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Abstract. A generalized Liiders operation on states of a von Neumann algebra is considered, and
the fixed points of this operation are investigated. In particular, a description of the fixed points is
obtained for arbitrary semifinite von Neumann algebras, generalizing thus the one obtained for the
full algebra. There is some similarity between the results for the Liiders operation on states and the
results for the analogous Liiders operation on the algebra, however, the analogy is not complete and
the difference is already seen for the full algebra.
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INTRODUCTION

In 1951 G. Liiders [6] defined the following operation for bounded operators on a
complex separable Hilbert space ‘H

T Zeixei, x € B(H),

where {e;} is a countable partition of the identity into pairwise orthogonal projections,
and characterised the fixed points of this operation as those x’s which commute with
all the e;. Since then various generalizations of the Liiders operation have been
considered and their fixed points analysed (see [1, 2, 5, 7, 9]). The most general form
of this generalized Liiders operation is

T Zafxai, x € B(H),

(3

* *
g a;a; = g a;a; = 1.
i i
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with the assumption
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It is immediately seen that if £ commutes with all the a;, then it is a fixed point of
this operation; however, the natural conjecture that the converse is also true turned
out false as shown in [1]. On the other hand, if the generalized Liiders operation
is considered for normal states on B(#), given as is well known by density matrices
(i.e. positive operators of trace one), then the fixed points coincide with the density
matrices which commute with all the a; (see [2]). This result raised the natural
question about the fixed points of the generalized Liiders operation for normal states
on an arbitrary von Neumann algebra, or slightly more general: the fixed points of the
generalized Liiders operation on the predual of a von Neumann algebra. In the paper,
we investigate this problem for semifinite algebras, and show that the fixed points
again coincide with the normal functionals that commute with all the a;. It turns
out that the same also holds true for an arbitrary algebra, but under the additional
assumption that the von Neumann algebra generated by the a; is abelian.

1. PRELIMINARIES AND NOTATION

Let M be an arbitrary von Neumann algebra with identity 1 acting on a Hilbert
space ‘H. The predual M, of M is a Banach space of all normal, i.e. continuous in
the ultraweak topology, linear functionals on M. In the sequel, three basic norms will
be considered: the norm in M, the norm in M,, and the norm in the space L*(M, 7).
They will be denoted respectively by | - [[cc — norm for bounded operators in M, || -||
— norm for bounded functionals, and || - ||; — L'-norm. The same notation will be
employed also for maps on these spaces, thus e.g. for a map ®, the symbol ||®||; will
denote the norm of ® regarded as a map on L*(M, 7).

A state on M is a bounded positive linear functional p: M — C of norm one. For
a normal state p its support, denoted by s(p), is defined as the smallest projection in
M such that p(s(p)) = p(1). In particular, we have

p(s(p)z) = p(as(p)) = p(x), @ €M,
and if p(s(p)zs(p)) = 0 for s(p)as(p) > 0, then s(p)zs(p) = 0.
For any a € M and p € M, we define functionals ap, pa € M, as
ap=p(-a), pa=pla).
Let {a;} be a countable (finite or infinite) family of elements of M such that

Zafai =1 and Zaiaf =1, (1.1)
i i

(for an infinite family, the series is assumed to converge in the o-weak topology, i.e.
the o (M, M, )-topology). By A is denoted the von Neumann algebra generated by all
the a;, A = W*({a;}). Define a generalized Liiders operation ®,: M, — M, by the
formula

O.(p) = aipai, peM,.
i
Observe that if p is positive, then a;pa} is also positive, and we have

Z laipai |l =Y (aipa)(1) = Zﬂ(afai) =p(1),

%
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thus the series is norm-convergent for positive p’s, which yields its norm-convergence
for all p € M,.
The dual map ®: M — M is defined by the condition

q)*(p):poq)v p €M,
and it is easily seen that we have

O(x) = Zafxai, reM,
i

where the series is convergent in the o-weak topology.
Let us look closer at conditions (1.1). The first equality there yields for a state p

(@2(p))(1) =) (aipa})(1) =) plafa;) = p(1),
thus @, sends states to states. The second equality in (1.1) is called the trace-

preserving property (of ®). It is justified by the fact that for the full algebra B(H)
and canonical trace “tr” we have, roughly speaking,

tr®(h) = Ztr(afhai) = Ztr(aia’{h) =tr (Z aial)h =trh,

for trace-class h € B(#H). The trace-preserving property has also one more important
consequence. Namely, denote by Fix ®, the fixed-point space of ®,, i.e.

