3.28) and the condition lim,, o, A%, > 0, we have
lim ||[Ayi @', || = 0. (3.29)
Now since (®'ay,, Ay: &'~ (xy,)) € G(A;) for each i =1,2,--- , N. If (w,w*) € G(A;)
for each i = 1,2,--- | N, then it follows from the monotonicity of A;,i =1,2,--- | N,
that ' .
(w* — Akglsz_l(:ﬂn),w — d*(x,)) > 0.
Since x,,; — p, then @i(xnj) — p for each i =1,2,--- | N. Thus from (3.29), we have
<w*7 w — p> Z 07
and since A; is maximally monotone for each i = 1,2,--- , N, we conclude that p €
N, A7H(0).
Thus we have
p € F(T) N (ML EP(Gy)) N (N{L A7 (0)),
that is

We now show that {x,} converges strongly to z := ?rojéu.

Dy(un,Tnt1) = Dy(un, VI (anVf(u) + BnV f(un) + Z’Yﬂjvf(Tun)))

J=1

< Oanf(Un, u) + Ban(una un) + Z"Ynij(una Tun) — 07 n — o0.
j=1
Therefore, by Lemma 2.5, it follows that

[|un, — Zny1l] = 0,n — oo,
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Now,
lzn = 2ngall < Mlon = ynll + llyn — unll + [Jun — znial] = 0,0 — oo

Let z := $roj£u, we now show that
limsup(x,+1 — 2z, Vf(u) — Vf(z)) <O0.

n—oo

Choose a subsequence {z,, } of {x,} such that
limsup (e — 2 Vf(w) = VF(2)) = lim (2, — 2,V f(u) - V(2)).
j—o0

n—oo

Then, from ||z, — Zp41]| = 0,n — 00 and Lemma 2.10, we have

limsup(zn+1 — 2, Vf(u) — Vf(z)) = limsup{x, — 2z, Vf(u) — Vf(z)) <0.

n—o0 n—oo

Now, from (3.5),

(1 —an)Dy(z, un) + an(Tn1 — 2, Vf(u) = Vf(2))
(1 - an)Df(zvyn) + an<33n+1 -z Vf(u) - Vf(z)>
(1 —an)Ds(z,2n) + an{Tnt1 — 2, V(u) — VI(2)).

Df(Z, xn-‘rl)

IA A CIA

Hence by Lemma 2.8, we obtain Dy(z,z,) — 0,n — oo and so
[|zn — 2| = 0.

%
That is {z,} converges strongly to z := Projg;u.
Case 2. Suppose there exists a subsequence {n,} of {x,} such that
D¢(x*,2p,) < Dg(x™, 2y, 41) Ve € N.
Then by Lemma 2.9, there exists a nondecreasing sequence {m.} C N such that
My — 00, T — 00,
Df(x*v me) < Df(‘r*7 me"Fl)

and
Dy¢(z*,z:) < Dy(x*, @, 41) V7 € N.
Again, let
* /8 s Zoil 7”7]
ne 1= VI (o= V flun,) + =V (Tun,))
Then
Dy s0) 4 Dyl V(G () + ZE G (15, )
nr N,
n * Oi Yn.j «
(1f ~—)Dy(x", un,) + Xi]_l 2Dy (", Ty, )
N Ay
ne T2 5e1 Yor
< (ﬁ 2i=1) LDy (", )
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Therefore,
0 < Dyp(a® un.) = Dy(a", sn,)
= Dp(z" un,) = Dp(2” un, 1) + Dy (2", tn, 1) — Dy (2™, $n, )
< Dy(x*,un,) — D™ tn, +1) + D(x™, @p, 11) — Dy(x”, sn,)
< Dy(a*,uy, ) — Ds(z", unTH)—i—anTDf(x ,u)
+(1 —an, )Ds(x",5n,) = Dy(x", sn.,)
= Dys(z",up,)— Ds(z" unﬁ_l)—i—ozn (Dy(z*,u) — Dy(z*, sp,) — 0,n — 0.
Furthermore,
(o)
Dy(x*, sn.) < I 6”(;% Dy(x*,upn, )+ Zij_lozzl:j Dy(z*, Tju,..)
o0 o0
—(1- ZFl7"”)1r)f(gc*,un )+ 2= g Dy(a*, Tyu,, )
1—ay, T 1—oy,,
= Dy )+ 0 (D0 Ty, - Dyl ). (330
— .

