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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
Let T be a maximal monotone operator with domain D(T') and range R(T) in H.
An important problem in the theory of maximal monotone operators is the inclusion
problem

0€Tx (1.1)
which has applications in various disciplines (see [4, 5, 7, 17, 30, 32]). A typical
example of (1.1) is the minimization problem

min f(z), (1.2)

where f : H — R := (—o0, o0] is a proper, lower semicontinuous, and convex function.
It is known that & € dom(f) solves (1.2) if and only if it is a solution to the inclusion

0 df(2), (1.3)
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where Jf is the subdifferential of f. It is known that Jf is a maximal monotone
operator in H.

In his seminal paper [29], Rockafellar proposed his proximal point algorithm (PPA)
which extends Martinet’s algorithm [24] to general Hilbert spaces. Rockafellar’s PPA|
an iterative method for solving the inclusion problem (1.1), generates a sequence {x,, }
according to the recursion formula:

Ty +en € Tpp1 + A Tx041, (1.4)

where the initial guess xg € H is arbitrarily selected, {e,} is a sequence of errors, and
{An} is a sequence of parameters.

Rockafellar proved the following result.
Theorem 1.1. (Rockafellar [29].) Assume the solution set S of the inclusion (1.1)
is nonempty. Assume the error sequence {e,} satisfies the criterion:

oo

llenll < en for all n and Zan < 0. (1.5)

n=0

Assume in addition the parameter sequence {\,} is such that inf,>o A, > 0. Then
the sequence {x,} generated by PPA (1.4) converges weakly to a point in S.

Since its publication in Rockafellar [29] in 1976, proximal point methods have
become active and popular in optimization and variational inequalities; see [8, 9, 10,
11, 12, 15, 16, 22, 27, 28, 31] and the references therein.

Rockafellar [29] posed a question whether the sequence {x,,} generated by his PPA
(1.4) can be strongly convergent in the setting of infinite-dimensional Hilbert spaces?

A negative answer to this question was given by Giiler [19] in 1991. (A similar
and relevant counterexample to the strong convergence of trajectories of contraction
semigroups was however constructed [18] as early as in 1979; see also [36]).

Recently, basing upon Hundal’s counterexample [20] to the strong convergence of
alternating projections [6] onto two intersecting closed convex subsets of an infinite-
dimensional Hilbert space, Bauschke, et al [3] constructed another counterexample to
Rockafellar’s question (see also [2] for more examples based on Hundal’s example).

Two questions are thus of interest to investigate:

(1) What conditions are sufficient to guarantee strong convergence of the sequence
{zn} generated by PPA (1.4)?

(2) How to modify Rockafellar’s PPA (1.4) so that strong convergence is guaran-
teed?

This latter question was first attacked in [33] and then in [35, 23] in an infinite-
dimensional Hilbert space. A strongly convergent modification in the setting of uni-
formly convex and uniformly smooth Banach spaces was given in [21].

It is the aim of this paper to give another strongly convergent modification of
Rockafellar’s PPA in the setting of uniformly convex Banach spaces which are not
necessarily smooth. The lack of smoothness brings us difficulties in our argument in
constructing a generalized projection in contrast to the case of uniform smoothness in
[21]. Thus another contribution of this paper is how to find appropriate generalized
projections in nonsmooth Banach spaces.
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2. PRELIMINARIES

2.1. Uniformly convex and uniformly smooth Banach spaces. Let X be a real
Banach space with dual X*. The modulus of convexity of X is defined as

Tty
2

Sx () = inf {1 -

H el <1, Iyl < 1, e -yl > } e 0,2,

Recall that X is said to be uniformly convex if
dx(e) >0 forallee (0,2].