Fix®, = {p € M, : D.(p) = p}.

By a small abuse of notation, let us agree to denote by M, NA" the set of all normal
functionals which commute with all elements in A, i.e.

M, NA ={peM,:ap=paforall aec A}
Now, the trace-preserving property yields
M, NA C Fix®,,
and for M = B(#), a result in [2], mentioned in the Introduction, gives the equality
Fix®, = M, NA. (FP*)

We are interested in the situations when the above equality holds true. A similar
problem, which however has attracted so far much more attention, is as follows.
Denote the fixed-point space of ® by Fix @, i.e.

Fix® ={zx e M: ®(x) = x}.
Obviously, we have
MNA C Fixd,

and the question is when there is equality above. In general, the inclusion is strict as
shown in [1]. However, if there is a normal faithful ®-invariant state @, i.e. ®,(¢) = ¢,
then ergodic theory for von Neumann algebras yields the following facts:

(i) Fix® =Mn A,
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(ii) there exists a normal faithful conditional expectation
E: M — Fix ® such that p o E = ¢, and

n—1

. 1 k —
nl;ngcﬁ;® () =Ex, zeM,

where the series is convergent in the o-weak topology,
(iii) Fix®, = {poE: p € M,}.

In this case, we further obtain for each p € M,

n—1
k _
Jim =7 p(@"(2)) = p(Bx), @ €M,
k=0
ie.
1 n—1
weak — nh_)rr;<> - kzzo@f(p) =poE, peM,.

On account of the Mean Ergodic Theorem in Banach spaces (cf. [4, Theorem 1.1]),
we infer that for each p € M,

n—1

1 .
norm — lim — Z ®k(p)=poE.
k=0

n—oo n

To finish our considerations concerning the fixed-points of @, let us note that if the
algebra A is abelian, then we again have the equality Fix ® = M N A’ as shown in [9].

In the course of our analysis, we shall be concerned with slightly weaker conditions
on the a;, namely,

Zafai =1 and Zaia;‘ =c<1, (1.2)
i i

where c is some positive operator in M. Consequently, in this situation, we shall aim
at showing the inclusion

Fix®, C M, NA".

Together with the operations @, and ® we shall consider conjugate operations P,
and ® defined on M, and M, respectively, by the formulae

&)*(p)zza:pa’u peM*a
i

and
O(x) = Zaixaf, xeM.
i
The maps ¢ and ® are completely positive and
[Plloc =1, [[®lloc = llelloo;
in particular, the following Schwarz-Kadison inequalities hold for all x € M

O(2*)®(z) < D(a*z), P(2")P(z) < [P o®(z*z) < D(z*x). (1.3)
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(Later it will be shown that if Fix®, # {0}, then |¢|lc = 1.) Moreover, since

(®,)* =@ and (D,)* = @, we have
[l = [|Pllc =1 and  [[®sf| = [[@]loc = [l€]lcc-
2. FIXED POINTS

Lemma 2.1. Let 0 < ¢ € Fix O, be faithful. Then the linear space {a'p : o' € Fix @}
is norm-dense in Fix ®,.

Proof. The results in ergodic theory mentioned earlier, yield that Fix ® = MN.A’ and
Fix ® = E(M), where E is the conditional expectation described before. On account
of [3, Lemma 7], Fix @, is isometrically isomorphic to the predual of Fix ®, and this
isomorphism is given by

Fix®, 3 p +— p|Fix® € (Fix ®).,.
Since ¢ is faithful, the space
{d'(p|Fix®) : a’ € Fix®}

is norm-dense in (Fix®).. Indeed, should it be not so, then there would be an
0 # zg € ((Fix®),)* = Fix ® such that

(a’@)(wo) =0
for all o’ € Fix ®. Taking a’ = z§, we would obtain
Sﬁ(l'oxa) - 07

so xg = 0, giving a contradiction.
For every ¢’ € Fix® and every x € M, we have

(d'¢)(Ex) = p((Ez)a’) = p(E(zd)) = p(za’) = (d'¢)(2),
showing that
(@'g) o = d'p.
Now take arbitrary p € Fix ®,. There is a net {a/ ¢}, with a/, € Fix ®, such that

norm — liﬁn(afytp| Fix ®) = p| Fix ®.
Since p is E-invariant, we obtain
lo = abell = ll(p — abp) o Ell = |I(p — a50)| Fix @] — 0
which proves the claim. O

As a starting point in our investigation of the fixed points, let us note the following
result.

