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1. INTRODUCTION

Boundary value problems with positive solutions describe many phenomena in
the applied sciences such as the nonlinear diffusion generated by nonlinear sources,
thermal ignition of gases, and concentration in chemical or biological problems (see [4],
[5], [9], [11], [12], [26], [29]). Integral boundary conditions arise in thermal conduction,
semiconductor and hydrodynamic problems (see for example [6], [7], [23], [35]). In
the last decades, many authors investigated scalar problems with integral boundary
conditions (see for example [1], [3], [24], [25], [28], [33], [38], [40]). We also mention
the papers [8], [10], [13], [21], [22], [27], [30], [36], [39], [41], [42], where the authors
studied the existence of positive solutions for some systems of differential equations
with integral boundary conditions.

In this paper, we consider the system of nonlinear second-order ordinary differential
equations

(9) { (a(t)u/ () —bt)u(t) + f(t,v(t)) =0, 0 <t <1,

(c()'(t)) —d(t)v(t) + g(t,u(t)) =0, 0 <t <1,
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with the integral boundary conditions

1 1
au(0)— Ba(0) (0) = / w($)dH, (s), vu(1) + da(1)u'(1) = / w(s)dHs(s),
(BC) 0 0

G0(0)— Be(0)0/ (0) = /O o(s)dK(s), Fo(1) + Ge(1)' (1) = /0 o(s)dKa(s),

where the above integrals are Riemann-Stieltjes integrals.

‘We present some weaker assumptions on the functions f and g, which do not possess
any sublinear or superlinear growth conditions and may be singular at ¢ = 0 and/or
t = 1, such that positive solutions for problem (S)—(BC) exist. By a positive solution
of (S) — (BC) we understand a pair of functions (u,v) € (C([0,1],Ry) N C?%(0,1))?
satisfying (S) and (BC) with sup,c(o 1) u(t) > 0, sup,ejoq;v(t) > 0. This problem
is a generalization of the problem studied in [14], where in (S) we have a(t) = 1,
c(t) =1, b(t) = 0, d(t) = 0 for all t € (0,1) (denoted by (S)), and a = & = 1,
B = E =0, y=7=1,0 = 5 = 0, H1 and K, are constant functions, and H, and
K, are step functions. Problem (S) — (BC) also generalizes the problem investigated
in [31], where the authors studied the existence of positive solutions for system (S)
with the boundary conditions u(0) = 0, u(1) = au(n), v(0) = 0, v(1) = av(n) with
n € (0,1),0 < an < 1. The existence and multiplicity of positive solutions for problem
(S) — (BC) when the nonlinearities f and g are nonsingular functions were studied
in [19] by using some theorems from the fixed point index theory. Some integral
boundary value problems for systems of ordinary differential equations which involve
positive eigenvalues were investigated in recent years by using the Guo-Krasnosel’skii
fixed point theorem. For example, in [15], we give sufficient conditions for A, u, f and
g such that the system

{ (a(t)u' (1)) = b(t)u(t) + Ap(t) f(t,u(t),v(t) =0, 0 <t <1,
(e()v' (1)) = d(t)o(t) + ug(t)g(t, u(t),v(t)) = 0, 0 <t <1,

with the boundary conditions (BC) has positive solutions (u(t) > 0, v(t) > 0 for
all t € [0,1] and (u,v) # (0,0)). For some higher-order multi-point boundary value
problems we mention the papers [16], [17], [18], [32], [37], and the book [20].

In Section 2, we shall present some auxiliary results which investigate a boundary

value problem for second-order equations. In Section 3, we shall prove two existence
results for the positive solutions with respect to a cone for our problem (S) — (BC),
which are based on the Guo-Krasnosel’skii fixed point theorem (see [11]) which we
present now.
Theorem 1.1. Let X be a Banach space and let C C X be a cone in X. Assume
Q1 and Qo are bounded open subsets of X with 0 € Q1 C Q1 C Qy and let A :
CnN(Q\ Q) — C be a completely continuous operator (continuous, and compact,
that is, it maps bounded sets into relatively compact sets) such that, either

i) |Au|l <ull, we CNO, and ||Aul| > ||ull, we CNONg, or

i) [|Aul| > |ull, ve CNoQy, and ||Au|| < ||u|l, uwe CNIN,.

Then A has a fized point in C' N (Q2\ Q1).

Finally, in Section 4, two examples are given to support our main results.