o0
Xijﬂo?:d (Dy(z*,un.) — Dy(z*, Tjuy.)) < Dy(x*,upn, ) — Dp(x*, sp,) = 0,n — o0
(3.31)
Since T is left Bregman strongly nonexpansive, we obtain that
TILH;O D¢ (up, , Tjun,) =0,
which implies that
TILHC}O l|tn, — Tjun, || = 0. (3.32)
By the same arguments as in Case 1, we obtain that
limsup(z,. 4+1 —2,Vf(u) — Vf(2)) <0, (3.33)

T—00

and
Dyp(z,an,41) < (L=an )Ds(z,2n,) + an (Tn, 41 = 2, V(u) = Vf(2)),
which since D¢ (z, 2, ) < D¢(2,2pn, +1) implies
an, Dy(z,2n.) < Ds(z,2n,) — Di(2,Tn, +1) + O, (@n. 41 — 2, Vf(u) = Vf(2))
< an (Tn,41 — 2 Vf(u) = Vf(2)).
Thus since oy, > 0, we have
Dyp(z,an.) < (@41 =2 Vf(u) = VI(2)).
Hence it follows from (3.33) that
lim Ds(z,z,.)=0.

T—00
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Since Dy¢(z,27) < Dy(2, &, +1) for all 7 € N, we conclude that 2, — 2,7 — oco. This
implies that z,, — z,n — oo, which completes the proof.

Corollary 3.2. Let E be a reflexive real Banach space and C' a nonempty, closed
and convex subset of E. Let {Tj}‘;‘;l be an infinite family of left Bregman nonex-
pasive mappings from C into itself and F(T;) = F( i), Vj > 1. Let f: E—- R
be strongly coercive Legendre function which is bounded, uniformly Fréchet differ-
entiable and totally convexr on bounded subsets of E such that C C int(domf)
and A; : E — 2F°(i = 1,2,..,N) be mazimal monotone operators, such that
Q = N2, F(Ty) N (N, A7 1(0)) 7& (. Then the sequence {x,} generated for arbi-
trary u, 1 € E by

{ B Res)\NA © Res,\N lA N—-1 00 Res{%LA2 ° Resi}LAlxn’ (334)

Tnt+l = vf (()éan( ) + ﬂnvf( n) + Zjil VHij(ﬂyn,))7 Vn > 1,

converges strongly to a point p = ?rojgflu € Q, where the sequences ou,, Bn,Vn; and
An satisfy the following conditions:

() lim,, 0 o = 0;
Qi) Yoo oy = 00;
“7’) Qy + ﬂn + Z] 1 Yng = 1
w)0<a< 5n7ZJ:17nJ <b<l1;

) iminfA* > 0 for each k =1,2,...,N.

n—oo

Corollary 3.3. Let E be a reflexive real Banach space and C' a nonempty, closed
and conver subset of E. Let {Tj};";l be an infinite family of left Bregman non-

(
(
(
(v

expasive mappings from C into itself and F(T;) = F(Tj), Vi > 1. Let g :
CxC —= R,(k=12,..,N) be bifunctions satisfying conditions (Al) — (A4). Let
By : E — E*(k =1,2,..,N) be continuous and monotone mappings, ¢ : C —
RU +oo,(k =1,2,...,N) be proper lower semicontinuous and convex functions. Let
[+ E — R be strongly coercive Legendre function which is bounded, uniformly Fréchet
differentiable and totally convex on bounded subsets of E such that C C int(domf),
such that Q := M52, F(T;) N (ML, EP(Gy) # 0. Then the sequence {x,} generated
for arbitrary u, x1 € E by

Uy = ReséN o ReséNi1 0...0 Resé2 o Resélmn,
Tpy1 = VI (@ Vf(u) + BV f(un) + Zjoi1 'Ynjvf(Tjun))a Vn > 1,

converges strongly to a point p = ﬁroj'g’;u € Q, where G(x,y) := g(x,y) + (Bx,y —
x) + o(y) — o(x) and the sequences o, B, and yn; satisfies the following conditions:
Z) limy, 00 0y = 0;

(

(i) Z _1 Q= 00;
(i1

(

(3.35)

Zz)an+ﬂn+23 1 Vnj = 1;
) 0<a</3’n,zjzlfym <b<1.