Theorem 2.2. Let M be an arbitrary von Neumann algebra, and assume that there
is a normal faithful state o € M, NA’. It follows that

Fix®, = M, NA". (FP*)
Moreover, we then have Zaia;‘ =1.

7
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Proof. Indeed, since Fix® C A’, we have for all o’ € Fix® and all a € A

a(a'e) = d'(ap) = a'(¢a) = (d'¢)a,
which means that all a’¢ commute with A. From the denseness of the set of all a’p in
Fix ®,, it follows that all elements in Fix &, commute with A, showing that equality
(FP*) holds.

Moreover, we have
= aipa; =Y aia} =g,
i i
hence for each x € M, we get

() (1) = p(x) = (pc)(z) = p(cx) = (2¢)(c),
and since the elements zp for x € M lie densely in M, (cf. the reasoning in the proof
of Lemma 2.1), we obtain

p(1) = p(c)
for each p € M, which yields ¢ = 1. O

From the theorem above, we get
Corollary. Let M be a finite von Neumann algebra. Then equality (FP*) holds.

Indeed, if M is o-finite and 7 is a normal finite faithful trace on M, then it is
immediately seen that 7 € M, NA’. If M is not o-finite, then the reasoning above
applies to a faithful family of normal finite traces on M in place of a single normal
finite faithful trace.

Now, assume that M is semifinite, and let 7 be a normal semifinite faithful trace
on M. An isometric isomorphism between M, and L'(M, 7) is given by

M.2p+—h,e L'M,7),  p(x)=7(zh,), zeM

h, is called the density of p. In line with our previous terminology, we adopt the
notation p = h,7, thus

M, = {hr:hec L'M,7)}.
Let hy € LY (M, 7). There is ¢ € M such that hy is the density of ¢. We have
a;hy € L*(M,7), and thus

Z lashyailly = r(aihya;) =Y r(ajaihy) = Z@(afai)

= (1) =7(hy) = [[h4 1 < o0,

which shows that the series Zaiha;k converges in the norm || - ||; for each hy €

LY (M, 7). Since every h € L*(M,7) is a linear combination of four elements from
LY (M, 7), the series Z |la;hal|lx converges for each h € L'(M, 7). By the same

K3
token, we obtain that the series Z llafha;l|1 converges for each h € L'(M, 7).

K2
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Proposition 2.3. Assume that for @, condition (1.2) is satisfied. Then the following
assertions hold:

(i) ® and ® can be extended to bounded linear maps of norm one from L*(M, 7)
to LY(M, 7) (denoted by the same symbol) such that | ®|; = 1, ||®]l1 < |l¢/loo,
and B
Tod =, Tod <1
(It will be shown later that if Fix ®, # {0}, then ||®|y = 1);
(ii) for any z,h € M N LY(M, 7) we have
7(x®(h)) = 7(®(x)h); (2.1)
(iil) for each p € M., we have

ha,(p) = ®(h,).

Proof. First, take an arbitrary h € M N L' (M, 7). There is p € M, such that h = h,,.
For each x € M N LY(M, 7), we have as before

Y llwaihpaills <Y llzlloolaibpaills = Izl D llaihpal ([ < oo,
Z laizaihpl < Z laizaillllhplloo = [1hplloc Z laizas|ly < oo,

in particular, the series E za;hpaj, E a; xa;h,, g a;hya; and g a;xa; converge

and

in || - ||;-norm. On the other hand, we have
= Zaimai, xzeM,
i

where the series on the right-hand side converges o-weakly. Thus

xz)h, = (Zaixa;‘)hp = Zaixafhp,
x Z ahpa; = Z za;hpa;,

where the series on the right-hand sides of the equalities above converge in || - ||;-norm.
Consequently, we obtain

T(x®(h,)) = ( Zaz s ) :T(zi:xaihpaf>

and

= T(Za za;h ) =T(‘I)($)hp)=

showing (ii). On the other hand, we have
T(zha. () = (24(p))(@) = p(®(2)) = 7(L(2)h,),
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which yields N
T(xh(p*(p)) = T(x@(hp))

for z € M N LY (M, 7). Since M N LY (M, 7) is dense in L*(M,7) in || - ||;-norm, the
equality above holds for all z € L'(M, 7), which means that

hao_(p) = ®(hy)
for all h, € M N L'(M, 7). Taking into account isometric isomorphism between M,
and L'(M, 7), we obtain for such h,