(S1)
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2. AUXILIARY RESULTS

In this section, we present some auxiliary results from [15] related to the following
second-order differential equation with integral boundary conditions

(a(t)u' (1)) —b(t)u(t) + y(t) =0, t € (0,1), (2.1)

au(0) — Ba(0)u'(0) = /0 w(s) dHy (), yu(l) + da(1)/(1) = /0 u(s) dHa(s). (2.2)

For a € C([0,1],(0,00)), b € C([0,1],]0,00)), «, B,7,6 € R, |a| + |8 # 0,
|v] 4+ |8] # 0, we denote by 1 and ¢ the solutions of the following linear problems
{ (a(t)y'(t))" = b(t)yp(t) =0, 0 <t <1,
$(0) = 8, a(0)¢'(0) = o,
{ (a(t)¢'(t)) = b(t)p(t) =0, 0 <t <1,
o(1) =90, a(1)¢'(1) = —v,
respectively.

We denote by 6; the function 6 (t) = a(t)(¢(t)y' () — ¢'(¢)¢(t)) for t € [0,1]. By
using the equations above, we deduce that 0] (t) = 0, that is 61(t) = const., for all
t € [0,1]. We denote this constant by 7.

Lemma 2.1. ([15]) We assume that a € C([0,1],(0,00)), b € C([0,1],[0,0)),
a, 8,7, 0 €R, |a|+ |8 #0, |y| +15| #0, and Hy, Hy : [0,1] — R are functions of
bounded variation. If 71 # 0,

A = (Tl /w )dHs(s )(Tl /qb dH: (s )
(/w ) dH (s )(/¢ dHy (s )#07

and y € C(0,1) N LY(0,1), then the unique solution of (2.1)-(2.2) is given by

t):/o G1(t, s)y(s)ds

where the Green’s function Gy is defined by
Gl(t s) —gl(t s)

for all (t,s) € [0,1] x [0,1], and
g1(t,s) = —

Now, we introduce the assumptions
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) a € C([0,1],(0,00)), b € C([0,1], [0, 00)).

) a, 8,7, 6 €[0,00) with a+ 8 >0and v+ > 0.
) If b(t) = 0, then o+ > 0.

)

)

A
A
A3) If

A4) Hy, Hs : [0,1] — R are nondecreasing functions.

(A1
(A2
(A3
(A4
(A5) 7 — /0 d(s)dH1(s) >0, 11 7/0 Y(s) dHa(s) > 0 and Ay > 0.

Lemma 2.2. ([2], [34]) Let (A1) — (A3) hold. Then the function g given by (2.4)
has the properties

a) g1 is a continuous function on [0,1] x [0,1].

b) g1(t,s) >0 for all t, s € [0,1], and g1(t,s) > 0 for all t, s € (0,1).

¢) For any o € (0,1/2), we have te[mlln ]gl(t ,8) > v1gi(s,s) for all s € [0,1],

. [o(—0) ¥(o)
where 11 mln{ 50) 7%/1(1)}'
Lemma 2.3. ([15]) Let (A1) — (A5) hold. Then the Green’s function G1 of problem
(2.1)-(2.2) given by (2.3) is continuous on [0,1] x [0,1] and satisfies G1(t,s) > 0 for
all (t,s) € [0,1] x [0,1]. Moreover, if y € C(0,1) N L*(0,1) satisfies y(t) > 0 for all
€ (0,1), then the solution u of problem (2.1)-(2.2) satisfies u(t) > 0 for all t € [0,1].

Lemma 2.4. ([15]) Assume that (A1) — (A5) hold. Then the Green’s function Gy of
problem (2.1)-(2.2) satisfies the inequalities

a) G1(t,s) < Ji(s), Y (t,s) €[0,1] x [0,1], where

Ji(s) = g1(s, )

e [oen (/¢ yars(9)) +60) /w ) dHa(s ))]/Olgms)dﬂlm
v o ( /¢ )t (5)) +600) (/¢ ) dHy (s )]/Ogmns)de(T)-

b) For every o € (0,1/2), we have
min  Gi(t,s) > 1 Ji(s) > 1Gi(t,s), Vt', s€[0,1],

tefo,1—0])
where vy is given in Lemma 2.2.
Lemma 2.5. ([15]) Assume that (Al) — (A5) hold and let o € (0,1
C(0,1) N LY(0,1), y(t) > 0 for all t € (0,1), then the solution u(t),
problem (2.1)-(2.2) satisfies the inequality — inf  u(t) > vy sup wu(t).
t€[o,1—-0] t'€[0,1]