Hilbert spaces H and [P spaces (and LP[a,b]) for 1 < p < oo are all uniformly
convex. As a matter of fact, the moduli of these spaces are

e

Sr(e)=1—4/1— (5)2

and

=1-¢/1-(5)" if 2 < p < o0,

(Slp (E) = (5Lp(€)
>1-/1-(p-1)(5)> ifl<p<2
We need inequality characterizations for uniform convexity.
Proposition 2.1. [34] Let X be a real Banach space. Then either of the following
two statements characterizes uniform convexity of X :

(i) for each fized real number r > 0, there exists a strictly increasing continuous
function h : [0,00) — [0,00), h(0) = 0, satisfying the property:

[tz + (1= 6)yl* < tha]* + 1 = )llyll* — (1 = )a(llz — yll)

for all z,y € X such that ||z|| <7 and ||y|| <r, and 0 <t < 1;
(ii) for each fized real number r > 0, there exists a strictly increasing continuous
function g : [0,00) — [0,00), g(0) = 0, satisfying the property:

lz +yl* > ll2]1* + 2¢y, 4) + g(lly])

for all z,y € X such that ||z|| <7 and ||y|| < r, and for j € Jx.

Denote by Sx the unit sphere of a Banach space X (i.e., Sx = {z € X : ||z]| = 1}).
Then we say that

e X is smooth if the
t —
i 1%+ tyll = 2] 2.1)
t—0 t
exists for every x,y € Sx;
e X is uniformly smooth if the limit (2.1) exists and is attained uniformly in
x,y € Sx.
Alternatively we can use duality map to characterize smoothness and uniform

smoothness. Recall that the (normalized) duality map J : X — X* is defined by
Jr={z* € X*: (x,2*) = ||z|* = ||=*||*)}, z€X.
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It is known that .
Jr = 8§||:L'H2, z e X.

(Here O denotes the subdifferential in the sense of convex analysis.) The following
facts are well-known.

e X is smooth if and only if J is single-valued.
e X is uniformly smooth if and only of J is norm-to-norm uniformly continuous
over bounded sets of X.

More details regarding convexity, smoothness and duality maps can be found in [13].

2.2. Generalized projections. Let X be a uniformly convex Banach space and let
C be a nonempty closed convex subset of X. It is then well-known that we can define
the metric (or nearest point) projection P : X — C by assigning to each point z € X
the unique point Pox in C which satisfies the property

- P, = mi -y 2.2
lv = Poxl| = min [|z — y| (2.2)

It is also well-known that if X is a Hilbert space H, then P¢ is nonexpansive (i.e.,
|Pcx — Poyl| < ||z — y|| for all z,y € H), which plays a crucial role in Hilbert space
techniques. However, metric projections are no longer nonexpansive in Banach spaces
with dimensions exceeding one. Instead, the so-called generalized projections seem
more prevail than metric projections. To define generalized projections, assume in
addition that X is smooth so that the duality map J is single-valued. Consequently,
we can define [1, 21] a function ¢ by

1 1
p(z,y) = gllzl* = (@, Jy) + 5 llyl*. (2.3)

Since X is smooth and uniformly convex, ¢(+,y) is, for each fixed y € X, smooth and
(uniformly) convex. Hence the minimization problem

. (1 Lo
— - —Ax. J - 2.4
min p(z.9) =iy ( 5ol = (2. 75) + 5 11?) (2.4
is uniquely solvable. Let Qcy € C be its unique solution in C. Namely, Qcy is the
only point in C with the property

0(Qcy,y) = min o(z,y). (2.5)

Thus we have defined an operator Q¢ : X — C which assigns to each y € X the unique
point Qcy in C via (2.5). This operator Q¢ is referred to as the generalized projection
from X onto C. It is easily seen that if X is a Hilbert space, then ¢(z,y) = ||z —y||?
and the generalized projection Q¢ is reduced to the metric projection Pc as defined
in (2.2).