@)l = [1ha. (o1 = 12«(R)]l < lloll = [1Bpll1,

and the denseness of M N LY(M, 7) in L*(M,7) in || - ||;-norm yields the extension of
®. For h, € LY (M,7), we have as before

1B ()11 = T(2(hy)) = D T(aihpa;) = 7(hy) = ||,

i

showing that ||®||; = 1. Moreover, the calculations above yield the relation

Tod=r1
on LY (M, ), and hence on the whole of L*(M, 7). Observe that since for each h €
LY (M, 7) the series Z a;ha? is convergent in the norm || - ||;, we have the formula

K2

®(h) = asha}, heL'(M,7).

The reasoning above may be repeated almost verbatim for ® taking into account
relation (2.2) and the equality

T(@hg, () = (2:(p))(2) = p((2)) = 7(B(2)h,) = T(2(hy)),
giving the formula
for h, € M N L'(M, 7). Further, we have

12(hy) 1 = kg lls = 1B () < [B.]llo]

= llellollpll = llelloo IRl

and thus ||®]]; < ||¢]co-
Let h € LY (M, 7), and let ¢ € M be such that hy, = h. Then

7(®(h)) = T( > a;khai) = > r(aia}h)

7

= Z pla;al) = () < p(1) = 7(h),

showing the ®-subinvariance of 7.
Let now h, be an arbitrary element of L'(M,7). For a given ¢ > 0, choose
hy, € M N LY (M, 7) such that
1Ry = hllr <e.
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We have
[®(hy) — P(hy)llt < IRy — holls <e,

and on account of isometric isomorphism between M, and L'(M, ) we obtain

7. (p) = he.(o) It = [|P+(p) = u()l
<llp=¢ll = 17y = hollr < e
Since
hdu(w) = (T)(hsa)7
we get

1ha.(p) — P(ho)ll1 < lha. (p) — ha (o)1 + B (o) — P(he)[n
+ [|®(hy) — B(h,)|1 <e+0+e=2e,
showing that

ha,(p) = ®(h,). O

Remark. It can be shown that equality (2.1) still holds true if one of the elements,
say , is in M and the other, h, is in L*(M, 7), but we shall not need such generality.

As a consequence of Proposition 2.3, we obtain

Lemma 2.4. Assume that for ®. condition (1.2) holds. Then for each p € M., each
positive integer k, and any xz,h € M N LY(M, 7) the following formulae hold

hat () = ®*(hy), 7(z®*(h)) = 7(®" (z)h).
Proof. Indeed, we have

haz(p) = ha. (@, (p) = P(ha.(p) = D(B(h,)) = $2(h,),

and the general case follows by induction. The second equality is proven in virtually
the same way. O

Assume that there is a normal faithful state ¢ € Fix ®,, and take an arbitrary
p € M,. By the Mean Ergodic Theorem as referred to in Section 1, it follows that

n—1

.1 k
norm — nhﬁn;() - Z DY (p) =pokE,
k=0
where by “norm—1lim” is meant the limit in the norm in M,. On account of isometric

isomorphism between M, and L'(M, ), we get

n—1

. 1
Ik~ lim ;0%5(,}) = hypoE,

and from Lemma 2.4 we get
1 n—1 B
|| : ||1 - nli}H;o E Z (I)k(hp) = hpoIEa hp S LI(M, ’7').
k=0
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Denoting the limit above by ]Ehp, we obtain that E is a positive projection of norm
one from L*(M, 1) onto Fix ® such that

ToE =T.

The next lemma is an obvious result in the theory of noncommutative LP-spaces
but for the sake of completeness we present its simple proof here.

Lemma 2.5. For an arbitrary semifinite von Neumann algebra N with normal semifi-
nite faithful trace v, the space {ay : a € NN LY(N, )} is norm-dense in N,.