We can also formulate similar results as Lemmas 2.1-2.5 above for the boundary

value problem

S
DO

(c(®)'(t)) —d(t)v(t) +h(t) =0, 0 <t <1, (2.5)

av(O)—Bc(o)z/(o)z/O o(s) Ky (s), %(1)+5c(1)v'<1)=/0 o(s) dKa(s), (2.6)

under similar assumptions as (A1) — (45) and h € C(0,1) N L'(0,1). We denote
by 1’/;, 5, 02, T2, Ao, go, Ga, v and Jy the corresponding constants and functions for
problem (2.5)-(2.6) defined in a similar manner as ¥, ¢, 01, 71, A1, g1, G1, v1 and Jy,
respectively.
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3. MAIN RESULTS

In this section, we shall investigate the existence of positive solutions for our prob-
lem (S) — (BC), under various assumptions on the singular functions f and g.
We present the assumptions that we shall use in the sequel.

(L1) The functions a, ¢ € C1(]0,1],(0,00)) and b, d € C([0, 1], [0, 00)).

(L2) a, B, 7,9, a, 5,7,66[0 oo) with a+5>0,v4+d >0, Oz+ﬁ>0 7+(5>0
if b=0 then o+~ > 0; if d =0 then a+7 > 0.

(L3) Hl, Hg, Kl, Ko : [O 1] — R are nondccrcasmg functions.

(L4) fO dHl > 0, 1, — fO dH2 > 0, o — fO dK1 ) > 0,
Ty — fo s)dKy(s) > 0, Ay > 0, A2 > 0, Where T1, T2, A1, Ay are defined in
Section 2

(L5) The functions f, g € C((0,1) x R+,R+) and there exist p; € C((0,1),R}),
g € C(Ry,Ry), 4 =1, 2, Wlth0<f0pl t)dt < oo, i = 1,2, ¢1(0) =0,
¢2(0) = 0 such that

ft,x) <pr(t)qr(z), g(t,z) < ps(t)ga(x), Vi€ (0,1), x € Ry.
(c

The pair of functions (u,v) € (C([0,1]) N C2(0 1))? is a solution for our problem
(S) — (BC) if and only if (u,v) € (C’([O 1]))? is a solution for the nonlinear integral

equations
/ G1(t,s) (s,/ol Ga(s,7)g(m,u(r)) dT> ds, te€[0,1],
/ Ga(t,8)g(s,u(s))ds, te[0,1].

We consider the Banach space X = C([0,1]) with the supremum norm |ju| =

m[g%] |u(t)| and the cone P C X by P={u € X, u(t) >0, Vt < [0,1]}.
telo,
We also define the operator D : P — X by

D(u)(t) = /01 Gi(t,s)f (5,/01 Ga(s,7)g(7,u(T)) d7> ds.

Lemma 3.1. Assume that (L1)-(L5) hold. Then D : P — P is completely continu-
ous.

Proof. We denote by ag = fol J1(8)p1(s) ds and By = fol J2(8)p2(s) ds. Using (L5), we
deduce that 0 < ag < 00 and 0 < By < co. By Lemma 2.3, we deduce that D maps
P into P. We shall prove that D maps bounded sets into relatively compact sets.
Suppose E C P is an arbitrary bounded set. First, we prove that D(FE) is a bounded
set. Because FE is bounded, then there exists M; > 0 such that |lu|| < M; for all
u € E. By the continuity of g2, there exists My > 0 such that My = SUPge(o,M,] 92 (z).
By using Lemma 2.4, for any v € E and s € [0, 1], we obtain

/ Ga(s, 7)g(T,u(7)) dr S/ Ga(s, T)pa(T)ga2(u(7)) dr < foMz. (3.1)
0 0
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Because ¢ is continuous, there exists Mz > 0 such that Mz = sup,¢(o,g,11,) ¢1(2)-
Therefore, from (3.1), (L5) and Lemma 2.4, we deduce

i < | LGt () < / Gl P)g(mu(m) dT> ds

(3.2)
< Mg/o J1(s)p1(s) ds = agMs, Vit € [0,1].