4. APPLICATIONS

4.1. Convex feasibility problem. Let {K j};'”;l be nonempty closed and convex
subsets of F such that N%2, K; # (). The convex feasibility problem (CFP) is to find
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f
r € N2, K;. Obviously F(%rojKj) = Kj for all j > 1. If the Legendre function
is uniformly Fréchet differentiable and bounded on bounded subsets of E, then the

= f f ~ f
Bregman projection Proj, is BFNE, hence BSNE and F(?rojKj) = F(?rojKj)

(see, [46] Lemma 1.2.3). Thus, if we take Tj = ?rojf(j in Theorem 3.1, we get a strong
convergence theorem for approximating the solution of convex feasibility problems, a
common solution to a finite system of generalized mixed equilibrium problems and a
common element of the set of zeros of a finite family of maximal monotone operators.
Theorem 4.1. Let E be a reflexive real Banach space and C a nonempty, closed

~ f
and convex subset of E. Let T; = PTOjK,»} where {Kj}z?‘;l, are nonempty closed and
convex subsets of C. Let g, : C x C = R, (k =1,2,...,N) be a bifunction satisfying
conditions (A1) —(A4). Let B, : E — E*,(k=1,2,...,N) be a continuous and mono-
tone mappings, ¢ : C — RU{+o0}, (k =1,2,..., N) be a proper lower semicontinuous
and convex functions. Let f : E — R be strongly coercive Legendre function which is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of E
such that C C int(domf) and A; : E — 25" (i = 1,2, ..., N) be mazimal monotone op-
erators, such that Q := M52, F(T;) (ML EP(G)N(NYL, A;) # 0. Then the sequence
{z,} generated for arbitrary u, x1 € E by
iﬁl—lAN_l 0---0 Res§%A2 o Res{zAl:L“n,
Uy = ReséN o ReséN_1 0..0 Resé2 o Resélyn, (4.1)
Tng1 = VI (@ V (W) + BnV f(un) + 32721 10V (Tjua)), ¥n =1,

converges strongly to a point p = ?Toj'g’;u € Q, where G(x,y) := g(x,y) + (Bx,y —
x)+p(y) —p(x) and the sequences auy,, B, Yn; and A, satisfy the following conditions:
(1) limy, o0 ap, = 0;
i) S o = 00;
i11) an + Bn + Z]Oil Yng = 1
w) 0<a< Bn,zjo-il'ynj <b<1;
v) liminfA* > 0 for each k = 1,2, ..., N.
n—oo

(
(
(
(

4.2. Zeroes of Bregman inversely strongly monotone operators. Let the Le-
gendre function f be such that

ran(Vf —A) Cran(Vy). (4.2)
The operator A : E — 28" is called Bregman inversly strongly monotone (BISM) if
(domA) N (int(dom f) # 0
and for any z,y € int(domf), and each £ € Azx,n € Ay, we have
(€=n, VI (Vf(x) =& =V (VIly) —n) = 0.

This class of operators was introduced by Butnariu and Kassey (see [18]). For any
operator A : E — 27 the anti resolvent Af : E — 2 of A is defined by

AT =V f*o(Vf-A).
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Observe that domA/ C (domA) N (int(domf) and ranAf C int(domf). The operator
A [18] is BISM if and only if the anti-resolvent Af is a single valued BENE operator.
Some examples of BISM operator can be seen in [18]. From the definition of anti-
resolvent and ([18], Lemma 3.5), we obtain the following proposition.

Proposition 4.2. Let f : E — (—o0,+0o0] be a Legendre function and let A : E —
2E" be a BISM operator such that ATL(0)* # 0. Then the following statements holds;
(i) A=1(0)" = F(AT),

(i3) For any u € A~1(0)* and x € dom A7, we have
Dy(u, AT) + Dy(Alz,2) < Dy (u,z).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on
bounded subsets of E, then the resolvent of A/ of A is a single-valued BSNE operator
which satisfies F(A7) = F(A') ([46] Lemma 1.3.2).

In Theorem 3.1, if we let T; = Alf and let f be the Legendre function such that
(4.2) is satisfied then we obtain the following result for approximating a common
zeroes of infinite family Bregman Inversely Strongly Monotone Operators, a common
solution to a finite system of generalized mixed equilibrium problems and a common
element of the set of zeros of a finite family of maximal monotone operators.
Theorem 4.3. Let E be a reflexive real Banach space and C' a nonempty, closed and
convex subset of E. Let {T};}32 17{A 5l Letgk:CxC%R(kfl 2 N) be
bifunctions satisfying conditions (Al) — (A4). Let B, : E — E* (k . N)
be continuous and monotone mappings, pr : C — R U {400}, (k 1 2 .wN)
be proper lower semicontinuous and convexr functions. Let f : E — R be a
strongly coercive Legendre function which is bounded, uniformly Fréchet differen-
tiable and totally convexr on bounded subsets of E such that C' C int(domf) and
A, « E — 2F (i = 1,2,...,N) be maximal monotone operators, such that Q :=
N F(T;) N (NN, EP(Gy) N (NN, A;71(0)) # 0. Then the sequence {x,} generated