Proof. We have
N* = {(M,ZJ ra € LI(N7¢)}7
and the isometric isomorphism between L!(N, 1) and N, given by

LY(N, ) 3 a +— arp € N,,
so the result follows from the || - |[;-norm denseness of NN LY(N, ) in L*(N, ). O

Lemma 2.6. Assume that for ®, condition (1.2) holds, and that there is a normal
faithful state ¢ € Fix®.. Then for arbitrary h, € M N L*(M,7), we have Eh, €
MN LY (M, 7). Moreover, for any a € M N LY(M, 7), the following formula holds

7((Ea)hy) = r(aEhy). (23)
Proof. First note that for h, € M N L' (M, ) we have

s
<o Z 12* () 1o < IlF2p oo

For any a € M N LY (M, 7), equality (2.1) yields

0

T) <; Z_: ‘5k(hp)) = % 3 (a@k % z_: 7'
k=0 T:(l) k=0 (2.4)
= % p(®*(a)) — p(Ea).
k=0

Since the functionals ar for a € M N LY (M, 7) lie densely in M., and the sequence

1 ~
(n Z (Dk(h,,)> is bounded in norm in M, it follows that it converges o-weakly to

an element in M. But this sequence converges in the norm | -||; to Eh,, which means

that Eh, € M.
We have

— Z *(h,) — Eh in || - |1 — norm,
S0

n—1
1 ~ ~
— g a®*(h,) — akh, in |- |1 — norm,
n
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hence .
}7227(a5k0%))497(ﬁhp)
n
k=0
Relation (2.4) yields
1 n—1 . 1 n—1 .
LY 0@ 0,) = () (2 3 (0)) - p(Ea)
k=0 k=0
thus we obtain B
7((Ea)h,) = p(Ea) = 7(aEh,). O

The proposition below shows an important relation between the fixed-point spaces
of the maps ® and ®.

Proposition 2.7. Assume that for ®, condition (1.2) holds, and that there is a
normal faithful state p € Fix ®,. Then

Fix® N L'(M,7) = Fix® N L' (M, 7).

Proof. Let h € Fix®nN LY(M, 7). First, observe that since d is positive, the following
equality holds true N B
&(h*) = d(h)* = h*.
By virtue of relations (1.3), (2.1) and the ®-subinvariance of 7, we have for h as above
0 < 7((@(h) = h)*(®(h) = h)) = 7(B(h")®(h)) — T((D(h")h)+

—7(h*®(h)) + 7(h*h) = 7(®(h*)®(h)) — T(h*®(h))+

— 7(®(h*)h)) + T(h*h) = 7(®(h*)D(h)) — T(h*h)

< 7(®(h*h)) — 7(h*h) < 7(h*h) — 7(h*h) =0,

and the faithfulness of 7 yields

®(h) = h.
In the same way, we show that for h € Fix ® N L*(M, 7), we have
®(h) = h. O

The next result may be compared with Theorem 2.2, however for a semifinite
algebra we may assume a little less.

Proposition 2.8. Let M be a von Neumann algebra with normal semifinite faithful
trace T. Assume that for ®, condition (1.2) holds, and that there is a normal faithful
state p € Fix®,. Then Fix®, C M, NA’".

Proof. First, we shall show that 7| Fix ® is semifinite. Take an arbitrary x € Fix ®,
z > 0. Since Fix® = M NA’, we have

X * *
O(x) = E a;ral = x E a;al =xe=cz <z,
i i

which yields that for arbitrary n the following inequalities hold true
> ®(z) > B%(z) = ... > " (z).
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Since 7 is semifinite, there is 0 < z € M such that z < z and 0 < 7(z) < oo, and
the relation above yields

1 n—1 1 n—1
Ik Ik
EE@(z)gﬁg@(x)éx.
k=0 k=0

Passing to the limit, we obtain
Ez <.
From Proposition 2.3 we get
7(z) = 7(Ez),
hence 0 < T(EZ) < oo. Lemmas 2.6 and 2.7 yield Ez € Fix ®, so the semifiniteness of
7| Fix ® follows. This fact allows us to consider the space L'(Fix ®, 7| Fix ®).
(Observe that we have ®(Ez) = Ez, hence

1®(E=)]l, = |[E2lly = (E2) >0,
showing that ||®]|; = 1.)

Now we shall show that for any o’ € L'(Fix ®, 7| Fix ®), we have a/T € Fix ®..
Assume first that o' € Fix® N LY(Fix®, 7| Fix®) = Fix® N L'(M, 7). Then by
Lemma 2.7, @’ € Fix ®, which means that Ea’ = a’. For any z € M N L*(M, 1), it
follows from relation (2.4) that

(a'7)(Ex) = 7((Bz)a’) = 7(aEd’) = T(za’) = (a'7)(z),
and the o-weak denseness of M N LY(M, 7) in M yields
(a'T)oE =d'T.
Since Fix ® N L (Fix ®, 7| Fix ®) is dense in L!(Fix ®, 7| Fix ®) in the norm || - |1, the
equality above holds for all @’ € L*(Fix @, 7| Fix ®) meaning that a/7 € Fix ®,.
Further, we have
(Fix®), = {d/(1|Fix®) : o’ € L*(Fix ®, 7| Fix ®)},
and the isometric isomorphism
Fix ®, 5 p +— p| Fix® € (Fix ),
between Fix @, and (Fix @), yields the equality
Fix®, = {a'7 : d’ € L*(Fix ®, 7| Fix ®)}.