So, ||Du|| < ayM3 for all u € E. Therefore, D(E) is a bounded set.
In what follows, we shall prove that D(F) is equicontinuous. By using (2.5) from
Lemma 2.1, we have for all ¢ € [0, 1]

(Du)(t) = /01 Gi(t,s)f (s,/ol Ga(s,T)g(T,u(T)) dr) ds
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Therefore, we obtain for any ¢t € (0,1)

(Du)'(t) = —-0(0)b() (/Gm Vo(r u(r W)

w1 [wnes (s [ cato.matratryar) as

s (o sttt

f/w ()(s </G287) (Tu(»dT)dS
(L i) oo o)

([ (o irsesre)e

[l ao([ o)

x(/olgl(T,s)dHQ( ) (,/0 Ga(s,m)g(T,u(r ))dT)ds.

So, for any ¢ € (0,1), we deduce

[(Du)'(t)]

/0:¢>(t (s q(/ Gt ptratear) s
/ )

t [ (1)é(5)|pr(s)qr </ Ga(s,7)g(7,u(7)) dr

Al1
X<Ogl( ,5)dH, >p1 q1(/ Ga(s,7)g(T,u(r

-
W0l (n - / o)) + 16 <t>|(
(+

x?l/olgl ,s)dHo (T >p1 (Il(/ Ga(s,7)g(,u(r))d )

A 01 /(1)) (/qﬁ )dHy(r >+|¢ ) (- /Ow(T)de )
7))d

255
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Hence, we obtain for any ¢t € (0,1)

o (Ipns)ds+ - / U ()0(s)p (s) ds
v ([ o(r)dH )=o) (n- | 1w<f>dH2<T>):

L ( d 2
9 ( [t s)dH1<T>) pr(s) ds
axf 1 :wt) (n- 1 o)t (1)) = o) ( / 1 w<f>dH1(r>):
« ( /O e s)ng(T)> i (s) ds} .
(3.3)
We denote
h(t) ——/as() (s s)ds+—/ #(O6(s)p(s) ds, te (0,1),

o <o [ ) o)
( ) i v [ [ (fﬂdfh)
4 (/ v ()| (/ D () ) 1(5) ds, £ € 0.1)

For the integral of the function h, by exchanging the order of integration, we obtain

[ =L (/( S O)(s)p <>ds)dt
i/ (/w )
P smomorns
ol (/w )
—/ e Dpr(s ds+—/ o(s
< L0 - 6(1) + 60)1) - v0 >>]/p1<>d

1
:MO/ p1(s)ds < oo,
0
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where My = %1 [(1)(¢(0) — (1)) +p(0)(¢p(1) —2H(0))]. For the integral of the function
1, we have

/Ou(t)dt <M0/0 p1(s)ds +1{<A w’(t)dt) </0 qs(T)de(T))
(Fane) - o)
(/ (/ (7. 5) (7)) <>ds)
ox, ([ woa) (- [ o) - ([ o)
(/w it )| ([ ([ vt sy as)

s 3 | = 00 (/
1) +(60) - 9(1) (n -
(7)) + (1) = 60) (n - /
) + (60 o) ([ o)
)] ( 1g1<s,s>p1<s>ds)

<

(r)dHs (7 )
7)dHs (1 )
)

(7)dH(7)

NO/ 1(s) ¢
([ :
(f .
(1,
(L
SJTIO/%

dH
H.

o))

s+ = 60)(D) | (6(1) = B (1) = Hi(0)
dHs (T )) ( 1

d
d
pa(
x| [ o(r)

(o
(o[
(n-]

)
¢(0) — o(
+ (1) = (0))(Ha(1) — Ha(0))
+(6(0) — ¢(1))(Ha(1) — H2(0))

1
/ s)ds < oo.
0

Thus for any given t1, to € [0,1] with ¢; < ¢t and

X T)dH; (T

(/ e dfh(( ;1

We deduce that pu € L1
u € E, by (3.3), we obtain

A

+
Y(7)dHy (7
o (

)-

[(Du)(t1) — (Du)(t2)| =

/t t (Du)'(t) dt‘ < Ms /t t p(t) dt. (3.5)

From (3.4), (3.5) and the absolute continuity of the integral function, we obtain
that D(E) is equicontinuous. This conclusion, together with (3.2) and Ascoli-Arzela
theorem, yields that D(FE) is relatively compact. Therefore D is a compact operator.