Observing that the minimization (2.4) is convex and differentiable with gradient
(with respect to the argument x)

Vo(x,y) =Jx - Jy,

we immediately have the following characterization of Q¢.
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Proposition 2.2. Let z € C andy € X. Then z = Qcy if and only if there holds
the relation:
(x —2z,Jz—Jy) >0, zeC. (2.6)

Proof. The variational inequality (2.6) is actually the optimality condition for the
differentiable convex minimization (2.4). O

2.3. Maximal monotone operators. Let X be a real Banach space X with dual
X* and let J : X — X* be the (normalized) duality map.
Recall that a (possibly multivalued) operator T' with domain D(T") in X and range
R(T) in X*, respectively, is said to be monotone if
(r—a6-¢)>0
for all z,2’ € D(T) and & € Tz and ¢’ € Tz’. In other words, the graph
GT) ={(z,) e X xX*:2€ D(T),£ € Tz}

is a monotone set in the product space X x X*.

A monotone operator is said to be maximal monotone if its graph is not contained
properly in the graph of any other monotone operator. In other words, a monotone
operator 7' is maximal monotone if and only if the following relation holds:

(@, YeX xX* (z—2,6-EY>0V(2,8) e GT) = (2,¢) e G(T).

A typical example of maximal monotone operators is the subdifferential 9 f of a proper
lower-semicontinuous convex function f : X — R.

Let A > 0 and let Jf (or simply Jy if no confusions arise) be the resolvent of T’
that is,

JU = (J+2T)".

It is known that a monotone operator T : D(T) C X — X* is maximal monotone
if and only if the range of the operator J + 71 is the whole space X*; that is,
R(J +rT) = X* for any r > 0. In other words, if 7' is maximal monotone, then the
resolvent JAT is single-valued and defined over the entire space X*.

Let S denote the set of zeros of a maximal monotone operator T’; that is,

S=T"'0={xeD(T):0¢e Tz}
Note that if X is smooth, then
S =TFix(JIJ):={x e X : J]Jr =z}
If X is a Hilbert space, the resolvent JZ is nonexpansive:
Xz = Xyl <z —yll, wyeX.
Moreover, we can equivalently rewrite Rockafellar’'s PPA (1.4) as
Tpi1 = J}\Wn (tp+en) =T +MT) Han +en), n=0,1,---. (2.7)
Throughout the rest of this paper, we will use the notation:

e ‘x, — x’ means that the sequence x,, is weakly convergent to x;
e ‘r, — x’ means that the sequence x,, is strongly convergent to x;
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o wy(z,) = {x : z is the weak limit of a subsequence of {x,}} is the weak w-
limit set of the sequence {x,}.

3. EXISTING STRONG CONVERGENT MODIFICATIONS

Since Rockafellar’s PPA (1.4) (or (2.7)) does not have strong convergence in general
in an infinite-dimensional Hilbert space, effort has been made to modify PPA (2.7) so
as to have strong convergence. Three strong convergent modifications of PPA (2.7)
are available in literature.

3.1. Solodov and Svaiter’s modification via metric projections. Additional
projections applied to PPA (2.7) can force strong convergence. This is the idea of
Solodov and Svaiter [33]. (Their idea can also be adapted to build up other strongly
convergent iterative algorithms for nonlinear operator equations (see [25, 26].) Define
a sequence {z,} by the following modified proximal point algorithm (mPPA).

xog € H,
Yn = (I+ AnT)71$n7
-1 _
Un = X, (:En yn)v (31)

Vi={z€ H:{(z—yn,vn) <0},
Wp,={2€ H:{(z—xn,x0 —Tpn) <0},
Tnt+1 = Py, nw, Zo.

Theorem 3.1. [33] Let H be a real Hilbert space. Let {x,} be defined by mPPA
(8.1). Assume that the parameter sequence {\,} is bounded below from zero. Then
{zn} converges strongly to Psxq, the metric projection of o onto the solution set S.