Since

{d/(r|Fix®) : d’ € Fix® N L' (Fix @, 7| Fix @)}
is norm-dense in (Fix ®),, it follows that

{a'T:d € Fix® N L' (Fix ®, 7| Fix ®)}

is norm-dense in Fix ®,. For any a € A, a’ € Fix® N LY(M, 7), and x € M, we have
asa e MNA

(a(d'T))(z) = (d'7)(za) = T(vad’) = 7(zd'a),

and
((a'T)a)(x) = (a'T)(az) = T(azad’).
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Since za’ € L*(M, 1), it follows that
T(aza’) = 7(zd'a),
giving
a(a't) = (a'T)a

for any a € A, a’ € Fix ®NLY (M, 7). Since the functionals a'7 for a’ € Fix ®NLY (M, )
lie densely in Fix ®@,, we get

ap = pa
for every p € Fix ®, and a € A, showing the claim. O

Observe that the existence of a normal faithful state in Fix ®,, and thus by the
proposition above in M, N.A’, yields, as in the proof of Theorem 2.2, that we must

have Zaiaf =1.

i
Before proving our main result, we show a property of the support of a normal
invariant state.

Lemma 2.9. Let 0 < p € Fix®,.. Then a;s(p) = s(p)a;s(p).

Proof. On account of [8, Lemma 1], we have

@(s(p)) = s(p),
hence
> ais(p)ai = @(s(p)") <s(p)*
Multiplying both sides of the above inequality by s(p) on the left and right, we get
S s(p)ais(o) - ais(p) = 0,
ie.

3 (5(0) ()" () i) = 0

which yields

s(p)ais(p) =0
for each i. Consequently, we obtain
ais(p) = s(p)ais(p). O

Now we are in a position to characterise the set Fix ®, for a semifinite von Neumann
algebra.

Theorem 2.10. Let M be a von Neumann algebra with a normal faithful semifinite
trace 7, and let @, be a Liiders operation for which condition (1.1) holds. Then

Fix®, = M, N A" (FP¥)
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Proof. As we have already seen, condition (1.1) guarantees that
M, NA C Fix®,,

so we only need to show the converse inclusion.
First, take an arbitrary 0 < ¢ € Fix ®,, and consider the reduced von Neumann
algebra
Msp) = {s(@)z|K : x € M},
where

K =s(p)(H),

with trace 7 defined on positive elements s(¢)z|K as

T(s()z|K) = 7(s(p)zs(p))-

In what follows, we shall consider all operators on the subspace K only, so to simplify
the notation, we shall sometimes drop the symbol of restriction |IC. First we shall
show that 7 is semifinite. Indeed, for any positive s(¢)xs(p) there is 0 < z € M such
that z < s(¢)xs(p) and

0<7(2) < o0.
But then

z =s(p)zs(yp),
which means that z|IC € Mg, and

0 <7(2[K)) = 7(s(p)zs(p)) = 7(2) < oo,
showing the claim.
Denoting by @ the obvious restriction of ¢ to Mgy, i.e.
Ps(p)x|K) = e(s(p)zs(p)) = ¢(),

we infer that @ is a normal positive faithful functional. Consider the map ®, defined
on (JV[S(@))* by the formula

0.(p) = Y_s(p)ais(@ps(p)ais(e), pe M),
The relation ®(s(p)) > s(p) yields
> _s(pais(p)ais(p) = s(p)2(s(4))s(¢) = s(),

and further

> s(plais(p)ais(p) = s(p)8(s()s(v)

i
<s(p)@(1)s(p) < s(p),
thus, since s(¢) is the identity of Mg, our previous considerations may be applied

to the von Neumann algebra M
(1.2).

s(¢) and the Liiders operation ® satisfying conditions
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For the functional ¢ we have

Y (s(p)ais(p)@s(v)ais(v))(s(p)as(p)) = Zw(a?S(w)xS(w)ai)

= Z(awa? )(s(p)zs(p)) = p(s(p)zs(p)) = P(s(p)rs(p))
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showing that EI;*(@) = . Since @ is faithful, we have, as observed after Proposition