We show now that the operator D is continuous. Suppose that u,, u € E for p € N
and |lup —ul| — 0, as p — oo. Then there exists My > 0 such that |lu,| < My
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and [ju|| < My4. From the first part of this proof we know that {Du,, p € N} is
relatively compact. We shall prove that |[Du, — Du|| — 0, as p — oco. If we suppose
that this is not true, then there exists g > 0 and a subsequence (up,)r C (ug)k
such that ||Du,, — Du|| > eo, k =1,2,.... Since {Duy,,, k = 1,2,...} is relatively
compact, there exists a subsequence of (Du,, )i which converges in P to some u* € P.
Without loss of generality, we assume that (Duy, ) itself converges to u*, that is,
lerEO |Dup, —u*|| = 0. From the above relation, we deduce that (Duy, )(t) = u*(¢),

as k — oo for all t € [0,1]. By (L5) and Lemma 2.4, we obtain
Ga(s,7)9(7, up, (7)) < J2(7)p2(7) g2 (up, (7)) < M5 J2(7)p2(7),
for all s, 7 € [0,1], where M5 = sup ¢a2(z) < co. Therefore we obtain
z€[0,M4]

Grtt.o)f (s G5, )0 gy () ar)

< M) ( / Ga(5,7)g (7, 1, (7)) dT) < Mai ()1 (s),

where Mg = sup ¢q1(z).
IE[O,50M5]
By (L5), (3.6) and the Lebesgue’s Dominated Convergence Theorem, we obtain

u” (t) (Dup, )(t) = (Du)(t), vVt e [0,1],

(3.6)

= lim

k—o0
that is, v* = Du. This relation contradicts the inequality ||Du,, — u*| > €, k =
1,2,.... Therefore, D is continuous in u, and in general on P. Lemma 3.1 is com-
pletely proved. O

For o € (0,1/2) we define the cone

Py={ueX, u(t) >0, Vtel0,1], . [inlf ]u(t) >v|u|} C P,
clo,l1—0o

where v = min{vy, 15}, and v; and v, are defined in Section 2 (Lemma 2.2). Under
the assumptions (L1) — (L5), we have D(P) C Py. Indeed, for u € P, let v = D(u).
By Lemma 2.5, we have inf,c[, 1o v(t) > vi|v]| > v|jv|, that is v € P.
Theorem 3.2. Assume that (L1) — (L5) hold. If the functions f and g also satisfy
the conditions
(L6) There exist r1, ro € (0,00) with r1re > 1 such that

i) qj, = limsup ¢ () € [0,00); i) g5 = limsup @) =0,
r—0+ 't rz—0+ "
(LT) There exist Iy, la € (0,00) with I3l > 1 and o € (0,1/2) such that
f(t,x) g(t,x)

D) foo =lminf inf == € (Oock ) goo =liminf inf =
then problem (S) — (BC) has at least one positive solution (u(t),v(t)), t € [0,1].
Proof. We consider the cone Py with o given in (L7). From (L6) i) and (L5), we
deduce that there exists C; > 0 such that

q1(z) < Cra™, Vz €[0,1]. (3.7)
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From (L6) ii) and (L5), for Cy = min{(l/(Claoﬂgl))l/” ,1/50} > 0 with ao, o
defined in the proof of Lemma 3.1, we conclude that there exists §; € (0, 1) such that

go(x) < Cox™, VY €]0,0]. (3.8)
From (3.8), (L5) and Lemma 2.4, for any u € 9Bs, N Py and s € [0, 1], we obtain

1 1
Ga(s,T)g(m,u(r))dr < C’g/ Jo(T)p2(7)dr - ||u]|™ = Cafpd]? < 072 < 1.
0 0

(3.9)
By using (3.7)-(3.9) and (L5), for any u € 9B;s, N Py and t € [0, 1], we deduce

(Du)(t) <cl/ Gr(t, 5)pr (s (/ (s, 7)g(r, u(r ))m)ﬁ ds
<(11/ Cr(t, s)pr (s <c2/ (s, 7)ps (7) (u(r))" dT)Tl ds

T1

<aff e ) (ca [ ' (epa(r) dr) Il <l

|Dul| < |Jull, Yu e dBs, N Pp. (3.10)

Therefore

From (L7) i), we conclude that there exist C'5 > 0 and z1 > 0 such that
ft,z) > Cszlt, Yo > xy, Vte[o,1—o0]. (3.11)

We consider now C; = max {(1/21/1202)’1, (Cgl/ll/él 1/1112919%1)’1/11} > 0, where

1—0o l1—0o
0 = / Ji(s)ds > 0 and 6, = / Ja(s)ds > 0.