3.2. Modification via additional contractions: the contraction-proximal
point algorithm. Since the resolvents which define Rockafellar’s PPA (2.7) are non-
expansive, appropriate convex combinations of these resolvents with contractions turn
out to be contractive, which can lead to strong convergence. This is the idea in the
papers [35, 23]. More precisely, we define a sequence {z,} by the following so-called
contraction-proximal point algorithm:

Tpt1 = apu+ (1 — an)Jgn () +€n, n>0, (3.2)

where for each n, o, € (0,1), A,, > 0 and e, is an error.
Theorem 3.2. [35, 23] Let {x,} be generated by the contraction-proxzimal point
algorithm (3.2). Assume that

(a) lim, ay, = 0;
(b) Zn Qp = O0;
(c) either Y, |y — apy1| < 00 or lim, ay,/apy1 = 1;
() 0< A< A <X (Vn);
(€) Do, [Ant1 — An| < o005
() X2 llenll < oo.
Then {x,} converges strongly to Psu, the metric projection of u onto the solution
set S.
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3.3. Kamimura and Takahashi’s modification in uniformly convex and uni-
formly smooth Banach spaces. Let X be a uniformly convex and uniformly
smooth Banach space and let T': X — X* be a maximal monotone operator such that
the solution set S = T~1(0) = {# € D(T) : 0 € Tz} # (). Kamimura and Takahashi
[21] introduced a modified PPA which generates a sequence {x,} by the algorithm:

T € X,
0=uv, + i(]yn —Jx,), vp € Tyn,
Vi={2€ X :(z—yn,v,) <0}, (3.3)

W, ={z¢€ X :(z—xy,,JJog — Jz,) <0},
Tny1 = Qv,nw,To-

Note: Since T is maximal monotone, R(J +rT) = X* for all > 0. In particular,
Ja, € R(J+r,T) for r, > 0. Thus, there is y, € D(T) such that Jz,, € Jy,+r,Tyn.
Set v,, 1= T%(an — Jyn). Then v, € Ty, and 0 = v, + T%(Jyn —Jxp).

Theorem 3.3. [21] Let X be a uniformly conver and uniformly smooth Banach
space. Assume liminf,, o, r, > 0. Then the sequence {x,} generated by mPPA (3.3)
converges strongly to the generalized projection Qsxqg of xg onto the solution set S.

4. A NEW STRONGLY CONVERGENT MODIFICATION OF PPA

In this section we present a new strongly convergent modification of Rockafellar’s
PPA (1.4) in the setting of uniformly convex Banach spaces which are not necessarily
smooth. As opposed to Kamimura and Takahashi’s modification (3.3), the difficulty
lies in how to define a generalized projection Q¢ without smoothness of the underlying
Banach space X.

4.1. Generalized projections in nonsmooth Banach spaces. Let X be a real
Banach space and C' be a nonempty closed convex subset of X. In this subsection
we define a generalized projection QQ¢. Towards this we let J : X — X* be the
normalized duality map. Since we do not assume smoothness of X, J is possibly
multivalued. Consequently, we cannot use (2.3) to define the function ¢, minimizing
which defines the generalized projection Q¢ in the smooth case. To overcome possible
difficulties arising from nonsmoothness of X (i.e., multivaluedness of J), we introduce
a function 7(z,y) by

T(z,y) = max{(z, —j) : j € Jy} = max{(z,j) : j € J(—y)}, =xyeX.  (41)
(i.e., T7(x,y) is the support function at x to the weakly compact convex set J(—y).)

It is clear that 7(x,y) is reduced to the pairing —(z, Jy) if Jy is a singleton.
We then define a function ¢ (z,y) on X x X by

1 1
V(@ y) = Sllzl® + r@y) + Sul® wyeX (4.2)

(We also write v, (z) = ¢(z, y) whenever needed.)
Note that if X is smooth, then Jy is a singleton and v becomes

1 1
Wlw,y) = 3l = (o T9) + 5ol

which is the previous function ¢(z,y) defined in (2.3).
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Some properties of 7 are available immediately.
Lemma 4.1. Let X be a Banach space and let y € X. Then 7(-,y) : X — R satisfies
the properties:
(i) e r(x+2a,y) <7(z,y)+7(2,y) for all z,2' € X;
o 7(A\x,y) = A(x,y) for allx € X and A > 0.
In particular, 7(-,y) is convez.
(ii) 7(-,y) is Lipschitz continuous:
(2, y) — (@ y)| < lyllllz — 2|, @,2" € X.
(il) Op7(x,y) = —Jry, where 0,7(x,y) is the subdifferential of T with respect to
x, and
Jry=A{i" € Jy:7(z,y) = (x,—j")} (4.3)
which is closed conver.