2.8,

s(p)@(s(p))s(p) = Z s(p)ais(p)a;s(p) = s(yp),
giving N

s(p)(1 — @(s(¢)))s(p) = 0.
From this we obtain

which means that
showing the inequality

Further, we have

which means that

This yields the relation
> s(p)ais(p)ta;s(p) =0,
ie.
s(pais(p)t = 0.
The last equality means that
s(p)ai = s(p)ais(p),
which together with Lemma 2.9 gives
s(p)ai = a;s(p)-
Taking into account Proposition 2.8, we obtain
s(plais(p)p = Ps(p)ais(p).
For each © € M, we have by virtue of (2.6)
(s(p)ais(p) @)(s(w)zs(p)) = P(s(w)zs(p)ais(p))
= p(s(p)as(p)ais(v)) = p(as(p)ai)
= p(zais(p)) = p(was),

a;S
a;S

(2.5)
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and

(@s(p)ais(v))(s(p)zs(p)) = P(s(p)ais(p)zs(p)) = p(ais(p)r)

which means that
(aip)(x) = p(za;) = (s(p)ais(p) @)(s(p)zs(p))
= (@s(p)ais(v))(s(p)zs(p)) = p(aiz) = (pa;)(z).
As is easily seen, the last equality is equivalent to the relation
peM,NA.
Now, let ¢ € Fix ®, be arbitrary. We have

Y =1 +ips,
with 1 and @9 hermitian. It is clear that ¢, 2 € Fix ®,. For the Jordan decompo-
sition
or=pp —¢r, k=12,
we have
ok = Du(or) = 2ulef) — Puly),
and
122 ()l = @i (2(1) = o (1) = [l |,
and similarly for ¢, , so the uniqueness of the Jordan decomposition yields

D (o) =¢f and  P.(py) =5,

ie. o), ¢, € Fix®,. From the first part of the proof, it follows that ¢, , ¢, € M. NA’,
and thus ¢ € M, N A’ which ends the proof. O

The theorem above, together with some earlier results, yields a number of inter-
esting consequences, namely:

1. Assume that for the Liiders operation ®, condition (1.1) holds. Then we have
Fix®, = Fixd, = MNA'.

2. Assume that for the Liiders operation ®, condition (1.2) holds with ¢ # 1.
Then there is no faithful ®-invariant normal state.

3. Assume that for the Liiders operation @, condition (1.2) holds. Let p, be the
recurrence projection for @, i.e.

pr =sup{s(p) : 0 < p € Fix D, }.
Then by [8, Lemma 1], we have ®(p,) > p,, and exactly as in the proof of
Lemma 2.9 we obtain
aiPr = Pr@;iPr,
and equivalently
Pra; = pra; pr.
Further, we have

* * *
A;PrQ; = PraiPra; = Pra;Pr; Pr,
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and summing up on ¢ we get

(I)(pr) = pr(b<pr)pr-

Now, following the lines of the proof of Theorem 2.10 from equation (2.5) on,
we first obtain

®(pr) <y
and then
Prai = Praipr,
which gives
pra; = aipr.
Consequently,

cz Z aipra;" = PrC = CPr,

K3

showing that
Pr <G
and thus
> aipra; =pre=p,.
i
In particular, if Fix ®, # {0}, i.e. p, # 0, then we must have |/c[|c = 1.

4. Assume that for the Liiders operation @, condition (1.1) holds. It is easily
seen that the relation
et =
i

for p € M, is equivalent to the relation
Z a;hpa; = h,
i

for the densities h, € L' (M, 7), and that the relation
ap=pa, a€A
is equivalent to the relation
ah, = hya, a€ A

Thus Theorem 2.10 gives the description of the fixed points of the operation
®: LY (M, 1) — L*(M, 7) as those elements in L'(M, 7) that commute with
A.

To complete our considerations, we shall show the equality (FP*) for an arbitrary
algebra but with a more restrictive assumption about the a;.