From (L7) ii), we deduce that there exists 22 > 1 such that
g(t,x) > Cyx'2, Vo> a9, VtE[o,1— 0] (3.12)

We choose Ry = max{xi,z2} and R > max {RO/V Rl/b} Then for any u € 9Br N
Py, we have [inlf | u(t) > v||lu]| = vR > Ry.
te|lo,1—o
By using (3.11) and (3.12), for any u € 0Br N Py and s € [0,1 — o], we obtain

e

/0 Ga(s,m)g(ryu(r))dr > V204/ JQ(T)(u(T))l2 dr

ag

1—0o
> yzc4yl2/ Jo(r)dr - ull= > [Jull> = R > R,
o
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Then for any u € 0Br N Py and t € [0,1 — o], we have

(Du)(t) > /01_0 Ca(t, ) f (s,/()lc;Q(s,T)g(m(T))dT) ds
> Oy /U T Gutts) <u2 /U ) Calu(r)) d7>l1 ds

l1—0o 1—0 ll
zcgcf;ygl/ G (t, s)r 12 Jul| (/ J2(T)d7'> ds

R 1-0 31
> CyCliphipy iz (/ Jl(s)ds) (/ JQ(T)dT> ulltz > [[u].

Therefore we obtain
|Dul| > ||u|l, Yue€ dBrN Py. (3.13)

By (3.10), (3.13), Lemma 3.1 and Theorem 1.1 i), we conclude that D has a fixed
point u; € (Br \ Bs,) N Py, that is d; < ||ui|] < R. Let

vl(t):/O Ga(t,8)g(s,u1(s)) ds.

Then (u1,v1) € Py X Py is a positive solution of (S) — (BC). In addition |jvi] > 0.
Indeed, if we suppose that v1(¢f) = 0 for all ¢ € [0,1], then by using (L5) we have
f(s,v1(s)) = f(s,0) = 0 for all s € [0,1]. This implies u1(t) = 0 for all ¢ € [0,1],
which contradicts ||uy|| > 0. The proof of Theorem 3.2 is completed. O
Theorem 3.3 Assume that (L1) — (L5) hold. If the functions f and g also satisfy
the conditions

(L8) There exist ay, aa € (0,00) with ayae < 1 such that

‘ : @ (z) . : 02(z)
i) ¢ = hgrﬂrf;l)p o € [0,00); i) @5o0 = 11£S£p or = 0,

(L9) There exist 51, B2 € (0,00) with $182 <1 and o € (0,1/2) such that

D=t ) T €Ok W b =il M o

= 00,

then problem (S) — (BC) has at least one positive solution (u(t),v(t)), t € [0,1].
Proof. We consider the cone Py with o given in (L9). By (L8) i) we deduce that there
exist C5 > 0 and Cg > 0 such that

ql(x) < Cryax™ + 067 Vx € [0700) (314)

From (L8) ii), for g > 0, g9 < (20‘105a058‘1)_1/a1, we conclude that there exists
C7 > 0 such that

g2(x) < g9z + C7, Yz €0,00). (3.15)
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By using (3.14), (3.15) and (L5), for any u € Py, we obtain

/G1t5p1 (/ G (s, 7)g(m u(r ))dr)ds

<c5/ G (t, s)pa (s (/ Ga(s,7)g (T, u(r ))m)alds
+c6/0 Ji(s)pa (s) ds a

< Cj /1 J1(s)p1(s) ds </ Jo(T)pa(T) dT) (eollul|** + C7)™ + apCs
< 52 £ g B0 [[u] 152 + C52% g 21 C2 + g, Vi € [0, 1].
By definition of €y, we can choose sufficiently large R; > 0 such that
| Dul| < ||ull, Yu € 8Bgr, N Py. (3.16)

From (L9) i), we deduce that there exist positive constants Cg > 0 and z3 > 0

such that f(t,z) > CsaP1, for all z € [0,23] and ¢ € [0,1 — o]. From (L9) ii), for
-1/8
g1= (C'gl/lugllfﬁlmﬂlf)gl) ' > 0, we conclude that there exists x4 > 0 such that

g(t,z) > e12P2 for all v € [0,24] and t € [0,1 — o).
We consider x5 = min{zs,x4}. So we obtain

ft,z) > Cez®, g(t,z) >e12™, V(t,z) €[o,1— 0] x [0, x5). (3.17)