Proof. Property (i) follows trivially. To see property (ii), select j € Jy such that
7(z,y) = (x,—j). We then have

/

T(l‘,y) = <$—l‘/,—j>+<l‘,—j>
Iyllllz = 2’| + (', y).

IN

Similarly by interchanging z and 2’ we get 7(z’,y) < ||y|lllz — 2'|| + 7(z,y), and (ii)
is thus proved.

Finally, property (iii) follows from a more general result (cf. [5, 14]) which states
that if K* is a weak*-compact convex subset of X* and h is the support function to
K™ defined by

h(z) = max{{z,z*) : 2" € K*}, xz€ X,
then the subdifferential of h is given by
Oh(x) ={z* € K* : h(z) = (z,2")}.
Setting K* = —Jy yields (4.3). O

Some properties of 1 are included in the following proposition.
Proposition 4.2. Let X be a real Banach space (not necessarily smooth,).

(i) There holds the relation

1 1
Ul =1y < v, y) < Szl + lyl)?, @y € X.

(ii) For any fivzed y € X, (x,y) is continuous and convex in x.

(i) Giveny € X, the subdifferential (with respect to the first argument) of 1, at
T 18

oYy (z) = Jx — Ty,

where JXy is given in (4.3).

(iv) If X is strictly convex, then, for each y € X, 1y is strictly convex.

(v) If X is uniformly convex and {x,} and {y,} are bounded sequences in X,
then there holds the relation:

Yn —xn >0 <= V(xp,yn) = 0.
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(vi) If X is uniformly convex, then v is locally uniformly convex in x. That is,
for any convex bounded subset K of X, there holds the inequality

by (b + (L= D)) < b, (2) + (1= 0, (2') — (L~ Oh(le — ') (44)

for allt € (0,1) and z,y € K, where h : RT — R* is a strictly increasing
continuous function with h(0) =0 (and independent of y).

Proof. (i) This easily follows from the fact that |7(x,y)| < ||z|| - ||y]|-
(ii) This is trivial since 7(-,y) is continuous and convex.
(iii) By Lemma 4.1(iii), we have

1
Oy () = 05| + 072, ) = Jo — Ty,

(iv) If X is strictly convex, || - ||? is strictly convex, so is ¢, (-) for 7(-,y) is convex.
(v) Assume now X is uniformly convex. Assume ¢(z,,y,) — 0. Let r > 0 be such

that the closed ball B, = {u € X : ||u|| < r} contains all the points of {z,}, {y,} and

{zn, — yn}. Applying Proposition 2.1(ii), we obtain, for each j, € J(yn),

[Yn + (2n — yn)”2

> lynll® + 2(zn — Yo dn) + g(llTn — ynl)

~llynll* + 2(zn, jn) + g(l2n = yal)-

EN

V

It then follows from the definition of ¥ that
9(|zn — yull) < Nznll + 27 (20, —jn) + ||yn||2 < 2¢(zn, yn) — 0.

Therefore ||z, — yn| — 0.
Conversely assume ||z, — y,|| — 0. That ¢¥(zp,yn) — 0 now follows from the
following computations:

20(Tn, yn) = ||xn||2 + 27 (Tp, Yn) + ||ynH2

= |lzall® = 2(@n, jn) + lynl?  for some j, € J(ys)
||xn||2 - Hyn||2 = 2(Tn = Yn, jn)
(lznll = llyn D) (]l + 1ynl) + 2llzn = yulllynl
4r||zn — ynl| — 0.