j=1
for arbitrary u, x1 € E by
= Res/\NA o Resig_lANi1 0---0 Res{\iAz o Res{;Alxn,
Up = ResGN o ReséNi1 0..0 Resé2 o Resélyn, (4.3)

Tpy1 = Vf* (Ozan(u) + ﬁnvf(un) + Z(;il 77Ljvf(Tjun))v Vn > 1,

converges strongly to a point p = ?rojg;u € Q, where G(z,y) = g(z,y) + (Bx,y —
z)+(y) —p(x) and the sequences o, B, Yn; and A, satisfy the following conditions:

(1) limy, 00 @ = 0;

( ’L) Zn 1 On = OO/

(i1i) o + B + 30521 Ynj = 15

(v) 0<a< ﬂn,zjzl Ynj < b <1

(v) hnrr_1>1£f)\n >0 for each k=1,2,...,N.

4.3. Variational inequalities. Let A : F — E* be a BISM operator and let C be
a nonempty, closed and convex subset of domA. The variational inequality problem
corresponding to A is to find Z € C' such that

(AZ,y— %) >0, Vy e C. (4.4)
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The set of solutions of (4.4) is denoted by VI(A,C).

Proposition 4.4. ([45|Proposition 8) Let f : E — (—o00,+c0] be a Legendre and
totally convex function which satisfies the range condition (4.2). Let A: E — E* be a
BISM operator. If C is a nonempty, closed and convexr subset of domA Nint(domf),

then VI(A, C) = F(Projl, o AT).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on
bounded subsets of E, the anti-resolvent A7 is single-valued ([18], Lemma 3.5(d))and
BSNE operator (see Section 2 and [18] Lemma 3.5(c)) which satisfy F(A7) = F(A').

Since the Bregman projection ?rojg is a BFNE operator, it is a BSNE which satisfy
F(?rojé) = F(?rojé). It now follows (see [42] Lemma 2) that <]Srojé oAl is also a
BSNE operator which satisfies F(%rojé o Af) = F(?rojé o A'). From Proposition
4.4, we know that F(%rojé o A7) = V(A,C). Therefore in Theorem 3.1, if we let

T, = ?rojéoAf , we get an algorithm for finding a common solution to the variational
inequality problem corresponding to infinitely many BISM operators and system of
equilibrium problem.

Theorem 4.5. Let E be a reflexive real Banach space and C a nonempty, closed
and convex subset of E. Let A; : E — E*, j > 1, be an infinite family of BISM

operators such that C C domA; and {T;};2, = {?Tojé o A;}j’;l Let g, - C x
C — R, (k=1,2,...,N) be bifunctions satisfying conditions (Al) — (A4). Let By :
E — E* (k= 1,2,...,N) be continuous and monotone mappings, ¢ : C — R U
{+o0},(k = 1,2,...,N) be proper lower semicontinuous and convex functions. Let
f + E — R be a strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convexr on bounded subsets of E such that C C
int(domf) and A; : E — 28 (i = 1,2,...,N) be mazimal monotone operators, such
that Q := M52, F(T;) N (ML, EP(Gy) N (NN, A71(0) # 0. Then the sequence {x,}
generated for arbitrary u, x1 € E by
f

N—1
An AN-—1

Up = ReséN o ReséN_1 0..0 Resé2 o Resélyn, (4.5)
Tnt1 = V@V (W) + BaV f (un) + 352 sV (Tjun)), ¥n > 1,

converges strongly to a point p = <]37"(1]'5’;u € Q, where G(z,y) = g(z,y) + (Bx,y —
z)+(y) —p(x) and the sequences oy, Bn,Yn; and A, satisfy the following conditions:
(1) limy, oo @ = 0;

(i) >nzy an = 00

(i) G B + 50 Ty = L

(

(

_ f . f f
Yn = RESAQ’AN o Res o o ResA%A2 o Res)\;Alxn,

) 0<a<fBn, ) 0 Vng <b<1;
v) liminfA¥ > 0 for each k =1,2,...,N.
n—oo
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