From assumption ¢2(0) = 0 and the continuity of g2, we deduce that there exists
sufficiently small e5 € (0, min{zs,1}) such that gz(2) < By a5 for all z € [0, 3).
Therefore for any u € 0B, N Py and s € [0, 1], we have

/ Ga(s,T)g(,u(r))dr < ,6’6%5/ Jo(T)p2(T) dT = 5. (3.18)
0 0

By (3.17), (3.18), Lemma 2.4 and Lemma 2.5, for any ¢ € [0, 1 — o], we obtain

w20 [ e ([ Gatsatratrar) "
> Cyy /U ) [(611/2)'81 ( /U T ) () m)ﬁl} ds

> Cynvg e v 920,05 |u|| 192 > Ju.
Therefore
|Dul| > ||ul|, Yu € dB., N Fy. (3.19)

By (3.16), (3.19), Lemma 3.1 and Theorem 1.1 ii), we deduce that D has at least
one fixed point uy € (Bgr, \ Be,) N Py. Then our problem (S) — (BC) has at least
one positive solution (ug,vs) € Py x Py where vy(t) = fol Ga(t,s)g(s,uz2(s)) ds. This
completes the proof of Theorem 3.3. O
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4. EXAMPLES

In this section, we shall present two examples which illustrate our main results.
Example 4.1. Let

a $b

f(t,m):]m(f;ﬁ, g(t,x):m, Vte (0,1), z € [0,00),

with a, b > 1 and 1, 81, 72, 92 € (0,1). Here f(¢t,2) = p1(t)q1(x) and g(t,z) =
p2(t)ga(x), where
t)= ! t) = L - _ b
pl()_mv Pz()—m7 q1(z) =2 g@z)=2".

We have 0 < fol p1(s)ds < o0, 0 < fol pa(s) ds < oc.
In (L6), for 1 < a, ro < b and rir9 > 1, we have
g2(z)

. q1\x . — . . _
lim sup (2) = lim 2% ™ =0, limsup ——~% = lim 2’7" =0.
0+ I z—0+ 0+ T2 z—0+

In (L7), for I3 <a, la <b,l1lo >1and o € (O, %), we have

t (l*ll
liminf inf f(t,z) = liminf inf ——m
=00 te[o,1—0] xh r—00 te€lo,1—0] tT1 (1 — t)61

771551 -1
= | max % oM (1—0)%, 0% (1 —o)m - lim 2278 = 0.

v+ (51)W1+51 ’ T—00

.. . . g(t,z
In a similar manner, we have liminf inf ( ; )
z—oo tefo,l—o] T2

For example, if a = 2, b =3/2, 1 =1, ro = 4/3, 1y = 3/2, Iy = 1, the above
conditions are satisfied. Under the assumptions (L1) — (L4), by Theorem 3.2, we
deduce that problem (S) — (BC) has at least one positive solution.

Example 4.2. Let

= Q.

~ 2%(2+cosx) _ 2®(1 +sinx)
ft.a) = TELE () = S e (0.1), w e fo.00),

with a, b € (0,1) and 71, 6; € (0,1). Here f(t,z) = pi(t)q1(x) and g(t,z) =
p2(t)qa(x), where

1 1

pi(t) = o pa(t) = = q(z) =242+ cosx), qa(z)=2"(1+sinz).

We have 0 < fol p1(s)ds < o0, 0 < fol pa(s) ds < oc.
In (L8), for a1 = a, as > b and ajas < 1, we have
g2() . 2°(1 + sinx)
=1

. qaz) . _ : —
lim sup = lim sup =3, limsup msup —— =
00 TN T—00 T z—s00 T2 T —00 re2

x*(2 + cos x)
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In (L9), for 1 =a, B2 > b, f1f2 <1l and o € (O, %), we have

t 42
liminf inf ft.) —liminf inf 2 (2+ cos) = 3 >0,
z—0t tefo,1—0] P z—0t t€fo,1-0] trgh (1 — O')'y1
t b(1 + si 1
liminf inf 9(t, ) —liminf inf > (1+sinz) = lim 2 = .
20+ telo,1-0] P2 20+ te[o1—a] (1 — t)017P2 (1 —0)% z0+

For example, if a = 1/3, b=1/2, a1 = 1/3, ag = 1, p1 = 1/3, B2 = 1, the above
conditions are satisfied. Under the assumptions (L1) — (L4), by Theorem 3.3, we
deduce that problem (S) — (BC) has at least one positive solution.
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