IAIA

(vi) Take r > 0 so that B, D K. Since X is uniformly convex, we can apply
Proposition 2.1(i) to get, for z,2’ € K,
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Py (te + (1 —t)z')

1 1
Sllt (1= 022+ 7t + (1= )2, ) + 5 Iyl

< S0l + (= ol — 0~ (e — 1)

() + (L~ (') + Syl
1, s 1

= o(ghal? + o)+ 310°)
+1=0) (1P + 7' + 3ol
~ 510 = (e~ 2'l)

= )+ (L= D) — 11~ (e — 2],

where h = (1/2)h. O

If X is a reflexive strictly convex Banach space, then, for any given y € X, 1,
is a strictly convex continuous function; moreover, it is also coercive: ¥, (x) — oo
whenever ||z|| — co. Therefore, if C' is a nonempty closed convex subset of X, then
there exists a unique point z € C' with the property:

¥(z,y) = min{y(x,y) : z € C}. (4.5)
This leads to the following definition.
Definition 4.3. Let X be a reflexive strictly convex Banach space and let C be a
nonempty closed convex subset of X. Define a map Q¢ : X — C by setting Qcy = z,
where z € C' is the unique point in C that solves the minimization (4.5). Hence, Qcy
is the only point in C' satisfying the property

Y(Qcy,y) = min{Y(z,y) :x € C}, yeX.

This operator Q¢ is referred to as the generalized projection from X onto C.
Lemma 4.4. Let X be a Banach space and C be a weakly compact convex subset of
X. Let g be a continuous convex function on C. Given z € C. Then z is a minimizer
of g over C, i.e.,

g(z) = min{g(z) : z € C} (4.6)
if and only if the following optimality condition holds:
max (v—2z,&) >0, YveC. (4.7)
£€0g(2)

Proof. Denote by g/, (z;u) the (right) directional derivative at z along direction w.
Namely,
. + tu) — g(2)
g4z u) =lim ==————=
Note that (cf. [14])

" (z;u) = max (u,§&).
) (zu) = max (u.6)
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Since g is convex, (4.6) holds if and only if, for any v € C,
g(z+t(v—2)) —g(z)

0 < lim
) t
= ¢ (zv—2)
=  max {(v—z§).
Eeag(Z)< )

0

A characterization for the generalized projection Q¢y is now ready as follows.
Proposition 4.5. Let X be a real reflexive strictly convexr Banach space and C' be a
closed conver subset of X. Giveny € X and z € C. Then z = Qcy if and only if
there holds the optimality condition:

— >0, V C. 4.8
geﬁ%;y@ 2,§) >0, Vve (4.8)
Proof. Fix y € X. Since the subdifferential of v,(z) = 3[|z[*> + 7(z,y) + &|ly[|* is
given by 0y (2) = 0%||z||> + 97(z,y) = Jz — JZy, we can apply Lemma 4.1 to get
that z = Q¢ if and only if there holds, for every v € C,
0 < max (v — z,
S (z)< £)
geﬁ?ﬁ;y@ - z,€).

This is (4.8). O

The lemma below gives us convenience when proving strong convergence of se-
quences in a uniformly convex Banach space.
Lemma 4.6. Let X be a real uniformly convexr Banach space and K be a nonempty
closed convex subset of X. Let {x,} be a bounded sequence in X and v € X. Let
q = Qgu be the generalized projection of u onto K. Assume that {x,} satisfies the
conditions

(1) Wu;(‘xn) C K and
(ii) Y(xp,uw) < Y(q,u) for all n.

Then x, — q.

Proof. Since X is reflexive and {x,} is bounded, w,,(z,) is nonempty. Noticing the
weak lower semi-continuity of ¥ (-, u), we derive from condition (ii) that

(v, u) <h(q,u) Vo € wy(an).

However, since wy(z,) C K and ¢ = Qku, we must have v = ¢ for all v € w,(x,)
since ¢ is the unique minimizer of ¥ (-, u) over K. Thus wy(z,) = {¢} and z,, — q.