Theorem 2.11. Let M be an arbitrary von Neumann algebra, and let @, be a Liders
operation for which condition (1.1) holds. Assume that A is abelian. Then

Fix®, = M, N A" (FP¥)
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Proof. By the argument used in the proof of the preceding theorem, it is enough to
show that for any 0 < ¢ € Fix ®, we have p € M, N A"

Assume first that ¢ is faithful. Let E: M — Fix® = M N.A’ be the conditional
expectation such that

poE=¢p
as described before. Since A C A’, we have for any x € M and a € A
(ap)(z) = p(za) = ¢(E(za)) = ¢((Ex)a)
= p(aEz) = p(E(ax)) = p(az) = (va)(z),

showing that ¢ € M, NA’.
For arbitrary 0 < ¢ € Fix ®,, we consider the reduced von Neumann algebra Mg,
and proceed exactly as in the proof of Theorem 2.10. (]

From the result above, we obtain

Corollary. Let ® be the classical Liiders operation defined on the predual of an arbi-
trary von Neumann algebra M as

Q)(p) = Z€¢P€i7 p €M,

K3

where {e;} is a partition of identity into orthogonal projections from M. Then equality
(FP*) holds.

3. CONCLUDING REMARKS
The object of our interest in this paper has been the equality
Fix®, = M, N A’ (FP*)
for a generalized Liiders operation ®,. A “dual” equality is
Fix® =MnA (FP)

but even in the case a; = a}, despite the same form of ®, and ®, there are situations in
which only one of these equalities hold and situations in which hold both. For instance,
for semifinite algebras we have (FP*) but not always (FP) (example: M = B(H), see
[1]), while for finite algebras we have both. The same is true if the a; and a} in the
definition of ®, commute. If Fix ®, contains a faithful state, then we have (FP) but
whether (FP*) holds is an open problem even though Fix ® is then a von Neumann
algebra and we have the relation

(Fix ®), = Fix ®,.

In general, the relation between the two equalities (FP*) and (FP) is not clear, and
let us finish with showing the extreme situation

Fix ®, = {0},
and Fix ® — a non-trivial von Neumann algebra. Put

H = L*([0,1],m),
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where m is Lebesgue measure, M = B(#), and consider the von Neumann algebra
L>([0,1],m). This algebra is generated by the spectral measure e defined as

e(A) =xa, AeB([0,1]),

where xa is the characteristic function of Borel set A. Define a; € L*°([0, 1], m) by
the formula

a1 = /01 Vae(d)),

and put az = (1 — a?)'/2. We have a? + a3 = 1, and
A= W*({alaGQ}) = LOO([Oa 1]am);

moreover, A = A’ since L*°([0,1],m) is maximal abelian. Let ®,. be the Liiders
operation defined by aj,as. Assume that 0 < p € Fix ®,. Then, as is easily seen, for
its density h, we have

2
hp: E aihpai7
=1

which on account of [2] yields h, € A’ = A. In particular, the spectral projections
of h, belong to A. But since h, is tracial, these projections are of finite rank, and
L>([0,1],m) has no finite rank projections except 0. Consequently, h, = 0, i.e.
p =0, and the argument used in the proof of Theorem 2.10 shows that for arbitrary
p € Fix @, we have p = 0. On the other hand, as shown in [2], we have

Fix® = A’ = L>([0, 1], m).

As indicated in the Introduction, the investigations of Fix ®, have, in principle,
hardly begun, and we hope that the present paper will be a starting point in this
direction.

REFERENCES

[1] A. Arias, A. Gheondea, S. Gudder, Fized points of quantum operations, J. Math. Phys.,
43(12)(2002), 5872-5881.

[2] P. Busch, J. Singh, Liders theorem for unsharp gquantum measurements, Physics Letters A,
249(1998), 10-12.

[3] K. Klimczak, A. Luczak, Ergodic properties of Markov semigroups in von Neumann algebras,
preprint.

[4] U. Krengel, Ergodic Theorems, W. de Gruyter, Berlin-New York, 1985.

[5] Y. Li, Characterizations of fized points of quantum operations, J. Math. Phys., 52(2011), 52-103.

[6] G. Liders, Uber die Zustandsanderung durch den Messprozess, Annalen der Physik, 8(1951),
322-328.

[7] A. Luczak, H. Podsedkowska, Liiders instruments, generalized Liiders theorem, and some as-
pects of sufficiency, to appear in Int. J. Theor. Phys.

[8] K.E. Thomsen, Invariant states for positive operator semigroups, Studia Math., 81(1985), 285—
291.

[9] L. Weihua, W. Junde, Fized points of commutative Liiders operation, J. Phys. A, Math. Theor.,
43(2010), 395206.

Received: May 22, 2015; Accepted: October 8, 2015.



320 KATARZYNA LUBNAUER, ANDRZEJ LUCZAK AND HANNA PODSEDKOWSKA