To see x,, — q, we observe that the inequality ¢ (z,,u) < ¥(g,u) in condition (ii)
is actually equivalent to the following one

lznll® < lall* +2[r(q, w) = 7(2n, u)]. (4.9)
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Since 7(-,u) is weakly lower semicontinuous, the fact that z, — ¢ implies that
7(¢,w) < liminf, o 7(zpn,u). It then follows from (4.9) that

limsup ||z,]> < |ql? + 2[7(q,u) — liminf 7(z,, u)]
n—o0o n—oo
lql|>.

Consequently, ||z, — |l¢||, and the uniform convexity of X implies that x,, —¢. O

IA

4.2. The algorithm and its convergence. Throughout this subsection, X is a real
uniformly convex Banach space and T is a maximal monotone operator with domain
D(T) in X and range R(T) in X*, respectively. Assume S :=T~1(0) # 0.

We now introduce our algorithm which generates a sequence {x,} in the following
manner.

(i) The initial guess xg € X is arbitrary.
(ii) Once z, has been defined, define two half spaces W,, and H,, by

Wo=¢z€X: max (z,—2,{ —&) >0 (4.10)
€0€J3,, ®0
EnE€Jxn
and
H,={z€ X :(z—yn,v,) <0}, (4.11)

where (yp,v,) satisfies v, € Ty,. Then define x,; as the generalized pro-
jection of zy onto the intersection of W,, and H,. That is,

Tp+1 = Qanano. (412)

Observe that H,, is well-defined. Indeed, since T is maximal monotone, R(J+rT) =
X* for all » > 0. In particular, Jx,, C R(J 4+ r,T) wherever r,, > 0. Thus, for any
&n € Jay, there is y, € D(T) such that &, € Jy, + r,Ty,. Take n, € Jy, such that

Uy = i(fn — 1) € Typ. (4.13)

n

With this pair of (v,,y,) we can define H,,.
Lemma 4.7. For eachn >0, T7'0 c W,, N H,.

Proof. That H,, D T~10 is easily seen. Indeed, for x € 7710, 0 € Tz. The mono-
tonicity of 7" then implies (y,, — x,v,) > 0. This shows that © € H,,. To prove that
W, D T~'0, we apply induction on n > 0.

For n = 0, we have (noting J xo = Jxo)

Wo=<zeX: Jnax (o —2,& — &) >0 =X DT10.
t9eseo
Assume now W,, D T~10 and we next prove that Wpe1 DT —10. Note that we now
have W,, N H, D T~10 and thus ZTpny1 is well-defined as the generalized projection of
xg onto W, N Hy; namely, 2,41 is given by (4.12).
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Therefore, by Proposition 4.1, we have

max (@1 — 0,8 —&pt1) =20, veEW,NH,. (4.14)

However T-10 ¢ W,, N H,,, we see that (4.14) holds in particular for all v € T7-10.
Now W11 D T10 follows from the definition (4.10) of W,,41. O

Lemma 4.8. The sequence {x,} is bounded.

Proof. Take z € T~10 C W,,. It follows that

max (T, — 2 — > 0.
§0€Jf£nl0< n aEO £n> =
En€darn

This implies that

lzall® < max ((zn,&0) + (2,60 — &)

506'11‘%10
En€Jrn

< max (flza|[lioll + [1=][[1€ 0 + lI=Illi%l)
0€JZ,, %0
¢nctin

< lzall(llzoll + [I211) + [lzolll[21]-

This immediately implies the boundedness of {z,}. O

Lemma 4.9. The sequence {(n,xo)} is increasing and limy, oo ¥(xn, zo) exists.

Proof. By definition of W, it is immediately clear that z,, = Qw, zo. Hence,
(T, x0) < P(x,20), xE€ Wy
In particular, since xp11 = Qw,nm, € Wn N Hy, C W, we get
U(@n, o) < Y(Tnt1, T0).
Moreover, since {¢(z,, o)} is bounded by Lemma 4.2, lim, o0 (2, zg) exists. O

Lemma 4.10. The sequence {x,} is asymptotically reqular; namely, im,,_, « || Tnt1—
x| = 0.

Proof. By Proposition 4.1(vi), we see that the function ), is locally uniformly convex
in the sense that for any bounded set K, there exists a continuous strictly increasing
function h : R™ — R*, h(0) = 0, such that

Yo (A + (1 = X)) < Mgy (u) + (1 = A)thag (v) = A1 = MA(lu —ol])  (4.15)

forall A € (0,1) and u,v € K. Since {z,,} is bounded, we may assume that {z,,} C K.
Noting that x,, is the minimizer of ¢, on W,, and z,41 € W,,, we derive from (4.15)

that
Tn + Tn+1
o (25522)

1 1 1
51/}10 (7n) + 51/}:130 (Tpy1) — Zh(Hmn — Zpy1)-

IN

Vao (Tn)

IN
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It turns out by Lemma 4.2 that

h(l|2n — Zptall) < 2[ae (Tnt1) — Yo (zn)] — 0.
This implies that ||z, — p41] — 0. O
Now we are in a position to state and prove the strong convergence of our modified
PPA (4.10)-(4.12).
Theorem 4.11. Suppose X is a uniformly convex Banach space. Let T be a mazimal
monotone operator in X such that S := T~'0 is nonempty, and let {x,} be the
sequence generated by the modified PPA (4.10)-(4.12). Assume that the sequence

{rn} of parameters tends to infinity as n — co. Then {x,} converges in norm to the
generalized projection Qgsxg of xg onto the solution set S.

Proof. In the definition of v,, we chose £, € Jx,, in such a way that

08 (yn, =€) = (yn, —En)-

Recall 7, € Jy,, which is the subdifferential of the convex function %|y||* at y = yn.
We can therefore use the subdifferential inequality to get

1Qm, @nll® > lynll® + 2(Qm, 0 — Yn, 1)
It follows that
2[¢(QH7zxnvxn) — VY (Yn, Tn)]
= 1Qu, wul® + 27(Qu, Tns ) + |0 ll* = lynll® = 27 (Yn, 20) — [|2n?
= HQann”z - ||yn||2 +2[7(QH, Tns Tn) — 27 (Yn, Tn)]

—||Qann||2—||yn||2+2[ max (Qn,a.§) — o <yn,s>}
(_ éeJ(_wn)

v

2<Qann - ymnn +2 [max H,Tn, _£> + <yna§n>:|

> 2€QH,Tn — Yns ) + 2[Qu, Tn, —En) — (Yn, —En)]
= 20QH,Tn — Yn, M — &n)
=2 (Yn — QH,Tn, Vn)

>0 since Qu, xn € H, and by (4.11).

Hence
Y(QH, Tns Tn) = V(Yn, Tn).- (4.16)
Noticing that x,4+1 € H,, we get from (4.16)
w(ynaxn) S d}(QH”:Eny mn) S ¢($n+1,$n) — 0.
It turns out from Proposition 4.1(v) that
lyn — |l — 0. (4.17)

We will use Lemma 4.1 to prove the strong convergence of {z,}. To achieve this,
we first prove that wy,(r,) C S = T710. So assume & € w,(z,) and x,, — 2, where
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{zn,} is a subsequence of {z,}. Let n, € Jy, satisfy (4.13). Since ||&,| = ||zn] and
1721l = llynll are bounded, we get v, — 0 in norm as r,, — co. Now from the relation

Vp; € TYn,

and the fact that y,, — # due to (4.17), the maximal monotonicity of T" ensures that
0 € TZ. Namely, # € T710 = S. Therefore, wy,(z,) C S.

We observe that condition (i) of Lemma 4.1 holds, with K = S, u = z¢ and
g = Qsxo. As a matter of fact, since z,11 = Qw,, nm, o, we have

Y(Tn+1,70) = Y(Qw,nH, To, To) = zev?/lngn Y(z,z0) < P(q, 20).
Therefore, an application of Lemma 4.1 yields z,, — Qsxo. U
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